
1 

Estimation of source location and ground impedance using a 
hybrid multiple signal classification and  

Levenberg-Marquardt approach 

Kai-Chung Tama, Siu-Kit Laub, Shiu-Keung Tanga,* 

aDepartment of Building Services Engineering, 
The Hong Kong Polytechnic University, 

Hong Kong 
China 

bDepartment of Architecture 
National University of Singapore, 

4 Architecture Drive, 
Singapore, 117566 

a) Author to whom correspondence should be addressed.
Electronic mail: shiu-keung.tang@polyu.edu.hk

This is the Pre-Published Version.https://doi.org/10.1016/j.jsv.2016.03.011

© 2016. This manuscript version is made available under the CC-BY-NC-ND 4.0 license https://creativecommons.org/licenses/by-nc-nd/4.0/.



2 
 

Abstract 

A microphone array signal processing method for locating a stationary point source 

over a locally reactive ground and for estimating ground impedance is examined in detail in 

the present study.  A non-linear least square approach using the Levenberg-Marquardt 

method is proposed to overcome the problem of unknown ground impedance. The multiple 

signal classification method (MUSIC) is used to give the initial estimation of the source 

location, while the technique of forward backward spatial smoothing is adopted as a pre-

processer of the source localization to minimize the effects of source coherence.  The 

accuracy and robustness of the proposed signal processing method are examined.  Results 

show that source localization in the horizontal direction by MUSIC is satisfactory.  However, 

source coherence reduces drastically the accuracy in estimating the source height.  The 

further application of Levenberg-Marquardt method with the results from MUSIC as the 

initial inputs improves significantly the accuracy of source height estimation.  The present 

proposed method provides effective and robust estimation of the ground surface impedance. 
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1. Introduction 

The use of phased-array microphone system for the investigation of acoustic problems 

has been rapidly growing in past decades because of the advancement of multichannel 

electronic instruments and digital signal processing.  It is a powerful tool for characterization 

of sound sources when it is applied together with a proper sound propagation model and an 

optimal array-processing algorithm. Its applications include acoustic source localization, 

tracking, strength estimation, signal enhancement and etc. (for instance, Refs. [1]-[7]).  The 

selection of the signal processing algorithm is in general based on prior knowledge and 

proper assumptions of the sound propagation model.  A time-harmonic point source is a 

widely adopted model because of its simplicity for implementation.  It can also be interpreted 

as a basic component of more complex acoustic sources. 

Delay and sum (DAS) beamforming method is a fundamental array processing 

technique [[8]-[11]], which can extract the direction of arrivals (DOA) and source strength of 

uncorrelated sources from given array signals.  Difference enhancement methods [[12],[13]] 

have been developed for improvement of spatial resolution and reduction of sidelobe 

contribution from DAS.  Minimum variance distortionless response (MVDR) [[14]-[16]] is 

one of the best known improved methods, which makes use of desired constraints, to 

minimize the sidelobe contribution from other directions and to retain the response from the 

desired direction.  Besides the MVDR method, deconvolution methods [[10],[12],[17]-[22]] 

have been developed for reduction of sidelobe contribution based on deconvolution of the 

DAS beamformer output by its filtering response function.  The individual source strength 

can be restored with sufficient steps of iteration.  A notable improvement can be found in the 

source strength estimation with multiple sources using deconvolution methods [[17],[23]]. 

However, the deconvolution algorithm can only remove the contamination from uncorrelated 

sources in the expense of large computational power.   
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In the presence of coherent sources, the deconvolution method cannot be directly 

applied because the transfer function of the source pair is usually unknown.  They will also 

bias the predictions of arrival direction and source strengths, if incoherent sources are 

assumed.  Failure of the MVDR method in the presence of coherent sources is caused by a 

reduced rank of the signal correlation matrix, which makes collapse of the optimized 

solutions in the incoherent case.  To overcome this problem without priori-knowledge of the 

coherence between sources, spatial smoothing method [[16], [24]-[26]] is proposed to 

provide a fast and simple computation.  The major drawback of spatial smoothing is the 

requirement of a pre-design sub-array with regular spacing and thus loss of effective array 

geometry [[27]].  This may also reduce the spatial resolution and narrow the frequency 

bandwidth.  Though the DOA in the presence of coherent sources may be recovered using 

spatial smoothing method by restoring the rank of the matrix, the strength of the primary 

source may not be fully recovered because the directional response of the secondary source 

still contributes to the focused directional response of the primary source.  Complete rejection 

of the secondary source’s contributions by null steering method [[9], [27]-[30]] may be 

needed. 

Coherent sound sources are common in the outdoor environments.  The interfering 

coherent sources can be caused by the ground or façade/wall reflections.  These reflections 

are time delayed and attenuated versions of the direct sound.  Li et al. [[31]] has studied the 

source height determination with the horizontal separation between the point source and the 

receiver a priori knowledge.  The ground impedance is estimated using signals from two 

microphones with an assumed ground impedance model.  Kruse and Taherzadeh [[32]] have 

investigated the effects of environmental conditions on the source distance and height 

estimation using a vertical sensor array.  However, ground impedance is an input to their 

scheme and thus a ground impedance model is again required.  It should be noted that the 
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estimation of ground impedance will become relatively straight-forward when the source 

position is known (for instance, Refs. [33] - [35]). 

To predict the DOA of sound sources without considering their relative source 

strength and their ranges from the receivers, high-resolution eigen-based approach is a widely 

adopted method.  The multiple signal classification method (MUSIC) [[36]] is based on the 

decomposition of signal vectors into signal and noise subspaces.  Its easy implementation and 

high spatial resolution make MUSIC method widely adopted.  In the presence of coherent 

sources, MUSIC can be used to estimate DOA with pre-processing of spatial smoothing 

[[24]]. 

In this study, a hybrid method combining MUSIC and the Levenberg-Marquardt 

approach is proposed for improved source location estimation in the presence of coherent 

ground reflection and for predictions of ground impedance.  For simplicity, sound 

propagation due to a time-harmonic point source at rest over an impedance ground surface is 

considered.  Once the source locations are identified, the impedance of the reflecting ground 

surface can be estimated.  Unlike the case of Li et al. [[31]] and similar studies, the present 

proposed method will estimate source location and ground impedance directly without 

adopting any ground impedance model and without prior knowledge of the source range. 

2. Recovery of source and ground characteristics 

A non-linear least square approach to estimate the location of a stationary sound 

source and ground surface impedance is proposed in the present study.  It is achieved through 

three steps: (1) the measured signals are processed with forward-backward spatial smoothing 

(FBSS) to eliminate as far as possible the interference from the coherent reflection; (2) 

MUSIC method is used to give an initial estimation of the source location and (3) the closest 

estimated source location will be traced by the Levenberg-Marquardt (LM) method [[37],[38]] 
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which is a non-linear least square based iterative method.  Ground surface admittance will be 

estimated by the LM method.  Details of the methodology will be discussed in this section. 

2.1. Sound wave propagation model 

2.1.1. Outdoor sound propagation over an impedance ground surface 

Figure 1 shows the present sound propagation model above a flat impedance ground 

surface.  The plane z = 0 is the ground surface, while the origin of the coordinate system is 

placed at an arbitrary location on the horizontal z = 0 plane.  The observation point is at xm = 

(xm, ym, zm), while a point monopole source and its image are located at xs = (xs, ys, zs) and 

xi = (xs, ys, -zs) respectively.  Chien and Soroka [[39]] developed an approximate method for 

estimating the sound pressure field due to a point source over a locally-reacting surface.  The 

total pressure, Pt(xm,xs,Q), due to a monopole of unit strength at the observation point can be 

estimated by the superposition of the direct and reflected complex sound pressures: 
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where r1 and r2 are the distances of the direct and reflected paths respectively, k is the 

wavenumber and 1j .  The first and second terms on right-hand-side of Eq. (1) 

represent the complex sound pressures due to the source and the ground reflection 

respectively.  In the present study, the beamforming method is evaluated based on and limited 

to the grazing incidence.  For grazing incidence, the spherical wave reflection coefficient Q 

can be expressed as: 

 )()1( ndpp wFRRQ  , (2) 

where F(wnd) is the boundary loss factor given as: 
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and erfc() represents the complementary error function.  wnd denotes the numerical distance: 
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where  is the specific normalized surface admittance and  the incident angle.  Rp is the 

plane wave reflection coefficient of the ground surface given as: 
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2.1.2. Generalized coherent point-sources model 

The spherical wave reflection coefficient in Eq. (1) is a function of spatial differences 

between source and receivers.  The received signals of N number of microphones at 

frequency   due to a single point source above an impedance surface can be expressed as: 
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where a denotes the constant source strength of a stationary source.  The estimated sample 

covariance matrix )(ˆ R  can be expressed as: 

 H)()()(ˆ  SSR  .  (7) 

)(ˆ R  contains the signal relationship in spatial domain between microphones.  The 

superscript H denotes conjugate transpose.  The present proposed method will be based on 

the extraction of source properties from )(ˆ R  and S(). The symbols with hat hereinafter 

denote estimated values in the present study. 
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2.2. Recovery of stationary source strength and ground characteristics 

2.2.1. Parameter estimation  

A non-linear least square approach is adopted for the estimation of source properties and 

ground impedance in the frequency domain.  We define the error vector e() as: 

  )(ˆ)()(  SSe  , (8) 

where )(S  and )(ˆ S are the reference and estimated signal vectors, respectively.  As shown 

in Eq. (1), )(S  consists basically of three unknown parameters namely xs, xm, and Q.  In the 

present study, the plane of the microphone array is set to be parallel to a vertical plane 

containing the sound source and its image (i.e. the plane y = ys).  The perpendicular distance 

of the array centre to this vertical plane, ys, is known with ym = 0.  This situation is common 

in towns where sound sources are embedded in a linear row of houses and buildings, but their 

positions in the x- and z-direction are not exactly known.  The unknowns left in the 

estimation of )(S  are x, z, and , which are the horizontal distance of the source from the x-

axis, source height above ground and the admittance of the ground surface respectively.  ̂  is 

the estimated parameter vector: 

   ˆˆˆˆ zx , (9) 

which will be estimated in the process.  The objective of the optimization process is to 

minimize the cost function of the error vector.  In the present study, l2-norm of error vector is 

used as the cost function.  An extended version of Gauss-Newton method, called Levengerg-

Marquardt (LM) method, is adopted for the optimization process in order to provide fast 

optimization. 

Levenberg-Marquardt method is a modified version of the well-known Gauss-Newton 

method by introducing a regulating parameter in the optimization process [[37],[38]]. The 

optimization criteria are on minimizing the error vector e between the measured data vector 
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and the modal signal vector.  The gradient operator with respect to parameter vector is a (N  

Ls) Jacobian matrix, as: 
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where Ls is the total number of sub-array. The computation of the Jacobian matrix is 

performed numerically by backward finite difference method.  The updating process of LM 

method for the (b+1)th estimate of the parameter vector 1
ˆ
b is [[37],[38]]: 

    )()()()(diag)()(ˆˆ 1
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T

bb
T

bdb
T

bbb eJJJJJ


  ,  (11) 

where J() is the Jacobian matrix of the measured signals and d  is a positive scalar 

regularization parameter.  The subscribe b indicates the number of iterations.  The LM 

method is identical to the Gauss-Newton method when d = 0.  The selection of d  

influences the rate of convergence to the solution.  d  can be either a constant or variable 

updated adaptively with respect to the cost function.  In the present study, d  is set at 0.01 

for the stability of estimation.  

An initial estimate of the parameter vector  is required before the optimization 

process.  Similar to the Gauss-Newton method, a close initial estimate of  will lead to a 

faster convergence rate and reduce the chance of bias estimation. Since the cost function is 

non-convex and sensitive to the initial estimation, a high precision eigen-value based location 

estimation method is needed to give the initial estimate of .  In this study, MUSIC is used to 

give such location estimation.  In order to implement MUSIC with coherent sources, a pre-

processing forward-backward spatial smoothing (FBSS) method is used.  MUSIC and FBSS 

will be discussed in next sub-sections.   

The l2-norms of the error vector shown in Eq. (8) are calculated using the source 

location estimated by MUSIC together with a series of  estimated by ground parameters 
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(shown later) ranging from low to high values in regular increment intervals.  The  which 

results in the smallest error vector l2-norm is taken to be the initial  for the LM procedure. 

2.2.2. Initial estimation of source location with coherent source by MUSIC 

MUSIC is a popular eigen-structure based method in spectrum analysis [[36]].  This 

method has been proved a high resolution method in DOA estimation of sound sources [[40] 

-[43]].  MUSIC extracts the signal and noise subspaces from the covariance matrix.  The 

subspaces estimation is based on eigenvalue decomposition of the covariance matrix.  The 

DOA of the source is estimated by the orthogonal properties of noise subspace vector and the 

array manifold vector.  A correct estimation of the subspaces required that the noise and the 

desired signals are uncorrelated with each other. 

To overcome this limitation of MUSIC, spatial smoothing technique to de-correlate 

the desired signals is proposed.  Also, microphone position transformation method is used to 

implement spatial smoothing technique with irregular array configuration.  Without prior 

knowledge of , the far field sound DOA will first be estimated by MUSIC.  With the 

estimated azimuth and elevation angles, the range of the source will be further estimated by 

MUSIC with the near-field assumption.  The proposed method for source localization is 

summarized as follows in this section. 

Suppose there are D number of sound sources and N number of microphones.  In 

reality with uncorrelated background noise, Eq. (7) can be revised into a noisy sample 

covariance matrix as: 

 ISSR 2)()(ˆ
n

H
noisy   , (12) 

where n  and I are strength of noise and unit matrix respectively.  To estimate the signal and 

noise subspace, eignenvalues and eigenvectors are extracted from noisyR̂ by eigenvalue 

decomposition.  The ( )N D  number of eigenvectors (vi, where i = 1 to N  D) are selected 
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with the associated ( )N D  number of smallest eigenvalues.  For uncorrelated sources, the D 

number of largest eigenvalues represents the powers of the corresponding signals, while the 

( )N D  smallest eigenvalues are equal to the variance of the noise.  Therefore, a N  (N – D) 

dimensional subspace, which is spanned by the abovementioned ( )N D  eigenvectors as 

  )(321 ...)( DNn vvvv E  (13) 

can be created.  The MUSIC pseudospectrum is given as: 
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where A(,) is the array manifold vector of the phased-array microphone system [[36]].  

Since the signal and noise subspaces are orthogonal to each other, ),( MUSICP  will reach a 

local maximum when the scanning DOA (i.e. ) matches the DOA of a source. 

A three-dimensional search using Eq. (14) is computationally inefficient.  To achieve 

more effective source localization, the three-dimensional locations can be estimated in two 

stages.  First, a far field plane wave modeled array manifold vector is applied to Eq. (14) to 

estimate the elevation and azimuth angle.  Afterwards, the estimated angle is used for 

searching the range of the source (i.e. the distance between the source and receiver center) 

through a simple one-dimensional search implemented by MUSIC.  In the second stage, a 

near field spherical wave modeled array manifold vector is used in Eq. (14). 

2.2.3. De-coherence with spatial smoothing (SS) technique 

The conventional MUSIC cannot be applied directly in the presence of coherent 

sources (e.g. source-reflection pairs).  To solve this problem, the spatial smoothing (SS) 

technique is used.  The SS technique is a preprocessing scheme to restore the rank of the 

array covariance matrix, since the matrix is rank-deficient in the presence of coherent source. 
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The forward-backward spatial smoothed sample array covariance matrix FBSSR  is 

used to replace the sample array covariance matrix noisyR̂  in Eq. (12) [[44]].  It is done by de-

correlating the coherent source signals by averaging sub-array covariance. With adaptive 

array processer that creates null at the unwanted signal direction, the coherence source signal 

can be eliminated. 

The forward smoothing array covariance matrix fR  is the averaged covariance 

matrix over Ls sub-arrays given as [[36]]: 

 



sL

l

f
l

s
f L 1

1
RR ,  (15) 

where f
lR denotes the covariance matrix (forward) of the lth sub-array.  Similarly, the 

backward smoothing array covariance matrix bR is the averaged covariance matrix given as 

[[36]]: 

 



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l

b
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b L 1

1
RR ,  (16) 

where b
lR denotes the covariance matrix (backward) of the lth sub-array.  The resultant 

forward/backward spatial smoothed covariance matrix FBSSR  can be found by the average of 

the forward and backward sub-array covariance matrix as [[36]]: 

 
2

bf
FBSS

RR
R


 .  (17) 

While Ls is much higher than the number of sources, the spatial smoothed covariance matrix 

FBSSR  can be rank-restored.  It is noted that the number of microphones in each sub-array is 

less than that in the original array, thus the spatial resolution and effective aperture are 

reduced.  The number of microphones in and the geometry of each sub-array must be 
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identical for the pre-processing scheme as discussed in next section.  In the present study, 

FBSSR̂  replaces noisyR̂  in Eq. (12).  

2.2.4. Transformation of irregular array into regular rectangular array 

One of the limitations of spatial smoothing (SS) preprocessing algorithm is the 

requirement of regular sub-array geometry.  For signals with priori-known narrow-band 

frequency, the regular array has various benefits in installation and simpler processing due to 

symmetric geometry [[36]].  However, irregular array geometry has an advantage of wider 

accessible frequency of incoming signals [[45]].  For irregular array geometry, a virtual array 

covariance matrix vR  is required for the SS method.  In the present study, a linear array 

interpolation technique [[24]] will be used and is discussed in this sub-section.  It is a least 

square based linear transformation of array covariance matrix from non-uniform geometry 

into desired geometry. 

Firstly, rA  and vA  denote the array manifold of a real arbitrary array and a virtual 

array with pre-designed microphone positions, respectively.  The number of microphones in 

the virtual array should be less than or equal to that of the real array.  It is assumed that the 

entire directional region of interest is divided into Ns number of sections.  For the ns
th section 

with angles between 1
ns  and 2

ns , where the superscripts 1 and 2 indicate the lower and upper 

bounds of the angles in the ns
th section respectively, for the spatial smoothing algorithm.  The 

region is further divided into sub-sections with angular interval .  )( nsr A  and )( nsv A  

corresponding to a set of angles  2111   ...,  ,2  ,  , nsnsnsns    are created.  The 

relationship between the real and virtual array manifolds can be written as: 

 )()( nsvnsr  ABA  , (18) 

where B is the transfer matrix and can be found by least square method as: 
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L  is an arbitrary loading factor.  In the present study, L = 10-8.   The virtual array 

covariance matrix vR  can be estimated by the real array covariance matrix noisyR̂  and the 

transfer matrix B as: 

 H
noisyv BRBR ˆ .  (20) 

By arranging the virtual array with uniform regular configurations, the spatial smoothing 

technique can be applied on any real array with arbitrary geometry.  Figure 2 summarizes the 

numerical steps for the parameter estimation in this study. 

3. Computer simulations 

Numerical simulations are performed to investigate the performance of the 

abovementioned methods for source location and ground impedance estimations.  A 36-

channel microphone array with irregular microphone configuration designed by Brüel & 

Kjaer [[46]] is used (hereinafter referred to as real array).  This array has wide frequency 

range for acoustic analysis from 500 Hz to 5000 Hz.  Virtual array with the same number of 

microphones arranged in the form of a 6   6 equi-spaced rectangular matrix is set for spatial 

smoothing method.  This arrangement aims to minimize the deviation of the horizontal and 

vertical resolutions of the direction responses.  The spacing between virtual microphones 

varies with source sound frequency and is kept at half wavelength of the sound.  The 

configurations of the real array and   two virtual arrays are illustrated in Fig. 3. 

Throughout the analysis, the centers of the arrays are located at 0.32 m above the 

ground surface.  This ensures that the lowest microphone is just above the ground surface.  

FBSS with rectangular sub-array of a 4   4 microphone arrangement is applied.  The 

configuration of the sub-array is to provide sufficient number of sub-array averaging for 
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source de-coherence.  Allowing for overlapping elements between sub-arrays, a total 9 sub-

arrays are used in the present study. 

Three values of flow resistivity, eff, have been used for the evaluation of ground 

surface impedance estimation.  They simulate three practical situations of asphalt (eff = 30 

MNs/m4), sandy silt (eff = 2 MNs/m4) and roadside dirt (eff = 0.5 MNs/m4) [[47]].  It is 

assumed that the entire ground is homogeneous.  The ground surface is flat and assumed to 

be locally reacting with infinite thickness.  There is also no other reflecting object in the 

sound propagation path between the source and receivers.  Delany and Bazley’s model [[48]] 

with the single parameter eff is adopted for the calculation of  and S() for simplicity.  

Though this model may produce non-physical ground impedance spectra and may not be 

good for outdoor applications [[49]], it is used here just to create ground impedances for 

evaluation of the present proposed method and is not required for the LM procedure.  It is 

believed that the conclusion is not affected by any impedance model adopted. 

The sound source considered in the simulation is a harmonic point source above 

ground surface.  Its strength is kept constant throughout the simulation.  Uncorrelated 

Gaussian white noise with constant strength is added to the input signals as background 

interference.  The signal-to-noise ratio (SNR) in the present study is defined as the power 

ratio of the primary source and the background noise in decibels. 

For each case, the sample covariance matrix is determined in the frequency domain.  

The maximum number of iteration for the LM method is set at 100.  The results with 

minimum mean squared error of the 100 iterations is selected as the final results for each 

simulation.  The statistical results presented hereinafter are obtained from 1000 simulations 

for each case tested. 
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In this section, both the results for the initial estimation of source location by MUSIC 

and the results from LM optimization process are discussed.  The percentage mean squared 

errors and their standard deviations are adopted as assessment parameters. 

3.1. Results from MUSIC 

The MUSIC location estimation is performed with a uniform grid searching in 

spherical coordinates.  The unit spacing between the grid at both x-axis and z-axis is 0.001 

radian.  Since the distance from microphone array to ground surface is known, for the real 

source localization, only the pseudospectrum above ground surface will be computed.  The 

peak of the spatial MUSIC pseudospectrum will be interpreted as the DOA of the real source.  

With the knowledge of the horizontal distance between the source and the array, the location 

of the real source can be calculated by coordinate transformation. 

Some examples of location estimation error resulted from MUSIC with FBSS 

preprocessing under different combinations of SNR and source frequency are shown in Fig. 

4.  The percentage error of source location estimation is defined as the ratio between the error 

and the exact distance of the location from origin in percentage.  The source is chosen to be 

located at long distance (ys = 20 m) away from the array and 1 m above ground (near grazing 

propagation in Eq. (1)).  As shown in Fig. 4, the location estimation in the x-direction 

generally gives a good approximation with error below 20% (i.e. < 0.1 m) under various 

condition of SNR regardless of the ground impedance (or flow resistivity).  By comparing 

Figs. 4a(i), 4b(i), and 4c(i), it can be seen that the variation of ground impedance does not 

have significant impact on the source localization accuracy.  It is also observed that the 

source frequency has no or limited effects on the location estimation in the x-direction. The 

performance is enhanced with reduced background noise level.  Error decreases gradually as 

SNR increases from 0 to 20 dB, and reach a plateau at less than 10% (i.e. < 0.05m) for SNR 

above 20 dB. 
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The accuracy of source height estimation is affected by the strength of the ground 

reflection relative to the real source and their interference.  Examples with abovementioned 

source-array geometry are used to illustrate the results of initial source height.  The 

percentage error contours of location estimation in z-direction by MUSIC with eff = 0.5 

MNs/m4 are shown in Fig. 4a(ii).  Unlike the results obtained in x-direction (Fig. 4a(i)), the 

results in the z-direction deviate significantly from the desired value.  The estimation with 

error > 100% is found at SNR < 0dB.  It drops significantly to 40% at SNR > 10 dB for 

frequencies above 3 kHz.  However, improvement is not observed when the background 

noise level is further reduced.  Reduced error is found at higher source frequency because of 

the increased spatial resolution of the microphone array.  Large error of the location 

estimation at low frequencies (below 2 kHz) is observed regardless of the SNR. 

The strength of the ground reflection is affected by the ground impedance.  This can 

be illustrated by comparing the source height estimation error patterns under different ground 

impedances (or flow resistivity) shown in Fig. 4.  As the flow resistivity increases, the error 

of source height location estimation is improved in general at low frequencies for SNR > 10 

dB.  For instance, Fig. 4b(ii) shows the estimation error over a ground with eff = 2 MNs/m4, 

and the error is reduced at around 2 kHz and at frequency below 500 Hz for SNR > 10 dB 

compared with those at eff = 0.5 MNs/m4 shown in Fig. 4a(ii).  Further reduction of error can 

be observed in this frequency range and SNR range as the flow resistivity is further increased 

to 30 MNs/m4 as shown in Fig. 4c(ii).   

The large error at eff = 0.5 MNs/m4 is believed to be the results of relatively large 

area of mutual cancelling between the direct source signal and the ground reflection as shown 

in Fig. 5a.  It results in relatively weak signals picked up by the microphones as well as 

relatively uniform sound pressures across the 36 microphones.  All of these lead to large error 

in the source height estimation by MUSIC after pre-processing.  This phenomenon is much 
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improved when the sound frequency is increased and/or when the ground becomes more 

acoustically hard as shown in Figs. 5b and 5c respectively.  Though sound pressure 

cancellations can still be found, especially in Fig. 5b, the sound pressure variations across the 

microphones have become significant. 

Since the source and its image are on the same vertical plane, the phase variation of 

the signals in the x-direction can be easily scanned using by simple array signal processing 

technique.  The estimation error in the x-direction is therefore much smaller, even in the 

presence of a background noise of similar magnitude. 

The variations of error of the MUSIC source localization at x-direction is small as 

illustrated by the standard deviation (SD) maps of the corresponding estimation error shown 

in Fig. 6a(i).  Larger variation of error is found at low SNR (< 20 dB) and low source 

frequencies (< 2 kHz).  The SD decreases with increasing SNR and/or source frequency.  A 

uniform SD at below 10% is found for SNR > 20 dB and source frequency above 2 kHz.  

Similar patterns have been found with other ground impedances tested as shown in Figs. 6b(i) 

and 6c(i). 

The adverse effect of ground impedance on the source height estimation can further 

be revealed from the SD of the estimation error as shown in Fig. 6.  Larger variation of the 

estimation error can generally be observed at eff = 0.5 MNs/m4 for SNR < 10 dB.  As the 

flow resistivity increases, the SD variation is reduced at high frequencies as shown in Figs. 

6b(ii) and 6c(ii). However, the SD of the error increases for SNR < 30 dB and source 

frequency below 2 kHz. 

3.2. Results from Levenberg-Marquardt optimization 

As mentioned in Section 2.2.1, the Levenberg-Marquardt (LM) method is useful in 

the parameter estimation for source localization and ground impedance estimation.  A critical 

factor for a non-linear optimization method to be successful is the initial estimation of the 
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parameters.  The results in Section 3.1 have demonstrated that MUSIC with FBSS method 

can provide a reasonable initial guess of source location for the application of the LM method 

in general. 

With the results from MUSIC as the initial estimation of source location, the LM 

method is performed with d = 0.01 and variable intervals for gradient estimation dx = dy = 

10-13 m and deff = 100 Ns/m4.  The estimations in the x-direction by LM method are 

illustrated in percentage error in Fig. 7a(i) with eff = 0.5 MNs/m4.  Since the initial estimate 

of source location in the x-direction by MUSIC is reasonably accurate, the results in Fig. 7a(i) 

generally show similar pattern as that in Fig. 4a(i), but the error at low SNR (< 10 dB) and 

low frequencies (< 1.5 kHz) is increased, compared with results in Fig. 4a(i).  The estimation 

error increases with flow resistivity for SNR < 10 dB and source frequency < 1.5 kHz as 

shown in Figs. 7b(i) and 7c(i) with eff = 2 and 30 MNs/m4, respectively.  The SDs of the 

estimated error are slightly reduced using the LM method when both the flow resistivity, the 

SNR and source frequency are low, as shown in Fig. 8a(i), compared to that using solely 

MUSIC (Fig. 6a(i)).  However, as the flow resistivity increases, variations of estimated error 

increase at low frequencies (< 1 kHz) regardless of the SNR (Figs. 8b(i) and 8c(i)). 

The LM method shows significant improvement in the source height estimation, 

despite the unsatisfactory conditions discussed earlier in Section 3.1 (c.f. Fig. 4).  For SNR < 

10 dB, the error reduces from 80% to 40% at eff = 0.5 MNs/m4 as shown in Fig. 7a(ii).  The 

percentage error is further reduced to less than 10% when the background noise level is 

further reduced.  The relatively large error at around 1 kHz should be due to the signal 

cancelation by the coherent reflected sound.  The error of source height estimation at low 

SNR (< 10 dB) and higher flow resistivity fluctuates as shown in Figs. 7b(ii) and 7c(ii).  

Relatively large error is also observed at around 5 kHz at eff = 30 MNs/m4, which is again 

due to the signal cancellation by the coherent reflected sound. The results show the potential 
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of LM method as an estimator of coherent source location using limited number of 

microphones.  Improvement can be observed in the view of estimation error in source height 

determination.  The map of SD for the estimation using LM method is shown in Fig. 8(ii).  It 

can be found that the variation of error for height estimation has been significantly reduced 

over the entire frequency and SNR range at eff = 0.5 and 2 MNs/m4 (shown in Figs. 8a(ii) 

and 8b(ii), respectively (c.f. Figs. 6b(ii) and 6c(ii))).  As the flow resistivity increases, further 

reduction of the error variation can be observed at low frequency and low SNR as shown in 

Fig. 8c(ii) at eff = 30 MNs/m4 (c.f. Fig. 6c(ii)).  An observable decrease in estimation error in 

the presence of background noise is also found. 

An important extension of using LM method is the possibility of ground surface 

impedance estimation (i.e. the spherical wave reflection coefficient, Q).  Q is a function of 

variables including source-microphone geometry and normal ground surface impedance, Z. 

For a homogeneous ground surface, Q can be represented by Z (or normal ground surface 

admittance β = 1/Z).  The results in the present study are presented in  instead of eff for a 

closer representation of the ground effects. 

The contour map of percentage of mean square error of the estimated ground surface 

admittance by LM method with the same source-receiver geometry as in the previous 

examples is shown in Fig. 9 for different types of ground surfaces.  At low flow resistivity of 

0.5 and 2 MNs/m4, the estimation error of the real part of  gradually decreases as SNR 

increases but is less dependent on the source frequency as shown in Figs. 9a(i) and 9b(i).  

Error below 20% can be found for SNR above 20 dB.  The corresponding results of the 

imaginary part of  are presented in Figs. 9a(ii) and 9b(ii).  The mean errors for most 

scenarios are below 5%.  The SD of the estimation error of  by the LM method is acceptable 

as can be observed from Figs. 10a(i) and (ii).  The SD of the estimation error is below 20% 

for most cases, indicating that the repeatability of the estimation is satisfactory.  The decrease 
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of SD is observed as SNR increases.  As the flow resistivity increases, higher SD can be 

observed at low frequencies (< 1 kHz). 

As the flow resistivity is further increased to 30 MNs/m4, there is a dramatic jump of 

 estimation error at source frequency of ~4 kHz as shown in Figs. 9c(i) and 9c(ii).  This 

jump is independent of the SNR, but its frequency depends significantly on the horizontal 

distance between the source and the receiver array, ys, as shown in Fig. 11.   It can be 

observed that this frequency of jump increases from ~1 kHz to ~2 kHz and ~4 kHz when ys is 

increased from 5 m to 10 m and 20 m respectively in the presence of a relatively hard ground 

surface with eff = 30 MNs/m4.  The frequency at which such jump is observed is hereinafter 

referred to as the jump frequency. 

For a soft ground surface, the magnitude of Q in Eq. (1) is usually considerably less 

than unity because of sound absorption.  However Q becomes close to unity when the 

reflecting ground becomes hard, such that serious interference between the source signal and 

the ground reflection is possible at some array microphone positions.  Though complete 

destructive interference is still unlikely as r2 > r1, the signal interference will lead to large 

fluctuation of signal magnitude detected by the array microphones.  The phase difference 

between the direct and the reflected sounds, , as 

 12 krQkr  ,  (211) 

where Q is the phase angle of Q.  Destructive interference occurs at  = .  

 Figure 12 illustrates the maps of )cos(  at three sound frequencies near to the jump 

frequency of the case with xs = 0.5 m, ys = 5 m, zs = 1 m and eff = 30 MNs/m4.  At the 

frequency of 800 Hz, only one dark region with  = /2 is found (Fig. 12a).  As the sound 

frequency increases, other dark region with  = 3/2 is found at the top of the microphone 

array (Fig. 12b).  This region and also the one with  = /2 moves downwards as frequency 
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increases (Figs. 12b and 12c).  The jump frequency is near to that at which the  = 3/2 dark 

region hits the uppermost microphone (#11).  Similar observations can be made near to the 

other jump frequencies shown in Fig. 11.  The  estimation using LM appears very unreliable 

in the presence of two regions on the microphone array in which the two interfering signals 

are of similar strengths and in a near-to-in-phase condition (i.e.  is in the fourth quadrant).  

The jump frequency therefore depends on the microphone arrangement in the measurement 

array.  For a conservative estimation, one can take the frequency at which  = 3/2 at the 

uppermost microphone as the jump frequency. 

 Figure 13 shows the variation of the so-estimated jump frequency with ys and eff 

while all the other conditions are the same as those in Fig. 12.  The jump frequency increases 

with increasing separation between the array and the source because of the reducing 

difference between r1 and r2.  However, it should be noted that there are quite a number of 

microphones in the current measurement array setup which are located at approximately the 

same height as microphone #10, and thus the actual jump frequencies should be a bit higher 

than the predicted ones in Fig. 13.  The higher the frequency is, the greater deviation this 

actual jump frequency from the predictions in Fig. 13 will be.  The predicted jump frequency 

decreases with decreasing eff (Fig. 13).  However, the then more sound absorptive ground 

results in a larger reduction of the reflected sound strength.  Thus, the above-observed jump 

at relatively hard ground does not occur (Fig. 9).   

4. Conclusions 

The acoustic inverse problem concerning a point harmonic source generating sound 

above a locally reactive ground surface has been studied.  Source location and the ground 

surface impedance have been estimated by optimization of propagation model related 

parameters.  The non-linear least square based method based on the Levenberg-Marquardt 
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method with the flexibility of handling parameters in different magnitude scales has been 

proposed for the estimation.  The method is optimal with a close initial guess of the real 

sound source location.  The MUSIC DOA algorithm with FBSS pre-processing scheme is 

suggested to provide such a robust initial guess of the source location. 

Numerical simulation in frequency domain has been used to investigate the accuracy 

of the proposed method with artificial Gaussian white noise as background noise.  A spatial 

random distributed planar array with 36 microphones is used as the receiver of the sound 

fields.  The results of source localization at x-direction (i.e. horizontal direction) by MUSIC 

are satisfactory (error < 5%) for SNR above 10 dB.  The interference between the direct 

sound and the ground reflection reduces the accuracy of MUSIC in estimating the source 

height.  The problem becomes very serious when the two sounds tend to counteract with each 

other, resulting in weak signal pick-up and/or relatively uniform sound pressures in the 

microphone locations.   

With the source locations estimated by MUSIC as initial inputs, the Levenberg-

Marquardt method improves significantly the accuracy of source height estimation.  The 

proposed method also provides flexibility of ground surface impedance estimation.  Reliable 

results are obtained for SNR above 10 dB in general.  However, large error in the ground 

surface impedance estimation is found when the direct sound and the ground reflection 

received at some microphones are of similar magnitudes and at near-to-in-phase condition.  

This happens when the ground is relatively hard.  The highest frequency of reliable ground 

surface impedance estimation can be approximated by the frequency at which the phase 

difference of the interfering sounds at the uppermost microphone in the adopted sensing array 

is 3/2. 
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One should note that the effects of environmental conditions, such as temperature 

profile and turbulence, have not yet been taken into account in this study, so that the proposed 

method may not be ready for outdoor application.  This is left to further investigation. 
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Captions 

Figure 1 Schematics of the present source-receiver system. 

Figure 2 Flow chart of the proposed algorithm for parameter estimation in this study. 

Figure 3 Microphone positions of the 36-channel arrays (relative to array centre). 

   : Real array [46] ;  : virtual array for 500 Hz;  : virtual array for 1200 Hz. 

Figure 4 (Color online) Percentage error of source location estimation by MUSIC.  

xs = 0.5 m, ys = 20 m, zs = 1 m. 

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4;  

(i) x-direction; (ii) z-direction. 

Figure 5 (Color online) Interactions between direct sound and ground reflection. 

xs = 0.5 m, ys = 20 m, zs = 1 m. 

(a) eff = 0.5 MNs/m4, 1000 Hz; (b) eff = 0.5 MNs/m4, 4000 Hz; 

(c)eff = 30 MNs/m4, 1000 Hz; 

Sub-figure : Numbering and positions of microphones. 

 : Real(source sound pressure);  : Imag(source sound pressure);  

 : Real(reflected sound pressure);  : Imag(reflected sound pressure). 

 : Real(overall sound pressure);     : Imag(overall sound pressure). 

Figure 6 (Color online) Standard deviation of percentage error of source location 

estimation by MUSIC. 

 xs = 0.5 m, ys = 20 m, zs = 1 m.  

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4;  

(i) x-direction; (ii) z-direction. 

Figure 7 (Color online) Percentage error of source location estimation by LM.  

xs = 0.5 m, ys = 20 m, zs = 1 m.  

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4;  
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(i) x-direction; (ii) z-direction. 

Figure 8 (Color online) Standard deviation of percentage error of source location 

estimation by LM. 

 xs = 0.5 m, ys = 20 m, zs = 1 m.  

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4; 

(i) x-direction; (ii) z-direction. 

Figure 9 (Color online) Percentage error of ground admittance estimation by LM. 

xs = 0.5 m, ys = 20 m, zs = 1 m.  

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4; 

(i) Real(β); (ii) Imag(β). 

Figure 10 (Color online) Standard deviation of percentage error of ground admittance 

estimation by LM. 

xs = 0.5 m, ys = 20 m, zs = 1 m.  

(a) eff = 0.5 MNs/m4; (b) eff = 2 MNs/m4; (c) eff = 30 MNs/m4; 

(i) Real(β); (ii) Imag(β). 

Figure 11 (Color online) Effects of horizontal distance between source and receiver on 

the percentage error of ground impedance estimation by LM. 

xs = 0.5 m, zs = 1 m; eff = 30 MNs/m4.  

(a) ys = 5 m; (b) ys = 10 m; (c) ys = 20 m;  

(i) Real(β); (ii) Imag(β). 

Figure 12 Phase difference variation across microphone array (Maps of )cos( ). 

xs = 0.5 m, ys = 5 m, zs = 1 m; eff = 30 MNs/m4.  

(a) 800 Hz; (b) 1000 Hz; (c) 1200 Hz. 

Circles : microphones; figures in circles : microphone number. 
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Figure 13 Variations of predicted jump frequency with ys and eff. 

  xs = 0.5 m, zs = 1 m; 

   : Hard ground;     : eff = 30 MNs/m4;  

   : eff = 2 MNs/m4;     : eff = 0.5 MNs/m4. 
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