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Abstract 

The development of a more advanced three-dimensional wake model for wind power 

generation is presented based on a multivariate Gaussian distribution. The newly-presented 

model is closer to reality as it truly depends on two independent dimensions (namely 

horizontal and vertical directions) rather than the radius of a circle. For this reason, the 

general expression of wake expansion rate in each dimension is specifically developed. In 

addition, by taking into account the inflow wind shear effect, this current model is able to 

accurately capture the asymmetric distribution of the vertical wake profile. Four cases 

including experimental data from wind tunnels and field observations as well as high-fidelity 

numerical simulation are used to validate the present model. Compared with conventional 

models, this new model is capable of predicting the wake distribution of a single wind turbine 

reasonably well. The proposed model is highly simple with a low computational cost. Before 

applying this model, no additional numerical calculation or trial calculation is required. Wake 

velocity at any given spatial position can be calculated in an accurate and fast manner. 

Because of its accuracy, universality and low cost, the present three-dimensional wake model 

is able to make contributions to farm-level applications such as layout optimization and 

control strategies and therefore benefit the power output of wind farms.  
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1. Introduction 

Renewable energy applications like wind [1] and solar energy system deployment [2], as 

well as thermal and electrical energy storages [3], can decrease the primary energy 

consumption, reduce carbon dioxide emission and realize the carbon-neutral community. As 

efforts continue to accelerate the transition to renewable energy [3] from the conventional 

energy consumption model worldwide [4], the Global Wind Energy Council 2019 declared 

that wind energy has enjoyed a globally rapid expansion from 2009 to date [5]. In the 

meantime, the global wind industry reaches its milestone with new annual installations 

surpassing 60GW for only the second time in history [6]. Despite the fast growth of wind 

energy in past decades, challenges remain. The most significant one is the wake loss in wind 

farms. The wake effect appears downstream of one or several operating wind turbines 

characterized by lower wind speed and higher turbulence intensity. Wake from upstream wind 

turbines can negatively affect the electricity output of downstream rows, resulting in wake 

loss typically accounted for 10-20% of the total power generation [7]. Also, underestimation 

or overestimation of the wake effect will both lead to an inaccurate prediction of energy yields, 

exerting pressure on the power grid and servo system. As challenges surface, methods to 

understand the wake effect and predict wake losses within a wind farm have been explored by 

many researchers.  

Wake loss models can be categorized into analytical wake models and numerical wake 

models based on computational fluid dynamics (CFD). The CFD-based wake models solve 

either Reynolds-Averaged Navier-Stokes (RANS) equations [8] or large-eddy simulation 

(LES) [9] governing the entire flow field. The computational requirements from fast 

analytical models to RANS-based models to high-fidelity LES increase exponentially. Since 

one of the most important applications of the wake model is to identify potential wake loss 

and therefore optimize wind turbine layout from the perspective of the wind farm level, the 

heavy computational costs of the numerical wake model are not practically feasible. 

By taking advantage of high computational efficiency, considerable accuracy, and simple 

form, analytical models are widely used in practice for predicting wake distribution [10] and 



power generation [11]. Jensen model is the most famous analytical wake model proposed by 

Jensen in 1982 [12] and then refined by Katic [13]. This one-dimensional model assumes a 

linear wake expansion and a top-hat shape of wind speed distribution. Its simplicity and 

robustness in the calculation [14] lead to its long-term mainstream status. However, Jensen 

model ignores the turbulence effect of inflow and predicts a uniform wake distribution that 

depends only on the downstream distance. The Frandsen model [15] also retains the classic 

top-hat shape and therefore suffers from the same drawbacks. With the rapid development of 

the analytical wake model, it can be demonstrated that the top-hat shape distribution of wake 

deficit obviously contradicts with the realistic Gaussian distribution from the theoretical [16], 

numerical simulation [17], and experimental point of view [18,19]. 

The recent state-of-the-art analytical wake models are extensively based on the 

assumption that the wake velocity follows the Gaussian distribution. A two-dimensional (2D) 

Gaussian-shape wake model inspired by Jensen model was derived by Gao[20]. Ge et al. [21] 

developed the Gaussian wake model with a linear wake expansion rate and made an 

approximation of wake boundary based on LES and experimental data. The authors further 

proposed a wake model [22] following the mass conservation locally and globally to fix the 

problem that solving the Jensen model first would violate the local mass conservation.  

In order to harvest more wind energy by a single wind turbine, the inflow speed variation 

along with the vertical direction corresponding to the swept area should be taken into account 

with the trend of higher hub height and wider rotors. Therefore, the development of a 3D 

wake model is meaningful and appealing. Among them, the wake model proposed by 

Bastankah and Porté-Agel [23], the BPA model hereafter, is widely used. The BPA model is 

derived by applying mass and momentum conservation law and assuming a self-similar 

Gaussian distribution for the velocity deficit. Compared with the 1D model mentioned before, 

the BPA model significantly improves the accuracy of wake flow prediction and therefore 

becomes a foundation of more advanced wake models [24,25]. Although this model explicitly 

contains three variables x, y and z respectively representing downstream, horizontal and 

vertical directions, the values of y and z are effectively dependent on each other through the 

distance to the central line. A 3D wake model was derived by Sun [26] and validated against 

wind tunnel measured data with good agreement. Later this model was extended to 3D multi-

wind turbine wake model [27] and the field experiments [19] proved that its application on 

complex terrain is feasible. Ishihara et al. [28] corrected the divergence and inaccuracy of the 

near wake region in the BPA model and used self-similarity and Gaussian distribution to 



determine the added turbulence intensity. Besides, Dou et al. [29] developed a 3D yawed 

wake model to figure out the optimal yaw angle misalignment to improve the electricity 

yields.  

Almost all the researches before assume that the wake profiles obey the Gaussian 

axisymmetric distribution. In recent years, researches from Xie [17], Abkar and Porté-Agel 

[30] have shed light on the non-axisymmetric nature of wake deficit, especially the far-field 

wake deficit, because it has anisotropic expansion rates in the vertical and horizontal 

directions. Xie [17] found that wind shear and the effect of ground may attribute to the 

anisotropic distribution in the wake profile. Abkar and Porté-Agel [30] held that the above 

feature of wake is mainly related to the fact that ambient turbulence intensity is stronger in the 

horizontal direction than that in the vertical direction and verified it with LES results. The 

resulting higher momentum contributes to a higher mean kinetic energy entrainment in the 

horizontal direction, which shows an agreement with the meandering characteristics of wake. 

Inspired by the above observation, a 3D elliptical wake model was developed by Gao [31] and 

validated by the conducted field experiments. To describe anisotropic expansion in the wake, 

the same expression of the wake expansion rate is adopted in two directions with different 

ambient turbulence intensities in horizontal and vertical directions collected by the field 

experiments. However, the turbulence intensities in two directions are not always available in 

the open-source experimental parameters. By using a modified elliptical BPA model taking 

account of the anisotropic expansion of the wake, Xie [17] shows its ability to improve the 

underestimation of the original model in the far wake regions. The elliptical Gaussian wake 

model proposed by Abkar and Porté-Agel [30] was utilized to estimate the influence of 

atmospheric stability on wake distribution. The results show that the wake grows faster 

horizontally than vertically for all stability cases, in which the non-axisymmetry of the wake 

profile under convective conditions is stronger than that under stable and neutrally stratified 

conditions. Although their models have been verified with high accuracy and applied in many 

pieces of research, the derivation process of the elliptical wake model is still lacking. 

Furthermore, the analytical wake model is widely developed and adopted due to its simplicity, 

and thus, one of the most important things worth noting is to avoid complex and 

computationally expensive calculations to determine some empirical parameters like 

expansion rate before its application. However, this method has been widely employed in 

previous models. 



The purpose of this paper is to develop an easy-to-use three-dimensional elliptical 

Gaussian shape wake model (3DEG model). The main contributions with respect to 

conventional models are as follow: (1) Multivariate Gaussian function with anisotropic 

standard deviations is adopted in derivation process instead of the standard Gaussian function 

with a uniform standard deviation, (2) the wind shear effect is combined with the proposed 

elliptical wake model to reflect the 3D effect, (3) the universal expression of wake expansion 

rate in each dimension is given. For clarity, a flowchart of the present research is 

demonstrated in Fig.1. 

The paper is organized as follows. In section 2, the basic assumptions and derivation 

process are discussed in detail. The 3DEG wake model with uniform inflow (3DEG-U model) 

is developed first and then converted into a 3DEG wake model by considering the shear effect. 

Then, the expressions of wake expansion rate are proposed and validated. In section 3, the 

comparison and validation of the proposed 3DEG wake model are carried out using four 

series of experimental data. In section 4, key findings and conclusions of this study are 

summarized. The present model is capable of predicting the wake profiles of any given wind 

turbine. By considering the anisotropy of wake boundary in each dimension, this model can 

provide more reliable results when estimating the power generation of wind farms. Therefore, 

it can contribute to wind farm optimization and carbon neutrality.  



  

Fig.1 The work flowchart of this study.   

2. Model derivation 

To demonstrate the spatial location clearly, the 3D coordinate system is established first. 

As shown in Fig.2, the positive x-axis direction denotes the downstream direction. The Y-axis 



refers to the radial direction in the horizontal level and is perpendicular to the inflow direction. 

The positive Z-axis direction is the vertical direction and perpendicular to the ground up. The 

coordinate origin is set at the bottom of the wind turbine tower, and thus, the coordinate point 

at the hub center is (0, 0, h0). 

The derivation process of the 3D elliptical Gaussian shape wake model is mainly divided 

into 3 steps. Firstly, the 3DEG wake model with uniform inflow assumption (3DEG-U model) 

will be developed based on the multivariate Gaussian function. The second step is to convert 

it into the 3DEG model by the means of replacing uniform inflow in the first step with a shear 

wind profile. Finally, the wake expansion rates in the horizontal and vertical directions are 

derived. To the best of our knowledge, it would be the first empirical expression of wake 

expansion rate in the vertical direction. 

            

              (a)  Horizontal  plane                                          (b)  Vertical  plane 

Fig.2 Schematic diagram of wake expansion in the vertical and horizontal direction. 

2.1 Derivation process of 3DEG-U wake model 

In order to develop a 3DEG wake mode, a 3DEG-U model needs to be derived first 

because the wind shear function 
0

0

( )
z

u
z

 cannot be integrated into Eq. (5) [32]. Therefore, the 

shear inflow profile is replaced by the uniform inflow 0u measured at the height of 0h . The 

wake velocity in the 3DEG-U model is defined as ( , , )U x y z . To characterize the wake 

distribution, two basic assumptions are demonstrated below: 

(1) The wake velocity downstream is Gaussian shape. Note that in order to establish a 3D 

elliptical wake model, an anisotropic 2D Gaussian probability density function should be 

employed in the YZ plane from the beginning to derive. The velocity distribution could 

be expressed as follow: 
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In Eq. (1), A is the unknown parameters that need to be determined. ( )yx   and  ( )zx  

are standard deviation in horizontal (Y) direction and vertical (Z) direction, respectively.    

From the properties of Gaussian distribution, the good predictive ability of the wake 

model could be obtained by specifying a wake radius equal to 2.58  in one-dimensional 

Gaussian distribution to represent a probability of 99% [20]. When 2D Gaussian 

distribution is employed, the confidence region actually changes from a line segment to 

an ellipse. In order to also represent the 99% probability in the area, each dimension 

needs to meet the probability of 99% square root. According to the standard density 

function curve of two-dimensional Gaussian distribution, 2.81 standard deviations 

(2.81  ) in each dimension away from the mean value satisfy this requirement. 

Consequently, the relation between standard deviations and wake boundary can be 

established: 

2.81 ( )y yr x=                                                              (2) 

          2.81 ( )z zr x=                                                              (3) 

(2) The wake flow follows the mass and momentum conservation law [32]. The same 

assumption was used in the BPA model [23] by neglecting pressure terms and viscous in 

the momentum equation.   

( , , )[ ( , , )]hU x y z u U x y z dA T − =                                          (4) 

where T is the thrust force and can be expressed as [33]: 

2
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where TC  denotes the thrust force coefficient and 0A  is the swept area of the rotor.   

The next step is to find A. By using the same method mentioned in Ref. [23], Eq.(1) and 

Eq.(5) are inserted into Eq.(4) to obtain an equation about parameter A and express as: 
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By solving the equation above, two values of A can be obtained while only one is 

physically correct since it needs to fulfill a smaller velocity at a longer downstream distance. 

It could be expressed as: 
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Combining Eq. (1) and Eq. (7), the elliptical Gaussian shape wake model with uniform 

inflow can be derived: 
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2.2 Derivation process of 3DEG wake model  

In the first step above, the inflow speed difference in the vertical direction is neglected. 

In the second step, the simplified 3DEG model is upgraded by considering the wind shear 

effect. The uniform inflow results in a Gaussian-shape wake speed distribution downstream, 

which is symmetrical. On the contrary to uniform inflow, the shear inflow is asymmetrical 

and surely results in asymmetrical wake speed distribution. Actually, its distribution is a 

combination of Gaussian shape and shear distribution. To derive the 3DEG wake model, the 

wind power law is applied to calculate the speed difference u  (see Fig.3 (a)) between shear 

wind and uniform wind.  

0 0

0

( )
z

u u u
z

 = −                                                       (9) 

The existing speed difference u  in inflow wind results in a corresponding mass 

difference m  (see Eq. (10)) in wake flow. The mass variation in vertical direction 

decomposes the originally axisymmetric wake distribution and it therefore needs to be taken 

into account to derive the 3DEG model. Note that in order to calculate the mass variation in a 

3D model, the corresponding speed should be adopted to integrate the area. It should also be 

noted that (1 2 )u a −  refers to the far-wake speed corresponding to the area swept by the 

initial wake radius 1r , which is reasonable since only wake characteristics beyond near wake 

deserve attention in most cases.  
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−

 =  − +                                     (10) 

In which,  elliptical
S  refers to the elliptical wake area at any downstream with a long radius 

yr  and a short one zr . 1r  is initial wake radius and it can be expressed as [20]: 
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where 0r  denotes the wind turbine rotor radius. a  denotes the axial induction factor, which 

can be calculated by the thrust coefficient TC . 
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2
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a

− −
=                                                  (12) 

To distinguish the 3DEG model from the 3DEG-U model ignoring the shear effect, the 

3DEG model is designated as ( , , )wU x y z . By applying mass conservation law in the wake 

flow and substituting Eq.(10) into Eq. (13), as shown in Fig.3, the 3DEG wake model (see Eq. 

(14)) can be derived based on the 3DEG-U model developed in the first step.  
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w
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This wake model is closer to reality as it is truly dependent on z and y and considers the 

shear effect. To the best of our knowledge, it has not been adopted by any other analytical 

wake mode. Using the proposed 3DEG wake model, one can calculate the wake speed 

( , , )wU x y z  at any downstream spatial position in a simple and fast manner.   

       



                (a) 3DEG-U model                  (b)3DEG model compared with 3DEG-U model 

Fig.3 Velocity distributions in the vertical direction of the 3DEG-U model and 3DEG 

model, respectively. 

2.3 The determination of expansion rates  

The anisotropy in the wake expansion rate in the vertical and horizontal directions has 

been verified by Xie [17] and Abkar and Porté-Agel [30]. The wake radius at the same 

downstream distance is larger in the horizontal direction than that in the vertical direction and 

the discrepancy increases with distance. Thus, the wake distribution in the YZ plane shows a 

more elliptical Gaussian shape than a circular one. This is mainly attributed to the fact that 

ambient turbulence in the horizontal direction is larger than it in the vertical direction, 

speeding up the mixing process of wake and free flow in the horizontal plane, and thus, 

boosting wake recovery. Consequently, two standard deviations are needed and their growth 

rates need to be determined. 

It is worth noting that there are two kinds of wake expansion rates with different physical 

meanings. In the wake model of Jensen [12], Gao [31], Sun [26] and Ge [21], expansion rate 

k  refers to the growth rate of physical wake boundary, while in the wake model of 

Bastankhah [23], Xie [17] and Ishihara [28], expansion rate *k  signifies the growth rate of 

standard deviation. In this paper, 
yk  and zk  are deployed with the same physical meaning of 

the expansion rate *k = / x   and can be expressed as: 

y

y y
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where D denotes the rotor diameter of wind turbine. 
y  and z  are equal to the value of 

y

D


 

and z

D


 respectively as downstream distance approaches to zero. 

According to the anisotropy of expansion rate validated by Xie [17] and Abkar and 

Porté-Agel [30], different *k  and   in two directions need to be determined. However, a 

specific expression of *k  was not proposed, and then the authors got different specific values 

of 
*k  for different cases by fitting the LES results. This makes the above elliptical models 

alone insufficient to predict the wake distribution since a high computational-cost simulation 

must be carried out to determine the expansion rate in an analytical model known for its good 



accuracy and efficiency. In this study, inspired by Ishihara [28], 
yk  and zk , 

y  and z  are 

modeled as a function of TC  and 0I . It is worth noting that, as concluded in Ref. [30] as well 

as commented in the study, it would be better to consider turbulence intensity in all three 

directions. However, in practice, turbulence intensity in three directions is unavailable in most 

cases. Furthermore, the expression of expansion rate is essentially a semi-empirical formula, 

which has no physical meaning behind the empirical relation, so it cannot reflect the 

relationship between the three turbulence intensities. Therefore, only the ambient streamwise 

turbulence intensity at hub height is employed in this model for its universality. In order to 

obtain constants in these parameters, LES cases from Ref. [17] and [30] are adopted. In which, 

TC  ranges from 0.375 to 0.8 and 0I  ranges from 0.05 to 0.11. Finally, the empirical 

expression of 
yk  and zk , 

y  and z  are proposed by data fitting with all R-squares above 0.9 

and presented in Eq. (16) and (17). 
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00.0866Z Tk C I=                         (16)                                                        
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00.2788Z TC I =                            (17)      

So far, the 3DEG wake model is completely developed and the equations are highly 

simple with a little requirement of computing resources. Based only on the inflow conditions 

and turbine parameters, the 3DEG model is able to calculate the three-dimensional velocity 

profile in the wake ( , , )wU x y z  for any given wind turbine within a few seconds. 

3. Model validation 

The proposed 3DEG wake model is validated through four cases including measured data 

from two wind tunnels, one field experiment and one LES results from the literature. For 

comparison, additional four typical wake models are selected, including one-dimensional 

Jensen model[34], two-dimensional Gaussian-shape wake model from Ge [21] (2DGe model 

hereafter), three-dimensional Gaussian-shape wake model from Sun [26] (3DSun model 

hereafter) and BPA model [23]. The characteristics and expressions of these four models as 

well as the 3DEG model are listed in table 1. In which, Jensenk  in 1D Jensen model is the wake 

expansion rate, which is recommended to be 0.075 [35] for the onshore turbine and 0.04 [36] 

for the offshore wind turbine. For the 2DGe model, J=1 and k=0.075 are adopted according to 

Ref. [21]. C in 3DSun model and wake expansion rate *k = / x   in BPA model need to be 

adjusted for different wind turbine wake cases. 



It should be highlighted that since 1D Jensen model and 2DGe model can only deal with 

uniform inflow, these two models are specifically employed in horizontal wake profiles 

comparison. While 3D models are able to reflect the wake distribution in vertical direction 

with sheared inflow conditions, consequently, 3DSun model and BPA model are qualified to 

make the comparison with the 3DEG model. 

Table 1 Summary of typical wake models 

Wake model Characteristic Expression 

Jensen model[34] 1D; top-hat shape 2
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3.1 Validation by the wind tunnel tests from St. Anthony Falls Laboratory 

Firstly, the vertical and horizontal profiles of velocity in the wake are validated by the 

measured data in the St. Anthony Falls wind tunnel test [9]. The test was conducted under 

neutrally-stratified boundary layer condition in a wind tunnel with a main test section fetch of 

16m. A high-resolution hot wire anemometry was used to collect velocity data in wake flow. 



The miniature wind turbine in this test consisted of a three-blade GWS/EP-60X3 rotor 

attached to a small DC generator. The radius of the rotor blade is 0.075 m and the hub height 

of the wind turbine is 0.125 m. As for the inflow condition, the inflow velocity was 

characterized by turbulence intensity of 7 %, velocity at the hub height of 2.2 m/s, and wind 

speed power law exponent of 0.146.  

Fig. 4 shows the comparison of the vertical profile of velocity in wake with measured 

data [9], CFD results [9], and the wake models mentioned in Table 1 at four downstream 

locations. The wind turbine is located at x=0 and the tower bottom is the origin of the 

coordinate. Fig. 4(a) is at the x=5D (D refers to the diameter of the tested wind turbine) 

downstream distance; (b) is at the x=7D downstream distance; (c) is at the x=10D 

downstream distance and (d) is at the x=14D downstream distance. The vertical axis refers to 

the dimensionless ratio of z distance and rotor diameter D and the horizontal axis represents 

the wind velocity in the wake.  

As illustrated below, the proposed 3DEG model is able to predict the vertical wake 

profile well in all downstream locations. The maximal wake deficit appears at the centerline 

and recovers as it leaves the center area due to its mixing with the higher velocity free stream. 

Note that it seems that the minimum wake velocity near the hub appears slightly below the 

hub height instead of the exact hub height, especially in Fig .4(a) and (b), but the maximal 

wake deficit does appear at hub height after verification by the authors. This phenomenon is 

related to the fact that the vertical distribution of wake is the effect produced by the 

combination of Gaussian distribution and wind shear profile. On the other hand, the other two 

models both adopt the standard Gaussian assumption to describe the wake distribution. 

Among them, the 3DSun model initially overestimates the maximal wake deficit at 5D but fits 

the wake profile at 7D very well and then slightly underestimates the wake deficit around hub 

center at farther downstream distances.  It seems that the 3DSun model has a faster growth 

rate than measured data in this case. For BPA model, the prediction results marginally 

overestimate the experimental value while having a larger gap around the hub and bottom 

height. The disparity around the wake center decreases with the increase of downstream 

distance and becomes negligible after 10D. Therefore, the overall performance of BPA model 

is favorable as well. The only problem is that the wake expansion rate in BPA model 

*k = / x   must be determined by CFD and the computational cost of which could be quite 

high.  



 

Fig.4 Comparison of vertical profiles of wake velocity between the measured data and the 

predicted results of different wake at four downstream locations. 

To quantify the prediction ability of the proposed 3DEG wake model, the relative error 

  is introduced in this study: 
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where i  refers to the relative error of the thi  measured data at each downstream distance in 

the wake; ( , , )iU x y z  and 
expiU  represent the corresponding wake velocities calculated by the 

3DEG model and measured by wind tunnel test, respectively.  

In general, the relative error in Table 2 demonstrates that the present model achieves a 

high level of accuracy. Relative errors at all downstream locations are within 2.5%. Among 

them, the biggest error 2.35% appears at 5D while the smallest error 1.05% appears at 14D 

where wake distribution gradually recovers to the inflow wind profile. The relative errors of 



3DSun model and BPA model are also comparatively small. Although a certain degree of 

inaccuracy at the hub height appears at 5D and therefore owning the largest error compared 

with downstream locations, the overall error is acceptable.  

The specific relative error at each measured spatial position is also analyzed. As 

illustrated in Fig. 5, the prediction is reasonably good for each height at different downstream. 

In particular, the present model runs quite well and stably around the hub height with errors 

within -2% ~ 3% in all four distances, which is of great importance because it means the 

accuracy of forecasting the maximal wake deficit. In the area above the hub height, relative 

errors at all locations experience the trend of up and down. Among them, errors at 5D have 

the largest fluctuation featured with two errors beyond 5%, however, most spatial positions 

have errors within ±5%. Besides, most errors around the tip height are positive, which 

indicates that the 3DEG wake model tends to predict the wake velocity greater than the reality 

around this part. 

Table 2 Relative errors of the compared models in different downstream distance 

Downstream distance 5D 7D 10D 14D 

3DEG relative error  2.35% 1.44% 1.70% 1.05% 

3DSun relative error 3.11% 1.04% 1.27% 1.72% 

BPA    relative error 2.96% 2.63% 2.27% 1.75% 

 

 



Fig.5 Relative errors in vertical profiles of the 3DEG model compared with St. Anthony 

Falls wind tunnel test. 

For the completeness of validation, contour lines of wake velocity in YZ plane at 

downwind location x/D=5 are compared and shown in Fig. 6, of which (a) is measured data 

also from Ref. [9], (b) is calculated by the proposed 3DEG model at the same position. By 

contrast, the contour lines predicted by the 3DEG model agree well with measured data. In 

particular, the present model can apparently predict wake magnitude well in horizontal 

direction. Please note that the center of the contour lines of experimental data is exactly not 

on the Y/D=0 line but about 1D to the left. There is only a slight underestimation near the 

bottom height in horizontal level centralized within ±0.3D, which is consistent with the results 

shown in Fig. 4(a). It is of interest that, due to taking into account the wind shear effect, the 

wake contour lines in Fig.6 (a) and (b) show non-axisymmetrical concerning horizontal plane 

with the center lower than the rotor center, which is different compared with uniform inflow. 

By contrast, the proposed 3DEG wake model is capable of accurately predicting both the 

vertical and horizontal wake profiles compared against the wind tunnel experimental data of a 

miniature wind turbine.  

        

(a) Measured data in wind tunnel                          (b) prediction from 3DEG model 

Fig.6 Wake velocity in YZ plane at downstream location x/D=5 (dash line is the rotor 

swept area) 

3.2 Validation by the data from LES results of a Vestas V80−2MW wind turbine 

Abkar and Porté-Agel [30] conducted a series of high-fidelity simulations with LES to 

investigate the impact of atmospheric stability on wind turbine wakes. The results under 

neutrally stratified atmospheric boundary layer are deployed here for comparison. The 



incoming flow speed at hub height is 8m/s with a power law exponent of 0.173. The ambient 

turbulence intensity almost linearly decreases with the increase of height. However, as 

mentioned in 2.3 The determination of expansion rates, for its universality, only the 

streamwise turbulence intensity at hub height with a value of 11% is used to represent the 

ambient turbulence. The modeling object is a widely reported Vestas V80-2MW wind turbine 

[23,37], of which the rotor diameter is 80m and the height hub is 70m. The thrust coefficient 

corresponding to the test wind speed is 0.8. 

In Fig. 7, the vertical profile of wake at various downwind locations predicted by the 

proposed 3DEG model is verified with LES data [30] and other comparable models. From 

these it can be seen that the present model is able to predict the wake distribution with 

favorable accuracy at all downstream locations. Note that almost at all downstream locations, 

the 3DEG model slightly overestimates the wake velocity around the top height and 

underestimates it below the bottom height. One possible explanation is that the streamwise 

turbulence intensity at hub height is adopted instead of the whole intensity profile used in 

LES calculation [30]. As mentioned above, the turbulence intensity decreases along with the 

increase of height. In fact, a lower value of turbulence intensity above hub height results in a 

slower process of wake recovery, whereas an underestimation below the hub height is caused 

by a greater turbulence intensity than used. However, as the downstream distance increases, 

so does the accuracy with which the proposed model forecasts the velocity deficit. Combined 

with the prediction of the 5D vertical wake distribution in the first case, it can be reasonably 

inferred that the wake distribution with a downstream distance of more than 4D can achieve a 

good consistency. In the 3DSun model, C=2.83 is adopted. Like the 3DEG model, at 4D, this 

model also overestimates the wake velocity above the hub height and underestimates it 

around the bottom height, but with a larger gap. As the distance increases, the 3DSun model 

shows an apparent underestimation of wake distribution, especially between the top and 

bottom. Even after 16D, the prediction results of other models are almost the same as the LES 

value, while the 3DSun model still has noticeable disparity. For BPA model, obvious 

underestimation appears around the wake center at 4D, which may be related to limitations of 

the standard Gaussian assumption. In Ref. [30], the authors employed the two-dimensional 

elliptical Gaussian to take into account the different horizontal and vertical wake expansion 

rates. In the meantime, the wake expansion rate for standard Gaussian function was also 

calculated in Ref. [30] and adopted in this paper for comparison. It can be concluded that the 



difference between using these two assumptions is initially large and then becomes smaller as 

downstream distance increases, which is consistent with Ref. [30]. 

 

Fig.7 Comparison of vertical profiles of wake velocity between the LES data and the 

predicted results of different wake at five downstream locations  

Relative error at each location is calculated by Eq. (19) and (20) and displayed in Table 3. 

For the 3DEG model, the biggest error 5.72% appears at 4D and all farther downstream 

locations have relatively small errors with a range from 1.98% to 2.29%, which further verify 

the idea that the proposed model is capable of predicting the wake distribution of all 

downstream distances beyond near wake. It is worth mentioning that the relative errors of 

3DSun model increase at first and then drop down from 4D to 20D, which is different from 



the common situation that happened in the 3DEG model and BPA model. While the relative 

errors of BPA model are fairly small from 8D to farther distances, an error of 8.09% at 4D 

verifies the necessity of employing an elliptical Gaussian assumption in wake model like the 

proposed model.  

The specific relative errors of the comparison results are also analyzed. The overall 

prediction is accurate and the errors are within an acceptable range. Fig. 8 shows that relative 

errors at almost all downwind locations experience a trend from negative to positive, which 

means that as the height increases, the model is likely to underestimate first and then 

overestimate. The reason may be that a constant turbulence intensity at hub height is 

employed to represent the ambient turbulence that actually decreases as the height increases, 

which means the variation of turbulence intensity in the vertical direction is ignored. Relative 

errors at 4D appear a large fluctuation above the hub height. Note that although the prediction 

of the 3DEG model at 4D shows some kind of inaccuracy, it can still play a good role in the 

prediction of the maximum wake deficit. Except for 4D, relative errors at almost all other 

farther distances are within ±5%, which enables the proposed model quite appealing.  

Table 3 Relative error of the compared models in different downstream distances. 

Downstream distance 4D 8D 12D 16D 20D 

3DEG relative error  5.72% 2.12% 2.10% 1.98% 2.29%           

3DSun relative error 5.89% 6.13% 6.01% 5.16% 4.89%           

BPA    relative error 8.09% 2.08% 1.27% 0.97% 1.35%           

 



 

Fig.8 Relative errors in vertical profiles of the 3DEG model compared with LES results. 

Fig. 9 shows the horizontal wake distributions at the same locations as the vertical 

profiles presented in Fig. 7. The Y-axis represents the wake velocity normalized by incoming 

flow at hub height and the X-axis is the normalized downstream distance. At X/D=4 

downwind location, the present model is able to accurately predict the wake velocity around 

the hub and wake boundary while mildly overestimates it from ±0.2D to ±0.7D. As a simple 

analytical wake model, the 3DEG model lacks a clear description of the turbulence 

development mechanism, which may be the cause of the above problems. However, through 

the overall analysis of the velocity profiles of all downwind locations, it seems that this 

overestimation only happens in the relatively close downstream distance, which is out of 

concern in most cases. As demonstrated in farther downstream locations, the present model 

predicts the wake velocity with a favorable agreement in lateral areas. On the other hand, the 

2DGe model apparently underestimates the wake distribution, especially around the wake 

center, although the discrepancy decreases as the downstream distance increases. The 

improvement of underestimation can also be noticed in the horizontal direction, from the 

center to sides, the disparity compared with LES results is continuously reduced. When 

approaching the wake boundary, the error is almost zero, which verifies that the “two sigma 

assumption” in 2DGe model [21] is reasonable.  



 

Fig.9 Comparison of horizontal normalized velocity in the wake between the LES data and 

the predicted results of different wake at five downstream locations. 

Table 4 shows the relative error of the models for comparison in horizontal plane at five 

downstream distances. Like the same trend that appears in the vertical plane in Table 3, the 

relative error of 3DEG model drops dramatically as the downstream distance increases. The 

highest error is at 5D with a value of 3.77%, which is favorable. Compared with Table 3, 

results predicted by 3DEG model in horizontal direction have smaller relative errors at all 

downstream locations, which means the model predicts horizontal wake profiles more 

accurately. The relative error of 2DGe model is more than twice as large at 4D compared with 

the 3DEG model though it has acceptable results in the far wake region. The relative error of 



Jensen model exceeds 20% at 4D and even reaches 7.6% at 8D, which proves that the top-hat 

assumption is far from reality and not eligible to describe wake distribution. 

Spatial points calculated by 3DEG model are compared according to the LES calculation. 

Error analysis of the comparison results is visualized in Fig. 10. The largest error approaches 

to 8% in the 4D downstream distance and there are only another two errors that go beyond 

5%. The relative errors at 4D experience a fluctuation on each side of the centerline, which 

implies that the present model is likely to predict the wake velocity larger than the reality at a 

relatively short downstream distance. All relative errors at other longer distances are quite 

small with a range from -3% to 2%. Therefore, the proposed 3DEG model is excellent at 

capturing the three-dimensional characteristics of the wake for a utility-scale wind turbine.  

Table 4 Relative error of the compared models in different downstream distances. 

Downstream distance 4D 8D 12D 16D 20D 

3DEG relative error  3.77% 1.32% 1.00% 0.43% 0.48%           

2DGe  relative error  8.49% 2.73% 1.68% 1.81% 1.28%           

Jensen relative error 21.86% 7.60% 4.14% 3.32% 2.40%           

 

 

Fig.10 Relative errors in horizontal profiles of the 3DEG model compared with the LES 

results. 



3.3 Validation by the measurements from GH wind tunnel experiment  

A series of wind tunnel tests were carried out in an atmospheric boundary layer wind 

tunnel at the Marchwood Engineering Laboratories (MEL) by Garrad Hassan [38]. To model 

a flat terrain, the artificial surface roughness in the wind tunnel was set to be uniform with a 

roughness length of 0.075m. As for the target turbine, a 1/160 scaled horizontal wind turbine 

with realistic performance properties was tested. The rotor diameter of the full-scale wind 

turbine is 43.2m and the hub height is 50 m. The experiments were carried out with different 

tip speed ratios (TSR) for different planes, namely horizontal plane, centerline and vertical 

plane, respectively. In view of this situation, combined with the availability of experimental 

data, only horizontal measurements are used to verify the wake model. For the validation of 

horizontal plane, the test was performed under the hub-height inflow speed u0=5.3m/s and 

TSR=2.9, with the corresponding thrust coefficient of 0.62.  

Calculation of the velocity in the horizontal plane at various downstream distances from 

the proposed 3DEG model and other analytical models is compared with the measured data in 

Fig. 11. From these it can be noticed that the proposed wake model is able to reasonably 

predict the wake velocity in horizontal plane at the given hub height. At the 5D downstream 

distance, the velocity prediction is slightly lower around the centerline than measured data at 

the Y/D ration range of -0.25~0.25. At 7.5D and 10D, the model predicts lower values of 

wake velocity around the hub center as well, and greater values of wake velocity around the 

right side of the wake boundary at 7.5D. On the other hand, the 2DGe model and Jensen 

model can both predict the wake boundary at three locations with an acceptable agreement. 

However, the 2DGe model substantially underestimates the wake velocity though the gap is 

reduced as the downstream distance increases. As for the Jensen model, due to the top-hat 

assumption applied in this model, an obvious overestimation of the wake velocity near the 

edge of the wake as well as an underestimation of the velocity near the hub center are 

observed. 



 

Fig.11 Comparison of horizontal normalized velocity in the wake between the measured data 

and the predicted results of different wake at three downstream locations. 

The relative errors of the horizontal wake profiles predicted by several wake models are 

calculated and shown in Table 5. The accuracy of the forecast is favorable on the whole with 

the maximum error only reaching 2.96%. As the downstream distance increases, the relative 

error reduces and the 10D therefore has the smallest error with a value of 2.11%. Generally, 

the 3DEG wake model is more accurate at a far downstream distance. While the relative 

errors of 2DGe model are all within 5% and gradually decrease downstream, which seems to 

be acceptable in this case as well. Compared with other cases discussed in this paper, the 

relatively low discrepancy in terms of horizontal wake profiles may indicate that the 2DGe 

model is able to predict the wake of a miniature WT well but fails to calculate the velocity 

distribution after a real-scale WT. For the Jensen model, it is still cannot meet the accuracy 

requirements in the 7.5D range. Considering the distance between two WTs is typically 

around this range, the Jensen model can only provide rough predictions. By contrast, the 

accuracy and universality of the proposed 3DEG wake model are both validated.    

Fig. 12 shows the relative errors at each specific location where measured data was 

collected. Only two errors exceed ±6% and both of them belong to the 5D downstream 

distance. Big errors at 5D are mostly centralized within the ±0.25D area, which implies that 



the 3DEG model at 5D seems to overestimate the maximal wake deficit. The figure also 

illustrates that the present model predicts a lower value of wake velocity around the hub 

center at another two downstream locations. By observing the curves of measured data in Fig. 

11(b) and (c), it can be found that the measurements around the hub center are significantly 

greater than the values on the adjacent sides at 7.5D and 10D. Note that theoretically, the 

largest wake deficit would exist at the hub center, namely, the wake velocity at the hub center 

should be lower than that of the adjacent sides and gradually recover in a Gaussian shape. A 

similar situation happens near the right wake boundary at 7.5D, where a sudden 

overestimation is found because the experimental data suddenly drops abnormally. The above 

analysis implies that some unstable errors may appear in the experiment process, and 

therefore, also make contributions to the inaccuracy. 

Table 5 Relative error of the compared models in different downstream distances. 

Downstream distance 5D 7.5D 10D 

3DEG relative error  2.96% 2.67% 2.11% 

2DGe  relative error 4.61% 4.56% 2.30% 

Jensen relative error 10.09% 7.62% 4.65% 

 

 

Fig.12 Relative errors in horizontal profiles of the 3DEG model compared with the GH wind 

tunnel test. 



3.4 Validation by the field measurements from Shiren Wind Farm 

Shiren Wind Farm, owned by Longyuan Power Group, is an onshore wind farm located 

in Zhangjiakou city, north of Hebei Province, China, with a total capacity of 75 MW. The 

plant consists of 50 WTs with a rated power of 1.5 MW, of which 33 WTs are AW77-1500 

type manufactured by ACCIONA and 17 WTs are UP77-1500 type manufactured by United 

Power. The field measurements performed by our research group using  LiDARs from 

December 2018 to June 2019 [31] are employed for this horizontal wake profile validation. 

Based on the main wind direction of northwest, a UP77-1500 wind turbine A10-2 with 77m 

rotor diameter and 65m hub height located at the north edge of the wind farm was selected as 

the target turbine (see Fig. 13), and there is no interference from other wind turbines 

downstream of 2000m (about 26D).  

WindMast WP350 (WP350) and Wind3D 6000 (W3D6000) are two ground-based 

LiDARs deployed in this measurement to scan the incoming wind profile and wake velocity 

profile, respectively. The WP350 was located at 160m (approximately 2D) away from A10-2 

in the northwest direction and the W3D6000 was placed at 1275m (approximately 16.5D) 

away from WT A10-2 in the southeast direction (see Fig. 13). The data measured from 

WP350 shows that the inflow speed at hub height is 9.35m/s with an average ambient 

turbulence intensity of 11%. By checking the thrust coefficient curve of WT A10-2[31], the 

thrust coefficient is 0.7 with respect to this inflow speed. 

 

Fig. 13 Layout of the tested wind turbines in this validation measurement [31]. 



Fig. 14 shows the variation of normalized wake velocity in the horizontal direction at hub 

height, as a function of normalized lateral distance for the experimental data and proposed 

3DEG wake model. The predictions obtained from the present model agree well with the 

measurements overall. At x=3D, the wake deficit around the wake center shows an 

overestimation, which is related to the fact that the mass conservation used in 2.2 Derivation 

process of 3DEG wake model is based on the far-wake region assumption. The velocity in the 

near wake is actually greater than U(1-2a) and therefore 3DEG model predicts a lower value 

of velocity than measurement at 3D. As displayed in Fig. 14 (b)-(d), at any farther 

downstream locations, the present model is able to predict the maximal velocity deficit 

reasonably well and the wake profile in the far wake region. At 6D and 8D downstream 

distance, it is noticeable that although the predicted results fit experimental data pretty well at 

the hub center and the right side near the hub center, both sides show apparent disparity. Such 

disparity increases when approaching the wake boundary, which is more obvious in the 

farther downstream distance. This can be explained as the interference of the wake boundary 

between neighboring wind turbines. As illustrated in Fig. 14(c) and (d), since 6D, the wake 

radius expands and starts to interfere with each other from the wake boundary to the inside 

area, which results in an underestimation of wake velocity on the left side and overestimation 

on the right side. Note that this three-dimensional wake model is designed to predict the 

distribution of wake velocity of a single wind turbine without the consideration of wake 

superposition and mutual interference, therefore, the disparity shown after 6D compared 

against measurement is acceptable. On the other hand, although the 2DGe model can forecast 

the wake boundary well in horizontal direction, the values of wake profile were obviously 

underestimated in all downstream locations from 3D to 8D, especially around the wake center, 

meaning that the 2DGe model is not capable of predicting the maximal wake deficit. Jensen 

model still shows poor performance in this case. In addition to the top-hat shape assumption 

for the wake distribution, the inaccuracy of the Jensen model may attribute to the adopted 

constant wake expansion rate of 0.075. Although the expansion rate is an empirical value, it is 

recommended to use a function that includes variables like thrust coefficient and turbulence 

intensity to describe wake expansion rate as proposed in this paper.  



 

Fig.14 Comparison of horizontal normalized velocity in the wake between the measured data 

and the predicted results of different wake at three downstream locations. 

In order to quantify the discrepancy of prediction shown in Fig. 14, the relative error at 

each downstream location is calculated. As demonstrated in Table 6, the near wake region has 

the biggest error, which reaches almost 6.17%. The counterpart from Ge and Jensen has a 

value of 9.99% and 24.91%, respectively, which seems even less suitable for the near wake 

region. In the far wake region, the predictive accuracy strongly depends on whether it is 

influenced by wake interference and superposition effect from adjacent wind turbines. As 

shown in Fig. 14 and discussed before, measured data at 5D is reliable for error analysis. 

Wake prediction from 3DEG at 5D has the smallest error among several analytical models 

with a value of 2.40%, whereas prediction results of the 2DGe model and Jensen model show 

significant disparity compared with field measurements and therefore cannot be adopted.  

    The detailed relative errors of each measured data at different downstream locations are 

presented in Fig. 15. Except for 3D, the proposed 3DEG model works quite well for 

forecasting the maximal wake deficit as well as wake distribution around the hub center, 

although an overall trend of underestimation to overestimation from -1.5Y/D to 1.5Y/D can 



be found. The figure demonstrates again that the predictive ability of the 5D position that is 

not affected by the wake superposition is relatively accurate, all the relative errors of which 

are within ±4%. In addition, at 6D and 8D, the accuracy of prediction is still guaranteed in the 

area away from the wake boundary that is easily disturbed by adjacent wakes. Therefore, 

combined with the cases analyzed before, it is reasonable to imagine that wake distribution in 

the far field beyond 5D would also be well predicted for a single wind turbine. 

Table 6 Relative error of the compared models in different downstream distances. 

Downstream distance 3D 5D 6D 8D 

3DEG relative error 6.17% 2.40% 5.47% 7.25% 

2DGe  relative error 9.99% 6.01% 6.09% 6.81% 

Jensen relative error 24.91% 13.12% 10.82% 8.98% 

 

 

Fig.15 Relative errors in horizontal profiles of the 3DEG model compared against the Shiren 

Wind Farm measurements. 

4.Summary and conclusions 

A novel three-dimensional elliptical Gaussian shape wake model is proposed in this 

paper to help accurately capture the 3D characteristics of the wake profile. Comprehensive 

validations of the present wake model are conducted by comparing with experimental data 



and high-fidelity numerical results for four cases including both miniature and utility-scale 

wind turbines. The main conclusions are summarized as follows: 

(1) A multivariate (instead of axisymmetric) Gaussian distribution is employed in this 3D 

elliptical Gaussian wake model, which brings the model closer to reality as it truly depends on 

two independent dimensions (namely horizontal and vertical directions) rather than the radius 

of a circle. This is due to the fact that turbulence intensity in horizontal direction is larger than 

that in vertical direction. The most obvious feature corresponding to this is that the proposed 

model uses different standard deviations for each dimension in the derivation process rather 

than the same standard deviation. More importantly, for the first time, universal expressions 

of expansion rate in the horizontal and vertical directions are developed to account for 

different wake boundaries in each dimension.  

 (2) Wind shear effect of the inflow is taken into account by using mass conservation law. 

Due to the wind shear effect, the vertical profiles of velocity in wake show asymmetric 

distribution rather than a normal distribution, which is resulted from the combination of 

Gaussian distribution and the wind shear profile. It is found that although the minimum wake 

velocity near the hub appears slightly below the hub height instead of the exact hub height, 

the maximal wake deficit does appear at hub height. 

(3) Compared with benchmarks, other 3D models are difficult to show their accuracy in 

all cases, especially the wake deficit around hub height in the near wake region. At the hub 

height, the 2DGe model is able to predict the wake boundary quite well. However, the 

maximal wake deficits are apparently underestimated in almost all cases. On the contrary, the 

accuracy and universality of the proposed wake model are both validated. The proposed 3D 

elliptical Gaussian wake model is excellent at capturing the characteristics of wake profile in 

both horizontal and vertical directions in the far-wake region. Its inaccuracy in the near-wake 

region is due to the ignorance of turbulence variation in height and the far-wake assumption 

used in mass conservation for its simplicity. In addition, the model is capable of calculating 

both real-scale wind turbines of different sizes in wind farms and miniature wind turbines in 

wind tunnels.  

(4) The expressions of the model are easy to use and their computational cost is low. The 

present model can calculate wake velocity at any given downstream spatial position in an 

accurate and fast manner. No additional numerical calculation or trial calculation is required 

before this model is applied. Only inflow condition and turbine parameters are required to 



calculate the wake distribution of a single wind turbine within a few seconds, which makes it 

promising for application in wind farms and contributes to wind farm microsite selection and 

layout optimization.   
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Nomenclature 
0h  hub height of wind turbine (m) 

  
0I  turbulence intensity 

  
0r  wind turbine rotor radius (m) 

  
1r  initial wake radius (m) 

List of abbreviations 
yr  wake-influenced radius in horizontal (Y) 

direction (m) 
1-D       one-dimensional 

zr  wake-influenced radius in vertical (Z) direction 

(m) 

2-D       two-dimensional 
0u  inflow wind speed (m/s) 

3-D       three-dimensional ( , , )U x y z  wind velocity in 3DEG-U model (m/s) 

CFD      Computational Fluid Dynamics ( , , )wU x y z  wind velocity in 3DEG model (m/s) 

D           the rotor diameter of the wind turbine 
Jensenk  wake expansion rate in Jensen model 

LES Large Eddy Simulation 
yk  wake expansion rate in horizontal (Y) direction 

WT wind turbine 
zk  wake expansion rate in vertical (Z) direction 

  
elliptical

S  
elliptical wake area at any downstream location 

(m2) 

List of symbols ( )yx  standard deviation in horizontal (Y) direction 

(m) 

( )A x  parameter in 3DEG wake model(m3/s) ( )zx  standard deviation in vertical (Z) direction (m) 

0A     swept area of the rotor (m2)   power-law exponent 

a  axial induction factor   air density (kg/m3) 

TC  thrust force coefficient   
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