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Abstract

Cables are widely used and serve different purposes in engineering. This paper
aims to formulate a general dynamic model on extensible non—prestrained ca-
bles under external forces. In terms of the Hamilton’s principle, the governing
equation and boundary conditions are achieved according to the variation of
action integral. Meanwhile, the local reference frame of the cable curve is illus-
trated which is composed of four vectors. In the presented model, it is shown
that the external force along the binormal direction could not be balanced by
the internal tensile force of the cable itself. And the curved cable will result
in an elastic force in the normal direction which is in a linear relationship with
the curvature of the cable. Further, this approach is applied to cables under
uniformly distributed loads or self-weights. The contours and internal tensile
forces of the cables are figured out by means of numerical methods. The devel-
oped model is evaluated by means of experimental data in published literature.
The good agreement between the numerical and experimental results shows that
the presented method is feasible in theory.
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1. Introduction

Cables or strings are widely used in various sections of engineering. Suspen-
sion bridges are a type of bridge in which suspension cables are anchored at each
end of the bridge and carry the majority of load. Cable—stayed bridges are simi-
lar to suspension bridges, but the cables are used to directly attach the roadway
to a tower which bears the weight alone. Further, pantograph—catenary systems
are important parts of electrical trains, which could supply uninterrupted power
to the running trains. The catenary system generally consists of a message wire
and a contact wire. The message wire is suspended by brackets and connected
to the contact wire. The catenary system is dynamically interacted with the
pantograph. In textile engineering, yarns are as extensible cables of which the
quality is heavily influenced by the manufacture process. On the applications
of cables, the fundamental theoretical model is of significance to understand the
dynamic behavior of cables.

On cable dynamics, Perkins and Mote[1] probed a traveling cable passing
through two fixed eyelets, and the nonlinear governing equations of the sagged
cable were derived in terms of the Hamilton’s principle. Further, elastic cables
which are suspended between two—level supports and subject to planar excita-
tion were investigated by Lee and Perkins[2]. Luongo and Piccardo[3] studied
the dynamic responses of an elastic cable suspended between two fixed supports
considering wind flows perpendicular to the plane of the cable. The investiga-
tions on mathematical modeling and nonlinear vibrations of suspended cables
were reviewed by Rega[4]. Luongo et al.[5] developed a linear elastic model of
curved and prestressed beams of which the self-weight of cables and static wind
forces are considered. The equation of motion of cables is simplified by a mag-
nitude order analysis. In those models, the governing equations of suspended
elastic cables are achieved in the Frenet frame of cables. Meanwhile, initial
configurations of cables are given to reckon the strain of cables.

In bridge engineering, Kang et al.[6] presented a nonlinear dynamic model



of cable-stayed bridges. In that work, a scheme employing double—cable—stayed
shallow arches is proposed. Hashemi et al.[7] studied the dynamic responses of
a cable—stayed bridge under the blast load in terms of the finite element method
(FEM). Song et al.[8] probed a cable-stayed bridge subjected to moving loads,
and the nonlinearity of stayed cables is considered. Xie et al.[9] studied the
static and dynamic behavior of cable-stayed bridges. In the model, carbon
fiber reinforced polymer cables are used and simulated by the FEM. Moreover,
nonlinear seismic responses of a cable-stayed bridge were evaluated by Han et
al.[10] and Javanmardi et al.[11] considering the pre-strained cables.

Further, the thermal effects on suspended cables were investigated in ref-
erences [12, 13, 14], which result in more complicated models. Wei et al.[15]
developed a nonlinear model of cable-stayed beams, and the bifurcation and
chaos of the model are investigated.

On pantograph—catenary systems, Song et al.[16] investigated wind-induced
vibrations of the high speed catenary and dynamic behavior of pantograph—
catenary systems, and nonlinearity of the catenary model is considered. An-
tunes et al.[17] studied the pantograph—catenary interaction in curved railway
tracks. By using the FEM, Euler-Bernoulli beam elements are used to model
the catenary. FEM models of pantograph—catenary systems were developed by
Gregori et al.[18] and Gregori et al.[19] which could notably improve the effec-
tiveness of numerical computations. The contact forces in pantograph—catenary
systems were researched by Song et al.[20] and Navik et al.[21] Further, Song et
al.[22] presented an analytical model to study the wave propagation property
in railway catenary systems. In that model, the governing equation of a ten-
sioned cable without bending stiffness is employed. Moreover, Song et al.[23]
presented a nonlinear model of the high speed catenary system, and nonlinear
cable elements are used to obtain the deformed catenary system.

In addition, Guo et al.[24, 25] studied cable-support coupled systems by
using an asymptotic expansion technique, and non-dimensional cable dynamic
equations are used to obtain the dynamic responses of the coupled system.

Nonlinear models composed of two cantilever beams connected by a suspended



cable were investigated by Gattulli et al.[26, 27] In those models, the flexible
cables under self-weight are considered.

In textile engineering, ring spinning has been the major manufacturing sys-
tem for spun yarns. Yarn balloons generated in the spinning machine affect
the manufacture process and quality of yarn significantly. Fraser[28] presented
a comprehensive analysis on the governing equations of yarn balloons in the-
oretical and numerical ways. Tang et al.[29] investigated yarn behavior in a
modified ring spinning system. The numerical results show that the yarn paths
have several classic modes under different yarn tensions. Yin et al.[30] developed
a theoretical model of yarn dynamics in a generalized twisting system in which
the twisting element is a moving rigid cylinder. Hossain et al.[31] studied the
distribution of yarn tensions and balloon shapes influenced by spindle speeds.
Besides, Xu and Tao[32] formulated an integrated dynamic model to probe the
yarn twist propagation in rotor spinning.

In previous research on yarn dynamics, yarns are assumed to be inextensible
in theory. Nevertheless, the extension of yarns under tensile forces is definitely
occurred in practice. Yarns are a kind of extensible cable with little bending
stiffness, which could not bear the bending moments.

In this work, a dynamic model of extensible non—prestrained cables will
be developed in terms of the Hamilton’s principle. The governing equation of
the cable is formulated in a local reference frame, which is different from the
traditional Frenet frame.

The remainder of the paper is arranged as follows. Section 2 presents the
procedure of theoretical modeling and characteristics of the model. Then appli-
cations of the developed model are exhibited in Section 3. Further, the presented
model is evaluated by using the experimental results in Section 4. Finally, the

work is summarized in the last section.



2. Theory

In this section, the dynamic model of extensible non—prestrained cables is
constructed in theory, and the characteristics of the governing equation are
addressed.

In the first place, assumptions on cables are made for the following mathe-

matical modeling.

(1) The cable can only be elongated and can not be shrunk, and its material is

linear elastic.
(2) The cable can not bear bending moments and can sustain only tensile forces.

(3) The contour of the cable is sufficiently smooth.

Here assumption (2) means the bending moments will not induce extra defor-

mation energies to the cable.

2.1. Dynamic modeling

The dynamic model considered in the work could be depicted in Fig. 1. The
extensible cable in a coordinate system is positioned by vector R(s,t) where

variables s and t are the arc length of the cable and time.

P

Figure 1: The schematic of the extensible non—prestained cable.

In differential geometry[33], an important relationship is given by

R ‘R =1, (1)



where the superscript prime is used to indicate the derivative with respect to
arc length s, and the operator dot means the dot product of two vectors. Note
that the relationship implies that the arc is inextensible.

Consider a segment of cable in the range [s, s 4+ ds|, the length of which is

ds. The elongation of the arc could be approximated to
R(s+ds,t) — R(s,t) = R'(s, t)ds. (2)
If the cable is extensible, its axial strain is reached as
e=vVR' -R —1. (3)

While the cable is inextensible, its axial strain will equal zero (see Eq. (1)).
In terms of the stress—strain relationship o = Fe, the elastic potential energy

U of the system could be given by
L
U= / -EAds, (4)
O 2

where E and A are the elastic modulus and cross-sectional area of the cable.
Those two parameters are assumed to be constants in the work. And L is the
length of the cable.

Moreover, the kinetic energy T' of the system is read as
0
T = / —-mR - Rds, (5)
O 2

where m is the linear density of the cable. In the work, the dot or dots above a
function denote the differentiation with respect to time t.
The work W induced by the distributed force P(s) and tensile forces on

boundaries of the cable can be expressed as
L
W= / P(s)- R(s,t)ds + T, - R(L,t) — Ty - R(0,1), (6)
0

where T, and T, are the tensile forces at the two endpoints of the cable.
In terms of the Hamilton’s principle, the variation of the action integral from

time ¢0 to t1 will be zero for a dynamic system. Thus it yields the relationship

t1
/ 5T — §U + 5Wdt = 0, (7)
t0



where the operator ¢ stands for the variation of a functional.

Considering the variation of the kinetic energy, we could obtain

t1 t1 Ly .o oL
oTdt :/ (5(/ —mR - Rds)dt = / mR - §Rdsdt
t0 t0 0o 2 0 Jo

L ptl > tl oL
= / / Mdtds— / mR - S Rdsdt
t

L .
:/ mR -
0

Assume that the cable has deterministic shapes at time t0 and ¢1. That means

t1 tl pL .
ds — / mR - §Rdsdt. (8)
t0 t0 Jo

the variation of the cable curve will vanished at that time and the variation of

the kinetic energy could be simplified as

t1 L
/ dTdt = —/ mR - §Rdsdt. 9)
t0 t0 Jo

The variation of the potential energy is given by

t1 L 1 tl pL
/ 5( / —FEAe%ds)dt = / E Aebedsdt
t0 0 2 t0 JO

tl pL

/
:/ FAWR' -R — 1)L -ORdsdt
t0 JO

VR R
t1 RI L
— | BAWNR R -1 7-51%’ dt
( ) T .

tl 1 1’7"
R’ R R
/ / { R + (VR -R' — 1)} - 0Rdsdt. (10)
. R/) A /R/ . R/
The variation of the work caused by external forces is given by

t1 tl oL
/ Wt = / P.6Rds + T, - 6R(L,t) — Ty SR(0,)dt. (1)

In terms of Eq. (7), the final variation equation of the dynamic system could

be achieved as

tl R// R/ , R//
—mR+ EA R +(VR R —1)——— 7+ P, -0Rds
[ {mttea [ - R 2 )

- EAWR R — 1)% : 5R‘0 + Ty - SR(L,t) — Ty - SR(0,t)dt = 0.

(12)



Next, considering the arbitrariness of variation of the cable shapes, the gov-

erning equation of the system could be formulated as

o R - R’ R
mR - FA——— R~ FAWR R —1)——— =P. (13
(VR'-R')3 VR - R’

And the corresponding boundary conditions are given by
R’
+ {EA(\/W - 1)L’

- {EA( R R —1)

) TL} SR(L,t)

—Ty - 0R(0,t) = 0. 14
|, - ™} R0 (14)
Note that the work performed by force P(s) is assumed to be positive and the
force will be negative in the case of negative work.

In addition, it should be emphasized that vectors R’ and R/’ are not or-

thogonal to each other, which will be discussed in the next subsection.

2.2. Characteristics of the model

In what follows, the local reference frame of spatial curves is studied. Ac-
cording to Eq. (2), the unit tangent ¢ of the curve R(s,t) could be written as
’
t= %. (15)
In other words, that means the relationship
R’ R’

\/R’-R'.\/R'-R’:l. (16)

Then, differentiating the both hand sides of Eq. (16) with respect to s will yield

R’ R ( R . R") R
. _ =0
\/R'~R’ {\/R"R’ (R’~R') R/,R/}

This equation is an identity which could be proved by expanding it. Meanwhile,

(17)

the normal n of the curve could be written as

" ! DI
.__R _ (R-R)R a8)
R-R (R -R)WR R

Note that the normal n here is not a unit vector.



For convenience, a new vector 7 is specified as

4
T (19)

where vectors 7 and R’ have the identical direction.

Therefore, Eq. (18) could be rewritten as
n=1— (7 1)t (20)

Likewise, the governing equation Eq. (13) of the system could be rewritten

as
mR — EA(tT-t)t — EAWR' -R' —1)T = P, (21)

or
mR+ EAn — EAVR' - R'T = P. (22)

In terms of Eq. (22), there are two terms related to the elasticity of the cable.
The two terms are in the direction 7 and normal direction of the cable. In other
words, the curved cable will result in an elastic force in the normal direction
which is in a linear relationship with the curvature of the cable. Besides, the
internal tensile forces of curved cables are not only in the tangent direction but
in the direction 7 or normal direction of the cables.

Note that the osculating plane is spanned by the tangent and normal vectors
passing through one point on a curve. From Eq. (20), it is found that the vector
R or T is embedded in the osculating plane. Consequently, the unit binormal

vector b of the curve could be given by

/ ”
b— R X R 7 (23)
\/R’ . R’\/R" . R

where operator x means the cross product of two vectors.

To sum up, the local reference frame at a point on the curve is associated
with four vectors, i.e. t, 7, n, and b. The four vectors and their relationships
are shown in Fig. 2.

According to the derived governing equation, external forces acted along the

binormal directions of the curve could not be balanced by the internal elastic



Figure 2: The local reference frame of the curve.

forces of the extended cable, which should only be balanced by the other forces,
e. g. the inertia force. This phenomenon is due to the fact that the cable could
not bear bending moments.

If the normal vector m is shrunk to zero and R” # 0, we can obtain R" =
aR’, where o is a constant. This case means that the extensible cable is a
straight line, and Eq. (22) will degenerate into the equation of motion of straight
bars in vibration mechanics. On the other hand, we can obtain the relationship
R/" = n if the cable is not extended.

Next, we will consider the boundary conditions of the governing equation
shown in Eq. (14). At the two endpoints of the cable, we could specify the
geometrical constraints or tensile forces. But it can not be easily realized in the
laboratory if we only specify the tensile forces at the two endpoints.

The constructed governing equation is a vector equation which is equivalent
to three scalar equations. In addition, we could achieve three different scalar
equations in another way.

On dot multiplying Eq. (22) by the tangent ¢, vector R” and binormal b,

one can obtain
mR-R' —EAR" -R' =P - R/, (24)
. RII . RI)Q RII ) RII
mR-R”—EA(7—EA\/R’-R’—17=P~R"7 25
very N N2y 7 (25)
mR-b=P.b. (26)
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The new scalar equations are the component equations of the vector equation
along the ¢, 7, and b directions.
It could be viewed here that the external forces acted along the binormal b

can not be balanced by the internal elastic force of the cable.

3. Case study

In this section, special mechanical models are studied by using the presented

method to assess the developed model.

3.1. Case 1: a cable under a uniformly distributed load in the normal direction

The configuration of the model in this case is depicted as Fig. 3.

y

Figure 3: A cable under a uniformly distributed load in the normal direction.

Assume that the cable is located in xy plane of the Cartesian coordinate
system. The two endpoints of the extensible cable are fixed whose coordinates
are (0, —h) and (0, ). A uniformly distributed load P is perpendicularly acted
on the cable. The length L of the cable is greater than 2h, which ensures that
there is no pre-strain in the cable. Constants F and A are the elastic modulus
and cross-sectional area of the cable.

The inertia force is neglected in the model. In consequence, the governing

equation could be formulated as

n
Jvn-n’

Note that the unit direction vector of the distributed load P is —n//n - n.

FAn — FAVR' -R't = —-P

(27)

11



To begin with, dot multiplying both hand sides of the governing equation

with vector ¢, one can obtain
~EAVR' R'T-t=0. (28)

That is to say,
n=r. (29)
Further, inserting Eq. (29) into Eq. (27) one can simplify the governing

equation as

{EA( R'.Rf_1)_w%}n:o. (30)

As stated above, the cable will be a straight line if n = 0. Obviously it is not
the solution we seek.

Therefore, the solution of the governing equation is given by

BANR R —1) = 2. (31)

In addition, from Eq. (29) one can find

R -R"
(VR R = ——— =0, (32)
R R

which means term VR’ - R’ is a constant. According to Eq. (31), an important
result is achieved that the term /n-n is a constant as well. Moreover, the
internal elastic force of the cable is also a constant at different positions in this
model.

Thus, Eq. (31) could be rewritten as

P
VR R =1+ E—Z, (33)

where a = 1/y/n - n.

By the way, the length L. of the elongated cable is given by

L
L.= / VR R'ds = (1+ %)L. (34)
0

Here a new variable is induced by the definition

w= VR R = s(1+ %). (35)

12



According to Eq. (33), one can obtain
OR OR
— . — =1 36
Ju Ou (36)
The boundary conditions expressed by variable u in the Cartesian coordinate
system are given by

z(0) =0, z(L + %L) =0, y(0) = —h, y(L+ %L) = h. (37)

Note that the variable s and u are the Lagrange and Euler coordinates to

depict the identical mechanical model. Next, the radius a, of curvature could

1 [0?2R O°R 1
a "V ouZ  ouz R R (38)

which shows the relationship between the radius a, of curvature and the con-

be expressed as

stant a. Meanwhile, the radius a, of curvature is a constant and the solution
curve of this case is a circle.
Further, in terms of the geometrical configuration of the system, radius a,,

of the circle could be figured out by the equation

P
(1+E—Z)L
- —gip— A4 39
o sin 20 , (39)

where a, > 0.

By the combination of Egs. (38) and (39), the radius a,, of curvature of the
cable could be obtained numerically.

In terms of the boundary conditions, the solution of the system could be

formulated as

u

R(u) =+ {au cos(aﬁ +¢)+ xo} e, + {au Sin(ai + qb)} ey, (40)
where ¢ and x( are given by

. h . h
(b = —arcsin —, T = —Qq COSarcsin —. (41)
Ay Ay,

Until now, the solution of this mechanical model is achieved in theory. The
main concern of the model is to solve Eq. (39) and find the radius a,, of the solu-
tion curve. This equation is a transcendental equation which could be resolved

by means of numerical methods.

13



For instance, assumed that h = 0.5 m and L = 2.0 m, the numerical solutions
of radius a,, of the circle are 0.5386 m and 0.5499 m for the cases of P/EA =
0.1 mtand P/EA = 0.2 m~! approximately. In addition, a, and a equal
0.5276 m if P/EA = 0.0 m~!'. This case represents the initial geometrical
configuration of the system.

Next, let a = a, in Eq. (39). The numerical results of the constant a
are 0.5392 m, 0.5525 m and 0.5276 m corresponding to the cases of P/EA =
0.1 m™', 0.2 m~! and 0.0 m~'. Tt is elucidated that the constant a could be
used to approximate to the radius of curvature of the cable if its elongation is
a small quantity. Hence, in Eq. (33) there is an anti-proportional relationship
between the radius of curvature and the normal load, if the internal elastic force

of the cable keeps unchanged.

3.2. Case 2: a cable under a uniformly distributed load in an identical direction
The configuration of the case is shown in Fig. 4. The model is similar with
the previous case except that the uniformly distributed load is acted on the

cable in the z direction.

Figure 4: A cable under a uniformly distributed load in the x direction.

The governing equation of this model could be formulated as
EAn — FAVR' - R'T = Pe,, (42)
where the position vector of a point on the cable is given by

R(s) = z(s)es + y(s)ey. (43)

14



Further, the tangent ¢, normal n and vector T are read as

/ /
t:xex—&-yey, (44)
/2 +y/2
B x//ex +y//ey B (x/x// +yly//)(x/ez +y/ey) (45)
n= /272 + y2 (V2’2 + y?)3 ’
1" 1/
r=ttV oy (46)

x/2 + y/2
On dot multiplying the governing equation by the tangent ¢, one can obtain

P
,I/l'// _|_ y/y// — _ﬂx/- (47)

Inserting Eq. (47) into the governing equation, we could obtain the component

equations as

! .0
& _ /CCIQ +y/2
"o P :L./2+y/2
T T A )

= 48
EFA /z’2+y’271 ( )
x/y/

P 2 2

n_ 'ty (49)
$/2 + y/2 _
Moreover, the corresponding boundary conditions are given by

2(0) = 0,(L) = 0,y(0) = —h, y(L) = h. (50)

The governing equation and boundary conditions are categorized into the
two—point boundary value problem, which could be solved numerically by using
the shooting method[34]. The boundary value problem is restated to an initial
value problem of ordinary differential equations. Then the task is to find appro-
priate initial values whereby the original boundary conditions are met under a
tolerance error.

In the work, the derivatives a’(0) and y’(0) are treated as part of the ini-
tial conditions. By an iterative procedure, the values 2'(0) and y’(0) could be
determined to ensure that the boundary values (L) and y(L) are satisfied.

The mechanical parameters used in numerical computation are specified as

the following: A = 0.5 m, L = 2.0 m. The tolerance error of boundary conditions

15



is set to 0.001 m. Note that the strain e could be used to evaluate the internal
tensile force of the cable.

The numerical examples of the considered model are shown in Tab. 1. The
initial values 2'(0) and y’(0) are given corresponding to different parameters
P/EA. Note that L, is the length of the elongated cable. Further, the cable is

elongated more with the external load increasing.

Table 1: The numerical examples of cables under distributed loads in = direction.

P/EAm™") a'(0)  y'(0)  Lc (m)

0.05 1.02644 0.22677 2.09867
0.10 1.07804 0.22950 2.15655
0.20 1.18080 0.23434 2.27037

The contours and strain distributions of the cables are illustrated in Figs. 5
and 6, where parameter P/EA = 0.05 m~!, 0.10 m~! and 0.20 m~*!. It can be
found that the two curves are symmetrically located in the arc ranges (0, L/2)

and (L/2,L).

— P/EA =005
== P/EA=0.10
= P/EA=020

0.4

0.2 4 .
£ 0.0 | .
= /.
7.
—0.2 1 *
—0.4 4
0.0 0.2 0.4 0.6 0.8 1.0 1.2
z /m

Figure 5: The contours of cables when P/EA = 0.05 m~!, 0.10 m~! and 0.20 m~1.

In the figures, the contour of the cable will enlarge if the external load
increases, and the internal tensile force of the cable will grow as well. The max-

imum values of the internal force are located at the two endpoints of the cables

16



0.200 14 — P/EA=0.05 "
L4

* == P/EA=0.10 .*

‘, s=r P/EA=020

0.175 1 *s
0.150 1
0.125
0.100 1

0.075 1

0.00 025 050 075 1.00 1.25 1.50 1.75 2.00
s /m

Figure 6: The strain distributions of cables when P/EA = 0.05 m~1, 0.10 m~! and 0.20 m~*.

while the minimum values are at the position s = L/2. Meanwhile, the maxi-
mum value of the tensile force at either of the two endpoints is approximately
equal to PL/2, which indicates that the total external force is evenly acted on
the two endpoints. Further, the internal forces of the cables are varying in a

linear relationship with the arc lengths in the two half cables.

3.8. Case 3: a sagged cable under its self-weight

In the case, a cable subject to the gravitational force is investigated. That
means the gravitational potential energy should be considered in the model.

The gravitational potential energy U, could be formulated as

L
Ug = —/ mgR(s) - eyds, (51)
0

where e, is the unit vector in the direction of gravity and g denotes the gravity
acceleration.

The variation of the gravitational potential energy is given by

t1 t1 L t1 L
/ o0U,dt = / (5(/ —mgR(s)-eyds)dt = / / —mge, - OR(s)dsdt. (52)
t0 0 0 t0 Jo

Inserting the variation of the gravitational potential energy into Eq. (10)

to compose the variation of the total potential energy, we could achieve the

17



governing equation in this case as
mR — EA(T - t)t — EAWR'-R' — 1)7 — mge, = P. (53)

In addition, the boundary conditions of the case are unaltered as shown in
Eq. (14).

According to the derived governing equation and boundary conditions, there
is little discrepancy between the models with and without the gravitational
potential energy.

The configuration of the model considering the gravitational potential energy
is shown in Fig. 7. A cable only subject to the gravitational force is sagged in
three-dimensional space. The unit vector e, (direction of gravity) coincides with
the direction e,. The coordinates of two endpoints of the cable are (0, —h, 0) and
(d, h,0). Note that this case is similar to case 2, except that the two endpoints

are not located in an identical horizontal plane.

h ¥

Figure 7: A sagged cable under its self-weight.

Likewise, inertia forces are omitted and the governing equation could be
simplified as

EAn — EAVR' - R'T = mge,. (54)

Here we would like to manifest that the model in the case is a planar curve.

In three-dimensional space, assume that the binormal b of the cable is not a
constant vector. On dot multiplying the governing equation with the binormal
b, we could obtain the relationship b-e, = 0. By differentiating the relationship

with respect to the arc length, we could reach b’ -e, = 0. Because the binormal

18



b is a unit vector, the relationship b - b = 0 could be derived. Here the vector
b’ is parallel to the normal n. Finally, we could conclude that the tangent ¢
is also parallel to the vector e,, which implies that the cable is a straight line.
On the other hand, this is not in agreement with the configuration of this case.
Therefore, we can draw the conclusion that the binormal b in this case is a
constant vector. That is to say, the cable of this case is a planar curve.

Let P = mg and the component governing equations of this case are given
by Egs. (48) and (49).

Moreover, the boundary conditions of the case are given by
2(0) =0,2(L) =d,y(0) = —h,y(L) = h. (55)

Note that parameter d denotes the altitude difference of the two endpoints.
The mechanical parameters of this case are specified as the following: h =

0.5 m, L = 2.0 m. The tolerance error of boundary conditions is set to 0.001 m.
The numerical examples of this case are shown in Tab. 2, where the different

parameters d and mg/EA are considered. Note that the cable will elongate

more if the altitude difference d of two endpoints increases.

Table 2: The numerical examples of cables under self-weight.

d(m) mg/EA (m™") 2'(0)  y(0) L (m)

-0.1 0.05 1.02168 0.23707  2.09878
0.10 1.07132 0.23910 2.15676
-0.3 0.05 1.01052 0.26270 2.09977
0.10 1.05656 0.26256 2.15856

The cable contours and strain distributions of the numerical examples are
illustrated in Figs. 8, 9, 10, and 11.

According to the figures, the altitude difference of two endpoints will result
in the discrepancy of their tensile forces. And the discrepancy of tensile forces at
two endpoints grows with the altitude difference increasing. The tensile force at
the high endpoint is greater than half self-weight of the cable while the tensile

force is opposite at the low endpoint.
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—0.4
m— mg/EA=0.05 d=-0.1
—0.2 1 = mg/EA=0.10 d=-0.1

—04 —0.2 0.0 0.2 0.4

Figure 8: The contours of cables when d = —0.1 m and mg/EA = 0.05 m~! and 0.10 m~!.

— mg/EA=005 d=-01 ,!
0.10 1
\ == mg/EA=0.10 d=-01/
0.08 1
w 0.06 1
0.04 4
0.02 1

000 025 050 075 100 125 150 175 2.00
s /m

Figure 9: The strain distributions of cables when d = —0.1 m and mg/EA = 0.05 m~! and
0.10 m~1.
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—0.4
m— mg/EA=0.00 d=-03
—0.2 4 - mg/EA=0.10 d=-03

—04 —0.2 0.0 0.2 04
y /m

Figure 10: The contours of cables when d = —0.3 m and mg/EA = 0.05 m~! and 0.10 m—!.
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s /m

Figure 11: The strain distributions of cables when d = —0.3 m and mg/FA = 0.05 m~! and
0.10 m~1.
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4. Evaluation of the method

In this section, the presented model will be evaluated by using the experi-
mental results available in published literature. Dreyer and Vuuren[35] studied
the continuous and discrete models of cables with bending stiffness in static
situations, and those models are assessed by using physical experiments. The
experiments on a sagged cable under self-weight were conducted(see Fig. 7), and
the coordinates of specified points on the cable were shown in that work.

The ragged cable is anchored at two points in the zy plane of the Cartesian
coordinate system. The coordinates of the two points are (0, 0) and (x(L),y(L))
where L means the length of the cable.

The physical parameters of the cable are specified as follows: L = 4.13 m,
EA = 3.927¢6 N, m = 0.225 kg/m. Accordingly, we could obtain mg/EA =
5.615e-7 1/m. The tolerance error of numerical computations is set to 0.01 m.
Considering different positions of final endpoints, the numerical and experimen-
tal results of coordinates of specified points on the cable are shown in Tabs. 3,
4, and 5. Note that Z(s) and y(s) denote the experimental data of positions of
the specified points on the cable.

By comparison, it is viewed that the numerical results based on the presented
model agree well with the experimental data of discrete points on the cable.

In this work, bending stiffness of cables is not considered in the theoretical
modeling, but it exists in practice. We deem that the bending stiffness of cables
is a factor leading to the discrepancy between the numerical and experimental

data.

5. Conclusions

In the work, attention is paid to a fundamental mechanic model. The au-
thors would like to develop a theoretical model and study the dynamic behavior
of non-prestrained cables under external forces. In the linear elastic range, the

model is formulated in terms of the Hamilton’s principle. According to the vari-
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Table 3: Comparison of numerical and experimental results when (L) = 0.0 m and y(L)

3.5 m. (m)

(s)

0.00
0.41
0.83
1.24
1.65
2.07
2.48
2.89
3.30
3.72
4.13

0.000
0.300
0.569
0.780
0.919
0.968
0.918
0.779
0.569
0.301
0.003

Table 4: Comparison of numerical and experimental results when (L) = 0.1 m and y(L) =

3.5 m. (m)

x(s)

y(s)

0.00
0.41
0.83
1.24
1.65
2.07
2.48
2.89
3.30
3.72
4.13

0.000
0.305
0.583
0.804
0.956
1.020
0.985
0.857
0.656
0.394
0.100

0.000
0.283
0.596
0.934
1.314
1.728
2.138
2.534
2.878
3.201
3.500
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Table 5: Comparison of numerical and experimental results when (L) = —0.88 m and y(L) =

3.36 m. (m)

s als) oyl als) o)
0.00 0.000  0.000 0.000 0.000
0.41 0.263 0.314 0.218 0.347
0.83 0.472 0.677 0.413 0.722
1.24 0.592 1.068 0.545 1.110
1.65 0.608 1.477  0.590 1.508
2.07 0.515 1.885 0.532 1.936
248 0.334 2.252  0.376 2.316
2.89 0.087 2.579 0.134  2.646
3.30 -0.204 2.867 -0.170 2.922
3.72 -0.533 3.127 -0.521 3.154
4.13 -0.876 3.353 -0.880 3.360

ation of the action integral, the governing equation and corresponding boundary
conditions are achieved.

The local reference frame of spatial curves is analyzed, which is associated
with four vectors. It is viewed that the external force along the binormal direc-
tion could not be balanced by the internal elastic force of the cable itself. And
elastic forces in the normal directions are generated by the curvature of the
cable. Applications of the presented method are given and the results are rea-
sonable. The developed model is evaluated by experimental data in published
literature, and the numerical results based on the presented approach agree well
with the experimental data. In addition, the developed model could provide

support to the modeling of membranes.
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