
Abstract—To apply intelligent model in serious practical 

applications like medical diagnosis, the reliability and 

interpretability of the model are very important to users. Among 

the existing intelligent models, type-2 fuzzy systems are distinctive 

in interpretability and modeling uncertainty. However, like most 

existing models, the determination of the reliability of fuzzy 

systems trained for recognition task is still an unsolved problem at 

present. In this study, the minimax probability interval type-2 

TSK fuzzy logic system classifier (MP-IT2TSK-FLSC) is 

proposed to construct a type-2 fuzzy system classifier based on 

reliability learning. The proposed classifier can provide the lower 

bound of correct classification of the model, which is an important 

indicator to quantifying the model reliability. Experimental 

results on medical datasets have demonstrated the advantages of 

this method, exhibiting remarkable interpretability and reliability 

of the proposed fuzzy classifier. 

Index Terms—Type-2 fuzzy logic system, minimax probability 

decision, model reliability, classification. 

I. INTRODUCTION

s a typical type of intelligent models, fuzzy logic systems

(FLSs) have been extensively applied for system

modeling and pattern recognition. FLS has experienced 

two important stages of development. The first stage concerned 

type-1 (T1) FLSs based on the classical fuzzy set and the 

second stage concentrated on the advanced type-2 (T2) FLSs 

using the T2 fuzzy set. T1 FLSs have been comprehensively 

studied from both theoretical and application aspects since 

1970 [1-5], while T2 FLSs have been attracting more attention 

only in the last decade [6-8].  

Compared with T1 FLSs, T2 FLSs possess superior 

performance in modeling uncertainty which is essential for real 

world applications. In addition, the interpretation and learning 

abilities of T2 FLSs are as strong as that of T1 FLSs. The 

Interval T2 FLSs (IT2 FLSs) are the most extensively used T2 

FLSs because of their efficiency and simplicity. In this study, 

we will focus on this type of FLSs to investigate the model 

reliability of FLS based classifier. 
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The learning of the model parameters is a critical task for IT2 

FLS construction. At present, data-driven learning is the most 

important and popular method. Various effective approaches 

have been proposed for IT2 FLSs, including methods based on 

gradient learning [9], support vector learning [12] and 

self-organizing evolution [13,14], as well as fast type-2 fuzzy 

extreme learning algorithm based on extreme learning 

mechanism [47], singular value decomposition-QR 

decomposition (SVD-QR) method [10], dynamical optimal 

training method [11], hybrid learning algorithms [15-21] and 

bio-inspired methods [22-27]. These algorithms have been used 

for training different IT2 FLS models, such as IT2 

Mamdani-Larsen FLSs (IT2 ML FLSs) and IT2 TSK FLSs. 

Although the methods have demonstrated promising 

performance for some specific applications, a critical challenge 

in model training remains, i.e., all these algorithms do provide a 

reliability index for the model obtained, which severely 

prohibits extensive applications of IT2 FLSs. In some 

real-world applications, such as medical diagnosis, the 

decisions resulting from models with unknown reliability, 

which could be unconvincing or even unacceptable to users. 

Currently, research on model reliability is still scarce for IT2 

FLSs. The study of new IT2 FLS learning methods that is able 

to indicate the reliability of the model is therefore very 

significant for extensive applications of IT2 FLSs.  

Some researchers have begun to pay attention to the model 

reliability of FLSs recently. For example, model reliability was 

studied for evolving fuzzy systems in the context of data stream 

processing [58] [59] by introducing the concepts of “conflict” 

and “ignorance”. However, this method is only suitable for a 

specific application. A more general model reliability learning 

strategy is thus desired. In the past decade, the minimax 

probability decision technique has been considered as an 

important approach to determine model reliability. 

Considerable research has been conducted with this technique 

in different fields [28-34]. For example, a minimax probability 

machine (MPM) for novelty detection and classification has 

been proposed. The distinctive characteristic with this 

intelligent decision making technique is that the obtained 

model provides the lower bound for the accuracy of the 

decision made.  

In this study, we introduce the minimax probability decision 

technique to realize a reliability-learning-based fuzzy classifier. 

Accordingly, a minimax probability IT2 TSK FLS classifier, 

named as MP-IT2TSK-FLSC, is proposed to train the classifier 

and determine the model reliability simultaneously. For the 

proposed MP-IT2TSK-FLSC, the lower bound of correct 

classification is available for users, making it a practical 

approach for real-world applications. The proposed method has 

been evaluated on medical datasets for diagnostic purposes and 

the effectiveness has been confirmed. As such, the 
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MP-IT2TSK-FLSC possesses superior performance in 

modeling uncertainty, high level of interpretation, and better 

transparency in model reliability. 

The rest of this paper is organized as follows. The related 

concepts about IT2 TSK FLS and the minimax probability 

machine are reviewed in Section II. In Section III, the 

MP-IT2TSK-FLSC is proposed based on the minimax 

probability decision technique. The experimental results on 

several medical datasets for diagnostic purposes are reported in 

Section IV. Conclusions and future work are given in the last 

section. 

II. RELATED WORK 

In this section, we first introduce the typical IT2 TSK FLS. 

The classical minmax probability decision technique for 

classification is then described in brief, which will be used to 

develop the proposed MP-IT2TSK-FLSC. 

A.  IT2 TSK FLS 

Among T2 FLSs, IT2 TSK FLS is widely used for the ease of 

design and implementation. The commonly used fuzzy 

inference rules for IT2 TSK FLSs are given as follows [12],  

Rules of  IT2 TSK FLS  :kR  

1 1 2 2If  is   is   is  
k k k

d dx A x A x A     

0 1 1Then  
k k k k

d dw p p x p x= + + + , 1, ,k K= , 

where k
iA  is an IT2 fuzzy subset associated with the input 

variable ix  for the k-th rule; k is the number of fuzzy rules and 

  is a fuzzy conjunction operator; 0 1[ , , ,, ]
k k k k T

dp p p=p  

denotes the consequent parameters of the k-th fuzzy rule. Each 

rule is premised on the input vector 1 2[ , , , ]
T

dx x x=x , mapping 

the fuzzy sets in the input space k d
A R  to a varying singleton, 

i.e., k
w . 

Different types of primary membership function (MF) can be 

defined for the IT2 fuzzy set k
iA . For example, Gaussian 

primary membership function with a fixed standard deviation 
k
i  and an uncertain mean within 1 2

[ , ]
k k
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with 
k
im  and 

k
i as the mean and width of the Gaussian 

membership function respectively; the lower primary MF 

k
i
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x ( ) and upper primary MF k
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Each rule of the IT2 TSK FLS performs a fuzzy meet 

operation using the algebraic product. The output of the if-part 

of a rule is the firing strength given by the following interval T1 

(IT1) fuzzy set, 

[ , ]k k kF f f= , (2.a) 

1
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The commonly used output of the then-part is the linear 

combination of the input values, i.e., 

0 1 1 0

dk k k k k
d d i ii

w p p x p x p x
=

= + + + =  . (3) 

By using a T2 reducer, the following IT1 fuzzy set [ ly , ry ] can 

be computed for the IT2 TSK FLS: 

1
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Since there is no direct theoretical solution for Eq. (4), iterative 

methods have been proposed to compute the reduced set. A 

commonly used method is the Karnik-Mendel (KM) iterative 

procedure [7, 35], in which the consequent values should be 

re-arranged in ascending order. Denoting the original 

rule-ordered consequent values as 1
[ , , ]

K T
w w=w  and the 

re-ordered sequence as 1
[ , , ]

K T
w w=w ( 1 2 K

w w w   ), 

the relationship between w  and w  can be obtained by 

=w Qw , (5) 

where Q  is a K K  permutation matrix [9, 12]. The 

elementary vectors in this permutation matrix are taken as the 

columns, and they are arranged so that the elements in w  are 

moved to new locations in the transformed vector w  in 

ascending order. The elementary vector contains unity element 

in a specified position while the remaining elements are all 

zeros. A detailed description about the construction of Q  can 

be found in [9]. Accordingly, the rule orders kf  and kf  are 

rearranged to yield kf  and kf , respectively. The outputs 
l

y  

and r
y  in Eq. (4) can then be computed as follows, 
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where L and R are the switch points obtained by the KM 

algorithm or its modified versions [7, 35]. With the IT1 fuzzy 

set [ l
y , r

y ], the final output can be computed by averaging l
y  

and ry , i.e., 

( ) 2l ry y y= + . (7) 



 

 

Besides KM algorithm, its variants have also been proposed 

to obtain the switch points with reduced computational time 

[36, 37]. For example, the enhanced KM algorithm (EKM) [36] 

is an efficient one that has been used in our experiments. 

B. Minimax Probability Decision Technique 

The minimax probability decision technique has been 

extensively investigated to cater for different applications 

[28-34]. The aim of the methods based on the minimax 

probability principle is to obtain the lower bound of correct 

decision for the modeling tasks. Here, we will briefly review 

the principle of a classical minimax probability decision based 

classifier, i.e., MPM [29], which is closely related to the 

proposed MP-IT2TSK-FLSC in this study. 

Given a dataset containing two classes sampled from two 

random variables ~ ( , )
+ +

x u and ~ ( , )
− −

x u , where ,
+ +

u  

and ,
− −

u denote the means and standard deviations of the two 

classes respectively. MPM defines the following optimization 

objective to obtain the classification hyperplane 0
T

b− =w x , 
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where 
~( , )

inf  ( ) 
T

pr b
+ +


x u

w x denotes the infimum of the 

probability for the condition: T
bw x  with ~ ( , )

+ +
x u ;  is 

the lower bound of correct classification. The optimization 

objective in Eq.(8) implies that for a two-class data sampled 

from random variables ~ ( , )
+ +

x u  and ~ ( , )
− −

x u , there 

exists an optimal hyperplane ( ) 0
T

b
 

− =w x  which specify 

the lower bound of correct classification of a future datum point 

as maximum. The following lemmas and theorem [29] are used 

to obtain the solution of Eq.(8). 

Lemma 1. With ,− −u Σ  being positive definite, w 0 , a 

given b  such that 0
T

b− − w u , and [0,1)  , the condition 
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Lemma 2. With ,+ +u Σ  being positive definite, w 0 , a 

given b  such that 0
T

b+ − w u , and [0,1)  , the condition 
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T
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Based on Lemmas 1 and 2, Eq.(8) can be transformed to the 

following optimization problem. 
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Based on Eq.(9), the Theorem 1 presented below can be used 

to obtain the solution variables in Eq.(8) [29]. 

Theorem 1. If + −=u u , then the minimax probability 

decision problem in Eq.(8) does not have a meaningful 

solution: the optimal worst-case misclassification probability 

obtained is 1 
− =1. Otherwise, an optimal hyperplane 

( , )b
 

 w  exists and can be determined by solving the convex 

optimization problem 

( ) min  

. .  ( ) 1

T T

T
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and setting b
  as follows, 
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+ += −w u w Σ w , (10.b) 

where 
w  is the optimal solution of w . The optimal 

worst-case misclassification probability is obtained via 
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If either +Σ  or −Σ  is positive definite, the optimal hyperplane 

( , )b
 

 w  is unique. 

Eqs. (10.a) is a second order core program (SOCP) 

optimization problem [38]. It can be effectively solved by tools 

such as SeDuMi [39]. A specific algorithm was also proposed 

in [29] for this problem. 

By introducing the kernel trick, the objective of the 

kernelized version of MPM is proposed as follows, 
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where ( ) x  is a mapping function that maps the data x  in the 

original space to ( ) x  in the kernel feature space. The 

kernelized MPM can also be solved by transforming it to a 

second order core program (SOCP) optimization problem [29]. 

III. MP-IT2TSK-FLSC 

A. The Proposed IT2TSK-FLSC Model and Minimax 

Probability Objective Criterion 

1) The IT2TSK-FSLC Model 

Classification can be regarded as a special case of regression 

with discrete labels as the outputs of the input-output pairs in 

the regression dataset. Thus, IT2 TSK FLS, as a regression 

model, can be used for classification [40-43]. However, a better 

way of classification by IT2 TSK FLS is to train the FLS using 

a specific learning mechanism for classification. This is 

commonly achieved by developing a binary classification 

decision function for FLS, i.e.,  



 

 

( )
1          if  ( ) 0

( )
1       othervise

FLS
FLS

f
y sign f


= = 

−

x
x  (12) 

Based on the above decision function, fuzzy-system-based 

classifiers for binary classification can be developed [44-46], 

for example, the self-organizing TS-type fuzzy network with 

support vector learning (SOTFN-SV) fuzzy classification 

method [44]. By using a similar approach, the IT2 TSK FLS 

based classification model is proposed below. 

 
Fig. 1 The proposed IT2TSK-FLSC Model 

 

The proposed classification model consists of two parts, i.e., the 

classical IT2 TSK FLS and a decision threshold, as shown in 

Fig. 1. With this model, the final decision function for binary 

classification is expressed as follows. 

( )2
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( )

1   othervise

TSK FS
IT TSK FS

f b
y sign f b

−
−
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−

x
x  (13) 

 

2) Minimax Probability Objective Criterion 

Based on the minimax probability decision theory, the 

following objective is proposed to train the proposed 

IT2TSK-FLSC model, 

,
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x u Σ
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where Θ  is the parameter set of the proposed IT2TSK-FLSC, 

including the parameters of IT2 TSK FLS and the decision 

threshold b . With this optimization criterion, we intend to train 

the IT2 TSK-FLSC model and obtain the corresponding lower 

bound of correct classification. However, it is a non-trivial task 

to solve the objective function in Eq. (14) directly. To 

overcome this issue, Eq.(14) is replaced with a modified 

objective function to readily solve the optimization problem 

readily. 

B. Learning Framework of MP-IT2TSK-FSLC 

Generally, for a FLS, the antecedents and consequents can be 

determined independently. A popular way for determining 

antecedents is by using clustering techniques [47-49] or other 

partition techniques, such as the self-evolving learning method 

[12, 44], to partition the input space for a modeling task. Once 

the antecedents are determined with the above strategy, the 

consequents and the decision threshold of the proposed 

MP-IT2TSK-FSLC model can be easily learned with the 

minimax probability decision technique. The framework and 

details to construct the MP-IT2TSK-FLSC and its algorithm 

will be described in the following section. An overview of the 

major procedure of the MP-IT2TSK-FLSC algorithm is first 

presented here. 

The proposed training method for the MP-IT2TSK-FLSC 

consists of three stages, as illustrated in Fig. 2. In Stage 1, 

according to the adopted clustering technique or other partition 

techniques, the parameters of the antecedents are assigned and 

then fixed in the subsequent stages. In Stage 2, the parameters 

of the consequents and the decision threshold are initialized by 

solving for a decision hyperpalne with the minimax decision 

technique, where the KM algorithm is not used to compute the 

switch points for type-2 type reducer since the initial 

parameters in the consequents are not available yet. In Stage 3, 

the consequents and the decision threshold are further refined 

based on the result obtained in Stage 2 by using the KM 

algorithm to obtain the switch points for the type reducer. The 

corresponding decision hyperpalne is solved again with the 

minimax probability decision technique. 

 
Fig.2 The framework of the proposed leaning method for 

MP-IT2TSK-FLSC 

C. Three Stages of Parameter Learning 

1) Generation of Antecedents 

In this stage, Eqs. (1.a)-(1.c) are used to model the fuzzy set 

of the antecedents. The parameters to be determined are the 

fixed standard deviations k
i  and the bounds of the uncertain 

mean, i.e., 1 2
[ , ]

k k
i im m . First, by using partition techniques, e.g. 

FCM clustering technique [47-49] or self-evolutive 

organization technique [12, 44], the parameters of the 

antecedents, i.e., k
im  and k

i , are assigned and then fixed in 

the subsequent stages. Note that according to the extreme 

learning mechanism, the parameters in the antecedents can also 

be randomly assigned. Although the approximation abilities 

remain strong with the randomization strategy, the 

interpretability of the FLS obtained may be weakened. Further, 

we use k
im  and the fixed minor deviation k

im  to obtain 

1k k k
i i im m m= −   and 2k k k

i i im m m= +  . 

 

2) Initialization of Consequents and Decision Threshold  

In this stage, since the initial parameters of the consequents 

are not available, the outputs ly  and ry  in Eqs. (6.a) and (6.b) 

are approximated by the following two equations without using 

the KM iterative procedure [47]. 
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Based on Eqs. (13.a) and (13.b), Eq. (7) becomes 

IT2 TSK 

FLS 
x 

Decision 

Threshold 

b 
fIT2 TSK FLS(x) 

Decision 

result 

Stage 1: Generation of antecedents of IT2TSK-FLSC by 

clustering or other partition techniques. 

Stage 2: Initialization of consequents of IT2TSK-FLSC 

with the minimax probability decision technique. 

Stage 3: Refinement of consequents of IT2TSK-FLSC 

with the minimax probability decision technique. 
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1 1 1 1 1 1 1
1

( 1)

1

1
( ) ( ) ( )

2

1
, , , , ,

2

       , , ,

l r

d

d K

K K K K d

f f f f x f f x

f f f f x f f x R

  

+

= +

      = + + +


     + + + 


x x x

 (16.c) 

and 

1 1 ( 1)

0 0
 , , , , , ,

T
K K d K

d d
p p p p R

+ =  p , (17) 

Eq. (14) can then be expressed as the linear system 

2
( ) ( )

T

IT TSK FS
f 

−
=x p x , (18) 

and the output of the proposed model is given by 

2
( ( ) )

( ( ) )

IT TSK FS

T

y sign f b

sign b

−
= −

= −

x

p x
. (19)  

For a given training dataset  ,  i iD y= x of a binary 

classification task, when the antecedents of the IT2 TSK FLS 

are determined (e.g. by fuzzy clustering), we can construct the 

mapped dataset  ( ),  i iD y= x  by fuzzy inference, where 

( )
i

 x  is generated using Eq. (16.c). Thus, the training of the 

proposed MP-IT2TSKFLSC model can be transformed into the 

parameter learning of the corresponding linear system. 

According to Eq.(8), the following objective can be adopted for 

parameter learning based on the minimax probability decision 

technique, 

( ) ( )

( ) ( )

, ,

( )~( , )

( )~( , )

max  

. .  inf  ( ( ) 0)      

      inf  ( ( ) 0)      

b

T

T

s t pr b

pr b

 

 









 

 

+ +

− −

−  

−  

x x

x x

p

x u Σ

x u Σ

p x

p x

, (20) 

where 
( ) ( )

( ) ~ ( , )
 


+ +

x x
x u Σ  denotes the distribution of mapped 

data. The solution to Eq. (20) can be obtained with the 

following theorem. 

Theorem 2 The parameter learning of Eq.(20) can be 

regarded as a special case of the classical MPM, where the 

training data x  are mapped to ( ) x  in the new feature space 

constructed by the fuzzy inference rules using the strategy 

described with Eqs. (16.a)-(16.c). 

Proof. It is evident by comparing Eq.(20) with Eqs.(8) and 

(11), that the equations are of the same form. Thus Eq. (20) can 

be regarded as a special case of the minimax probability 

machine in [29]. The distinctive characteristic of Eq.(20) is that 

the training data is the mapped data in a feature space 

constructed by using Eqs. (16.a)-(16.c) with the corresponding 

fuzzy inference mechanism. 

 

3) Refinement of Consequents and Decision Threshold 

The final consequent parameters k

i
p  are determined in this 

stage with the initial values obtained in Stage 2. Since the 

values of k

i
p  are now available by computing the consequent 

values   
k

w  for all the rules, the K-M iterative procedure can 

now be used to obtain the outputs of the IT2 TSK FLS 

accurately. Let 1
  [ , , ]

K T
w w=w , 1=[ , , ]

T
Kf ff , 

1=[ , , ]
T

Kf ff , where the firing strengths are expressed 

according to the original rule order. According to Eq.(5), the 

relationship between the original rule-ordered consequent 

values w  and the re-ordered sequence w ( 1 2 K
w w w   ) 

can be expressed as =w Qw , where Q  is a K K  

permutation matrix as described in Eq.(5). Then, f  and f  are 

rearranged to yield the re-ordered sequences 1[ ,  , ]
T

Kf f=f  

and 1[ ,  ,  ]
T

Kf f=f  respectively, with =f Qf  and =f Qf . 

Therefore, in Eq. 6(a), 
1 1 1

,  ,  
L K Lk k

k kk k L k
f w f w f

= = + =    and 

1

K

kk L
f

= +  can be expressed in a more compact matrix form 

respectively as 
1 1

T T T T
f Q E E Qw , 

2 2

T T T T
f Q E E Qw , 

1
( )

L

kk = Qf  

and 
1
( )

K

kk L= + Qf . Finally, Eq. (6.a) can be re-written in the 

rule-ordered form 

1 1 2 2

1 1
( ) ( )

T T T T T T T T

T

l lL K

k kk k L

y

= = +

+
= =

+ 

f Q E E Qw f Q E E Qw
ψ w

Qf Qf
, (21.a) 

where  

1 1 2 2
,1 ,

1 1

[ , , ]
( ) ( )

T T T T T T T T
T K

l l l K L K

k kk k L

R 

= = +

+
= = 

+ 

f Q E E Q f Q E E Q
ψ

Qf Qf
, (21.b) 

 1 1
, , , , ,

L K

L
R


= E e e 0 0 , (21.c) 

  ( )

2 1
, , , , ,

K L K

K L
R

− 

−
= E 0 0 ε ε , (21.d) 

with  ( 1, , )
L

i
R i L =e and ( )

 ( 1, , )
K L

i
R i K L

−
 = −ε as 

the elementary vectors, i.e., all the elements equal to 0 except 

for the i-th element which is 1.  

Similarly, Eq. (6.b) can be re-written in the rule-ordered 

form 

3 3 4 4

1 1
( ) ( )

T T T T T T T T

T

r rL K

k kk k L

y

= = +

+
= =

+ 

f Q E E Qw f Q E E Qw
ψ w

Qf Qf
, (22.a) 

where  

3 3 4 4
,1 ,

1 1

[ , , ]
( ) ( )

T T T T T T T T
T K

r r r K L K

k kk k L

R 

= = +

+
= = 

+ 

f Q E E Q f Q E E Q
ψ

Qf Qf
, (22.b) 

 3 1
, , , , ,

R K

R
R


= E e e 0 0 , (22.c) 

  ( )

4 1
, , , , ,

K R K

K R
R

− 

−
= E 0 0 ε ε , (22.d) 

with  ( 1, , )
R

i
R i R =e and ( )

 ( 1, , )
K R

i
R i K R

−
 = −ε as 

the elementary vectors. Based on Eqs. (21.a) and (22.a), Eq. (7) 

becomes 



 

 

 
1

0

1 0

1 1
( ) ( )

2 2 2

1
  ( ) ,  1.

2

K
T T kl r

l r l r k

k

K d
k

l r k j j

k j

y y
y w

x p x

=

= =

+
= = + = +

 
= +  

 



 

ψ ψ w ψ ψ
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. (23) 

Furthermore, let  

,1 ,1 0 ,1 ,1

( 1)

, , 0 , ,

1
( ) ( ) , , ( ) , ,

2

   ( ) , , ( )

l r l r d

T
K d

l K r K l K r K d

x x

x x R
+

= + +

+ + 

x    

   
 (24) 

and with p  defined in Eq. (17), Eq. (24) can be expressed as 

the linear system 

2
( ) ( )

T

IT TSK FS
f 

−
=x p x , (25) 

and the output of the proposed classification model is given by 

2
( ( ) )

  ( ( ) )

IT TSK FS

T

y sign f b

sign b

−
= −

= −

x

p x
. (26) 

As in Stage 2, for a given training dataset  ,  i iD y= x of a 

binary classification task, when the antecedents of the IT2 TSK 

FLS are fixed, we can construct the dataset  ( ),  i iD y= x  

where ( )i x  is generated using Eq. (24). Thus, the training of 

the proposed classification model can be transformed into the 

parameter learning of the corresponding linear system. To solve 

for the linear system in Eq. (26), according to Eq.(8), the 

objective in Eq. (27) can be adopted for parameter learning by 

using the minimax probability decision technique 

( ) ( )

( ) ( )

, ,

( )~( , )

( )~( , )

max  

. .  inf  ( ( ) 0)      

      inf  ( ( ) 0)      

b
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s t pr b

pr b

 

 









 

 

+ +

− −

−  

−  

x x

x x

p

x u Σ

x u Σ

p x

p x

, (27) 

where 
( ) ( )

( ) ~ ( , )
 


+ +

x x
x u Σ  denotes the data mapped from 

~ ( , )+ +x u Σ  by the fuzzy inference mechanism described with 

Eqs. (21-24). The solution to Eq. (27) can be obtained with the 

theorem below. 

Theorem 3 The parameter learning of the consequents in Eq. 

(27) can be regarded as a special case of the classical MPM, 

where the training data x  are mapped as ( )g x  in a new 

feature space constructed by the fuzzy inference rules using the 

strategy discussed with Eqs. (21-24). 

Proof. By comparing Eq.(27) with Eqs.(8) and (11), it is 

clear that they are of the same form and Eq. (27) can be 

regarded as a special case of the minimax probability machine 

in [29]. The distinctive characteristic of Eq.(27) is that the 

training data is the mapping data in a feature space constructed 

by using Eqs. (21)-(24) with the corresponding type-2 fuzzy 

inference mechanism. 

D. The MP-IT2TSK-FSC Learning Algorithm 

Based on the three-stage training method described above, 

the corresponding MP-IT2TSK-FLSC learning algorithm is 

given as follows. 
 

Algorithm: MP-IT2TSK-FSC 

Stage 1: Assign the parameters of the antecedents 

according to clustering techniques or other 

partition techniques. 

Stage 2: Initialize the parameters of the consequents 

using Eqs. (13)-(20). 

Stage 3: Refine the parameters of the consequents 

using Eqs. (21)- (27). 
 

E. Remarks 

A similar three-stage learning procedure was also used in 

existing interval type-2 fuzzy neural network with support 

vector regression algorithm (IT2FNN-SVR) [12] and type-2 

fuzzy extreme learning algorithm (T2FELA) [47]. In [12], the 

IT2FNN-SVR algorithm first generates the antecedents by a 

self-evolving strategy and then learns the consequents using a 

two-stage SVR with the antecedents fixed. In [44], T2FELA 

generates the antecedents by assigning the parameters in the 

antecedents randomly based on the extreme learning theory, 

followed by the learning of the consequents using a two-stage 

fast learning approach for solving the corresponding matrix 

equations based on the extreme learning mechanism with the 

antecedents fixed. 

It should be emphasized that the aim of the proposed method 

is to provide a T2 fuzzy classifier with transparent model 

reliability rather than improving the classification accuracy. 

Thus, the classification accuracy may only be at a level 

comparable to that of the existing methods. The advantage of 

the model obtained by the proposed method is the availability 

of a reliability index that makes it more transparent and 

acceptable to users in many applications. 

IV. EVALUATION 

The performance of the proposed MP-IT2TSK-FLSC has 

been evaluated on several benchmarking medical datasets and 

compared with the related methods. The experimental studies 

are organized as follows. In section IV-A and IV-B, the 

experiment setting and the datasets are described respectively. 

In section IV-C, the classification model obtained by the 

MP-IT2TSK-FLSC algorithm is analyzed. The results of the 

comparison with the related methods are reported in section 

IV-D. 

A. Experiment Settings 

1) Methods for Comparison: The MP-IT2TSK-FLSC 

algorithm is implemented with fuzzy c-means clustering 

(FCM) and self-evolving learning strategy (SE), and compared 

with 11 methods to evaluate the performance. Refer to the 

descriptions and abbreviations given in Table I, the methods 

include two mimimax probability decision based methods 

(MPM (linear) and MPM (kernel))[29], three IT2 FLS methods 

(T2FELA) [47], GL-IT2FLS[9], SEIT2FNN [13]), three T1 

TSK-FLS based methods (SOTFN-SV [44], -TSK-FS [50] 

and L2- TSK-FS [48]), and three classical non-fuzzy systems 

based classification methods (KNN [51], SVC [52] and Naïve 

Bayes classifier [53]). 

Among the algorithms, MP-IT2TSK-FLSC, MPM, 

SOTFN-SV, KNN, SVC and the Naïve Bayes classifier are 

developed for classification. The rest are originally developed 

for regression but can still be used for classification tasks, 

which is achieved in our experiments by employing a simple 

strategy: the class labels are directly used as the outputs of the 



 

 

regression datasets for the model training. When a future 

sample is tested, the output of the regression model is compared 

with different class labels and the nearest one is taken as the 

class label of the testing sample.  

For the methods based on kernel technique, i.e., MPM 

(kernel) and SVC, the radius basis function (RBF) is adopted as 

the kernel function for its effectiveness. For all the methods 

related to fuzzy systems, Gaussian function is adopted as the 

fuzzy membership function in the antecedents. 

 
TABLE I  

METHODS ADOPTED FOR PERFORMANCE COMPARISON 

Method Description 

MP-IT2TSK-FLSC 

(FCM)  
and  

MP-IT2TSK-FLSC 

(SE) 

The proposed IT2 TSK FLS classifier by using minimax 

probability decision for classification task: 

MP-IT2TSK-FLSC (FCM) means the antecedents are 
determined by fuzzy c-means (FCM) clustering 

technique, and  MP-IT2TSK-FLSC (SE) means the 

antecedents are determined by self-evolving (SE) 
learning strategy [13, 44]. 

MPM (linear) 
and  

MPM (kernel) [29] 

Linear and kernel minimax probability machine by 

using minimax probability decision 

T2FELA [47] 

Type-2 fuzzy extreme learning algorithm for fast 

training of T2 TSK FLSs based on the extreme learning 

mechanism 

GL-IT2FLS [9] Gradient learning based training algorithm for IT2 FLS 

SEIT2FNN [13] Self-evolving interval type-2 fuzzy neural network 

SOTFN-SV [44] 
Self-organizing TS-type fuzzy network with support 

vector learning 

-TSK-FS(IQP) 

[50] 

-insensitive criterion based TSK-FS training method 

with IQP optimization technique 

L2-TSK-FS [48] 
L2 norm penalty and -insensitive criterion based 

TSK-FS training method 

KNN [51] K near neighbors classifier 

SVC [52] Support vector classification 

Naïve Bayes 

classifier [53] 
Naïve Bayes classifier 

 

2) Datasets: Three medical datasets are adopted for 

performance evaluation. They are the epileptic 

electroencephalograph (EEG) dataset, heart disease dataset 

and breast cancer dataset. In our experiments, each attribute of 

the inputs of the data is normalized into the range [-1, 1] for the 

whole dataset. The details of these datasets are described in 

section IV-B. 

3) Parameter Settings: For all the algorithms, the five-fold 

cross-validation (CV) strategy is used to determine the optimal 

setting within the given grids for the related hyper parameters. 

The corresponding hyper parameters in different methods and 

the search grids for CV are listed in Table II. 

 
TABLE II 

THE HYPER PARAMETERS IN DIFFERENT METHODS AND THE SEARCH GRIDS 

USED FOR CV 

Method Description of the hyper parameters and the search 

grid used for CV 

MP-IT2TSK-FLSC 

(FCM)  
 

Scale parameter of width in Gaussian membership 

function: 5 0 5
{10 , ,10 , ,10 }h

−
 , the number of 

fuzzy rules: {4,9,16,25,36,49,64,81,100,121}K  . 

MP-IT2TSK-FLSC 

(SE) 

Self-organization learning threshold parameter: 

{0.2,0.3,0.4,0.5,0.6,0.7,0.8}th = , the number of 

fuzzy rules: {4,9,16,25,36,49,64,81,100,121}K  . 

MPM(linear) No hyper parameters 

MPM(kernel) RBF kernel width parameter: 

12 0 12
{10 , ,10 , ,10 } −

  

T2FELA Scale parameter of width in Gaussian membership 

function: 5 0 5
{10 , ,10 , ,10 }h

−
 , the number of 

fuzzy rules: {4,9,16,25,36,49,64,81,100,121}K  . 

GL-IT2FLS The number of fuzzy rules: 

{4,9,16,25,36,49,64,81,100,121}K  . 

SEIT2FNN [12] Self-organization learning threshold parameter: 

{0.2,0.3,0.4,0.5,0.6,0.7,0.8}th = . 

SOTFN-SV Self-organization learning threshold parameter: 

{0.2,0.3,0.4,0.5,0.6,0.7,0.8}th = , regularization 

parameter for support learning:  

12 0 12
{10 , ,10 , ,10 }C

−
 . 

-TSK-FS(IQP) Scale parameter of width in Gaussian membership 

function: 5 0 5
{10 , ,10 , ,10 }h

−
 , the number of 

fuzzy rules: {4,9,16,25,36,49,64,81,100,121}K  , 

regularization parameter: 12 0 12
{10 , ,10 , ,10 } −

 . 

L2-TSK-FS  

KNN The number of near neighbors: {1, ,12}K   

SVC (RBF) Regularization parameter: 

12 0 12
{10 , ,10 , ,10 }C

−
 ;  RBF kernel width 

parameter: 12 0 12
{10 , ,10 , ,10 } −

 . 

Naïve Bayes 

classifier 

No hyper parameters 

 

4) Evaluation Index: The classification performance is 

evaluated with the index defined in Eq. (28), i.e., classification 

accuracy. 
Number of the test samples with correct classification

=
Number of the test samples

clasJ  (28) 

For performance comparison, the means and standard 

deviations of classification accuracies of the different methods, 

obtained with the optimal parameters determined by the CV 

strategy in the given search grids, are reported and compared. 

5) Computing Environment: All the algorithms are 

implemented with MATLAB codes on a computer with 2GB 

RAM and 1.66 GHz CPU. 

B. Medical Datasets 

The three medical datasets used for performance evaluation 

are described as follows. 

(1) Epileptic EEG. The epileptic EEG data used is publicly 

available on the web from the University of Bonn, Germany 

[54]. The complete data archive contains five groups of data 

(denoted by groups A to E), each containing 100 single channel 

EEG segments of 23.6 seconds duration. The sampling rate of 

all datasets was 173.6Hz. Group A and B consist of segments 

acquired from surface EEG recordings performed on five 

healthy volunteer subjects, while groups C, D and E are data 

obtained from volunteer subjects with epilepsy. In our 

experiment, groups A and B are referred to as the healthy class 

and groups C-E are the patient class. For the epileptic EEG 

data, feature extraction has been conducted by using short time 

Fourier transform (STFT). Finally, data with five features 

associated with the energy of different frequency sub-bands are 

obtained [55]. 

(2) Breast cancer. The breast cancer dataset is obtained from 

the UCI machine learning repository [56]. It contains 458 

instances of the benign class and 241 instances of the malignant 

class. Each instance is described by 9 attributes. 



 

 

(3) Heart disease. The heart disease dataset is also obtained 

from the UCI machine learning repository [56], which includes 

120 instances with heart disease and 150 instances without 

heart disease. Each instance is described by 13 attributes. 

C. Model Analysis of the MP-IT2TSK-FLSC 

In this subsection, the trained MP-IT2TSK-FLSC model is 

analyzed to study the characteristics. In Table III, an 

MP-IT2TSK-FLSC with nine rules trained at a certain time 

point on the epileptic EEG dataset is presented for illustration. 

The constructed MP-IT2TSK-FLSC contains three parts and 

they are explained individually as follows. 

(1) The first part is the fuzzy rules base as shown in Part A of 

Table III, which is used for fuzzy inference and presents a final 

real value as the IT2 TSK FLS output. With the fuzzy rule base, 

the fuzzy inference rules can be linguistically interpretable with 

expert knowledge. In Fig. 3, the corresponding IT2 fuzzy 

membership functions of each fuzzy subset in the antecedents 

of the 1st, 4th and 8th fuzzy rules are shown. Each membership 

function corresponds to an IT2 fuzzy subset which can be 

explained by experts using medical terms or concepts. 

(2) The second part presents a decision threshold which is 

introduced for the classification task in the MP-IT2TSK-FLSC. 

The decision threshold and the consequents of the IT2 TSK 

FLS are learned based on the minimax probability decision 

principle. With the real output of the trained TSK-FLS and the 

decision threshold, the final decision can be obtained for the 

classification task. 

(3) The last part provides the reliability of the trained model 

for the classification task, which characterizes the lower bound 

of the correct classification . 

From Table III, we can see that MP-IT2TSK-FLSC is a 

practical expert system where linguistically interpretable fuzzy 

rules are employed and model reliability index is available, 

making it highly human-interpretable and very suitable for 

many reliability-critical applications like for medical diagnosis. 

 
TABLE III 

THE MP-IT2TSK-FLSC WITH NINE RULES TRAINED AT A CERTAIN TIME ON EPILEPTIC EEG DATASET 

Part A: Fuzzy rules base 

: RuleFuzzy  KTS
k

R  

1 1 1 1 2 2 2 2IF  is ( , )  is ( , )  is ( , ) 
k k k k k k k k k

d d d dx A c x A c x A c     , ( ) 0 1 1Then  k k k kd df p p x p x= + + +x . 

No. of rules 
Antecedent parameters 

(Gaussian membership function parameters) 

Consequent parameters 

(linear function parameters) 

k  
1( , , )

k k k T
dc c=c ,

1( , , )
k k k T

d =δ  
0 1( , , , )

T
k k k kdp p p=p  

1 1
=c [0.6274, 0.6622, 0.7091, 0.5682, 0.5147, -0.4565] 

1
=δ [1.99e-05, 1.44e-05, 1.23e-05, 2.22e-05, 2.606e-05 , 1.10e-05] 

1 =p  [0.4213, -1.0270, 0.5407, -0.0451, 1.4879, -1.4751, 

0.2835] 

2 2
=c  [-0.0586, 0.7156, 0.6102, 0.3266, 0.3973, -0.2281] 

2
=δ  [2.11e-05, 1.87e-05, 2.11e-05, 1.85e-05, 1.48e-05, 6.54e-06] 

2
=p  [6.6533, -1.4751, -0.0907, 0.4213, -1.0270, 0.1655, 

-0.0451] 

3 3
=c  [0.5304, -0.1475,0.4119, 0.5431, 0.9242, -0.9219] 

3
=δ

 
[3.57e-05, 3.70e-05, 3.80e-05, 3.45e-05, 3.65e-05, 3.90e-05 ] 

3
=p  [-1.0270, 0.1655, 0.3608, 1.4879, -1.4751, 0.2835, 

0.4213] 

4 4
=c  [0.4461, 0.0854, 0.2350, 0.1030, 0.0985, -0.8656] 

4
=δ

 
[2.43e-05, 1.92e-05, 1.45e-05, 1.38e-05, 1.55e-05, 1.09e-05 ] 

4
=p  [-1.4751, 0.2835, 0.4213, -1.0270,  0.1655, -0.0451, 

1.4879 ] 

5 5
=c  [-0.6666, -0.5807, -0.6221, -0.7431, -0.8156,  -0.3132] 

5
=δ

 
[1.62e-05, 1.201e-05, 1.44e-05, 1.40e-05, 1.11e-05, 1.88e-05 ] 

5
=p  [0.1655, -0.0451, 1.4879, -1.4751, 0.2835, 0.4213, 

-1.0270] 

6 6
=c  [-0.2397, -0.5931, -0.3827, -0.4711, -0.5062, -0.9506] 

6
=δ

 
[2.74e-05, 1.78e-05, 2.47e-05, 2.23e-05, 2.50e-05, 7.49e-06 ] 

6
=p  [0.2835, 0.6366, -1.0270, 0.1655, -0.0451, 1.4879, 

-1.4751 ] 

7 7
=c  [-0.2844, 0.3527, 0.2058, -0.0151, -0.2410, -0.2229] 

7
=δ

 
[1.62e-05, 1.602e-05, 1.31e-05,9.73e-06, 1.30e-05, 3.71e-06 ] 

7
=p  [-0.0451, 1.4281, -1.4751, 0.2835, 0.4213, -1.0270, 

0.1655 ] 

8 8
=c  [-0.5508, -0.5821, 0.0715, -0.2276, -0.3817, 0.3099] 

8
=δ

 
[1.60e-05, 1.39e-05, 1.94e-05, 1.08e-05, 1.40e-05, 1.30e-05 ] 

8
=p  [0.4213, -0.8599, 0.1655, -0.0451, 1.4879, -1.4751, 

0.2835 ] 

9 9
=c  [0.5521, 0.6120, 0.9045, 0.8486, 0.8170, 0.7474] 

9
=δ

 
[ 1.61e-05, 1.01e-05,  2.83e-06, 1.23e-05, 1.07e-05, 2.00e-05] 

9
=p  [1.4879, -1.2547, 0.2835, 0.4213, -1.0270, 0.1655, 

-0.0451 ] 

Part B: Decision threshold for classification 

Decision threshold of MP-IT2TSK-FLSC: b  = -0.2693 

Part C: Reliability of the classification model 

Correct classification lower bound:  =0.8816 
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(c) 

Fig. 3 The corresponding membership functions of each fuzzy subset in the antecedents of three fuzzy rules: (a) the 1st, (b) the 4th and (c) the 8th. 

 

D. Comparison with Related Methods 

The classification performance of the proposed method is 

compared with the 11 methods described in section IV-A-1. 

Tables IV-VI present the means and standard deviations (SD) 

of the classification accuracies of different methods, which are 

obtained with the three medical datasets under the optimal 

parameter setting determined by the CV strategy. From these 

results, the following observations are revealed: 

(1) The proposed MP-IT2TSK-FLSC demonstrates highly 



 

 

competitive generalization abilities when compared with the 

exiting state-of-the-art methods. 

(2) For all the fuzzy-system-based methods, i.e., four IT2 

FLS based methods (MP-IT2TSK-FLSC, T2FELA, 

GL-IT2FLS and SEIT2FNN) and three T1 FLS based method 

(SOTFN-SV, -TSK-FS(IQP), and L2- TSK-FS), a high level 

of interpretation ability is demonstrated. However, only the 

proposed MP-IT2TSK-FLSC can specify the reliability of the 

trained model. 

(3) Of the three minimax probability-based methods, i.e., 

MP-IT2TSK-FLSC, MPM (linear) and MPM (RBF), the 

generalization abilities of MP-IT2TSK-FLSC are better than 

that of MPM (linear) while comparable to that of MPM (RBF). 

However, MP-IT2TSK-FLSC is obviously advantageous over 

MPM (RBF) in that it is more transparent to the user in terms of 

model reliability and has a high level of interpretation ability, 

whereas MPM (RBF) is more like a black box that is based on a 

hyper plane in an unknown kernel feature space. 

(4) When compared with the classical classification 

methods, e.g. SVC and KNN, the advantages of proposed 

MP-IT2TSK-FLSC is clearly demonstrated with (i) superior 

generalization abilities, (ii) high interpretability, and (iii) better 

transparency/reliability of the trained model with the lower 

bound of classification accuracy provided. 

TABLE IV 

PERFORMANCE COMPARISON WITH RELATED METHODS ON EPILEPTIC EEG DATASET 

Method MP-IT2TSK-FLSC+ MPM  T2FELA GL-IT2FLS SEIT2FNN  
(FCM) (SE) (linear) (RBF) 

Mean 
SD 

0.9620 
0.0409 

0.9640 
0.0329 

0.9480 
0.0277 

0.9600 
0.0346 

0.9620 
0.0342 

0.9560 
0.0297 

0.9500 
0.0400 

 

 * 
0.8402 

0.0192 

0.8637 

0.0227 

0.7724 

0.0105 

0.8024 

0.0200 

   

Method SOTFN-SV -TSK-FS 

(IQP) 

L2- TSK-FS SVC 

(RBF) 

KNN Naïve Bayes 

Mean 
SD 

0.9660 
0.0296 

0.9620 
0.0370 

0.9200 
0.0430 

0.9560 
0.0364 

0.9580 
0.0311 

0.9480 
0.0432 

* Lower bound of correct classification. 
 

TABLE V 

PERFORMANCE COMPARISON WITH RELATED METHODS ON BREAST CANCER DATASET 

Method MP-IT2TSK-FLSC MPM  T2FELA GL-IT2FLS SEIT2FNN  
(FCM) (SE) (linear) (RBF) 

Mean 
SD 

0.9700 
0.0145 

0.9643 
0.0131 

0.9685 
0.0128 

0.9715 
0.01665 

0.9657 
0.0091 

0.9657 
0.0094 

0.9615 
0.0159 

 

 * 
0.8924 

0.0048 

0.9089 

 0.0080 

0.8362 

0.0046 

0.8576 

0.0063 

   

Method SOTFN-SV -TSK-FS 

(IQP) 

L2- TSK-FS SVC 

(RBF) 

KNN Naïve Bayes 

Mean 
SD 

0.9728 
0.0116 

0.9629 
0.0144 

0.9200 
0.0430 

0.9560 
0.0364 

0.9580 
0.0311 

0.9480 
0.0432 

* Lower bound of correct classification. 

 
TABLE VI 

PERFORMANCE COMPARISON WITH RELATED METHODS ON HEART DISEASE DATASET 

Method MP-IT2TSK-FLSC MPM  T2FELA GL-IT2FLS SEIT2FNN  
(FCM) (SE) (linear) (RBF) 

Mean 
SD 

0.8074 
0.0280 

0.8000     
0.0275     

0.8296 
0.0479 

0.8222 
0.0465 

0.8259 
0.0675 

0.8000 
0.0479 

0.7926 
0.0647 

 

* 

0.6279* 

0.0245 

0.6411*     

0.0521    

0.5515* 

0.0180 

0.5561* 

0.0182 

   

Method SOTFN-SV -TSK-FS 

(IQP) 

L2- TSK-FS SVC 

(RBF) 

KNN Naïve Bayes 

Mean 

SD 

0.8037 

0.0712 

0.7852 

0.0483 

0.8481 

0.0576 

0.8222 

0.0426 

0.8148 

0.0571 

0.8222 

0.0384 

 
 

V. CONCLUSIONS 

In this study, a minimax probability IT2 TSK FLS classifier 

MP-IT2TSK-FLSC is proposed to simultaneously train an IT2 

fuzzy system-based classifier and to provide an index of the 

reliability of the trained model, i.e., the lower bound of correct 

classification. Experimental results show that the classifier not 

only exhibits high level of interpretability as other fuzzy 

systems, but also demonstrates the better transparency in model 

reliability. 

Despite of the distinctive characteristics and promising 

performance, the proposed minimax probability classifier 

requires further investigation in many aspects. For example, 

other minimax probability decision based fuzzy system models 

can be studied, e.g. the ML-type fuzzy model [57]. In addition, 

minimax probability-based fuzzy systems can also be 

investigated for other modeling tasks, such as outlier detection 

and regression. Future work will be conducted to address these 

issues. 
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