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1  ABSTRACT: Low yield point (LYP) steel is a promising material for energy dissipation device
2 resisting seismic actions, and is expected to experience large strain when subjected to strong
3 earthquakes. In order to offer a better understanding of the cyclic behavior of LYP steel under
4 large strain range, cyclic tests of eight (8) coupons made of LYP100 under the strain amplitude
5 ranging from -10% to +12% are performed. Evident work-hardening, early re-yielding, and
6 strain range dependence are characterized in the cyclic loading tests. To illustrate these
7  characteristics, the peak stress of every cyclic loop and the elastic region of the unloading
8  process are examined. Based on the analysis results of the peak stress and the elastic region, a
9  modified Yoshida-Uemori model is proposed to quantify the cyclic behavior of LYP100, and
10 the corresponding numerical algorithm is developed. In addition, a practical method based on
11 the derivative-free optimization theory is proposed to calibrate the material parameters of the
12 novel model. The proposed constitutive model shows a satisfactory accuracy for describing the
13 cyclic behavior of LYP100 under large strain range.
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1. Introduction

1.1 Background

Owing to the noteworthy features including ultra-low yield stress, remarkable energy
dissipation capacity and excellent ductility, low yield point (LYP) steel is a promising material
for producing various energy dissipation devices (e.g. shear damper, buckling restrained brace)
in seismic engineering [1-3]. In the recent decades, the research community has initiated
extensive explorations on the cyclic plasticity behavior of LYP steel. For instance, Saeki et al.
[4] conducted a series of cyclic tests on two LYP steels with the strain amplitude between -3%
and +3%. In their study, the focus was given to the low-cycle fatigue performance of LYP steels
to validate their potential in damping devices. Dusicka et al. [5] examined the cyclic response
of two LYP steels under large inelastic strain with the strain amplitude ranging from -7% to +7.
The test results showed that with increasing strain amplitude the cyclic stress increased up to
4.8 times of the initial yield strength, indicating that the work-hardening of LYP steel was
evident. Wang et al. [6] studied the cyclic behavior of LYP100 and LYP160 under various types
of loading protocols with the strain amplitude ranging from -3.5% to +3.5%. It was also
observed that the LYP steel exhibited appreciable work-hardening behavior, and the cyclic
response of the LYP steel was sensitive to the loading history. The test results also demonstrated
that the work hardening characteristics of LYP steels were influenced by both plastic strain and
strain amplitude. Later, Xu et al. [7] investigated the cyclic behavior of a LYP steel (i.e. steel
grade BLY160) with the strain amplitude ranging from -3% to +3%. Notwithstanding the
excellent ductile manner and the encouraging energy dissipation capacity of the material, the

cyclic softening behavior of BLY 160 was also observed.
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In parallel with test explorations on the cyclic response of LYP steels, a number of
constitutive models have been proposed to quantify the cyclic characteristics of LYP steels.
Most of the constitutive models were based on the classical metal plasticity theory [8—10] and
may be classified in a unified framework, where Eq. (1) shows the one-dimensional form of the
framework.

f=lo-al-R<0 (1)

Eq. (1) governs the yield surface for LYP steels, where o is the stress, a is the backstress
that represents the kinematic part, and R represents the isotropic part quantifying half of the
elastic region of the unloading process.

In general, the evident work-hardening, strain range dependence, and cyclic softening are
three major features of the cyclic behavior of LYP steels based on the previous test findings.
The evident work-hardening effect can be quantified by modifying the mathematical formula
of a and R. In particular, the modification of R was widely used in the literature when
developing constitutive models of LYP steels. For example, Wang et al. [3] adopted a cyclic
plasticity constitutive model, which was integrated into ABAQUS based on the model proposed
by Chaboche [11], to characterize the cyclic behavior of LYP100. In the Chaboche model, it
was assumed that the work-hardening is induced by the increase of the equivalent plastic strain,
as shown in Eq. (2).

c’=0l,+0, (l—exp(—bp)) (2)
Where ¢° stands for the isotropic part, i.e. R in Eq. (1); olo, O, and b are material parameters,
and p represents the equivalent plastic strain. In the simulation results reported by Wang et al.

[3], the Chaboche model produced a reasonable prediction of the cyclic response of the LYP100.
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More recently, Wang et al. [6] adopted an alternative model, i.e. the Giuffré—Menegotto -
Pinto model [12,13], to describe the cyclic behavior of LYP100 and LYP160. The ability of the
model for predicting the test results was validated. Shi et al. [14] adopted a novel model
proposed by Hu [15,16] to replicate the cyclic response of LYP steels including LYP100,
LYP160, and LYP225. In Hu’s model, a strain memory surface was adopted to reflect the strain
range dependence effect of the LYP steels observed in the tests. Xu et al. [7] developed an
innovative model for a LYP steel (i.e. BLY 160) to describe the cyclic hardening and softening,
and the strain range dependence of the material observed in the tests. A term Qr was added to
the kinematic part and the isotropic part to consider the cyclic softening in the case when the
equivalent plastic stain was significant.

In conclusion, most of the constitutive models mentioned above are developed to describe
the mechanical behavior of material obtained in the tests. The model should be adjusted to fit
the mechanical characteristics, which is clear in the development of constitutive models of
LYP100 as discussed above. At first, the excellent work-hardening of LYP100 was observed
in the test, which could be described by Chaboche model [3,11]. With the accumulation of the
test data, the strain range dependence is observed. Hence, a series of models have been
developed to include this feature, such as Hu model [15,16] and Xu model [7]. In Hu model, a
yield plateau is introduced, which is not necessary for LYP100, while in Xu model, a cyclic
softening is included, which benefits much in predicting the low cyclic fatigue behavior. But

the model should be adjusted if there are some new features observed in the test.

1.2 Motivation and objective

Energy dissipation devices are expected to experience large deformation under strong
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earthquakes, and hence it is essential to examine the hysteretic behavior of the material for the
devices under large strain amplitude. As an example, Fig. 1 shows the deformation pattern of a
typical frame structure equipped with a shear damper. Under seismic events, the plastic
deformation is expected to be concentrated in the shear damper, which leads to 0 = A (where
is the shear deformation of the damper, and A is the story displacement of the frame structure,
respectively). Assuming that the height of the shear damper (i.e. 4) is 1/8~1/3 of the story height
(i.e. H) as a rational design, the shear angle of the damper can reach 6%~16% when taking the
story drift of 2% as the design threshold [17].

In order to have a better understanding of the material behavior under such a large shear
deformation, the material tests under shear deformation should be conducted. However, the
cyclic tests under shear deformation are hard to perform and the cyclic behavior under uniaxial
loading could have a reasonable prediction of the damper’s behavior under shear deformation
[18]. Thus, it could be effective to obtain the cyclic behavior of LYP100 by performing the
cyclic tests under uniaxial loading.

Eq. (3) shows the relationship between axial plastic strain, &p, and shear plastic strain, 7yp,
derived from the presumption that the equivalent plastic strain of the axial deformation equals
that of the shear deformation [19]. An approximate relation between the axial strain, ¢, and the
shear angle, v, can be obtained from Eq. (3) when ignoring the minor elastic deformation, as
shown in Eq. (4). Hence, the equivalent axial strain of the shear damper as shown in Fig. 1 may

reach 3.5%~9.2%.

3)
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Hence, to fully examine the hysteretic behavior of the LYP steels under cyclic loading,
loading protocols covering a wider spectrum of strain amplitude more than =+ 10% may need

to be included in test programs, and applicable constitutive models may also be required.

2. Experiment investigation
2.1 Test specimens and loading protocols

In the current work, a total of eight (8) hour-glass type specimens made of LYP100 with a
nominal yield strength of 100 MPa are examined under cyclic loading. To eliminate early
buckling, the specimens are carefully designed, and the rationale of the specimen configuration
is supported by a recent work [20]. The configuration of the test specimens is provided in Fig.
2. For easy reference, the specimens are coded and listed in Table 1. The cyclic loading
protocols include constant strain amplitude (CSA) loading protocols, which are used to examine
the strain range dependence work-hardening and early re-yielding, and varying strain amplitude
(VSA) loading protocols, which are used to verify the two features and to identify new features
such as shrinkage of cyclic loops, as listed in Table 1. A strain control process at a strain rate
of 0.002/s is included in the test program based on the previous study [5, 7]. Fig.3. shows the
test setup of the cyclic tests.

Four specimens (i.e. specimen ZH-01~ZH-04) are examined under CSA loading protocols
including various strain amplitudes ranging from *+2%to = 8%. The tests of the CSA loading
protocols are terminated when the peak force of every loading cycle varies a little, which can

be determined by Eq. (5).
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Where F, and Fhn+1 represent the peak force of the n-th and the (n+1)-th loading cycle,
respectively.

The other four specimens (i.e. specimen ZH-05~ZH-08) are examined under VSA loading
protocols, where the number in the parentheses (i.e. 3) represents the number of the loading
cycles. Specimens ZH-05 and ZH-06 are tested under increasing strain amplitude loading
protocols. In particular, specimen ZH-07 is tested under a protocol with an ultra-large strain
amplitude followed by an increasing strain amplitude sequence. Specimen ZH-08 is tested
under a protocol with a decreasing strain amplitude sequence.

It should be underlined that only eight (8) loading protocols are adopted and only eight (8)
specimens are designed, where the number of the specimens is less than that of other tests [6,7].
In order to verify the validity and rationality of the test, it is essential to clarify the principle for
selection of the loading protocols. The principle adopted here is that loading protocols are
designed to obtain the mechanical features. There are three major mechanical features of steels
1.e. strain-range dependence work-hardening, early re-yielding and shrinkage of cyclic loops
from the previous research [3-7,14-16,20], which could also be applicable to LYP100. The

loading protocols adopted in the test are aimed to uncovering these features.

2.2 Cyclic behavior of specimens under CSA loading protocols and discussions

Cyclic responses of four specimens under the CSA loading protocols (i.e. specimen ZH-
01~ZH-04) are shown in Fig. 4. The test results show that the work-hardening of LYP100

converges to a saturation stress for every CSA loading protocol, and the saturation stress
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increases with the strain amplitude increasing, which is often referred to the strain range
dependence effect in previous works [7,21,22]. In particular, the saturation stress stagnates
when the strain amplitude reaches 6%, and the stagnation stress (i.e. ff=363MPa for tension
and f;°=367MPa for compression, as shown in Fig. 4 ) is almost 4.0 times of the initial yield
stress (i.e. f;°=92MPa, as shown in Fig. 4). Thus, the remarkable work-hardening of the
LYP100 is demonstrated.

In order to obtain a clear description of the effect of the strain range dependence, a detailed
analysis of the test data based on the classical metal cyclic plasticity framework with the
governing equation of Eq. (1) is performed. Fig. 5 gives a global picture of the framework that
defines the peak stress, the elastic region, and the backstress. The peak stress denoted by otmax+R
is the maximum stress of every cycle. The elastic region defined by 2R is the magnitude of the
linear elastic portion of the unloading process. The backstress represented by a is the center of

the yield surface.

In the classical metal cyclic plasticity theory, the kinematic part and the isotropic part are
often regarded as the function of the equivalent plastic strain [9,10,19]. In this context, the
utilization of the equivalent plastic strain may shed lights on the mathematical structure of the

evolution rule of the peak stress, the elastic region, and the backstress.

Fig. 6 shows the relationship between the peak stress and the equivalent plastic strain of
four specimens under CSA loading protocols. It is evident that the peak stress increases with
the equivalent plastic strain increasing under the same loading protocol, and it saturates at a
certain level of the equivalent plastic strain. Moreover, the saturation values of the peak stress

of specimens under different loading protocols increase with strain amplitude increasing and
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stagnate when the strain amplitude reaches =+ 6%. The saturation values of ZH-03 and ZH-04
are almost identical, which shows that there is an upper limit of work-hardening of LYP100

under cyclic loading.

Hence, the effects of strain range dependence of LYP100 can be concluded as follows:

1. The work-hardening of LYP100 steel is related to the loading strain amplitude and

increases with strain amplitude increasing;

ii. The work-hardening of LYP100 steel converges to the saturation value with the increase

of the equivalent plastic strain at a certain strain amplitude.

iii. The saturation value of the work-hardening of LYP100 steel reaches to an upper limit

when the strain amplitude reaches a certain level;

Fig. 7 shows the relationship between the elastic region and the equivalent plastic strain
of the four specimens under CSA loading protocols. It is clear that the elastic region increases
with the equivalent plastic strain increasing under the same loading protocol, and it saturates at
a certain level of the equivalent plastic strain. The difference of saturation values of the elastic
region of LYP100 subjected to various CSA loading protocols is not evident. In particular, the
saturation value of the elastic region of specimen ZH-01 varies due to the fluctuation of the test
data of specimen ZH-01, which does not appear in the other loading protocols. Moreover, the
saturation value of the elastic region is about 260 MPa, indicating an early re-yielding behavior
of the material when the load is reversed. In addition, a close-up diagram of the elastic region
of the first unloading process is given in Fig. 7, which demonstrates a rapid change of the elastic

region of LYP100 when the equivalent plastic strain is not significant. Thus, it may be not
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appropriate to employ the equivalent plastic strain to reflect the evolution of the elastic region
of LYP100. It should be noted that the equivalent plastic strain approximately equal to the strain
amplitude to some extent as shown in the close-up diagram for there is no accumulation of the
equivalent plastic strain until the loading is reversed. Moreover, the strain amplitude only
evolves in the early stage of the loading process when subjected to CSA loading protocols,
which shares the specify evolution feature of the elastic region. Thus, the strain amplitude may
be more suitable to reflect the evolution of the elastic region.

In the analysis of the peak stress and the elastic region, the strain amplitude is used to
illustrate the features observed in the tests. In the existing framework of the cyclic plasticity, a
strain range memory surface given by Eq. (6) in one-dimensional form is introduced, and the
strain range as an internal variable is widely used to reflect the influence of the strain amplitude:

g:|€p—q|—r30 (6)
where P is the plastic strain, g is the center of the strain range memory surface, and  represents

the radius of the strain range memory surface.

Therefore, it is reasonable to quantify the elastic region (i.e. 2R) as a function of the strain

range from the previous analysis, which is shown in Eq. (7).

R=¢(r) (7)

The backstress a is another variable that needs to be determined in the classical framework

of cyclic plasticity as shown in Eq. (1). The maximum backstress omax is selected to reflect the
evolution of the backstress and can be obtained by Eq. (8). Fig. 8 shows the relationship
between the maximum backstress and the equivalent plastic strain of specimens under CSA

loading protocols, which shows the same features as that of the peak stress that has been
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concluded above. Thus, the backstress a may be regarded as a function of the equivalent plastic

strain and strain range as shown in Eq. (9).

U = (e + R)— R = peak stress —1/2 elastic region (8)

max

a=p(r,p) )
2.3 Cyclic behavior of specimens under VSA loading protocols and discussions

The results of two specimens subjected to different loading protocols of the increasing
strain amplitude, i.e. specimen ZH-05 and ZH-06, are shown in Fig. 9(a) and Fig. 9(b),
respectively. The original loading protocols were not completed since both coupons buckled
after the strain amplitude reached +6%. However, it can still be seen from Fig. 9(a) and Fig.
9(b) that the work-hardening of LYP100 is strain range dependent as the peak stress increases

with increasing strain amplitude.

Fig. 10(a) shows the results of a specimen subjected to another VSA loading protocol, i.e.
specimen ZH-07, with an ultra-large strain amplitude (i.e. +12%, -10%) followed by an
increasing strain amplitude sequence. Hence, the first cyclic loop with the strain amplitude of
+2% of specimen ZH-07 may be influenced by the ultra-large strain amplitude, which can be
regarded as the influence of the maximum strain history. Fig. 10(b) shows that the first loop
with strain amplitude 2% of specimen ZH-07 is larger than the stabilized loop of specimen
ZH-01. It should be noted that the stabilized cyclic loop of specimen ZH-01 is due to the
accumulation of the equivalent plastic strain. The difference between these two cyclic loops
shows that the maximum strain history determines the upper limit of the work hardening, which

is similar to the effect of the strain range mentioned above. Hence, the strain range is a
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promising candidate to be used to quantify the influence of the maximum strain history without

introducing a new internal variable.

Fig. 11(a) shows the result of the loading protocol with a decreasing strain sequence i.e.
ZH-08. The result indicates that the cyclic loops shrink with the decreasing strain amplitude.
Translation of the cyclic loops under different strain amplitude is made and shown in Fig. 11(b).
It is observed that the shape of these cyclic loops is similar. On the other hand, it should be
noted that the shape of the cyclic loops can be determined by the backstress. Hence, an
appropriate mathematical expression of the backstress can illustrate the feature of the shrinkage

of the cyclic loops under the decreasing strain amplitude loading protocol.

3. Constitutive model

3.1 The guidelines of the constitutive model of LYP100

A careful analysis of the test results has been presented above and the features of the cyclic
behavior of LYP100 have been discussed. The mathematical formulas of the backstress and the
elastic region, as shown in Eq. (7) and Eq. (9), have been given in the previous analysis, which
are the two guidelines of the constitutive model of LYP100. Moreover, the influence of the
maximum strain amplitude as indicated by the specimen ZH-07 has been discussed and can be
reflected by the strain range. In addition, the shrinkage of the cyclic loops as indicated by the
specimen ZH-08 can be illustrated by an appropriate evolution rule of the backstress.
Fortunately, the constitutive model proposed by Yoshida and Uemori [21], as shown in Fig. 12,
can give a satisfactory reflection of these features. In his model, a term of the backstress is

determined by Eq. (10), which is obtained from the theory of dislocation. However, the
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mathematical expression may be challenging to be implemented in the numerical algorithm.
Therefore, an alternative formula shown in Eq. (11), which was proposed by Armstrong and

Federick [23] and modified by Chaboche [11,22], is utilized.

B =Ca [5‘" —sgn(ﬁ)\/@|ép|] (10)

n

P3P == Ciy =1 (11)

Moreover, the elastic region was regarded as a constant in the constitutive model proposed
by Yoshida and Uemori, which means that Y is a constant (i.e. Yi= Y>="=Y;) in the model.
However, the test results in the current work indicate that the elastic region of LYP100 is a
function of the strain range as shown in Eq. (7). Thus, it is essential to propose an applicable

evolution rule of the elastic region of LYP100.

3.2 The basic framework of the constitutive model

The basic framework of the constitutive model is discussed in this section by following

the guidelines summarized in section 3.1.

The total strain € is decomposed into two parts including the elastic strain, &°, and the
plastic strain, €°, where the bold-faced letter (i.e. €, €°, and €P) denotes a tensor quantity.

g=¢° +¢’ (12)

Eq. (13) shows the yield rule of a three-dimensional form, where s is the tensor of stress

deviator, a is the center of the yield surface, and Y is the radius of the yield surface in the

deviatoric stress space.



274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

fz\/%(s—a):(s—a)—YSO (13)

A boundary surface as shown in Eq. (14) is introduced to record the maximum stress state,
particularly the ‘peak stress’ mentioned above. Note that B is the center of the boundary surface
and R is the radius of the surface. Moreover, the yield surface cannot exceed the boundary

surface.

Fz\/—(s—ﬁ):(s—ﬂ)—RSO (14)

The flow rule is governed by Eq. (15), and the equivalent plastic strain defined in Eq. (16)

can be simplified as 4 that determines the magnitude of increment of the plastic strain. The (")

represents the time derivative and p=—>_

" ” represents the direction of the increment of the
s—a

plastic strain.

w i P [ 3 (1
pz‘%ép &P =1 (16)

The backstress a, which is used to characterize nonlinear kinematic hardening, is
composed of two parts, i.e. p and 0 as shown in Eq. (17), where B describes the motion of the
center of the boundary surface, and 0 determines the relative motion of the center of the yield
surface to that of the boundary surface. It is clear that B is the function of plastic strain.
Comparatively, 0 is a function of strain range, equivalent plastic strain, and plastic strain from

their definitions.

a=p+0 (17)
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i=1
0=>10", 0V =m @w(” cc-£P —e“)pj ( 2m<f> =1) (19)
j=1

where ¢=R-Y >0. méi), b(i), mfgj ) and ") are material parameters.
R=m(O-R)p (20)
O=my(0,~0)F (21)
In order to reflect the features of the backstress observed in the tests, two intermediate
variables R and Q are introduced. Eq. (20) shows the evolution rule of R that is determined by
equivalent plastic strain p with an upper limit of Q. Eq. (21) gives the evolution rule of O that
is determined by the strain range » with an upper limit Q. Note that m, m,, and QO are
material parameters.
Eq. (22) shows the mathematical expression of Y, where Y is determined by the strain range
r with an upper limit Y. Note that m, and Y. are material parameters.
Y=m,(Y,-Y)i (22)
The strain range memory surface used to reflect the strain range dependence effect is
defined by Eq. (23) in the plastic strain space by introducing the concept of non-hardening
region developed by Ohno [23]. The evolution rules of the center of the surface q and the radius

of the surface r are given by Eq. (24) and Eq. (25), respectively.

gz\/g(ap—q):(sp—q)—rﬁo (23)
q=(1—h)ﬂﬁ=(1—h)ﬂn* (24)

z?:h<n:n*>p (25)
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is the direction of the evolution of q, and

The Kuhn-Tucker complementarity condition and consistency condition are defined in Eq.

(26) and Eq. (27), respectively.

A=0, <0, Af=0; n=20, g<0, ng=0; />0, g<0, rg=0 (26)
Af=0(if £=0); ng=0 (if g=0) (27)
3.3 A few notes about the model

There are many material parameters to be calibrated in the modified constitutive model
given in section 3.2. Therefore, it is essential to clarify the physical meaning of every parameter
to give insights into the process of parameters calibration. It should be noted that the
mathematical structure of all the evolution rules of the proposed constitutive model can be
regarded as the form of Eq. (28), where 4 and m are material parameters, and x is a generalized
quantity representing the plastic strain, the equivalent plastic strain, and the strain range.

j/:m(A—y))'c (28)

A closed-form as shown in Eq. (29) can be obtained by integrating Eq. (28). Fig. 13(a)
shows the picture of Eq. (29), which indicates the physical meaning of these three parameters.
In particular, yo represents the initial value, 4 represents the upper limit of the evolution and m
indicates the evolution rate. In general, the initial value yo and upper limit value 4 are easy to
be obtained from the hysteretic curves. However, it is vague to expound what the evolution rate

(i.e. m) refers to.
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In order to clarify the exact meaning of m, a transformation of Eq. (29) is given in Eq. (30)
by substituting 3 for 4 — ythat represents the gap from the initial value to the upper limit,
substituting x for mx, and setting A—y, =1.

y:A_(A—yo)e_mMX_)y:e—x (30)

A-y,=1

Fig. 13(b) graphically shows Eq. (30), where all of these three parameters are normalized.

It is evident that 3 evolves rapidly at the very beginning and y; =0.05, which is small
enough. Thus, a conclusion is obtained that the influence of mx can be limited in an interval
(0,3). Moreover, it should be noted that mx is a non-dimensional variable, which leads to the
fact that 1/m has the same physical meaning of x. Hence, 1/m represents the range of the plastic
strain, the range of the strain range, or the range of equivalent plastic strain. In this context, the
evolution rate m could be interpreted as a reciprocal of an appropriate value of the plastic strain,

of the strain range and of the equivalent plastic strain.

4. Numerical implementation
4.1 Update plastic strain and state variables

The numerical method used herein is the general closet point projection as shown in Fig.
14 based on the backward Euler algorithm [25]. Nevertheless, solving the equivalent linearized
problem simultaneously is ineffective according to the general closet point projection as there
are many state variables listed in Eq. (31) to be updated in every incremental step.
Coincidentally, the linearized problem can be simplified to only one nonlinear equation and

only A/ is unknown owing to the mathematical structure of the evolution rule.
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Eq. (32)-Eq. (39) present the linearization of all the differential equations of the evolution

rule, where all the state variables of the (n+1)-th step are expressed with that of the n-th step

and AA.

3
g =g +\/;A/1nnH (AL= A, A1)

Dot = P -|-\/§><\/§A/1nn+1 2\/§Aﬂvnn+1 = p, + A4
oo w20 3 B, + \F my'b"Azn,,,
B(l) — ﬁ(1)+mél) {gb(l) X \/;Aﬂ,nnﬂ B( ) Al} = Bnﬂ = :

meo i 1+ m{ AL

, 3 9§j>+\F D e  Adn,,
o) — 9(j)+mé/‘) (gw(j) ., ~\/;A/1nn —_QU )A;LJ — oY) = 3

n+l n n+l n+l l-l—me()/)Aﬂ,

nj n; Bgll) + \/g ﬁ b A/ln j Bflj) +\/§mé ) Cn+1A/1n
n+l _Bn+l+9n+l ZB :Z +Z
i=1 Jj=1

= 1+ mi'AA 1+m{ AL
Where ¢, =R, -Y, 20.
R +m, QO . AL
R =R + AL=R . =_—n Ronil "7~
i = Ry (O = R,)) 1+m, AL
Qn + mQQOOAr
Qn+1 Qn mQ (Q Qn+1) r Q l+mQA}"
Y +m,Y A
Y. Y+mY(Y Ynﬂ)ArﬁYm—M
1+m,Ar

(32)

(33)

(34)

(35)

(36)

(37)

(38)

39)

The strain of (n+1)-th step ¢ ., is determined by Eq. (40), where Ag_ 1is a variable that

is already known. A trial state (i.e. fan l) is evaluated to determine AA at first, where o,

trial

is the trial stress; SLTII is the trial stress deviator; C is elasticity tensor; I=1/ 2(6ik5j1 + 5115jk)

is the fourth-order symmetric identity tensor, and 1= 5 is the second-order identity tensor.
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snﬂ = 8n + ASn (40)

o =C: (anﬂ —aﬂ) :C:(an+l —g +g, —sﬂ):on +C:Ag, (41)

st =6l = (0, +C: A ) =s_ +2GAe, (42)

Ae, =dev[Ag, |= (I—%) Ag, (I—%) (&, -8, ) (43)

ftrial:\/i(ctrial’_a ):(Gtrial’_a )_Y=\/§(Strial_u ):(strial_a )—Y (44)
n+l 2 n+l n n+l n n 2 n+l n n+l n n

If f tfla < 0, no plastic flow occurs and A1 = 0. All the state variables remain unchanged.

Iff0 S0 , plastic flow occurs and A4 > 0. Then, a nonlinear equation of A4 as shown in Eq.

(47) can be obtained by substituting all the variables in the yield condition with Eq. (32)-Eq.

(39).

c :C:(s

n+1

n+l SEH) =C: (8 _SP + £p - SEH) ngrall -C: \/gA/innﬂ :flll \/—GAﬂ“nnﬂ (45)

Sy = (0% —6GA,,, ) =554 —J6GAM, ., (46)

3 3
fml:\/z(snﬂ -0, ) : (Sn+1 - an+1) - Yn+1 :\/;

In order to solve the nonlinear equation of Eq. (47), some equivalent transformations need

|_Yn+1

S ., —a =0 (47)

n+l n+l

to be performed to simplify the nonlinear equation. Setting & Eq. (48) can be

ntl Spir — Wi
obtained.

gnﬂ :snﬂ - anﬂ

. B+ 20, " efj’>+\Em() de A,

3 p
_Str:—al (GAAH . _ .
" Z‘ 1+mi) AL ; 1+m AL
" (1) nj (/) i) n; () ()

| trial - Bn . en \/7 me wC .
i —— — . 3G+ Adn_, 48

[ l ; 1+ mél)Aﬂ j=1 1+mg’)A/IJ 3 ( ;“ 1+ m AL ,Z:‘ 1+me AL J IS

A : n; (?) " (/) ) S  —a
Settlng &m—l :S;rfll _ ﬁn _ Bn and accepting n_ = n+l ntl gnﬂ

S ., —a

o 1+ mél)Aﬂ, =1 1+mé’)Aﬂ, n+l n+l1 énﬂ

5
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can be

n+l

the direction of m_,, is the same as that of Enﬂ according to Eq. (48). Thus, n

determined exclusively in terms of the trial state & ., as shown in Eq. (49), which simplifies

Eq. (48) to Eq. (50).

&m—l — §n+l (49)

n+1 = -
||gn+l || n+1

w0 ) )
—\E£3G+Z A O C“*‘JA/I (50)

i=1 1+mé1)Aﬂ, Jj=1 1+mé’)Ai

n

§n+1 gn#—l

Substituting all the simplified form of the linearized expression into the original nonlinear

equation Eq. (47), a new nonlinear equation can be obtained as shown in Eq. (51). However,

there are two unknown variables A4 and Ar included in this equation.

/3 13
= — _Y = —
f;ﬁ—l 2 n 2

A trail state g;rﬁl is shown in Eq. (52), which is introduced to determine whether the

§n+1

n; (l)b(’) n; (/) (/)
6 {”i oy T C"”JM-YWO (51)

i=1 1+mél)A/1 Jj=1 1+méj)A/1

trial

strain memory surface evolves or not. The memory surface enlarges when g.,, >0 while keeps

trial

unchanged when g, <0.

ria 2
5= 20 ) (e ma,) -5 <0 )
Especially, the evolution of strain memory surface occurs only when g;rf;l>0, which

trial

means that Ar is determined by AA as g, is a function of AA . In this way, the

nonlinear equation Eq. (51) can only include one unknown AA if the relationship between

AA and Ar is determined.
Defining a variable A/, that satisfies g:ﬁl =0, Ar can be obtained by integration of Eq.

(25) form A4, to AA asshown in Eq. (53). All of these variables are shown in Fig. 15.

ar=[""dr= jﬁ; h{n:n’)d(a2) (53)
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When the evolution occurs,n:n" >0, Eq. (53) transforms into Eq. (54).

AL
A

Ar=("dr=["n(n:n")d(A2 54
r . r J.% (n n ) ( ) (54)
Setting & ., =¢€".,—q,,, and linearizing the evolution rule of Eq. (24) and Eq. (25), Eq.

(55) and Eq. (56) can be obtained.
qn+l:qn+(l_h)A77n;+l (55)
3 *
Cn+l = 8E+l - qn+l = 8}:1 + \/;Aﬂ’nn-%—l _qn - (1 - h)AnnnH (56)

_ 3 - .
Setting &, =¢€" +\/;A/1nn+1 —q,, then we get ¢, =¢.,—(1-h)Ann;,, . It should be

p _ * .
noted that n’, = Eyit " Q1 Son , and hence the direction of n_,, is the same as that of
SEH — Q4

n+1

C,.;- Thus, it can be obtained that n, = S . Then Eq. (56) can be simplified to Eq. (57).

-
Moreover, by substituting n:+l:|%—+1 into Eq. (53), Ar can be obtained by integration as
1
shown in Eq. (58).
Gt =[Gs| - (1= 1) AR (57)

G

Ar=[""dr= j: h(n:n")d(A2)= \Eh(|

-I&) (58)

It should be noted that g™

n+1

My = \/% ”ZOH —r, =0 has been defined before, thus we can

get ”20” = \Ern . By substituting it into Eq. (58), Eq. (59) can be obtained and can be used to

calculate Ar.

EI'H’] §1+1

Ar:h£J§|

-l -4 2

- VHJ =h-g3 (59)
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In addition, < > is introduced to take into account that Ar =0 when g;rf}l <0, then Eq.
(59) converts to Eq.(60).
Ar=h{g) (60)
Then, by substituting Eq. (60) into Eq. (51), a new nonlinear equation with one unknown
AA 1s obtained, which can be solved by using the classical Newton method.

The iteration formula is shown in Eq. (61) and the initial condition is AY21=0. The

termination condition of iteration is| /*)| < TOL, where the TOL is the error determined by the

user. All of the iteration processes are shown in Fig. 16.

“
A=A 7~ Lot (61)

n+1

p :\/Ed EHH e n méi)b(i) ~ " m/) (e L n; m/’) DAL de,, dY,, (62)
"t N2 daa P (1+mg">M)2 = (1+ml? M) = 1+m AL 7y dM

Where
de.|_dfe] a8, &, [ mp! +Z mig) )
dai dg,, dsa g5 (1+mf'a /1)2 = (1+mgf>M)z
de, ., — d(RnH _YnH) dR,., _aY,, (64)
dAA dAL dAL  dAA
dR,., _ M (Qui=R,)  mAL dO,., (65)

dAL  (1+mgAL)" 1+mgAL dAA

ay,., _my (Y. -Y,) dAr (66)
dAA (1+myAr) dAA
dQnH — mQ (Q30 B Qn) dA}" (67)

dAL (1+m, A,,)Z dAA

2 QnJrl dc.}ml — 'n;+1 ( + AL CéAn;] (68)

dAl" —h \/7 §n+1
dAA 3 dAA
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dnnﬂ _ nn+l dgnﬂ — I n+1 ®n < mél)ﬂg) + N mé/)egll) (69)
— . )
dAﬂ‘ dgnﬂ dAﬂ' gnﬂ i=1 (1 +m ' Aﬂ) 1 (1+m9 Aﬂ/)

4.2 Consistent elastoplastic tangent moduli

The consistent elastoplastic tangent modulus J as shown in Eq. (72) can be obtained by

differentiating Eq. (45) as shown in Eq. (70) and Eq. (71). The simplified form of Eq. (72) is

shown in Eq. (75).

3
6, =C: (Snﬂ _sﬁﬂ) =C:g,, -26¢g,, =C:¢, _2G(£E + \/;Aﬂ’nnﬂ\] (70)
dn_ d A
do_. = [C—\/EGAA ~J6Gn_, ® j de_ =J:de, . (71)
d8n+l d n+l
Where
dAL
J=C—o6Ar M _ foon @ 984 (72)
8n-%—l d n+l
_ trial n; (’) (’) n; (J) (/)
dn_,, _1 nT@nm: ds,. N z mg Pn i +Z mg Qn _|® dAA (73)
de,, S CNT = (1+mé’)Aﬂ) J= (1+m(§’)A/1) de.,,,
dA/l :_a.fnﬂ/aanﬂ - _ \/ann+l (74)
de,., o/ /GAJ, o/ /8Aﬂ
®n ®n
J=C- 2\/_G2A,1M-N 2y, Oy (75)
n+1 af;ﬁrl /aAi
Where
n ()@ (i) n (Nal)
i m J
:(I_@J_ P s e e (9
3V F(remar] S (1em0an) | GO

All of the numerical procedures are summarized, as shown in Appendix 1.
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5. Parameters calibration

5.1 One-dimensional plasticity

In the one-dimensional cyclic test, the uniaxial state is defined by Eq. (77), Eq. (78), and
Eq. (79). These equations can be substituted into the three-dimensional constitutive model to

obtain the one-dimensional form as shown in Table 2.

o 0 0
6=0 0 0 (77)
0 0 0
29 5
3
s=| 0 —% 0 (78)
o o -Z
3
gP 0 0
e =0 —%gp 0 (79)
0 0 —lgp
2

5.2 Optimization method

The proposed cyclic plasticity constitutive model contains many parameters that need to
be calibrated. A new method based on the derivative-free optimization theory is introduced in
this paper. The basic mathematical form of the optimization problem is listed in Eq. (80) with
the constrained conditions of the proposed constitutive model.

Minimize f(x)

) X, Sx<Xx,
Subject to Ay b (80)
X =
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Where x represents the material parameters vector as shown in Eq. (81) by setting n=n;=3;
f(x) is an objective function defined as Eq. (82); x; and xy are the lower boundary and the
upper boundary of these material parameters that can be determined approximately from test

results, which are listed in Eq. (83) and Eq. (84); Ax =5, is a constraint condition of material

parameters refers to Zw(j ) =1 in the modified model.
j=1

x=(rﬁ[(;),rﬁéz),nﬁs),bl,bz,b3,rﬁg),rﬁgz),n_agf),a)l,a)z,a)3,mR,mQ,Q0,Qw,my,YO,Yw,h,ro) (81)

- Z(";"} (52)

xL=(OOOOOOOOOOOOOOSO2OOO4O10000) (83)

x, =(0.010.02 0.05 50 50 50 0.01 0.02 0.03 1 1 1 100 100 150 350 100 90 200 1 0.001) (84)
The start point of optimizationis x,= B (x, +x,) and the optimization algorithm is based

on the interior point method. The optimized material parameters are listed in Table 3. It should
be noted that m , which represents the reciprocal of m (i.e. méi), méj) ), is used in the

optimization process as shown in Fig. 17, to give the boundary of the parameters conveniently.
5.3 Validation of the calibrated parameters

Fig. 18. shows the comparison between the results of the tests and the simulation of the
proposed model. In the comparison of the test results and the simulation results under CSA
loading protocols (i.e. specimen ZH-01~ZH-04), the hysteretic loops of the experiments and
that of the simulations are almost identical. While in the comparison of the tests and the
simulations of the specimen ZH-05 and specimen ZH-06, the simulation results show a little
difference with the test results after the buckling of the specimens. In the last two loading

protocols (i.e. ZH-07~ZH-08), the comparison of the test results and the simulations indicates
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that the model gives an appropriate description of the effect of the maximum strain history and

the influence of the decreasing strain amplitude.

In general, the simulations of the proposed model show a good agreement with the test
results, demonstrating the ability of the proposed model for describing the cyclic behavior of

LYP100.

6. Conclusion

This paper presents an experimental investigation of cyclic plasticity behavior of low yield
point (LYP) steel LYP100 under cyclic loading of large strain amplitude and proposes a
modified constitutive model of LYP100 for practical application.

Cyclic test results show that there are three important mechanical features of LYP100
including remarkable work-hardening, early re-yielding, and strain range dependence. A
detailed analysis is made in this paper to quantify the peak stress and the elastic region of
LYP100, which indicates the influence of the strain range. In addition, the influence of the
maximum strain history and the shrinkage of the cyclic loops under the decreasing strain
sequence are also observed in the tests.

A modified constitutive model is proposed based on the features observed in the tests and
the corresponding numerical algorithm is presented. The modification of the evolution rule of
the backstress leads to only one nonlinear equation with one unknown variable to be solved.

The modification of the isotropic part gives a reasonable quantification of the elastic region.

Moreover, an efficient method of parameter calibration based on the derivative-free

optimization theory is proposed, which helps avoid tedious data processing. The comparison
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between the results of the test and the simulation of the model shows that the constitutive model

proposed in this paper is able to predict the cyclic behavior of LYP100 reasonably.
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587  Appendix 1: Numerical algorithm of the constitutive model

1. Compute trail state

ASn :snﬂ _gn (Al)
o =C:(e,,—2)) =0, +C:Ag, (A2)
S =00 (A3)
2. Check yield condition
trial 3 tria trial
S :\/E(sxﬁll _an):(sn+ll _an)_Yn (A4)

IF f7'<0 THEN
Set (0) ., =(0), &EXIT

ELSE GO TO STEP 3
3. Compute AA by iterating from AD=0

DO UNTIL ‘ £9l<TOLI
n; ([) " j)
_(k): trial _ Bn _ n AS
§n+1 n+l =i m[(;‘ Aﬂ(k) ; 1+méj)Aﬂ/(k) (A3)
g
nfqli)lz _(k; (A6)
n+1
&)=+ 201, a, (a)
70
i T%T (A8)
+1
rial 2 A
- ERel-
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(k)
() 4 A0, 90y e
dA(k)I": h- nn+l L n+l+A AdTﬁl] rt1+1 >TOL2
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doy) _me(Q.-0,) dA"
dAA (1 +mgAr, )2 dAA
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S 14mAML dAL dAL

k
A A 7 fn(ﬂ)

pA
4. Updating the stress and state variables by using AA from STEP 3

3
€ =&, + \/;Aﬂnnﬂ

€, =¢, —¢

n+l n+1

Do = D +A/1

(A10)

(A11)

(A12)

(A13)
(Al14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)
(A26)
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qn+1 :qn +(1 - h) Ann;H
5. Compute consistent tangent moduli

n+l

3

I-n_. ®n

J=C-2J6G AN Dot Tt .y (g2 Bt Doy

nt+l

n+1

2 + 2
213 (1+méi)A/1) = (1+méj )Aﬂ.)

(A27)
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(A29)
(A30)
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(A32)
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