
1 

Evaluation of Green’s Functions for PEEC Models 
in the Air and Lossy-Ground Space  

Ruihan Qi1 Yuxuan Ding2, Y. Du2*, and Mingli Chen2, Zhe Li3 
1State Key Laboratory of HVDC technology, China Southern Power Grid Research Institute, Guangzhou, China 

2Dept. of Building Services Engineering, the Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong 
3Shenzhen Power Supply Bureau, China Southern Power Grid Company Ltd., Shenzhen, China 

*ya-ping.du@polyu.edu.hk

Abstract — This paper presents the numerical evaluation of 
Green’s functions for the generalized PEEC formulation in the air 
and lossy-ground space. Both the source and field points can be 
located in any layer of the air-ground space. Green’s functions are 
expressed using Sommerfeld integrals (SIs), which have highly 
oscillating and slowly decaying integrands. As a robust and easy-
implemented approach, the direct real-axis integration is 
presented with the techniques for removing the singularity and 
accelerating the convergence. Closed-form expressions are 
derived for the quasi-static and asymptotic approximation of SIs. 
The results are compared with NEC2, and good agreements were 
observed. An image model is developed for quasi-static SIs. The 
Greens’ functions can then be contributed by the source and/or its 
image. This model is used to derive the frequency-invariant PEEC 
model for fast transient simulation in the time domain. The 
proposed numerical procedure can be applied to generate lookup 
tables of SIs, which are indispensable in the evaluation of PEEC 
circuit parameters for massive wire segments.  

Keywords — PEEC, Green’s function, lossy ground, quasi-static 
model, lightning 

1. INTRODUCTION

The partial element equivalent circuit method (PEEC) is one 
of the electromagnetic modeling approaches for 3D structures 
[1-2]. It is originally proposed by Ruehli [3] for the inductance 
calculation of the ultra-large-scale integrated circuit. Now it 
has been applied in a variety of fields, including the lightning 
transients in a wire or plate structure [4-11].  In this method, 
wire segments are represented with circuit components, such as 
partial inductances and coefficients of potential. Note that these 
parameters are evaluated with Green’s functions. For the wires 
under the ground or in the air close to the ground, the free-space 
Green’s function is not applicable in the lightning transient 
analysis. A quick and simple approach for evaluating Green’s 
functions in the air and lossy-ground space is indispensable. 

Green’s functions for stratified media are normally 
expressed with Sommerfeld Integrals (SIs). Because of dense 
oscillations and slow decay of the integrands, evaluation of 
these SIs becomes a difficult job, and has been significantly 
addressed in the past decades. In [12] a tutorial introduction is 
presented for the SIs and their evaluation. The most simple and 
accurate approach is the direct calculation of these integrals. In 
[13-15], real-axis integration approaches were introduced to 
evaluate Green’s functions in the air. A special transformation 
technique was employed to deal with strong oscillation around 
the branch point on the real axis, and an asymptotic and 
singularity subtraction technique was employed for 

convergence acceleration. Other methods have also been 
proposed to avoid the integration over poles and branch points 
of the integrand, such as the integration path deformation in the 
complex plane [16-17]. This technique has been adopted to 
generate 2D lookup tables of Sommerfeld integrals for both E 
and H fields in NEC2 [18]. In this method, different integration 
paths were selected to deal with field points at different 
locations [18-19]. Several extrapolation methods have been 
proposed to accelerating Sommerfeld integral tails, including 
the Shank transformation and weighted average algorithm [20-
21]. Another similar approach is the steepest descent path (SDP) 
method [22-25]. It is particularly used to compute Green’s 
functions in the far-field zone for both source and field points 
in the air [25]. In this approach, the steepest descent path (SDP) 
for a saddle point is identified, and the integration is taken 
along this SDP instead of the Sommerfeld integration path.  

The discrete complex image method (DCIM) is an 
alternative approach for the numerical evaluation of Green’s 
functions. In this method, the integrand is approximated with a 
set of complex exponential terms in the spectral domain. 
Spatial-domain Green’s functions then are obtained 
analytically with this set of exponential terms [26-27]. A 
special technique has been considered in [28] to generate a 3D 
table for source and field points located in different layers. To 
improve the accuracy in the near-field and far-field regions, 
two-level and later three-level DCIM schemes were proposed 
to capture certain singularities [29-34], particularly for source 
and field points in the same layers. In this approach, both quasi-
static and far-field terms are extracted, and the residual is 
approximated by the generalized pencil of functions matrix 
method. Alternative techniques have also be developed, such 
as the rational function fitting approach [35]. This method has 
been successfully applied to evaluate Green’s functions in 
stratified media.  

When the PEEC method is adopted to analyze lightning 
transients in wire/plate structures in the air and lossy-ground 
space, it is necessary to evaluate Green’s functions for both 
vector and scalar potentials for source and field points in any 
of these two layers. A robust and easy-implemented approach 
then is required to generate lookup tables. This will facilitate 
the efficient calculation of the inductance and capacitance of a 
large set of wire segments for fast transient analysis [4-11]. 
Such an issue, however, has not been systematically addressed. 
This paper presents a robust evaluation of these Green’s 
functions in the planar two-layer space of air and lossy ground. 
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A complete set of formulas are provided for easy 
implementation of this approach. A frequency-invariant image 
model also is derived for wire modeling at low frequency, 
subsequently for efficient PEEC simulation of transients, 
including lightning transients [36-37]. In Section II, 
generalized expressions of these Green’s functions are 
presented using the SIs. Section III describes the direct real-
axis integration approach together with the techniques for 
removing the singularity and accelerating the convergence. 
Section IV presents the quasi-static and asymptotic expressions 
of SIs. Numerical evaluation of SIs finally are presented in 
Section V. The comparison with the module adopted in NEC2 
is made, as well as the closed-form expressions for both quasi-
static and far-field zones. Finally, an application for the PEEC-
based transient analysis in a simple circuit is presented. 

II. GREEN’S FUNCTIONS IN THE GENERALIZED PEEC MODEL 
Shown in Fig. 1 is the configuration of wires situated in the 

air above lossy ground. The 2-layer medium is characterized 
by the permittivity 𝜖𝜖𝑖𝑖 and permeability 𝜇𝜇𝑖𝑖 and conductivity 𝜎𝜎𝑖𝑖 
(𝑖𝑖 = 1, 2).  Note 𝜖𝜖2 = 𝜖𝜖0 , 𝜇𝜇2 = 𝜇𝜇0  and 𝜎𝜎2 = 0  in the air and 
𝜇𝜇1 = 𝜇𝜇0 in the ground. A PEEC model for the wires in the air 
only was presented in [37] using branch current 𝐼𝐼  and node 
scalar potential 𝜙𝜙. With the mixed potential equations in [38-
40], the model can be extended to the case in which the source 
and segments are situated in different layers.  

The mixed potential integral equations for field and source 
points in layers s and f  (𝑠𝑠, 𝑓𝑓 = 1 or 2) [38] are given by 
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𝑓𝑓𝑓𝑓 denote respectively the dyadic and scalar 
Green’s functions. 𝑃𝑃𝑓𝑓𝑓𝑓  is a correction factor for satisfying 
Lorentz’s gauge in the 2-layer medium. 𝑅𝑅𝑤𝑤  is the wire 
resistance. 𝜏𝜏  is the line charge density. The corresponding 
PEEC equations for current segment n and potential segment 
(node) m are expressed by [37,39-40]  
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where  𝐼𝐼𝑛𝑛 and 𝐼𝐼𝑐𝑐,𝑚𝑚 are respectively the inductive (branch) and 
capacitive (node) currents. Note that 𝐼𝐼𝑐𝑐,𝑚𝑚 = 𝑑𝑑(𝜏𝜏Δ𝑙𝑙𝑚𝑚)/𝑑𝑑𝑑𝑑 , 
where ∆𝑙𝑙𝑚𝑚  is the length of a segment 𝑙𝑙𝑚𝑚 . The corresponding 
circuit model is illustrated in Fig. 2. The circuit parameters 𝐿𝐿𝑛𝑛𝑛𝑛 , 
𝑝𝑝𝑚𝑚𝑚𝑚  and 𝑐𝑐𝑚𝑚𝑚𝑚  in (2) are given by 
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The dyadic green’s function can be decoupled into a set of 
scalar functions, as follows:  

ˆ̂ ˆˆˆ ˆfs fs fs fs
A tt zz ztG tt G zz G zt= + +G  (4) 

where 𝑡̂𝑡 is the unit vector of a current dipole projected on the 
xy plane. These components together with  𝐾𝐾𝜙𝜙

𝑓𝑓𝑓𝑓 and 𝑃𝑃𝑓𝑓𝑓𝑓 were 
derived in [40-41], and can be expressed using Sommerfeld 
Integrals (SI), as follows: 
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where complex permittivity 𝜖𝜖𝑠𝑠 is given by 𝜖𝜖𝑠𝑠,𝑟𝑟𝜖𝜖0 − 𝑗𝑗 𝜎𝜎𝑠𝑠 𝜔𝜔⁄ . In 
(5) 𝑇𝑇𝑓𝑓𝑓𝑓,𝑈𝑈𝑓𝑓𝑓𝑓,𝑉𝑉𝑓𝑓𝑓𝑓,𝑊𝑊𝑓𝑓𝑓𝑓 ,𝑄𝑄𝑓𝑓𝑓𝑓  and 𝐶𝐶𝑓𝑓𝑓𝑓  are defined with the 
generalized Sommerfeld integral 𝑆𝑆𝑛𝑛

𝑓𝑓𝑓𝑓[𝑓𝑓], as follows: 
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Note that all these items arise from the presence of the air-
ground boundary in the space. 

Segment i
(field)

Segment j
(source)

Mirror image 
of segment j

Air (ε2, µ2,σ2)

Ground (ε1, µ1,σ1)

θ

 (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) 

 (𝑥𝑥′ ,𝑦𝑦′ ,−𝑧𝑧′) 

 (𝑥𝑥′,𝑦𝑦′, 𝑧𝑧′) 
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𝑦𝑦 
𝑅𝑅0 = |𝑟𝑟 − 𝑟𝑟′| 𝑧𝑧 

-𝑧𝑧′  

𝑧𝑧 

𝑅𝑅2 = |𝑟𝑟 − 𝑟𝑟"| 

𝜌𝜌 = �∆𝑥𝑥2 + ∆𝑦𝑦2 

𝑅𝑅1 = �𝜌𝜌2 + 𝑧𝑧′2 

Fig. 1 Configuration of segments in the air-ground medium (𝑟𝑟, 𝑟𝑟′, and  𝑟𝑟" 
denote that locations of field, source, and its image points, respectively). 
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Fig. 2 Equivalent circuit of a line segment 

With the geometric parameters of source and field points 
shown in Fig. 1, 𝑆𝑆𝑛𝑛

𝑓𝑓𝑓𝑓[𝑓𝑓] is expressed by 
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where  𝛾𝛾𝑖𝑖 = �𝜆𝜆2 − 𝑘𝑘𝑖𝑖2  (𝑖𝑖 = 𝑓𝑓, 𝑠𝑠) , and real (𝛾𝛾𝑖𝑖) ≥ 0 . 
wavenumber 𝑘𝑘𝑖𝑖 = 𝜔𝜔�𝜖𝜖𝑖𝑖𝜇𝜇𝑖𝑖 . Both 𝑧𝑧′  and 𝑧𝑧  are the absolute 
values of the vertical coordinates of source and field points. 
Horizontal distance 𝜌𝜌 = �∆𝑥𝑥2 + ∆𝑦𝑦2 . Both 𝐽𝐽𝑛𝑛  and 𝐻𝐻𝑛𝑛

(2)  are 
respectively the Bessel function of the 1st kind and Hankel 
function of the 2nd kind at order n. For source and field points 
in the same layer, 𝑇𝑇𝑓𝑓𝑓𝑓  can be explicitly expressed, using the 
identity in (A2), by 
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where distance 𝑅𝑅0=�𝜌𝜌2 + (𝑧𝑧′ − 𝑧𝑧)2, as illustrated in Fig. 1. 
In the Sommerfeld integrals shown in (6), both 𝛤𝛤𝑠𝑠𝑒𝑒  and 𝛤𝛤𝑠𝑠ℎ 

are the reflection coefficients of TE and TM mode waves in the 
Green’s function transmission line [40-41], and are given by 
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where refractive index 𝑛𝑛𝑠𝑠  is defined as 𝑘𝑘𝑠̅𝑠2 𝑘𝑘𝑠𝑠2⁄  , and 𝑠̅𝑠  denotes 
the non-source layer in the 2-layer medium. To facilitate an 
efficient computation of these SIs, the following parameters 𝐷𝐷0, 
𝐷𝐷1 and 𝐷𝐷2 are introduced to substitute 𝛤𝛤𝑠𝑠𝑒𝑒  and 𝛤𝛤𝑠𝑠ℎ in the kernels, 
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Sommerfeld integrals in (6) then are transformed into 
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where 𝜅𝜅𝑠𝑠 is defined as (1 − 𝑛𝑛𝑠𝑠) (1 + 𝑛𝑛𝑠𝑠)⁄ .  

III. INTEGRATION OF SOMMERFELD INTEGRALS  
The Sommerfeld integrals in (11) are difficult to evaluate 

because of the singularity and slowly-decaying oscillation of 
the integrands. Different techniques have been proposed to 
integrate these integrands, including deforming the integration 
path for accelerating the convergence and avoiding the branch 
point.  

In this section, a direct integration scheme along the real 
axis (DRXI) is adopted. Special functions are constructed to 
remove the singularity in these integrands by using the 
cancellation method, and to speed up the integration of the 

slowly-decaying integrands by removing low-order terms of 
their Taylor’s series at 1 𝜆𝜆⁄ = 0, as seen in Appendix A. The 
revised expressions of 𝑈𝑈𝑓𝑓𝑓𝑓  and  𝑉𝑉′𝑓𝑓𝑓𝑓  in (11) in the case of 
“Source in Air” are given as, 
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where 𝑓𝑓0/1 = 𝑓𝑓0/1
∗ 𝑒𝑒𝛾𝛾𝑠𝑠𝑧𝑧′+𝛾𝛾𝑓𝑓𝑧𝑧. Function 𝑓𝑓0∗ in (12) is employed to 

cancel out the singularity of the kernels in 𝑈𝑈𝑓𝑓𝑓𝑓  and  𝑉𝑉′𝑓𝑓𝑓𝑓 . 
Function 𝑓𝑓1∗  is added to cancel out low-order terms of the 
Talor’s series of these kernels.  In such a way, the revised 
kernels decline with 1 𝜆𝜆⁄   at the order of 3 or more when 𝜆𝜆 
increases. 𝑓𝑓1  can be obtained by examining the 1st and 2nd 
orders of the Talor’s series of 𝑓𝑓0 at 1 𝜆𝜆⁄ = 0, and then are given 
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where 𝛾𝛾𝑏𝑏 = (𝜆𝜆2 + 𝑘𝑘𝑠𝑠2)1/2  and 𝑘𝑘𝑠𝑠𝑠𝑠 = (𝑘𝑘𝑠𝑠2 − 𝑘𝑘𝑓𝑓2)1/2. The detail 
is given in Appendix A. With the identities in (A2), the 
corresponding SIs become 
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where Δ𝑅𝑅1
± = 0.5𝑗𝑗𝑘𝑘𝑠𝑠(𝑅𝑅1 ± 𝑧𝑧′)  and 𝑅𝑅1 = �𝜌𝜌2 + 𝑧𝑧′2 , as 

illustrated in Fig. 1. Both 𝐼𝐼𝑛𝑛  and 𝐾𝐾𝑛𝑛  are respectively the 
modified Bessel functions of the 1st and 2nd kind at order 0. 
Expressions of other SIs are obtained similarly and are given in 
Appendix A. 

 
Fig. 3 Kernels of 𝑈𝑈22 and  𝑉𝑉′22 against 𝜆𝜆 normalized with 𝑘𝑘2 

Fig. 3 illustrates both the original and revised kernels of 
𝑈𝑈22 and  𝑉𝑉′22 against 𝜆𝜆 normalized with 𝑘𝑘2 at 𝑧𝑧 = 𝑧𝑧′ = 0. It is 
seen that a singularity is located at 𝜆𝜆 = 𝑘𝑘2  in the original 
kernels 𝐷𝐷1  and 𝐷𝐷2 . The singularity is removed by 𝑓𝑓0  in the 
kernels 𝐷𝐷1 + 𝑓𝑓0  and 𝐷𝐷2 + 𝑓𝑓0 . However, these kernels decay 
very slowly. By adding function 𝑓𝑓1, the revised kernels finally 
decline with 1 𝜆𝜆⁄  at the order of 3. 
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In the case of “Source under Ground”, SIs in (11) do not 
contain any singularity in the kernels. Special functions are just 
introduced to speed up the convergence only, so that the kernels 
decline with 1 𝜆𝜆⁄  at the order of 3. These functions and revised 
expressions of SIs are given in Appendix A. 

IV. QUASI-STATIC AND ASYMPTOTIC EXPRESSIONS OF SIS 

A. Quasi-static Expressions of SIs 
Quasi-static expressions of Sommerfeld integrals are 

particularly interesting. They can be used to derive frequency-
invariant PEEC models for fast time-domain simulation, in 
case that the distance of interest is much less than the 
wavelength of concern. In such a case, 𝜔𝜔  is considered to 
approach zero. By replacing 𝛾𝛾𝑖𝑖  ( 𝑖𝑖 = 𝑠𝑠  or 𝑓𝑓) with 𝜆𝜆  in (9), 
reflection coefficients 𝛤𝛤𝑠𝑠𝑒𝑒  and 𝛤𝛤𝑠𝑠ℎ are simplified into 

1(1 )(1 )

0

e
s s s s
h
s

n n κ−Γ ≈ − + =

Γ ≈
 (15a) 

The coefficient (Γ𝑠𝑠𝑒𝑒 − Γ𝑠𝑠ℎ) 𝜆𝜆2⁄  can then be simplified into 
one of two expressions, as follows: 

2
2( )e h s

s s
s x

κ λ
λ

κ γ λ
Γ − Γ ≈ 


 (15b) 

The 2nd expression is obtained by replacing 𝜆𝜆  with 𝛾𝛾𝑥𝑥  where 
subscript x represents the layer in which the wave number has 
a larger absolute value, i.e., |𝑘𝑘𝑥𝑥| = max { |𝑘𝑘1|, |𝑘𝑘2|}. Note that 
the exponent −𝛾𝛾𝑠𝑠𝑧𝑧′−𝛾𝛾𝑓𝑓𝑧𝑧 in the SI turns to be −𝜆𝜆(𝑧𝑧′ + 𝑧𝑧). With 
(15) and the identities in (A2), the quasi-static expressions of 
these integrals in (6) become 
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    (16) 

where 𝑚𝑚 = (𝑅𝑅2 − Δz)/𝜌𝜌 and 𝑅𝑅2=�𝜌𝜌2 + Δz2, and Δz = z + z′. 

To derive a closed-form quasi-static expression for 𝐶𝐶𝑞𝑞𝑞𝑞
𝑓𝑓𝑓𝑓, the 

second expression of the coefficient in (15b) is adopted. By 
substituting this expression into (6) and replacing −𝛾𝛾𝑠𝑠𝑧𝑧′−𝛾𝛾𝑓𝑓𝑧𝑧 
with −𝛾𝛾𝑥𝑥(𝑧𝑧′ + 𝑧𝑧), the following expression is obtained, 
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0 2 0 2
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 (17) 

with the identity given in (A4), where Δ𝑅𝑅2
± = 0.5𝑗𝑗𝑘𝑘𝑠𝑠(𝑅𝑅2 ± Δ𝑧𝑧). 

It is noted in [37] that the contribution of 𝐶𝐶𝑞𝑞𝑞𝑞
𝑓𝑓𝑓𝑓 in a quasi-static 

PEEC model is very small, and can be neglected.  
SIs in (16) except 𝑇𝑇𝑞𝑞𝑞𝑞

𝑓𝑓𝑓𝑓  are considered as the contribution 
from images of the source. They are located either at the source 
point or the mirror image point. The magnitude is equal to the 

source current or charge corrected with a factor of 0, ±𝜅𝜅𝑠𝑠 or 
𝑚𝑚𝜅𝜅𝑠𝑠. The entire space around a source image is filled up with 
the source medium. Thus, all the images have the same Green 
function, i.e., 1 𝑅𝑅2⁄  , as seen in (16). Fig. 4 illustrates the 
configuration of horizontal and vertical current dipoles (𝐼𝐼𝑢𝑢, 𝐼𝐼𝑣𝑣), 
charges  (𝑞𝑞0)  and their images contributing to the individual 
components of Green’s functions. Four difference cases are 
presented according to the locations of the source and field 
points. Note that the image is located at the source point if both 
source and field points are in the different layers, or at its mirror 
image point if they are in the same layer. It is found that the 
horizontal current dipole does not have its image contribution 
to the horizontal vector potential (𝐺𝐺𝑡𝑡𝑡𝑡

𝑓𝑓𝑓𝑓 = 0), but has the image 
contribution to the vertical vector potential 𝐺𝐺𝑧𝑧𝑧𝑧

𝑓𝑓𝑓𝑓 . Therefore, 
Green’s functions in (5), subsequently the circuit parameters, 
can be viewed as those due to the source and/or its image.  

Air (2) 
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(a) Source and field pts. in the air 
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𝐼𝐼ℎ  
𝐺𝐺𝑡𝑡𝑡𝑡12 

  

  

0 
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(b) Source pt. in the air and field pt. under the ground 
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(c) Source and field pts. under the ground 

-𝜅𝜅1𝐼𝐼𝑣𝑣 𝐼𝐼𝑣𝑣 
𝑚𝑚𝑚𝑚1𝐼𝐼ℎ  𝜅𝜅1𝑞𝑞0 

𝑞𝑞0 𝐼𝐼ℎ  
 

 𝐺𝐺𝑧𝑧𝑧𝑧21 𝐾𝐾𝜙𝜙21 𝐺𝐺𝑧𝑧𝑧𝑧21 𝐺𝐺𝑡𝑡𝑡𝑡21 
  

  

0 

  

 
(d) Source pt. under the ground and field pt. in the air 

Fig. 4 Sources and the images in the two-layer space: 𝑚𝑚 = (𝑅𝑅2 − Δ𝑧𝑧)/𝜌𝜌 
(solid line = source, dash line = image, 

𝐼𝐼𝑣𝑣: vertical current dipole, 𝐼𝐼ℎ: horizontal current dipole) 

Table 1 shows Green’s functions for current and charge 
elements when the frequency approaches zero. Note that in this 
table 𝜅𝜅1 = 1  and 𝜅𝜅2 = −1 . It is found that cross-boundary 
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Green’s functions 𝐾𝐾𝜙𝜙12  and 𝐺𝐺𝑧𝑧𝑧𝑧21  are equal to zero due to 
cancellation. This indicates that there is no mutual electric or 
magnetic coupling between these elements. It is noted that 
these Green’s functions do not vary with frequency. Circuit 
parameters can then be obtained efficiently. 

Table 1 Green’s functions for diff. source/image point (s) and field point (f) 
(note: coefficient 𝜇𝜇0 4𝜋𝜋⁄  or 1 4𝜋𝜋𝜖𝜖1/0⁄  in these functions is suppressed) 
GF components 𝐺𝐺𝑧𝑧𝑧𝑧

𝑓𝑓𝑓𝑓 𝐺𝐺𝑡𝑡𝑡𝑡
𝑓𝑓𝑓𝑓 𝐺𝐺𝑧𝑧𝑧𝑧

𝑓𝑓𝑓𝑓 𝐾𝐾𝜙𝜙
𝑓𝑓𝑓𝑓 

𝑠𝑠 = 𝑓𝑓 = 2 (air) 1 𝑅𝑅0⁄ +1 𝑅𝑅2⁄  1 𝑅𝑅0⁄  -𝑚𝑚 𝑅𝑅2⁄  1 𝑅𝑅0⁄ -1 𝑅𝑅2⁄  
𝑠𝑠 = 2,𝑓𝑓 = 1 2 𝑅𝑅2⁄  1 𝑅𝑅2⁄  -𝑚𝑚 𝑅𝑅2⁄  0 

𝑠𝑠 = 𝑓𝑓 = 1 (ground) 1 𝑅𝑅0⁄ -1 𝑅𝑅2⁄  1 𝑅𝑅0⁄  𝑚𝑚 𝑅𝑅2⁄  1 𝑅𝑅0⁄ +1 𝑅𝑅2⁄  
𝑠𝑠 = 1,𝑓𝑓 = 2 0 1 𝑅𝑅2⁄  𝑚𝑚 𝑅𝑅2⁄  2 𝑅𝑅2⁄  

B. Asymptotic expressions of SIs 
For the case in which both source and field points are 

situated in the air, the asymptotic approximation of SIs in (6) is 
feasible. These expressions can be derived by using the steepest 
descent method [22-25]. Consider the integral of the type 

( )( ) qI F e dαα αΩ

Γ
= ∫  (18) 

The general idea is to find the steepest descent path Γ𝑠𝑠𝑠𝑠 passing 
through a saddle point, so that the integral in this path around 
the saddle point is significant. At the saddle point, the integrand 
reaches the maximum. The original integral can then be 
approximated by the integral along this new path [22], which 
has a closed-form expression.  

For the source and field points in the air, the Sommerfeld 
integral can be transformed into the form shown in (18) 
according to Appendix B. It is expressed by 
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where both parameters 𝜃𝜃  and 𝛼𝛼  are defined by 𝜌𝜌 = 𝑅𝑅2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
and 𝜆𝜆 = 𝑘𝑘2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. Appendix B derives the general formula of 
the asymptotic expression of 𝑆𝑆𝑛𝑛22 in (19), as shown below 
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(20) is valid when no singularity or branch point is intercepted 
in the deformation to the steepest descent path [19]. 

Note that the kernels of Sommerfeld integrals in (6) can be 
expressed with 𝜆𝜆 = 𝑘𝑘2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , as seen in (B7). The asymptotic 
expressions of these SIs then are simplified, as follows: 
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 (21) 

V. NUMERICAL RESULTS 

A) Numerical calculation of Green’s functions 
In the computation of the SIs in (11), the transformation 

technique [14] is adopted to relax the dense oscillation around 
the branch cut point. The shank transformation [20] is applied 
to accelerate the convergence of the integration in the semi-
infinite region. In each region,  λ is divided into small segments, 
and the integral in each segment is calculated by using the 
Gauss–Legendre quadrature rule [14,43].  

We express the calculation results of SIs in the form of 
𝑋𝑋𝑒𝑒−𝑗𝑗𝑗𝑗2𝑅𝑅2 𝑅𝑅2⁄  , where 𝑋𝑋 is called the normalized SI coefficient. 
Fig. 5 shows the profiles of these SI coefficients, i.e., 
normalized U, V, W, Q, and C over the 𝑅𝑅1 − 𝜃𝜃 space with 𝑧𝑧 =
1  m at 1 MHz. 𝑅𝑅1 = �𝜌𝜌2 + 𝑧𝑧′2  is normalized with the 
wavelength. Two different cases for source and field points in 
different layers are presented: source point (1) in the air and (2) 
under the ground. The soil parameters are set to be 𝜖𝜖1,𝑟𝑟 = 4𝜖𝜖0 
and 𝜎𝜎1 = 0.01 𝑠𝑠 , and also are adopted for other calculations 
later.  

 
(a) 𝑈𝑈12  (source in the air) and 𝑈𝑈21 (source under the ground) 

 
(b) 𝑉𝑉12  (source in the air) and 𝑉𝑉21  (source under the ground) 
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(c) 𝑊𝑊12  (source in the air) and 𝑊𝑊21  (source under the ground) 

   
(d) 𝑄𝑄12  (source in the air) and 𝑄𝑄21  (source under the ground) 

   
(e) 𝐶𝐶12  (source in the air) and 𝐶𝐶21 (source under the ground) 

Fig. 5 Profiles of normalized coefficients for SIs in (11)  

A comparison with the method using the Sommerfeld 
integral paths [16] has been made. Fig. 6 shows the calculated 
results using the proposed method and the calculation module 
adopted in NEC2. We varied the frequency from 100 Hz to 100  

 
(a) 𝑈𝑈12  and 𝑉𝑉12 

 
(b) 𝑊𝑊12 and 𝑄𝑄12 

  
(c)   𝐶𝐶12 and 𝑇𝑇12 

Fig. 6 Comparison of normalized SI coefficients calculated with NEC2 and 
DRXI  

(f  = 1 MHz, 𝑅𝑅2 = 3 𝑚𝑚, 𝑧𝑧 = 1 𝑚𝑚, and 𝜃𝜃 = 300) 
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MHz. The source point is fixed in the air with 𝑅𝑅2 = 3 𝑚𝑚 and 
𝜃𝜃 = 300, and the field point is located under the ground with 
𝑧𝑧 = 1 𝑚𝑚 . It is found that both results match well, and the 
average error over the whole frequency range is 0.1% or less. 
Computation time by these two methods also is compared. The 
computation time in a PC with an i7-7700 CPU for generating 
a lookup table of 25x61 entries is 7.63 sec with the NEC2 
method, 2.27 sec with the proposed DRXI method. 

A comparison with the quasi-static expressions of SIs in (6) 
also is made. Table 2 shows the magnitude of normalized SI 
coefficients calculated with (16-17) and the proposed DRXI 
method. Four different scenarios of source and field points are 
considered in the calculation. Those are (a) the source and field 
points in the air, (b) the source point in the air and field point 
under the ground, (c) the source and field points under the 
ground, and (d) the source point under the ground and field 
point in the air. In the calculation, the frequency was set to be 
1 MHz, and both normalized distance 𝑅𝑅2  and angle 𝜃𝜃  are 
respectively set to be 1𝑒𝑒−7 and  45𝑜𝑜. If both source and field 
points are in different layers, the vertical distance 𝑧𝑧′ is set to be 
zero. It is found in the table that these results match very well.  

Table 2 Quasi-static values of normalized SI coefficients  
(f =1 MHz, normalized 𝑅𝑅2 = 1𝑒𝑒−7 and 𝜃𝜃 = 45𝑜𝑜) 

 𝑈𝑈𝑓𝑓𝑓𝑓 𝑉𝑉𝑓𝑓𝑓𝑓 𝑊𝑊𝑓𝑓𝑓𝑓 𝑄𝑄𝑓𝑓𝑓𝑓 𝐶𝐶𝑓𝑓𝑓𝑓 
(16-17) 0 0.9998 0.4141 0.9998 3.592e-4 

(a) 3.826e-6 0.9998 0.4141 0.9998 3.725e-4 
(b) 3.856e-6 0.9998 0.4141 0.9998 3.726e-4 
(c) 1.475e-6 0.9997 0.4141 0.9998 3.668e-4 
(d) 1.475e-6 0.9997 0.4141 0.9998 3.668e-4 

Fig. 7 shows normalized coefficients of the SIs with large 
arguments, calculated by the proposed procedure and their 
asymptotic expressions in (21). In the numerical calculation, 
SIs are evaluated against angle 𝜃𝜃  at 1 MHz with normalized 
𝑅𝑅0 = 10. Both source and field points are located in the air. It 
is found that the results match very well for the angle 𝜃𝜃 greater 
than 15𝑜𝑜 .  For small angle 𝜃𝜃 , the steepest descent path will 
cross over the branch cut. The asymptotic approximation is not 
so accurate. This leads to a relatively large discrepancy 
between these results, particularly for Sommerfeld integrals 
𝑉𝑉22 and 𝐶𝐶22.   

B) Simulation of transients with the Green’s functions 
In this section, an application of Green’s functions for 

transient analysis in a simple circuit is presented. Fig. 8 shows 
the configuration of this circuit, which is made of two 2 m x 2 
m square loops arranged in parallel. The loop in the air is 
excited by a lightning current impulse with a rising front of 0.25 
µs. Both the current in the ground loop and the source voltage 
on the air loop are evaluated using the modified nodal analysis 
approach with the PEEC model [37].   

In the simulation, all the wires are divided into a number of 
segments with a length of 0.1 m. Frequency-domain circuit 
parameters of these segments, such as L, p, and c are calculated 
first with (2) up to 25 MHz, using the lookup tables of SIs built 
with the proposed procedure. The solution is obtained in the 
frequency domain, and an inverse Fourier transform technique 
is applied to obtain the time-domain waveforms of both current 
and voltage. Fig. 9 shows both the transient current 𝐼𝐼𝑔𝑔 (ground 
loop) and voltage 𝑉𝑉𝑎𝑎 (air loop) in this circuit using the PEEC 

modeling approach. For comparison, simulation results 
obtained by the Finite-Difference Time-Domain (FDTD) 
method using a thin-wire model [44], which is applied to 
simulate a wire structure, also are presented. It is found that 
both results match well with a difference of less than 1%. 

 
(a) 𝑈𝑈22  and 𝑉𝑉22 

 
(b) 𝑊𝑊22 and 𝑄𝑄22 

 
(c) 𝐶𝐶22 and 𝑇𝑇22 

Fig. 7 Comparison of SI coefficients calculated with asymptotic expressions 
and DRXI under large arguments (f  = 1 MHz, and normalized 𝑅𝑅2 = 10) 
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Fig. 8. Configuration of a testing system with two parallel square loops 

  
Fig. 9 Source loop voltage and ground loop current calculated with the PEEC 

and FDTD methods 

VI. CONCLUSIONS 
This paper presented a numerical evaluation of Green’s 

functions for both vector and scalar potentials used in the PEEC 
formulation in the air-lossy ground space. Both source and field 
points can be located in any of these two layers. These Green’s 
functions are expressed with generalized Sommerfeld integrals. 
The robust direct real-axis integration approach was presented 
with the techniques for singularity subtraction and convergence 
acceleration. A complete set of formulas was available to 
facilitate the easy generation of computer codes. Closed-form 
expressions were derived for the quasi-static and asymptotic 
approximation of SIs. Comparisons have been made with 
NEC2 and those approximate expressions, and good 
agreements were observed. 

The image model was developed for quasi-static Green’s 
functions. An image is located at the source point if both source 
and field points are in the different layers, or at its mirror image 
point if they are in the same layer. The entire space around a 
source image is filled up with the source medium. Therefore, 
Green’s functions can be considered to be contributed by the 
source and/or its image in the space filled up with the source 
medium. It is found that the horizontal current dipole does not 
have its image contribution to the horizontal vector potential, 
but has the image contribution to the vertical vector potential. 
At low frequency, the vertical current dipole under the ground 
does not have any cross-boundary contribution to the vertical 
vector potential but has a double contribution when it is located 

in the air. A similar pattern also is observed for the point charge. 
This image model can be used to derive the quasi-static PEEC 
model of the wires in the air/lossy ground space, similar to 
those presented in [36-37]. This will help to achieve fast 
simulation of lightning transients, as the circuit parameters are 
frequency independent and a time-domain solution procedure 
can be adopted. The proposed numerical procedure can be 
applied to generate lookup tables of SIs, which are 
indispensable in the evaluation of PEEC parameters of a large 
number of wire segments in the air and/or ground. 
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Appendix A 
The singularity in an integrand can be removed by a 

cancellation method with a specific function, the Sommerfeld 
integral of which has a closed-form expression. Let the special 
function 𝑓𝑓0∗(𝜆𝜆)  be 𝑒𝑒−𝛾𝛾𝑠𝑠𝑧𝑧

′−𝑘𝑘𝑠𝑠𝑠𝑠𝑧𝑧 𝛾𝛾𝑠𝑠�  , where 𝑘𝑘𝑠𝑠𝑠𝑠 = (𝑘𝑘𝑠𝑠2 − 𝑘𝑘𝑓𝑓2)1/2 . 
The revised kernels of 𝑇𝑇𝑓𝑓𝑓𝑓,𝑈𝑈𝑓𝑓𝑓𝑓  and 𝑉𝑉′𝑓𝑓𝑓𝑓  in (11), when 𝜆𝜆 
approaches 𝑘𝑘𝑠𝑠, become 
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The real-axis singularity of the revised kernels then disappears. 
Note that other kernels of 𝑊𝑊𝑓𝑓𝑓𝑓 ,𝑄𝑄𝑓𝑓𝑓𝑓 and 𝑆𝑆𝑓𝑓𝑓𝑓 do not contain any 
real-axis singularity. 

The Sommerfeld integral of 𝑓𝑓0∗(𝜆𝜆)  can be expressed in a 
close form. Note that the following identities hold [42], 
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where 𝑅𝑅∗ = �𝜌𝜌2 + z∗2 , and z∗  can be either 𝑧𝑧′  or 𝑧𝑧 + 𝑧𝑧′ . 
Δ𝑅𝑅∗± = 0.5𝑘𝑘𝑠𝑠∗(𝑅𝑅∗ ± z∗), and 𝑘𝑘𝑠𝑠∗ can be either 𝑘𝑘𝑠𝑠 or 𝑗𝑗𝑘𝑘𝑠𝑠, With 
(A2), the Sommerfeld integral of 𝑓𝑓0∗(𝜆𝜆) is derived to be 
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where 𝑓𝑓0 = 𝑓𝑓0∗𝑒𝑒𝛾𝛾𝑠𝑠𝑧𝑧′+𝛾𝛾𝑓𝑓𝑧𝑧 , and 𝑅𝑅1 = �𝜌𝜌2 + 𝑧𝑧′2.  
It is noted that the Sommerfeld integrals converge slowly 

with increasing 𝜆𝜆 . To accelerate the convergence at large 
argument 𝜆𝜆, we expand the elements of these modified kernels 
in (9) with a Taylor series at 1 𝜆𝜆⁄ = 0, as follows: 
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In deriving the expressions in (A4), the following identities are 
used, 
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To speed up the computation, we construct additional 
functions 𝑓𝑓1∗ , 𝑓𝑓2∗ , 𝑓𝑓3∗  and 𝑓𝑓4∗  for 𝑓𝑓0∗ , 𝐷𝐷0  and 𝐷𝐷2𝛾𝛾𝑠𝑠 . Those items 
in (A4), which decline with 1 𝜆𝜆⁄  at the order of less than 3 when 
𝜆𝜆 increases, can then be canceled out by these functions at large 
𝜆𝜆. These introduced functions are given by 
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where 𝛾𝛾𝑏𝑏 = (𝜆𝜆2 + 𝑘𝑘𝑠𝑠2)1/2. SIs in (11) are revised to be 
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for the case of “Source in Air”, and 
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 (22) 

for the case of “Source under Ground”, where 𝑓𝑓𝑖𝑖 = 𝑓𝑓𝑖𝑖∗𝑒𝑒𝛾𝛾𝑠𝑠𝑧𝑧′+𝛾𝛾𝑓𝑓𝑧𝑧 
and 𝑖𝑖 = 1, … 4. Note that there is no special function introduced 

for 𝑈𝑈  and 𝑉𝑉′  as their kernels have a decaying rate of the 3rd 
degree already. The SIs of these functions are expressed 
analytically as 
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  (23) 

where Δ𝑅𝑅1
± = 0.5𝑗𝑗𝑘𝑘𝑠𝑠(𝑅𝑅1 ± 𝑧𝑧′) , Δ𝑅𝑅2

± = 0.5𝑗𝑗𝑘𝑘𝑠𝑠(𝑅𝑅2 ± Δ𝑧𝑧)  and 
Δ𝑧𝑧 = 𝑧𝑧′ + 𝑧𝑧. 

Appendix B 
It is noted that under radiated conditions or large arguments 

( 𝑘𝑘2𝑟𝑟 ≫ 1)  in the air, Hankel functions in (7) can be 
approximated, as follows: 

1( )(2) 4
0

3( )(2) 4
1

2( )

2( )

j

j

H e

H e

λρ π

λρ π

λρ
πλρ

λρ
πλρ

− −

− −

≈

≈

 (B1) 

The generalized Sommerfeld integral in (7) then is given by 

2

1 1( )( )22 2 2 41[ ] ( )
2

nn jz z
nS f f e e d

λρ π πγλ λ λ
πρ

+ − − −+∞ ′− +

−∞
= ∫  (B2) 

Introduce two parameters 𝜃𝜃 and 𝛼𝛼 respectively for spectral-
domain variables and temporal variables such that 
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 (B3) 

Then the following is obtained 
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 (B4) 

Thus, the Sommerfeld integral in (B2) can be written into 
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Therefore, by comparing (18) with (B5), we obtain  
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 (B6) 

The saddle point 𝛼𝛼𝑠𝑠 is obtained by letting 𝑑𝑑𝑑𝑑(𝛼𝛼) 𝑑𝑑𝑑𝑑⁄ = 0, 
i.e., 𝛼𝛼𝑠𝑠 = 𝜃𝜃  [22]. The steepest descent path is selected by 
letting the imaginary part of 𝑞𝑞(𝛼𝛼)  be one, i.e.  𝑅𝑅𝑅𝑅[cos(𝛼𝛼 −
𝜃𝜃)] = 1 , or cos(𝛼𝛼 − 𝜃𝜃) = 1 − 𝑗𝑗𝑡𝑡2  where parameter 𝑡𝑡  varies 
from −∞ to +∞. According to [22], the integral of (B5) can be 
approximated by the integral along the steepest descent path 



 

11 

 

Γ𝑠𝑠𝑠𝑠. Considering the slowing variation 𝐹𝐹(α) with 𝑡𝑡 on Γ𝑠𝑠𝑠𝑠, the 
following expression is obtained, 
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where 𝑓𝑓(∗)  in (B7) is the kernel of the corresponding 
Sommerfeld integral in (6). Note that the parameters of 
Sommerfeld integrals in (6) can be expressed, with 𝜆𝜆 = 𝑘𝑘2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 
by 
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Substituting (B8) into (B7) yields the asymptotic expressions 
of these SIs, as follows: 
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Note that (B8) is valid when no singularity or branch point is 
intercepted in the deformation to the steepest descent path [22]. 
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