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Abstract—Active noise control (ANC) systems have been widely used to reduce noise from indoor or outdoor sources,
e.g. traffic, office/factory machines and ventilating systems. Since noise control usually needs to be executed within an
extended area, the ANC network that involves a large amount of error microphones and loudspeakers is frequently
employed. Distribution of the controller network saves computational burden and yields spatial diversity, which
enhances the robustness of the system. This paper studies the diffusion (Diff) control for multi-channel ANC systems
using filtered-x (Fx) least mean squares (LMS) algorithms. Since communication between nodes within the network
makes it difficult to analyze the performance of the entire system, a comprehensive performance analysis of networked
FxLMS algorithm is not available currently in literature to our best knowledge. In this paper, the convergence behavior
of the Diff-FXLMS algorithm is investigated. The mean and mean squares difference equations are derived, from which
the stability of the networked ANC system is analyzed and the steady-state excess mean square errors (EMSEs) for
ANC controllers are obtained. Computer simulations are conducted to compare different control methods and verify
the theoretical analysis. A specific 10-node network is studied in terms of the network strategy and the noise reduction
performance. Moreover, using the proposed theoretical analysis, a systematic and simple design procedure for
Diff-FxLMS based ANC systems is proposed. The usefulness of the theoretical analysis and design procedure is
demonstrated by means of a design example.
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1.Introduction

Active control of noise usually involves a large number of loudspeakers and error microphones in order to
achieve the global control over a region of space [1]. Such a system, called the multi-channel active noise
control (ANC) system, is frequently used to improve the quality of sound environment by preventing sound
propagation over an open area, e.g. openings in walls [2][3] or over open-plan office barriers [4] that enable
sound to propagate and deteriorate indoor environmental quality and human comfort [5].

However, conventional ANC systems use a group of single-channel controllers where each controller is
working independently to attenuate the local noise level [6]. One problem with such systems is that it is
difficult to achieve a global optimization of noise reduction in a large area [7]. In order to have a global
control of noise by means of the multi-channel ANC systems, a so called multiple error (ME) ANC algorithm
[1] is proposed. One of the most widely used MEANC algorithms is based on the filtered-x least mean
squares (FXLMS) algorithm [8] and its variants [9]-[11]. Several control methods for multiple error FxXLMS
(MEFxLMS) algorithms are developed, e.g., the centralized, decentralized, and distributed strategies.
Centralized processing [1] has been proved to perform very well. However, it is quite computationally
consuming, since each controller needs to process signal from all the secondary sources and the centralized
ANC system needs to process K transfer functions (K is the number of loudspeakers/error microphones). A
technique called the decentralized control has been developed to reduce complexity and facilitate hardware
design of multi-channel control systems [12]. Instead of dealing with the global error received by all the K
error microphones, each controller minimizes the error power at one cancellation point only. Decentralized
systems are able to decrease computational burden from order K* to K. However, they cannot outperform
centralized systems in most cases and may bring in the major drawback of the increased risk of global
instability [13]. A lot of effort has been taken to derive a sufficient stability condition [14][15] for such
systems or to employ the feedforward structure [16].

As an alternative, a new MEFXLMS algorithm using an incremental collaborative strategy [17] as shown
in Fig. 1(a) (cited from [18]) is proposed in [19]. This algorithm allows communication between controllers
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such that it is more robust than the decentralized ANC algorithm. The incremental control, however, suffers
from several drawbacks for real-time adaptation over networks, such as the sensitivity to the failure of a
single node, the limited data communication between nodes, and the fixed simple cyclic path for incremental
steps [20]. To overcome these problems, a diffusion strategy [21], as shown in Fig. 1(b), has been employed

and some new diffusion MEFx-like ANC algorithms have been proposed recently in [18].
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Fig. 1. Distributed network of node &: (a) an incremental structure where nodes update along a cyclic loop, and (b) a diffusion
structure where nodes communicate within a neighborhood N, . Node & collects the data set {d, (n), x,(n)} at time index n.
(cited from [18]).
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Fig. 2. Block diagram of ANC systems with different control strategies: (a) centralized; (b) decentralized; and (c) distributed (cited
from [18]).

The diffusion strategy is compared with conventional methods in Fig. 2. It can be seen that each
controller deals with signals picked up by all error microphones in the centralized strategy while the
decentralized controller only processes signals from one error microphone. Therefore, the decentralized
structure could reduce the complexity by one order. The distributed strategy also processes signals from one
microphone such that it has a complexity comparable to the distributed strategy. It further combines the
controller parameters according to a certain combination rule, which increases the system robustness without

involving any extra multiplication. The reason for the improved performance is to be disclosed in Section 3.



Recently, a lot of attention has been paid to developing more efficient distributed adaptive algorithms in
ANC systems. The distributed transform domain (TD) and affine projection algorithms (APAs) have been
employed to increase convergence of controllers in multi-channel ANC systems [22] [23]. In [23], the mean
and mean squares deviation performance of a distributed APA for ANC is derived. However, there is few
work on analyzing performance of distributed ANC algorithms that provides valuable guideline for ANC
system design [24]. To our best knowledge, a detailed theoretical analysis of distributed ANC networks on
important issues such as optimal solutions, convergence conditions [25], effect of combination topology on
ANC networks (the so called multitask problem) [26] is unavailable. Driven by practical advantages of ANC
networks, this paper is devoted to bridge this gap in the literature and address the aforementioned issues.
Using the proposed theoretical analysis, a systematic and simple design procedure for ANC networks is
proposed. The usefulness of the theoretical results and design procedure is demonstrated by means of a
system design example. Computer simulations are also conducted to compare different control methods and
verify the theoretically analysis. Moreover, a specific 10-node network is studied in terms of the diffusion
strategy and noise reduction performance.

To provide valuable insight and practical guidelines for future multi-channel ANC system design, the
mean and mean squares convergence performance of the Diff-FxLMS algorithm are analyzed. Difference
equations describing the mean and mean squares convergence behaviors of the controller are derived, from
which the convergence conditions and analytical expressions of the steady-state excess mean square error
(EMSE) are derived. It shows that the diffusion strategy introduces a bias to the Wiener solution in exchange
for an improved robustness of the system. It should be noted that different from the basic idea of Diff control
and brief simulation results in our previous work [18], the performance analysis abovementioned is provided
and verified in this paper. In addition, a specific case study of active noise control is conducted and a design
method for ANC network is presented.

The rest of the paper is organized as follows: in Section 2, the conventional diffusion FXLMS algorithm

for ANC networks is reviewed. The mean and mean squares convergence analysis of this algorithm is derived



and verified in Section 3. In addition, a system design method is presented. More simulations are carried out
in Section 4 to examine the efficiency of different control strategies. A case study for a 10-node network is

presented and the proposed system design method is examined. Finally, conclusions are drawn in Section 5.

2.Review of Diff-FxLMS Algorithm

Fig. 3 shows the diagram of an ANC system using the Fx algorithm. For a certain channel, say the kth
channel, the undesirable noise at the error microphone {do(n)} is to be cancelled by an acoustic signal
{v(n)}. {dox(n)} is generated from the noise source signal {x(n)} through the primary path {pi(n)}; while
{yv(n)} is generated from a loudspeaker through an adaptive filter-based controller. An error microphone is
used to pick up the kth residual signal {ex(n)} to be minimized. Here, n denotes the time instant. The acoustic
path from the ith loudspeaker to the jth microphone is called the ijth secondary path {s;(n)}, which is
modeled as finite impulse responses (FIRs). In Fig. 3, only {sw(n)} has been shown explicitly. Secondary
paths from other loudspeakers result in an interference { y,(n) } at the kth microphone.
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Fig. 3. Block diagram of the ANC system using the Fx-based adaptive algorithm.

According to Fig. 3, the kth microphone that receives the unwanted noise d, (n) and the output of the kth

loudspeaker y, (n) reads

e,(n)=d (n)+y,(n). (h

The noise signal d, (n) contains the contribution of the source x(7) through the Ath primary path {pu(n)},
namely d,, (n), the background noise 7, (n), and the interference y,(n) from the other secondary sources

except the kth one. Thus, {d, (n) } can be expressed as



d,(n)=d, (n)+n,(n)+y.(n). (2)
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Define the discrete time convolution “*”. We further have the controller output y, (n) = x(n)*w, (n)*s,, (n),

the noise signal d, (n) = p,(n)*x(n), and the interference y, (n) = Zlik o

x(n)*w,(n)*s, (n). To minimize
the power of {ex(n)}, the controller {wy(n)} aims to approximate {— py(n)} after cascading with {su(n)}.

Using the property that the discrete-time convolution is commutative, the filtered signal

X, (n) = x(n)*s, (n) can be used as the input of the adaptive filter. Since {su(n)} is unknown, it is replaced
by the estimate {s, (n)} and the filter input is actually X, (n) = x(n)*s,(n) for [, k=1,..., K. It can be seen

that the filtered input is different when nodes are distributed at different locations. Moreover, the true solution
to each node deviates from each other, which results in the multitask problem in ANC networks.
Conventional FXLMS that uses the Combine Then Adapt (CTA) diffusion strategy [20], namely the

CTA-FxLMS algorithm [18], can be summarized as

w(n)= Z,ewk a,y,(n) 3)

w (n+1)=w, (n)-w,x, (n)e,(n) 4)

where 4, >0 is the local step-size, X, (n) =[X,, (n),...,X,, (n—L+1)]" is the filtered input vector, and L is
the length of the adaptive filter for the ANC controller { w, (n) }. y,(n) is the local estimates, which are fused
at node k over the neighborhood / € N, . The combination weights a, satisfy ZIE ~ @y =1. Compared to

the decentralized control, the combination provides information from other nodes. It is a tradeoff between the
centralized and decentralized control, which could increase the system robustness without involving any
extra multiplication. The reason for the improved performance is to be disclosed in Section 3 (stability

conditions) and simulations are conducted to verify the statement in Section 4 (Fig. 8).

3.Performance Analysis of Diff-FxXLMS Algorithm

We are interested in studying the mean and mean squares convergence behaviors of the cooperative

system. First, from the mean convergence analysis, we show how cooperation changes the optimal solution to



each controller [see (7) and (8)], which deviates from the true value (Wiener Solution) and causes the
multitask problem. As a tradeoff, cooperation has a stabilizing effect on the network. Then, we proceed to
perform the mean squares analysis that characterizes the residual noise at each node and the evolution of its
learning curves [refer to (16)], as well as derive the estimation deviation in terms of EMSE. The performance
analysis gains insight into the mechanism of ANC networks and provides useful guidance to algorithm
development and system design. In addition, based on the analysis, user parameters can be selected
automatically without the computational consuming try-and-error method.

Even for single channel ANC controllers, several simplifying assumptions have to be adopted to make
the performance analysis of ANC algorithms mathematically available [24]. The challenges are compounded
in ANC networks because the dynamic and interconnected collection of nodes influences each other’s
behavior. To proceed with the analysis, we therefore introduce similar assumptions as in traditional adaptive
literature. The assumptions made to facilitate the performance analysis are as follows:

(A1) the filtered input signal { X;(n) } is the zero-mean Gaussian random signals;
(A2) x,(n), w,(n) and 7, (n) are statistically independent; so is the estimated filtered input x,(n);
(A3) the interference { y,(n) } is weakly correlated with the filtered input { x, (n) }.

(A2) is the independence assumption, commonly used in analyzing adaptive algorithms [27][28]. It is
quite accurate for large filter length and small to medium step-sizes.
To have a concise expression in the following analysis, we resort to state-space representations and

define the global quantities

W () = Ol (m).weorc (1)} (LK X 1), W (1) = cOliw, (), ()} (LK X 1)

e(n) = col{e, (n),...,e, (n)} (K x 1), X(n)=diag{x,(n),....x, (n)} (LK x K)
in terms of the stochastic quantities that appear in the update equations (3) and (4). Here, col{} and diag{}
format the elements as a column vector or block diagonal matrix. Using the above representations, the

measurement in (1) is assumed to obey a linear model as



e(n)=d (n)+ X" (nyw(n) (5)

where d (n) = col{d,(n)....,d, (n)} is a vector of size K, and the reference signal received by the error
microphone can be expressed as X (n) = diag{x, (n),...,x (n)} (LK x K). Let

D, (n)=diag{u 1 ...,y 1, }
be the block diagonal matrix of dimension LK x LK that collects the local step-sizes. With these expressions,

Egs. (3) and (4) admit the following global representation

we(n+1) =Gy (n)— D, X (n)e(n) (6)

where G = A" ® I, is the LK x LK network topology matrix, ® is the Kronecker product, and the combining

matrix A is formed by {qa, } for /, k=1,...,K. Without loss of generality, we assume a symmetric combining
matrix such that we have G =G” in the rest of the paper.

3.1 Mean convergence analysis

In the mean convergence analysis, the optimal solution to the networked ANC system is obtained, and
the mean convergence speed as well as the mean convergence condition is examined.

We assume that the algorithm is convergent, i.e. y.(n) converges to y_ and w.(n) converges to w,_ .
At the steady state, taking expectations of both sides of (6) leads to the solution
_ - 7
w, =R, G+D, (I -G)'r,, )
where R, = E[)% (n)X"(n)] is the covariance matrix and r, = E[)% (n)d (n)] is the cross-correlation
vector. Then the global solution finds from (3)

w, =-G[R,G+D. (I -G, . ®)
It can be seen that the first term in the brackets of both (7) and (8) is related to the Wiener solution. An
estimation bias (the second term in the brackets) is introduced by the network topology. The controller at

each node y, (n) converges to different steady-state values and the relationship y_ = Gy no longer holds.

This is called the multitask problem [26] in ANC systems.



To find the Wiener solution to the conventional multi-channel FXLMS-based ANC controller w,, we let

G = 1,, . This means there is no combination between neighbouring nodes. Consequently, Eq. (8) reduces to

B ©)

Xx" Xa

w, =Gy, =-R

where w, = col{w,,...,w, } 1s a vector of size (LK X 1).

Define the bias of the controller Ay =y, —w,, . It finds from (7)-(9) that

R, GAy = D;I(ILK -Gy, (10)

It shows that this bias is related to the step-sizes and network topology.

The effect of the combining strategy on the optimal solution [see (8)] has been investigated and verified
in Fig. 4. In this experiment, short primary and secondary paths are considered for theoretical analysis use.
The length of primary paths and the controllers is set to 11. The length of secondary paths is 3. The same

Metropolis matrix is used as the combination coefficients in the ANC network. The primary paths p, are
randomly distributed on a circle of radius r centered at p,, i.e. p,=p,+rg,, fori=1,2,...,and g, is a
Gaussian sequence of unit norm. The noise is supposed to be white Gaussian sequences and the
signal-to-noise ratio (SNR), defined as 10log{var[d,, (n)]/ var[n; (n)]}, at the receiver error microphone is set

to 20 dB.

In Fig. 4(a), a 10-node ANC network is considered and we verify the optimal solution by using the norm

of mean weight-error vector ||v*(n) |5 for A=0 or . The weight-error vectors that measure the distance
between the estimate and the Wiener (9) or optimal (8) solutions are defined as 1) v°(n) = w.(n)—w,(n)

and 2) v*(n)=w.(n)—w,_ . The radius r is set to 0 (black lines), 0.05 (blue lines), and 0.1 (red lines) to form

different multitask problems. The step-size for CTA-FXLMS is set to 0.01 and 0.002 to test the effect of
step-sizes on the optimal solution. It can be seen that the optimal solution curves (all the 6 solid lines)
converge to a similar value at the steady state, which is comparable to the Wiener solution curve at » = 0 (the

2 dash-dot lines for = 0). Moreover, the Wiener solution curves (dash-dot lines) overlap with the optimal



solution curves (solid line) when the radius is 0. As the radius increases, the Wiener solution curves converge
to a higher steady-state value in each step-size group. It shows that, for multitask problems, the controllers
converge to the derived optimal solution in (8) rather than the Wiener solution in (9). For the smaller step-size
4 =0.002, similar phenomena can be observed. Comparing the 2 red dash-dot lines (or the 2 blue dash-dot
lines), where the radius is the same while the step-size is different, it can be seen that the estimation bias
increases slightly with the step-size [as indicated in (10)]. Next, we examine the effect of number of nodes on

the estimation bias | Aw |* under a specific condition, where the step-size is set to 0.01 and the radius is 0.1.

The number of nodes is set to 1, 5, 10, 15, and 20. The other settings are the same as in Fig. 4(a) if not

specified. As shown in Fig. 4(b), the estimation bias increases with the number of nodes.
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Fig. 4. (a) Learning curves of the norm of mean weight-error vectors under different settings. K = 10. (b) Estimation bias of ANC
networks using different number of nodes.

In the following, we study the mean convergence condition of the network and show how cooperation

stabilizes the algorithm. Introduce the global weight error vectors v(n)=w, — w.(n) and

v.(n)=Gly, —wy.(n)]. Subtracting y.(n) from both sides of (6), we get

v(n+1) =vg(n)+ D, X (m)en) + (I Gy, (11

Taking expectation of both sides of (11) and using the optimal solution (7), we have the following mean

difference equation
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v(n+1)=(I, —D,R, )GV (n) (12)

where “u ” denotes E[u]. Therefore, to maintain stability in the mean sense we must have

| A{(I,, -D R, )G}|<1 (13)

M XX

where A{-} denotes the eigenvalues of a given matrix. The spectrum of (1, — D, R, )G must be strictly

inside the unit circle. Since the radius of (1, — D, R, )G is generally smaller than that of (I, —D R, )

M XY
[21][29], the network topology enforces robustness through the network topology G.
3.2 Mean squares convergence analysis

In this subsection, we proceed to perform a detailed transient analysis of the ANC network [refer to (20)],
characterize mean squares stability condition [see (24)], as well as derive expressions for EMSE [see (33) and

(34)]. To measure the mean squares difference equation of CTA-FXLMS, we first define the weight error
covariance matrices Z(n) = E[v(n)v" (n)] and = (n) = E[v,(n)v,(n)].
3.2.1 Transient performance
Recall (2) and separate the modeling error A, (n) from the Wiener solution w,. Then the measurement
data d, (n) can be rewritten as
d, (1) = =x] () + Ay () +7, (1) + 7, () (5

where A, (n) =d,, (n)+x] (n)w,, . The modeling error is typical for Fx-like algorithms as explained in

[24][30]. To have a concise expression in the following analysis, we introduce the global quantities of size (K

x 1) for the measurement and noises

d o (1) = [dy (0)seeesdy (W], 7 (1) = (7, (W)seers 17 (W], P () = [, (1), 7 (W],

Accordingly, (5) can be rewritten as

e(n) ==X"(mGly, =y (] +15(n) (15)
where 1, (1) = 10(n) + (1) + 4. (n) and A.(n)=d (n)+ X" (n)w, is a column vector of {A,(n)}.

Substituting (15) for the collected noise vector in (11), we find
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En+)=E,n)-D, R, E.(n)-E,(nR D, (16)
+D,R v, (MY (G—1,)" +(G 1, )W, vi(mR D, +D,E[Q(n)~R,1D,

H XX

where R, =D,'(I,, -Gy, v’ (I, —G)'D;', and

u?

0(n) = ELX(me(me’ (m X" (n)] (17)

The last term in (16), i.e. INQW indicates the effect of diffusion topology on the driving term.

According to the notations in Appendix A, where (17) is evaluated, we can extract the terms related to

Z;(n) in the correlation term (17) and have
0.(n)=2R. E.(MR.. +R..T-(Z . (MR, ) (18)
= x=G X% will =g XX
where R, = E[X(m)X"(n)] and R o = E[Xm)X"(n)]. Moreover, the diagonal matrix of the noise

variances of #,(n) has been defined as

D, =diagic? I,....c2 1} (19)

This term contributes to the effect of noises on the driving term.

Consequently, Eq. (16) can be written as [see (A.4)]

En+1)= EG(n)—DﬂRXXEG(n)—:G(n)RX;(DH +DH(QE(n)+DZRXX)Dy (20)
+D,(R, +5$RW)D/I +D,[R, E; (MR, +Tr(ZE;;(n)R, )R, 1D,

where &, =T r(R;(ﬁW) and Z; ;(n) =v;(n)Ay’ G+ G" Ayv; (n) . Note, the mean error vector related terms
v;(n) and E; ;(n) vanish at the steady state.

The weight error covariance matrix Z(n) measures the estimation deviation. Based on Z(n), the
following global EMSE convergence curve is defined

EMSE(n)=+Tr(R _Z(n)). (21)

The EMSE convergence curves are compared with the simulation results in Fig. 5. The settings are
identical to those in the previous experiment (Fig. 4). It can be seen that, generally, the theoretical and
simulated global EMSE curves agree well with each other. When a large step-size is used at » = 0, the

steady-state EMSE is overestimated slightly (see the black lines denoted with 4 = 0.01, » = 0). It also shows
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that as the value of 7 increases, i.e. the optimal solution to each node becomes more different from each other,

the steady-state EMSE becomes larger.
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Fig. 5. Learning curves of averaged global EMSE under different settings. K = 10.

3.2.2 Stability condition
The stability in the mean sense requires that the step-size { x, } must satisfy (13), given a certain

combination strategy. On the other hand, it shows in (20) that convergence in the mean-square sense depends
on space-time data statistics such as the input covariance matrix, and the network topology. A simple
procedure that is sufficient to ensure global stability is derived. First, we take the trace of both sides of (20).

Then, defining the measure of energy ¢(n) = Tr(Z(n)) and ¢, (n) = Tr(Z;(n)), we formulate

p(n+1) =@, (n)=2Tr(D R, =, (n)+17(n)+7,(n) (22)

where z(n) =T r(DiQE (n)) is a term related to ¢.(n) and 7,(n) is the driving term as shown below
7,(n) = TI’(DE, [DZIAIXX + (E,,, + &;R;(;( )+ R, E (MR +Tr(E; ()R )R ).
It can be seen that 7,(n) is related to v., y_, Ay and noise variances. Since they are finite, and v,

converges to zero if the mean convergence condition (13) is satisfied, we only need to consider the terms on

the right hand side of (22) that contain Z;(n) . After some algebraic manipulations, we have
o(n+1) = E[v'G' FGv]+z,(n) (23)
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where F=1,, -2D R, +2R X)?D%le o T r(Df,R )R - Therefore, the stability in the mean-square sense

must be ensured by letting all eigenvalues of GFG' satisfy
| MGFGY|<1. @24)
The term F contains the space-time data statistics while G represents the topology. We conclude that
under the same simulation settings (a fixed value of F), the diffusion strategy has a stabilizing effect on the
network in the mean-square sense. If G' = I, the algorithm reduces to the decentralized control. From (24) it
can be seen that the decentralized control (G = I') has a smaller convergence zone compared to the diffusion
control (G # I'). In the simulation part, the convergence curves of these two control methods are compared in
Fig. 8, which verifies the conclusion we arrived here.
3.2.3 Steady-state EMSE and ANC network design procedure
We now examine the estimation accuracy after the cooperative learning process reaches steady state. The
global and local node steady-state EMSESs are defined as
J =4 Tr(R E () (25a)

J =Tr(R,, ,Z () (25b)

where the global and local input covariance matrices are defined as

Rxx = dlag{R Rxx,K} and R,\'x,k = E[xk (n)xlf (”l)] .

xx,19%°°>

At steady state, (20) reads

I

(0) = Z5(0) =D, Ry E(0) = E ()R D,

(26)
+D,(Q-(©)+ DR, )D,+D, (R, +5,R,)D,.
Multiplying (26) with an arbitrary matrix 2 and taking trace of it, we get
Tr(2E(»)) =Tr(GXGE(©)) - Tr(GEZD R, G=(»))—Tr(GE(©)GR D X) 27)

+Tr(D,2D,0-(0)) +T+(D,ZD, (R, +&R..) + Tr(D,ZD,D;R,,).

Since it is free to select X', we thus can evaluate the steady-state EMSE of the network.
Next, we introduce the vector notation and apply the following properties of the vec operator for some

arbitrary matrices 4 and B to the quantities in (27)
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vec(AXB) = (B® A" )vec(X), Tr(AB) = vec(A") vec(B).
Using these properties and applying the vec operator to Z(o0) and 2, 1.e. v = vec(E(0)) and v, = vec(2),

we get the following expression from (27)

viv, =vI(G® G, —vi[(G®G)I,, ®D,R. )+(G®G) (R .D,®1,,)lv; (28)
+vI(G® G)O(D,®D,)v; + KJIviv, +v) v,
where the following notations have been defined as
O=2R ,®R, (29)
vy =(D,®D,) [vec(R, +G.R )+ vec(Dy R, )] (30)
v, =(GO®G)D,®D, )vec(R,,). (31)

Eq. (30) is the driving vector that contains the driving terms.
After some simple algebraic operations, (28) becomes
vIFv, =KJvivy +Vv] v, (32)

where F =1,.-(G®OI,.-(I,®D R, )-(R D, ®1,)+0(D,®D,)].
Consider the possibility v, = F 'vec(R.,). This leads to the global steady-state EMSE over the network

J =4vy F'vec(R,)/[1-v,F 'vec(R,)]. (33)

Similarly, the steady-state EMSE for each node becomes
J, =vi, F'vec(R,,,)/[1-VvLF 'vec(R,,,)] (34)

where Iv?xxy . 1s a block diagonal matrix of the same size as R and all the block elements on the diagonal are

null except the kth one R, .

TABLE I COMPARISON OF THE EXPERIMENTAL AND PREDICTED GLOBAL STEADY-STATE EMSE (dB/204PA)

r 0 0.05 0.1

H 0.01 0.002 0.01 0.002 0.01 0.002
Simu -22.8 -31.0 -20.8 -30.4 -18.4 -27.9
Theo -23.1 -31.4 -21.3 -30.8 -19.3 -28.7

A 0.3 0.4 0.5 0.4 0.9 0.8
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TABLEII PROPOSED DESIGN PROCEDURE FOR NETWORKED ANC SYSTEMS

Given the desired steady-state EMSE for the ANC controller, &, as well as the
prior knowledge or estimate of the input power and noise variance.

Step 1 Calculate the step-size of the ANC controller u from (35) using
the small step size approximation:

uIKE+(KE —4rn, 112,

where 7 and r, have been defined in (35). To calculate the
parameters, refer to the statistics defined in the following

equations:
D, (19)
Rj()( > Yo, (7)

Step 2 Check the stability conditions for the ANC controller in (13) and
(24). If these conditions are violated, a smaller ¢ should be
chosen.

The global steady-state EMSEs (33) are compared with the simulation results in Table 1. Different
step-sizes and radius values are examined. The settings are identical to those in Fig. 5. It can be seen that the
prediction deviation is within 1 dB in all the cases tested. The deviation generally increases with the radius 7.

Next, a design procedure for networked ANC systems is derived from the theoretical analysis. Given the
prior knowledge on the power of the input, and the variance of background noise, we shall determine the

step-sizes for the ANC controllers in order to achieve a desired global steady-state EMSE &. Assuming all

controllers use the same step-size and according to Appendix B, the step-size can be approximately chosen as

p~[KE++J(KEY —ann 1/ 2n 33)

where 1, =vec(D,R,)[R;' ————R;'I,R;'Jvec(R,) , with [I,=I

trace(IGRgl)

~“(G®G)I and

’K? I’K?

R, =(G®G)I,, ®R, +R  ®I, ), is related to noise variance and input covariance matrices and

r, =[vec(R, o+ R RS ———L— R'I,R;'Ivec(R,,) is determined by the network topology terms

tr‘ace(IGR; )
R,,=U, -Gy w. (I,-G) and 6., =Tr(RyR,,) . Note, the desired EMSE ¢ is bounded by a
minimum value 2,/r7, . The proposed design procedure is summarized in Table II. It can be seen that if the

combination matrix is chosen as the identity matrix, », = 0 and the step-size selection rule is similar to that of

the conventional FXLMS algorithm [24][30].
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The effectiveness of the proposed procedure in Table I is verified by a design example. The settings are
identical to those in Fig. 5 and the radius is set to a medium value » = 0.05. The desired steady-state global
EMSE for the ANC controller is -20 dB. According to Table II, the step-size is to be calculated by using the

estimated or known noise power and input covariance matrices.
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Fig. 6. Learning curves of the global EMSE and comparison with the desired value.
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The details are as follows: 1) formulate the noise matrix D, according to (19); 2) formulate the

covariance matrices, such as R o Ry and R Foss 3) use the noise and input covariance matrices to calculate

factors 71 and r; as shown in (35); 4) obtain the step-size from u ~[K&++/(KE)* —4nr, 1/ 21, which turns

out to be 0.009 (Step 1 in Table II); 5) apply the step-size to (13) and (24) to see whether the stability
conditions are satisfied (Step 2 in Table II). Using the calculated step-size, the obtained steady-state EMSE
for the ANC controller is -19.4 dB, which is very close to the desired value as shown in Fig. 6. This shows
that the approximations made in Table II are reasonable and illustrates the effectiveness of the proposed

design procedure for networked ANC systems.

4.Simulation Results

In this section, we compare different control strategies and study a 10-node ANC network for noise
control in open areas. In the case study, the effect of the network layout strategies on noise control is
examined. Based on the performance analysis, the proposed design method for ANC networks is tested.

The following simulations are based on a multi-channel ANC system as shown in Fig. 1, and we only
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discuss a system with offline secondary-path modeling. The online modeling for secondary paths [31] can be
extended to the multi-channel system in a similar way as in [24]. In experiment 1, different control strategies
are compared in the multi-channel ANC system. Experiment 2 studies the transform loss (TL) of the ANC
network. In experiment 3, a 10-node ANC network is considered. The effect of network topology on the
noise control performance is evaluated. In experiment 4, the proposed ANC network design strategy is tested.
We use a Metropolis weight matrix [21] as the combining matrix in all experiments of this paper and all

simulation results are averaged over 100 Monte Carlo runs if not specified.

4.1 Comparison of different control strategies

In this experiment, the control strategies under test include the centralized, decentralized, incrementally
distributed, and diffusion control methods. We consider an ANC system with 10 channels, i.e. the network
has 10 pairs of loudspeakers and microphones. The primary path is measured experimentally and the

measured room impulse response (RIR) is shown in Fig. 7.

2

Amplitude
o

1
N

50 100 150
Samples

o

Fig. 7. The measured RIR for the primary paths p,. L= 160. The unit of the amplitude is Pa.

Suppose the ANC system aims to cancel out the low frequency noise, say under 500 Hz and the sampling

rate is 1 KHz. The RIR, say p,, has a length of 160 (the reverberation time is about hundreds of

milliseconds). The adaptive filter for the controller has the same length. The secondary paths have a length of
10 and they are estimated offline with a small bias. The SNR is set to 20 dB.

In the first test, a small radius is used, which is set to » = 0.01 and the step-sizes for the controllers are
chosen as ¢ =0.001. The simulation results for the global EMSE learning curves are shown in Fig. 8(a). It can
be seen that the incremental control method has a higher steady-state residual noise level while the

decentralized control method increases the EMSE value gradually as the iteration. The diffusion control has a
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similar performance as the well-performed centralized control. Next, the radius increases to » = 0.07 and the
step-size is set to 4 = 0.0003. In this case, the decentralized control method diverges while the incremental
control method has a higher residual noise level. The centralized and diffusion control methods still have the
best performance of all algorithms under comparison. Considering the computational cost of different control
methods as shown in Table 11, the diffusion control saves the arithmetic complexity by one order. Therefore,

it is more appropriate for practical use.
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Fig. 8. Global EMSE learning curves with different control strategies for the ANC controller: (a) x =0.001, »=0.01; (b) x =0.0003,
r=0.07; L =160, K = 10.

TABLE III ARITHMETIC COMPLEXITIES OF VARIOUS CONTROL METHODS

Centralized | Decentralized Distributed
FxLMS FxLMS FxLMS
Secondary path K K K
modeling
Adaptive filter KL KL KL

4.2 Performance of ANC networks with different number of nodes

In this experiment, the performance of ANC networks is measured by the noise attenuation over all nodes.
We define the TL for ANC networks by the noise reduction averaged at all nodes. The formulation is

described as

—
dZ
TL,, =10log,, l_ZI?I —ﬁ(n) (30
K Zkzlek (n)
where the unwanted noise d,(n) and the ANC network residual signals e,(n) have been defined,
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respectively, in (2) and (1).
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Fig. 9. TL for ANC networks with different number of nodes K =1 [in (a) and (d)], K =5 [in (b) and (e)], K = 10 [in (c) and (f)]; and
radius 7 = 0 [in (a)-(c)], » = 0.1 [in (d)-(f)]. The step-size u = 0.0005.

Different number of nodes has been used in the ANC network, with or without radius deviation. The
step-size is set to 0.0005. The radius is set to »=0 and 0.1. The number of nodes considered is K= 1, 5 and 10.
The other settings are identical to those in the previous experiment. The simulation results of TL for different
control strategies aforementioned are shown in Fig. 9. It can be seen that when the number of nodes is 1 [Figs.

9(a) and (d)], the simulation results from all strategies are identical (the seeds are fixed when generating
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random sequences used in the experiments). Generally, the TL decreases with frequency from 100 Hz to 500
Hz. When K =5 and » = 0 [Fig. 9(b)], the decentralized control method shows lower TL values at most of the
frequency bins compared with other control strategies. This result is consistent with the convergence curves
as shown in Fig. 8(a), where the decentralized control method has higher steady-state EMSE. The overall TL
performance is similar to that for K= 1. As K increases to 10 [Fig. 9(c)], the decentralized control method has
lower TL than that for K= 5. The overall performance shows fluctuation at different frequency bins. It means
the increased number of nodes could enlarge the noise control area at the cost of the degraded performance at
certain frequency bins. When the radius increases to 0.1, similar results can be observed in Figs. 9(e) and (f)
except that the decentralized control method diverges. The calculated results for conventional decentralized

control are not reliable or the TL calculated is less than 0.

4.3 A 10-node ANC network case study

In this experiment, we examine the effect of the node (a pair of loudspeaker and error sensor) positions
on the control performance and study a specific case of ANC network. Testing is performed using a 10-node
network as in the previous experiment. The RIRs for both primary and secondary paths are simplified, i.e. the
primary paths have a length of 10 and the secondary paths have a length of 3. The step-size is set to 0.01. The

other settings are identical to those in the previous experiment if not specified.

TABLE IV NOISE REDUCTIONS AT ERROR SENSORS: » = 0 ( dB/20u Pa)

Node No. 1 2 3 4 5 6 7 8 9 10
Before ANC 13.9 13.9 13.9 13.9 13.9 13.9 13.9 13.9 13.9 13.9
After ANC -5.8 -6.0 -6.0 -6.0 -5.8 -5.9 -6.0 -6.0 -5.8 -5.7
Noise Reduction 19.7 19.9 19.9 19.9 19.7 19.8 19.9 19.9 19.7 19.6

TABLE V NOISE REDUCTIONS AT ERROR SENSORS: 7 = 0.05 ( dB/20u Pa)

Node No. 1 2 3 4 5 6 7 8 9 10
Before ANC 13.9 13.5 13.5 133 13.5 13.6 13.5 13.3 13.1 13.0
After ANC -2.8 -2.2 -5.7 -5.2 -4.0 -3.6 -4.6 -6.3 -4.0 -3.6
Noise Reduction 16.7 15.7 19.2 18.5 17.4 17.2 18.1 19.7 17.1 16.6

TABLE VI NOISE REDUCTIONS AT ERROR SENSORS: » = 0.1 (dB/20u Pa)

Node No. 1 2 3 4 5 6 7 8 9 10
Before ANC 13.9 13.2 13.2 12.9 13.4 13.8 13.6 13.0 12.6 12.5
After ANC 1.2 23 -4.2 -2.6 -0.6 0.2 -1.5 -6.0 -0.4 0.1
Noise Reduction 12.7 10.9 17.4 15.5 14.0 13.6 15.1 19.0 13.0 12.4
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The noise levels at the error sensors before and after implementing ANC under the setting of =0, 0.05,
and 0.1 have been listed, respectively, in Tables IV, V, and VI. In Table IV, noise reduction at each node has
a similar value. However, the deviation of noise reduction at each node increases as the radius (see Tables V
and VI). The highest noise reduction in each table (marked in grey) is similar; while the smallest value
(marked in underline) decreases as the radius. The smallest noise reduction is observed at node 2, which
connects to 5 other nodes as shown in Fig. 10. The main reason for the decreased noise reduction is that the
distribution strategy introduces an estimation bias, as shown in (7), (8), and (10), and some of the nodes do
not converge to the Weiner solutions. Although distribution introduces bias to each node, the overall
performance of the ANC network is not affected as shown in Fig. 8. On the other hand, this distribution
strategy decreases computational burden significantly, which is suitable to be implemented on hardware for

practical use.

Fig. 10. A 10-nod network topology.

The noise spectra at Node 2 and 8 (respectively, corresponding to the smallest and largest noise reduction)
before and after implementing ANC are shown in Fig. 11. The configurations are » = 0.05 and 0.1 It can be
seen from Fig. 11(a) that the noise levels at these two nodes have been reduced almost to the background
noise levels (SNR is set to 20 dB) when the radius is set to a medium value. Fig. 11(b) provides evidence that
when the radius further increases, the optimal location (Node 8 in this case) remains satisfactory performance
while some nodes may have a reduction less than 5 dB at a certain frequency (e.g. Node 2 at around 330 Hz).
The simulation results at other nodes are presented in Appendix C to show the efficiency of diffusion control

in noise reduction.
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Fig. 11. Noise levels at the network nodes before and after switching on the ANC system (a) » = 0.05, and (b) »=0.1.

5.Conclusion

To better understand the mechanism of diffusion ANC systems, the performance of Diff-FxLMS based
ANC systems has been analyzed. New difference equations describing the mean and mean squares
convergence behaviors of such ANC networks have been derived. Based on these difference equations, the
stability of the system is analyzed and the steady-state EMSEs for the ANC controller are obtained. The
analyses provide useful insight as well as guidance for the design of ANC networks, which are illustrated by a
design example. The simulation results are found to be in good agreement with the theoretical predictions. A

specific case of a 10-node ANC network has been studied in detail in terms of TL and noise topology.
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Appendix A: Derivation of Mean Squares Difference Equation

In this appendix, we first evaluate (17) and then rewrite (16) to a concise form.

According to (17), Q(n) can be written as a summation of several weight error correlation matrices

defined as
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E_(n) = E[V,(n)v~(n)] = GAyAY G + E,(n) + v, (n) Ay G + GAwv. (n)

E, o(n) =7, (n Ay G + G Ayv L (n)

where v(n) =y, —y.(n) and v, (n) = Gv(n) . Using the above notations, Eq. (17) can be described as
(A.1)

O(n) = 0-(n) + 0, (1) + 0, () + 0, (n)
where Q. (n)= E[X(mX" ()Z,(mXmX" ()] . Qy(n) = ELX ()X (m)GAwAy GX(mX"(n)] , Q,(n)=

E[X(m) X" (n)E, o(m)X(n) X" (n)] and Q,(n) = E[X (m)ns (mnk (m) X (n)].

By using the Gaussian factoring theorem [32] and after some manipulations, Q- (n) can be written as

0.(n) = 2R Z (MR, + R, Tr(Z,(mRy) (A.2)
where R,, = ELX(n)P(n)X" (n)]. Q,(n) and Q,(n) can be simplified in a similar way.
The diagonal matrix of the noise variance can be expressed as
D, =diag{o; I,,....05 I, } (A.3)
such that Q,(n) = D,R,, .
Substituting (A.1)-(A.3) into (16), we find
(A4)

En+)=5,(n)- DR, Z, (n)—Z, (n)RXXDﬂ + Dﬂ(QE (n)+ Dszx)Dﬂ
+D,(R,+5,R..)D,+ D[R, E, (MR, +Tr(Z, ;(n)R,)R..ID,
where &, =Tr(RR,).
Appendix B: Derivation of Step-Size Selection Formula

In this appendix, we calculate a step-size such that the steady-state EMSE meets the design requirement

& . First, we assume that all controllers use the same step-size. Secondly, the step-size is assumed to be small

compared to the input power such that the denominator of (33) can be omitted.
lemma (A+B)'=A"—7-A"BA" , where

Under these assumptions and applying the

g =trace(BA™), the term F ' can be written as

24



F_lzlc"'/uRz:%[R;—+R;IGR;] (B.1)

,u+tmce(I(,-R§I )

where I, =1,.«(G®G)I ., and R, =(GRG)I,, ®R, +R ,®I,, ). Substituting (B.1) to (33), we

’K*?
have
J =+ ulvec(R, +5,R,.)+vec(D,R )[R - mR;IGR; Jvec(R.,) (B.2)
=% (% 1+ )
where 7, = vec(Dy R, )[R;' —ng 'IR;'Tvec(R,,) is related to noise variance and input covariance
matrix and 7, =[vec(R,,+5. R )RS — Ry 'T.R;'lvec(R_) is determined by the network

topology terms INiwo =(Ix -G, w. (I, —G) and G,, =T r(R;(INQWo) . Given the prior on input signal and
the required steady-state EMSE £, the step-size can be approximately chosen as

u~[KE+J(KEY — 4,121 (53

given that K& >2,/nr, .

Appendix C: Noise Reduction Performance

Simulation is conducted under the same settings as those in Fig. 11. The noise levels at the other 8 nodes
are shown in Fig. A. Similar performance at each node can be observed, which shows the efficiency of

diffusion control in noise reduction over the extended area.

Magnitude (dB/20u Pa)

Node7 Node9

120 240 360 480
Frequency (Hz)

Fig. A. Noise levels at the other nodes before and after switching on the ANC system, = 0.1.
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