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ABSTRACT: This paper presented a theoretical study of the vibration control of a 

floating raft system using periodic structures. The band gap properties of the periodic 

structures, the power flow and the power transmissibility of the floating raft system 

were investigated by using the transfer matrix method. To minimize the power flow 

through periodic structures in a floating raft system, the geometrical parameters of the 

periodic structures were optimized by using a genetic algorithm. The numerical results 

demonstrated that the optimum periodic structure can provide broader stop band 

regions. The stop band regions of the optimum periodic structure contained all the 

harmonic frequencies of the force excitation in the floating raft system. The numerical 

results validated that the proposed optimization approach is sufficiently capable for the 

design of periodic structures. The proposed optimization approach has potential use for 

the development of vibration and shock isolation systems such as floating raft systems. 
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1. Introduction 

The floating raft systems, a kind of two-stage vibration isolation system, have been 

widely applied to ships and submarines to improve acoustic stealth performances [1, 2]. 

Rotatory machines such as: diesel engines, pumps, and electric generators were 

installed on floating raft systems. Noise and vibration of rotatory machines were 

generally dominated by peaks at the rotational frequency, blade pass frequency, and 

their various harmonics in the frequency spectra. Therefore, in the design of noise and 

vibration systems, more concerns were focused on these frequencies.  

Comprehensive efforts have been made in the investigation of the propagation of 

waves in periodic structures that consisted of several identical structural components [3-

5]. Waves transmitted in periodic structures have shown the existence of stop band and 

pass band regions in the frequency spectra [6-8]. Sound and vibration were forbidden in 

the stop bands of infinite periodic structures. This is of interest for applications such as 

frequency filters, noise absorbers, vibration absorbers, and high-precision mechanical 

systems [9-13]. Therefore, periodic structures can be applicable to noise and vibration 

control for their outstanding isolation effectiveness in the stop band regions. The stop 

band regions can be tailored to match the frequency bands that contained harmonics 

frequencies of vibration excitations, attenuating noise and vibration in these frequency 

bands [14]. To decrease power flow and power transmissibility of floating raft systems, 
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periodic structures were introduced to floating raft systems. A genetic algorithm (GA) 

was utilized to tailor the stop band regions of periodic structures in this study.  

GAs are a kind of population-based search and optimization methods that mimic 

the process of natural evaluation. They have been successfully applied to various 

optimization problems which are difficult to be solved by conventional methods [15]. 

GAs have also been applied to a wide range of applications in noise and vibration 

control area, such as optimization of noise barriers [16], mufflers [17-19], supporting 

structures [20], and acoustical sandwich panels [21]. GAs have noticeable advantages of 

handling optimization problems which exist large numbers of parameters, multiple 

criteria, and parameters in discrete data series. Moreover, GAs are especially capable 

for optimization problems with many local optimal, which are unreliable for direct 

optimum methods (i. e. steepest ascent) [22]. The advantages of GAs are especially 

capable for solving the optimization problem in this study. Therefore, a GA was utilized 

in the design approach for periodic structures.  

 

2. Theory 

As shown in Fig. 1, a floating raft system consisted of five substructures: two 

identical machines (substructure 1), eight identical isolators (substructure 2), an 

intermediate raft (substructure 3), four identical periodic structures (substructure 4), and 

a simply supported flexible floor (structure 5) were considered in this study.  
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Fig. 1. A schematic diagram of the floating raft system. 

 

2.1. Model of the periodic structures 

It is assumed that each periodic structure in the floating raft consisted of N1 unit 

cells. Each unit cell consisted of N2 layers. The one-dimensional (1-D) model of a unit 

cell is shown in Fig. 2. The transfer matrix method was used to calculate the band gaps 

and wave transmission characteristics of 1-D periodic structure models because of its 

simplicity and convenience [23].  

 

Fig. 2. A schematic diagram of a unit cell in a periodic structure. 

The governing equation for the longitudinal wave propagated in the Z direction (as 

shown in Fig. 2) of the lth layer of a unit cell can be given as  

 2 2

2 2

( , ) ( , )l l l

l

u z t E u z t
t zρ

∂ ∂
=

∂ ∂
, (1) 
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where lu  denotes the displacement of the lth layer in a unit cell, lρ  and lE  denote 

the density and Young’s modulus of the material of the lth layer, respectively. The 

solution of Eq. 1 can be written as a superposition of forward and backward travelling 

waves with a harmonic time dependence 

 
( ) ( )( ) ( )( , )
l l

p pjk z jk zl l jwtu z t A e A e e− −
+ −

 = + ×
  , (2) 

where j denotes the imaginary unit; w denotes the angular frequency; ( )lA+  and ( )lA+  

denote amplitudes of the forward and backward travelling waves, respectively; 

( ) 2 /l
p l lk w Eρ=  denotes the wave number of the longitudinal wave in the lth layer of 

a unit cell.  

The stress can be given as 

 
( , )( , ) l

u z tz t E
z

σ ∂
=

∂
. (3) 

The transfer mobility model of the lth layer of a unit cell can be given as 
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where lA  and ll  denotes the cross-sectional area and the thickness of the lth layer.  

The transfer mobility matrix between two connected unit cells can be given as 

 1

1

p p
cell

p p

u u
σ σ

+

+

   
=   

   
TM , (6) 

 1

( )
1

N

cell layer l
l=

=∏TM TM . (7) 

The transfer matrix of the periodic structure can be given as 
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 2( )N
ps cell=TM TM . (8) 

The relationship between displacements and stress of two adjacent unit cells can 

be given as 

 1

1

p p

p p

u u
λ

σ σ
+

+

   
=   

   
, (9) 

where a bje eµλ += =  denotes the propagation constant. Combining Eqs. (6) and (9), 

free wave propagated in the periodic structure can be described by the eigenvalue 

problem 

 p p
cell

p p

u u
λ

σ σ
   

=   
   

TM , (10) 

where 1 1 1
1

a b je eµλ += =  and 2 2 2
2

a b je eµλ += =  are eigenvalues of the transfer mobility 

matrix of a unit cell in the periodic structure. The real parts 1a  and 2a  describe the 

exponential decay rate of the longitudinal waves, whereas the imaginary parts 1b  and 

2 b  describe the phase transfer of the longitudinal waves through each unit cell [6]. If 

0a = , the free waves propagate without attenuation, and the corresponding frequency 

bands are pass bands. If 0a ≠ , the free waves propagate with attenuation, and the 

corresponding frequency bands are stop bands.  

 

2.2. Model of the floating raft system 

The transfer matrix models of the five substructures can be given as 

 ( ) ( )
11 12
( ) ( )
21 22

 =1~5
t t ti i
i i i

ib b bi i
i i i

i
      

= =      
      

V F Fm m
M

V F Fm m
， , (11) 

where t
iV  and t

iF  denote the velocity and force vectors at connection points on the 

top interface of the ith substructure, respectively; b
iV  and b

iF  denote the velocity and 
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force vectors at connection points on the bottom interface of the ith substructure, 

respectively; iM  denotes the transfer mobility matrix between the velocity and force 

vectors of the ith substructure. It is assumed in this paper that the connections between 

different substructures were point connections. 

The two identical machines were idealized by a rigid body model of uniform mass 

distribution. The mobility matrix of the machines can be given as [24] 

 ( )(1)
11 1 21/ jwm=m I , 1 4 1 4(1)

12
1 4 1 41

1 01
0 1jwm
× ×

× ×

 
=  

 
m  (12a, b) 

 T(1) (1)
21 12 =  m m , 4 4(1)
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×
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 

s
m

s
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J J

m d m d
J J
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J J

 
+ − 

 
 
− + 

 =  
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 
 
 − +
  

s , (12e) 

where 1m  denotes the mass of a machine; 2I  denotes a 2×2 identical matrix; the 

subscript T denotes the transpose of a matrix; 1d  denotes the distance between two 

opposite mounting points on the bottom interface of a machine; 1J  denotes the 

moment of inertial of a machine about its center of gravity. 

The mobility matrix of the isolators can be given as 

 ( )(2) (2)
11 22 2 2 8/ 1/jw K jwm= = +m m I , (13a) 

 ( )(2) (2)
12 21 2 81/ jwm= =m m I , (13b) 
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where 2K  and 2m  denote the stiffness and mass of an isolator; 8I  denotes a 8×8 

identical matrix. 

The mobility of mounting points on the intermediate raft can be solved by the 

modal summation method. The mobility matrix of the intermediate raft can be given as 

 (3)
11 8 8

( | )t t t t
pq p p q qx , y x , yχ

×
 =  m , (14a) 

 (3)
12 8 4

( | )t t b b
pq p p q qx , y x , yχ

×
 =  m , T(3) (3)

21 12 =  m m  (14b, c) 

 (3)
22 4 4

( | )b b b b
pq p p q qx , y x , yχ

×
 =  m , (14d) 

 
2 2

1 3 3

( ) ( )
( | )=

(1 )
r p p r q q

pq p p q q
r r

x , y x , y
x , y x , y jw

m w j w
φ φ

χ
η

∞

=  + − 
∑ , (14e) 

where (  )t tx , y  and (  )b bx , y  denote coordinates of mounting points of an isolator and 

a periodic structure, respectively; 3m  and 3η  denote the mass and the loss factor of 

the intermediate raft, respectively; rw  denotes the rth order natural frequency of the 

intermediate raft; ( )r p px , yφ  and ( )r q qx , yφ  denote the rth order natural modes of the 

intermediate raft at points ( )p px , y  and ( )q qx , y , respectively. 

The mobility matrix of the periodic structures can be given as 

 (4)
11 4/jwd c= − ×m I , (15a) 

 (4)
12 4/jw c= ×m I , (15b) 

 (4)
21 4( ) /jw bc ad c= − ×m I , (15c) 

 (4)
22 4/jwa c= ×m I , (15d) 

where = (1,1)psa TM , = (1,2)psb TM , = (2,1)psc TM , = (2,2)psd TM , and 4I  

denotes a 4×4 identical matrix. 

The mobility matrix of the flexible floor can be given as 
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 5 4 4[ ( | )]pq p p q qx , y x , yχ ×=M , (16a) 

 
2 2

1 5 5

( ) ( )
( | )=

(1 )
n p p n q q

pq p p q q
n n

x , y x , y
x , y x , y jw

m w j w
φ φ

χ
η

∞

=  + − 
∑ , (16b) 

where (  )p px , y  and (  )q qx , y  denote coordinates of mounting points of the periodic 

structures on the flexible floor; 5m  and 5η  denote the mass and loss factor of the 

floor, respectively; nw  denotes the nth order natural frequency of the floor; 

( )n p px , yφ  and ( )n q qx , yφ  denote the nth order natural modes of the floor at points 

( )p px , y  and ( )q qx , y , respectively. 

 

2.3. Analysis of power flow 

The relationships between the transmitted forces and the corresponding velocities 

on the interfaces of the five substructures can be given as 

 1 1,  ,  1 ~ 4.b t b t
i i i i i+ += − = =F F V V  (17, 18) 

By combining Eqs. (11) to (18), the force vector and the velocity vector of 

mounting points on the top interface of the flexible floor can be given as 

 5 4 3 2 1 1
t t=F T T T TF , 5 5 5

t t=V M F , (19, 20) 

where 

 (4) 1 (4)
4 5 22 21( )−= − +T M m m , (21) 

 ( 1) ( 1) ( ) 1 ( )
11 12 1 22 21( )  =1~3.i i i i

i i i+ + −
+= − + +T m m T m m ，  (22) 

The power flow through the periodic structures to the flexible floor can be given 

as [25] 

 *
5 5

1 Re(( ) )
2

t t
fP = F V . (23) 
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The integral of power flow through the periodic structures to the flexible floor 

calculated over a given frequency band ( minf , maxf ) can be given as 

 
max

min

*
5 5Re(( ( )) ( ))

f t t
f f

P w w dw= ∫ F V . (24) 

The power transmissibility of the floating raft system can be expressed as [26] 

 *
5 5

*
1 1

Re(( ) )
Re(( ) )

t t
f

t t
m

P
P

γ = =
F V
F V

. (25) 

 

3. The genetic algorithm optimization process 

The aim of this paper was to minimize the integral of power flow through the 

periodic structures to the flexible floor calculated over a given frequency band. Two 

sets of geometrical parameters including the thicknesses and cross-sectional areas of 

layers in a unit cell that defined the dimensions of the periodic structures were 

considered in the optimization process. The thicknesses and sectional areas of layers in 

a unit cell can be expressed in the form of vectors, i. e. d = ( 1d , 2d , …, ld ) and A = 

( 1A , 2A , …, lA ). Therefore, the integral of power flow through the periodic structures 

to the flexible floor calculated over a given frequency band was taken as the fitness 

function in this study, which can be given as 

 Minimize  = ( , )ff P d A . (26) 

In practice, there are always some limitations should be considered (i. e. the total 

thickness and the total mass of a design). In this study, the limitations of total thickness 

and mass were considered, which can be given as  

 1

max
1

2
N

l
l

N d d
=

× ≤∑ , (27) 
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 1

max
1

2
N

l l l
l

N A d Mρ
=

× × × ≤∑ , (28) 

where maxd  and maxM  were the maximum thickness and mass of a periodic structure.  

A package of code for a genetic algorithm (GA) was utilized in the optimization 

process of this study for the noticeable advantages and suitability of GAs. The block 

diagram of the GA code utilized in this study is shown in Fig. 3.  

GA Solver Individual
d, A

Fitness Function

GA 
Option Constraints Bounds

Termination
Criterion?

No

Mutation

Selection

Elitist Selection

Crossover

Individual Migration
Yes Optimal 

Solution

Output

Input Input

 
Fig. 3. A block diagram of the GA optimization algorithm. 

 

As shown in Fig. 3, five bio-inspired operators: crossover, mutation, selection, 

elitist selection, and individual migration are included. Crossover and mutation are 

operations that changed binary data and gene values of chromosomes from individuals 

in one generation to individuals in another generation, respectively. Selection is the 

operation that chose excellent individuals for breeding the next generation individuals. 

Elitist selection is the operation that chose the best individuals to be passed to the next 

generation. Individual migration is the operation of re-grouping individuals from 

diverse populations.  
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4. Analysis 

It has been shown that in practices if enough number of cells are available (usually 

three to four at least), structures consisted of periodic materials can exhibit similar wave 

attenuation characteristics to those of the periodic materials [10, 27-30]. A periodic 

structure with four unit cells were considered in this study. Each unit cell was consisted 

of two layers made of epoxy and steel. 

The physical and geometrical parameters of the machines were 1m  = 30 kg, 1J  

= 0.26 kg m2, and 1d  = 0.2 m. The physical parameters of the isolators were 2m  = 

0.25 kg, 2K  = 6.66×104 N/m. The physical parameters of the intermediate raft were 

3m  = 75.6 kg, 3ρ  = 2.8×103 kg/m3, 3E  = 2.1×1010 N/m2, and 3η  = 0.02. The 

physical parameters of epoxy and steel used in the periodic structures (PS1) were 41ρ  

= 1.3×103 kg/m3, 41E  = 1.5×106 N/m2, 41η  = 0.08, 42ρ  = 7.8×103 kg/m3, 42E  = 

2.1×1011 N/m2 and 42η  = 0.04. The physical parameters of the flexible floor were 5m  

= 567 kg, 5ρ  = 2.8×103 kg/m3, 5E  = 2.1×1010 N/m2, and 5η  = 0.02. The first order 

natural frequencies of the intermediate raft and the flexible floor were 82.5 Hz and 329 

Hz, respectively.  

Magnitude of the excitation force of a motor in the frequency band between 11 Hz 

and 500 Hz is shown in Fig. 4. The rotational speed of the motor is 3000 rotations per 

minute. It can be discerned that magnitude of the force contained peaks at 50 Hz (the 

rotational frequency of the motor) and harmonic frequencies of 50 Hz. It is assumed 

that magnitudes of the force at the top of the machines in the floating raft system were 

the same as the curve in Fig. 4. 
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Fig. 4. Magnitude of the excitation force of a motor against frequency. 

 

Identical periodic structures with geometrical parameters d = (0.07 m, 0.015 m) 

and A = (0.02 m2, 0.04 m2) were used in the floating raft system (FR1). The band 

structure of the periodic structure in the frequency range between 1 Hz and 500 Hz is 

shown in Fig. 5. The shaded areas, in the frequency ranges from 91 Hz to 242 Hz and 

from 276 Hz to 485 Hz of Fig. 5(b) stand for the stop band regions (phase of λ equals 

to 0 or π) of the periodic structures. The power transmissibility of the floating raft 

system is shown in Fig. 6. It shows obvious that, in the stop band regions, the power 

transmissibility reduced significantly.  
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Fig. 5. Band structure of the periodic structures. 

 

Fig. 6. Power transmissibility of the floating raft system FR1. 

 

For a traditional floating raft system (FR2) with substructure 4 consisted of 

isolators but not periodic structures, the power flow and power transmissibility were 

also analyzed. The physical parameters of the isolators in substructure 4 of FR2 were 

4m  = 0.4 kg, and 4K  = 3.01×105 N/m. The power flow of the flexible floors in the 

floating raft systems FR1 and FR2 are shown in Fig. 7. It can be found that the power 
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flow through the periodic structures to the flexible floor in FR1 were smaller than the 

power flow through the isolators to the flexible floor in FR2 in the stop band regions of 

the periodic structures (40 – 80 dB for most of the frequencies in the stop band regions 

of the periodic structures). In the pass band regions, the power flow through the periodic 

structures to the flexible floor in FR1 were larger than the power flow through the 

isolators to the flexible floor in FR2 (less than 10 dB for most of the frequencies in the 

pass band regions of the periodic structures). It can be concluded that if the stop band 

regions of periodic structures are tailored properly, the floating raft systems with 

periodic structures can be more effective than floating raft systems with isolators 

installed in substructure 4 in vibration control. 

 

Fig. 7. Power flow through substructure 4 to the flexible floors in the floating raft systems FR1 and FR2. 
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crossover cR  = 0.75; the rate of mutation mR  = 0.01. The maximum number of 

generations gM , the maximum number of generations of the GA executes without the 

optimization having reached convergence was 50.  

In the optimization progress, the thicknesses of layers in a unit cell were in the 

range between 0.0025 m and 0.08 m with an increment of 0.0025 m. The cross-sectional 

areas of layers in a unit cell were in the range between 0.015 m2 and 0.17 m2 with an 

increment of 0.005 m2. The integral of power flow through the periodic structures to 

the flexible floor calculated over the frequency band (11 Hz, 500 Hz) was taken as the 

fitness function in this optimization progress. Limitations of the periodic structures in 

this study were maxd  = 0.5 m and maxM  = 200 Kg.  

 

4.2. Optimization of the periodic structures 

In the GA optimization process, power flow through the periodic structures to the 

flexible floor in the frequency band between 11 Hz and 500 Hz were being focused on. 

During the GA optimization process, the values of the fitness function decreased rapidly 

and converged gradually after the first 20 generations. The first 50 generations of the 

convergence progress of the GA optimization is shown in Fig. 8. The geometric 

parameters for the optimum periodic structure (PS2) were d = (0.08 m, 0.045 m) and A 

= (0.015 m2, 0.135 m2). The band structure of the optimum periodic structure is shown 

in Fig. 9. The shaded areas of Fig. 8(b), in the frequency ranges from 25 Hz to 212 Hz, 

from 216 Hz to 424 Hz, and from 427 Hz to 500 Hz stand for the stop band regions. 

The rotational frequency (50 Hz) and all the harmonic frequencies of the machines were 
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in the stop band regions of the periodic structures. By comparing Fig. 5 with Fig. 9, it 

is obvious that the stop band regions were enlarged, especially for the first stop band 

region. The power transmissibility of the floating raft system (FR3) with the optimum 

periodic structures installed is shown in Fig. 10. It is obvious that power transmissibility 

of the floating raft with the optimum periodic structures installed was much smaller 

than power transmissibility in Fig. 6.  

 

Fig. 8. The convergence progress of the GA optimization process. 

 

Fig. 9. Band structure of the optimum periodic structure. 
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Fig. 10. Power transmissibility of the floating raft system with the optimum periodic structures installed. 

 

The power flow through the periodic structures to the flexible floors in the floating 

raft systems FR1 and FR3 are shown in Fig. 11. The peak values of the power flow 

through the periodic structures to the flexible floors in FR1 and FR3 were -81.4 dB at 

51 Hz and -112.1 dB at 17 Hz, respectively. In the stop band regions of the optimum 

periodic structure, the power flow through the optimum periodic structures to the 

flexible floor in FR3 were smaller than the power flow through the periodic structures 

to the flexible floor in FR1 (60 – 120 dB for most of the frequencies in the stop band 

regions of the optimum periodic structure). In the pass band regions of the optimum 

periodic structure, the power flow through the optimum periodic structures to the 

flexible floor in FR3 were larger than the power flow through the periodic structures to 

the flexible floor in FR1 (less than 20 dB for most of the frequencies in the pass band 

regions of the optimum periodic structure). It is obvious that the floating raft system 

FR3 have better isolation effectiveness than the floating raft system FR1. By comparing 
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Fig. 7 with Fig. 11, it is obvious that the floating raft system FR3 have better isolation 

effectiveness than the floating raft system FR2. 

 

Fig. 11. Power flow through the periodic structures to the flexible floors in the floating raft systems FR1 

and FR3. 
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the geometrical parameters of the periodic structures was proposed. The geometrical 

parameters: thicknesses and cross-sectional areas of layers in periodical structures were 

optimized by using the genetic algorithm (GA). The fitness function utilized in the GA 

was the integral of power flow through the periodic structures to the flexible floor in 

the floating raft system calculated over a given frequency band. 

A case study has shown that the GA optimization progress converged in a few 

generations. The numerical results demonstrated that the stop band regions of the 

periodic structure were enlarged and the power flow through the periodic structures to 

the flexible floor in the floating raft system was decreased after optimization. Moreover, 

for the given excitation force with multiple harmonic frequency components, the stop 

band regions of the optimized periodic structure contained all the harmonic frequency 

components of the excitation force. The proposed optimization approach was suitable 

for the design of periodic structures and vibration isolation systems such as floating raft 

systems.  
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