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Abstract 

This paper investigates the energy harvesting (EH) performance of a nonlinear 

dielectric elastomer (DE) pendulum under the random excitation. The DE pendulum 

that can convert the vibration energy into the electrical energy consists of a DE 

membrane with a mass, which is similar to a spring pendulum. A dynamic analysis 

model of the nonlinear electromechanical coupling behavior of the DE pendulum 

under the random excitation is developed. A prototype of the DE pendulum is 

designed to evaluate the developed dynamic model, which shows the good agreement. 

On this basis, the stochastic dynamic behavior of the DE pendulum is analyzed by 

changing the intensity, the power spectrum density, and the upper limiting frequency 

of the random excitation. The EH performance of the DE pendulum under the random 

excitation is also studied for diverse system parameters, including such as the length 

of the DE membrane, the mass of the DE pendulum, and the load resistance. The 

results can help provide a guidance for designing the DE pendulum in the random 

vibration environment so as to improve the EH performance. 

1. Introduction

    In view of the depletion of conventional fossil fuel and global warming, the 

exploration and exploitation of renewable and green energy have become urgent [1]. 

Vibration, as a type of renewable energy source, has been an attractive target for 

energy harvesting (EH) due to its abundance in ambient environment. Vibration EH, 

namely, converting the vibration energy into the electrical energy, can be realized 

through piezoelectric generators [2,3], electromagnetic generators [4,5], and dielectric 

elastomer generators (DEGs) [6,7], which can be used as power sources for a wide 

range of promising applications, such as automobiles [8,9], wearable electronic 

devices [10-12], and biomedicine [13,14]. Experimental study has shown that the 

DEG can generate the a power density of 2.8mW/mm3 [15], which is much higher 

than that in piezoelectric and electromagnetic generators [16,17]. In addition, 
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dielectric elastomers (DEs) possess other intrinsic advantages, such as large 

deformation, fast response, low cost, and flexibility [18-20]. On account of this, DEs 

have attracted much research attention so as to be used for the use not only in EH 

[21,22] but also as actuators [23,24], sensors [25,26], and soft robotics [27,28].  

A DEG consists of a soft elastomeric membrane sandwiched between two 

compliant electrodes. A typical EH cycle of DEGs is implemented as follows. When a 

pre-stretched and pre-charged DEG is contracted under the open circuit condition, the 

voltage between the electrodes is boosted, which accomplishes the charge transfer 

from a low potential to a high potential, and then, the charge at the high potential is 

harvested before the next cycle begins. Utilizing the typical EH cycle, Pelrine et al. 

first proposed a DE-based energy harvester embedded into a heel of a shoe, which 

could achieve the an energy density of 0.4 J/g [29]. Then, they developed a theoretical 

analysis model to analyze and predict its electromechanical properties of the DE its 

theoretical analysis model is developed [30,31]. With the deepening of the research in 

the DE, its applications were continuously increasing. To perform as an actuator or a 

generator, the DE was often subject to transient, time-dependent forces and voltages, 

in which the rate-dependent electromechanical behavior was discovered [32]. To 

describe the electromechanical behavior, Suo’ group [22,33] developed the a 

dissipative model of DEs by considering the material viscosity and current leakage. 

On this basis, Based on this model, they also investigated the effect of DE material 

properties [22,34-36], geometrical parameters of DEGs [22,37], and external stimulus 

[35-40] on the EH performance of membranous DEGs was also investigated. In 

addition, Some researchers also focused on the development and EH performance 

evaluation of the DE-based EH devices such as ocean wave generators [41,42] and 

vibration EH devices [6,43-46]. It could be noticed that most of work on DE-based 

EH were conducted with harmonic excitation inputs or uniform velocity excitation 

inputs. This means that the studies on membranous DEGs or DE-based EH devices 

mainly focused on converting the harmonic motions or uniform velocity reciprocating 

motions into the electrical energy, while the DE-based EH from the random excitation 

that can often be found in ambient environment is still relatively unexplored. 

Therefore, it is necessary to further investigate the EH performance of DEGs under 

random excitations. Thomson et al. investigated the EH performance of the vibro-impact 

DEG under the random excitation [45]. The research work in this paper is based on the 

DE pendulum reported in our previous works [6], which consists of a DE membrane 

with a mass. When the DE pendulum is externally excited, the DE membrane can be 

repeatedly stretched and relaxed, which converting the vibration energy into the 

electrical energy. In this paper, the dynamic behavior and the EH performance of the 



DE pendulum under the random excitation are investigated so as to which can be 

serve as the a guidance for designing the DE pendulum in the practical applications. 

The dynamic analysis model of the DE pendulum under the random excitation is 

developed in Section 2 of this paper. In Section 3, the developed dynamic model is 

verified by experimental results. The dynamic behavior of the DE pendulum is 

analyzed under the random excitation in Section 4. Section 5 investigates the EH 

performance of the DE pendulum under the random excitation for different system 

parameters, such as including the length of the DE membrane, the mass of the DE 

pendulum, and the load resistance. Conclusions are summarized in Section 6. 

2. Dynamic analysis model 

As shown in Fig. 1, the DE pendulum consists of a membranous DEG (the 

yellow area represents the DE and the green areas represent electrodes) with a mass m, 

which is similar to the spring pendulum. The one end of the DEG is connected to the 

mass m. The other end is fixed by the fixture which is connected to the frame through 

the shaft. When the frame is subjected to the external displacement excitation xf from 

the mechanical energy sources, the DE pendulum is wiggled around the shaft and the 

DE membrane can be stretched and contracted, which accomplishes achieving the 

energy conversion from the mechanical energy to the electrical energy. The parameter 

θ is the inclined angle of the DE pendulum from its equilibrium position. The DE 

pendulum length is l0+l1, where l0 is the distance between the top of the DEG and the 

axial line of the shaft, and l1 is the length of the DEG. 

 

Fig. 1. The sketch of the DE pendulum (a) in the x-y plane and (b) in the y-z plane.  

 

As illustrated in Fig. 2(a), in the un-deformed state, the DE membrane covered 



by the electrodes in Fig. 1 is with the initial length L1, width L2, and thickness L3. 

Under the uniaxial stress s and the voltage Ф, each electrode gets the charge Q, 

accompanied by a leakage current ileak through the thickness direction, and the 

membrane is deformed to a homogeneous state, where l1=λ1L1, l2=λ2L2, l3=λ3L3, λ1, λ2, 

and λ3 are the stretch ratios in the three principal directions, as described in Fig. 2(b). 

The membrane is considered to be incompressible, therefore, λ1λ2λ3=1. In view of the 

viscoelasticity of the DE materials, a rheological model including two parallel units is 

utilized [22,33,47], as described in Fig. 2(c). One unit includes a spring α, and the 

other consists of a spring β with a series-wound dashpot. According to the geometrical 

relationship, the spring α can deform by the stretch ratios λ1 and λ2. For the spring β, 

the state of the deformation is characterized by the stretch ratios λe1 and λe2, which are 

determined by the multiplication rule [22,33,47] as λe1=λ1/ξ1 and λe2=λ2/ξ2, where ξ1 

and ξ2 are the corresponding inelastic stretch ratios in the dashpot. To describe the 

strain-stiffening effect of DEs, the Gent model [48] is adopted, and thus, the 

Helmholtz free energy density function of DEs is expressed as: 
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where ε0 is the vacuum permittivity, εr is the dielectric constant of the DE material, μα 

and μβ are the shear moduli of spring α and spring β, and Jα and Jβ are constants of the 

DE related to the limiting stretch ratios of the two springs. 

 

Fig. 2. (a) A DE membrane in the un-deformed state. (b) Subjected to stress s and 

voltage Ф, the DE membrane is deformed to a charged and stretched state, 

accompanying with a leakage current ileak through the thickness direction. (c) A 

rheological model representing the viscoelasticity of the DE membrane with two 

parallel units. 

 

The dashpot is modeled as a Newtonian fluid, and the deformation rate in the dashpot 

is described as tdd 1

1

1   and 1

2 2d d t  , which can be expressed as [22,33] 
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where η is the viscosity of the dashpot. The viscoelastic relaxation time is defined as 

tv=η/μβ. 

Fig. 3 shows the EH circuit diagram of the DE pendulum. To describe the leakage 

current, the DEG is modeled as a parallel-plate capacitor in parallel with a resistor 

[22], as described in Fig. 3. As the parallel-plate capacitor, the voltage and the charge 

of the DEG meets Q=CФ, where 2

2
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the DEG. According to the literature [33], the leakage current can be written as 
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where σc0 is the conductivity in a low electric field, E=λ1λ2Ф/L3 is the electric field, 

and EB is an empirical constant. The implementation process of the DE pendulum is 

summarized as follows. Before the beginning of the EH, the switches S1 and S2 are 

closed, and the capacitor Cp and the DEG are charged by the a power supply until the 

voltage on the DEG and the capacitor Cp increases to the prescribed initial voltage Фin. 

Then, the switches S1 and S2 are disconnected, and the external excitation xf is applied 

to the frame and the DE pendulum starts to wiggle. During the wiggle of the DE 

pendulum, the external excitation is converted into the electrical energy and the load 

resistor R could be powered. At the beginning of the EH, Ф=U=Фin, where U is the 

voltage across the capacitor Cp. The voltage division circuit is utilized to measure the 

voltage of the load resistor R through a voltmeter V1 in parallel with a resistor R1, as 

shown in Fig. 3. The resistance ratio R1/R=1/1000, and thus, the voltage on the load 

resistor R can be considered to be UR=U-Ф=U1R/R1, where U1 is the voltage on the 

divider resistor R1. In addition, in this paper, the electrodes and the wires are assumed 

as the perfect conductors. Therefore, the current i through the load resistor R can be 

expressed as 
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Fig. 3. The EH circuit diagram of the DE pendulum. The EH circuit includes the 

measuring circuit of the voltage across the load resistor R, namely, the voltage 

division circuit. 

 

The mass of the DEG is much lower than the mass m of the DE pendulum, and thus, 

the kinetic energy and the gravitational potential energy of the DEG are ignored. Thus, 

the kinetic energy T and the potential energy V of the DE pendulum are expressed as 

follows 
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where u=(l0+L1λ1)sinθ, v=(l0+L1λ1)cosθ, d du u t , d dv v t , d df fx x t , and g is 

the gravitational acceleration. 

The energy dissipation due to the damping can be written as 
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where d d t  ,
1 1d d t  , cθ is the damping in the circumferential direction, and 

cl is the damping in the radial direction. 

Lagrange’ equation is utilized to build the motion equations of the DE pendulum, 

which is expressed as follows. 
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where qi (i=1,2,3) denotes the variables θ, λ1, and λ2. 

Substituting equations (1) and (6)-(8) into equation (9), motion equations of the DE 

pendulum can be obtained as follows. 
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where
22

1 1d d t  , 2 2d d t  , and
22d df fx x t .  

In equations (10) and (11), the external excitation
fx is the random process, which is 

governed by the following equation [49,50] 

    cosf nx t A t W t   ,                       (13) 

where A is the excitation amplitude, ωn is the circular frequency, W(t) is a standard 

Wiener process, and σ is the intensity of the white noise ζ(t)=dW(t)/dt. The circular 

frequency can be expressed as ωn=2πfn, where fn is the excitation frequency. The 

power spectrum density of the random process
fx is [49] 
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When 2A   , the power spectrum density  
fxS  becomes the uniformly 

distributed power spectrum of white noise. When 0  , the power spectrum density 

 
fxS   is vanishing over the entire frequency range except at ω=±ωn where  

fxS   

goes to the infinity, which is the a typical spectrum of the random narrow-band noise. 

In this paper, the EH performance of the DE pendulum under the random 

narrow-band excitation is studied. 

In this paper ζ(t) is selected as Gaussian white noise with zero mean, which has a 

constant power spectrum density and is physically unrealized. Therefore, for the 

numerical simulation, the power spectrum density of ζ(t) is taken as 
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where 2ω0=4πf0 is the upper frequency limit of the power spectrum.  

In this paper, the average power density and the effective voltage are used to evaluate 

the EH performance of the DE pendulum. The average power density and the 

effective voltage from t1 to t2 can be expressed as follows 
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In this paper, by utilizing the fourth-order Runge–Kutta algorithm to solve a set of 

differential-algebraic equations, i.e., equations (2)-(5) and (10)-(13), the time 

evolution of parameters θ, λ1, λ2, ξ1, ξ2, Ф, U, UR, Q, and ileak can be obtained. Before 

the differential-algebraic equations are solved, the external excitation and the initial 

conditions need to be given.  

(用了太多的 in this paper) 

3. Experimental Verification 

In order to further verify the operating principle of the DE pendulum, the voltage 

on the load resistor R is measured by the voltage division circuit mentioned above. 

Polyacrylate VHB elastomer (3M Company) is used as the DE material because of its 

high energy density and large deformability. Carbon grease (CG846-80G, MG 

Chemicals) is chosen as the compliant electrode material. Carbon grease is smeared 

on both surfaces of VHB elastomer, which to forms a membranous DEG. A prototype 

of the DE pendulum is shown in Fig. 4. Fig. 5 illustrates the experimental procedure 

of the DE pendulum. The high-voltage power supply (Model 610E, Trek) is used to 

provide the initial voltage of the DEG and the capacitor Cp. The servomotor (Model 

AKM54L Kollmorgen) is used to generate the external excitation applied to the DE 

pendulum. The experimental data of the voltage on the load resistor R can be collected 

by a DAQ card (Model USB-6218, National Instruments), and inputted into the 

computer to obtain the results. In the analysis, the parameters of the DE pendulum and 

the external excitation are selected as L1=25mm, L2=27 mm, L3=0.5 mm, l0=45 mm, 

ε0=8.85×10-12 F/m, μα=15 kPa, μβ=50 kPa, Jα=110, Jβ=55, ε=3.5, EB=40 MV/m, 

σc0=3.23×10-14 S/m, Cp=1 μF, cθ=cl=0.35 N/(m/s), R=500 MΩ, g=9.8 m/s2, tv=1 s, 

fn=1.57 Hz, m=0.128 kg, A=3.89 m/s2, σ=0, S0=1, f0=2.5 Hz [6,22,33,35,36]. 



 

Fig. 4. The prototype of the DE pendulum. 

 

Fig. 5. The experimental procedure of the DE pendulum. 

 

Fig. 6 shows the voltage UR on the load resistor R under Фin=1500 V and Фin=2000 V. 

In this analysis, the initial conditions are listed as follows. When Фin=1500 V, 

λ1(0)=5.003, λ2(0)=0.502, θ(0)=0, 
1(0) 0  , 

2 (0) 0  , and (0) 0  , and when 

Фin=2000 V, λ1(0)=5.013, λ2(0)=0.585, θ(0)=0, 
1(0) 0  , 

2 (0) 0  , and (0) 0  . 

In addition, the simulation results and the experimental results are displayed from 10 s 

to 20 s. It can be noticed from Fig. 6 that the simulation results are consistent with the 

experimental results, indicating the feasibility of the operating principle of the DE 

pendulum and the predictability of the developed dynamic model. In addition, the 

slight fluctuation in the amplitude of the voltage across the load resistor R in the 

experiments is mainly due to the friction of the guide way and the friction of the 

spindle. 



 

Fig. 6. The voltage UR on the load resistor R under Фin=1500 V and Фin=2000 V. (a) 

and (c) the simulation results, and (b) and (d) the experimental results.  

4. Dynamic behavior 

    In this section, the dynamic behavior of the DE pendulum under the random 

excitation is investigated by employing phase diagrams, Poincaré maps, and 

bifurcation diagrams. If all the points in Poincaré maps overlap to one point or several 

points, the DE pendulum can undergo a periodic motion. When all the points in 

Poincaré maps form a closed cycle, the DE pendulum can experience the 

quasi-periodic motion. If all the points in Poincaré maps are disordered, an aperiodic 

motion of the DE pendulum is achieved. The system parameters of the DE pendulum 

remain unchanged as L1=25mm, L2=27 mm, L3=0.5 mm, l0=45 mm, ε0=8.85×10-12 

F/m, μα=15 kPa, μβ=50 kPa, Jα=110, Jβ=55, ε=3.5, EB=40 MV/m, σc0=3.23×10-14 S/m, 

Cp=1 μF, cθ=cl=0.35 N/(m/s), R=200 MΩ, g=9.8 m/s2, tv=1 s, m=0.128 kg, Фin=1100 

V [6,22,33,35,36]. The parameters of the random excitation are fn=1.25 Hz, A=2.47 

m/s2, σ=0.02, S0=1, f0=2.5 Hz. The time from 20 s to 120 s is selected to exhibit phase 

diagrams, Poincaré maps, and bifurcation diagrams. In this simulation, the initial 

conditions are λ1(0)=5, λ2(0)=0.473, θ(0)=0, 
1(0) 0  , 

2 (0) 0  , and (0) 0  . We 

vary the values of the parameters σ, S0, and f0 to analyze the effect of the random 

excitation on the dynamic behavior of the DE pendulum.  

The dynamic response of the DE pendulum for different values of the intensity σ 

of Gaussian white noise is plotted in Fig. 7. Fig. 7(a) shows the variation of the stretch 



ratio λ1 with the time at the intensity σ=0. It can be seen from Fig. 7(a) that the curve 

of the stretch ratio λ1 looks like a harmonic wave and the amplitude of the stretch ratio 

λ1 remains constant. The reason for this is that when the intensity σ=0, the external 

excitation is transferred from the random excitation to the harmonic excitation. Fig. 

7(b) describes the phase diagram of the stretch ratio λ1 at the intensity σ=0. It can be 

noticed from Fig. 7(b) that the phase trajectory of the stretch ratio λ1 exhibits a single 

closed cycle, which indicates the DE pendulum is in a stable state. Fig. 7(c) depicts 

Poincaré map of the stretch ratio λ1 at the intensity σ=0. As can be seen, Poincaré map 

overlaps to one point, which demonstrates the periodic motion of the DE pendulum. 

When the intensity σ increases to 0.02, the external excitation becomes the random 

excitation. The harmonic wave of the stretch ratio λ1 could vanish and the amplitude 

of the stretch ratio λ1 could slightly fluctuate, as shown in Fig. 7(d). It can be observed 

from Fig. 7(e) that the phase trajectory of the stretch ratio λ1 becomes a diffused limit 

cycle, which shows a complicated nonlinear vibration behavior. Poincaré map in Fig. 

7(f) is disordered and does not form a closed cycle, which reveals that the periodic 

motion of the DE pendulum vanishes. When the intensity σ further increases, such as 

σ=0.04 and σ=0.06, the variation of the stretch ratio λ1 could still exhibit the 

anharmonic behavior (see Fig. 7(g) and (j)). It can also be seen from Fig. 7(g) and (j) 

that the amplitude of the stretch ratio λ1 decreases and its fluctuation can become 

significant. From Fig. 7(h) and (k), we can notice that the phase trajectory of the 

stretch ratio λ1 becomes the more diffused limit cycle and the width of the diffused 

limit cycle can enlarge, which infers a more complicated nonlinear vibration of the 

DE pendulum. From Fig. 7(i) and (l), it can be seen that the points in Poincaré maps 

are still disordered, indicating that the DE pendulum experiences the aperiodic 

vibration. In addition, when the intensity σ increases, the maximum stretch ratio λmax 

can decrease and the minimum stretch ratio λmin can increase, namely, the change of 

the stretch ratio λ1 in a harvesting cycle can decrease, which can affect the EH 

performance of the DE pendulum due to decreasing the capacitance change of the DE 

membrane. Fig. 8 shows the bifurcation diagram of the stretch ratio λ1 with the 

intensity σ of Gaussian white noise. It can be seen from Fig. 8 that with the increase in 

the intensity σ, the change of the stretch ratio λ1 in a harvesting cycle can decrease. 



 

Fig. 7. Dynamic behavior of the DE pendulum under the random excitation for 

different values of the intensity σ. (a), (d), (g), and (j) the stretch ratio λ1 of the DE 

membrane, (b), (e), (h), and (k) the phase diagram of the stretch ratio λ1, and (c), (f), 

(i), and (l) Poincaré map of the stretch ratio λ1.  

 



 

Fig. 8. Bifurcation diagram of the stretch ratio λ1 with the intensity σ as a control 

parameter. 

 

Fig. 9 shows the dynamic response of the DE pendulum under the random 

excitation for different values of the power spectrum density S0 of Gaussian white 

noise. Similar to the situation of σ=0, it can be noticed from Fig. 9(a) that at S0=0, the 

DE pendulum is in a stable state and the variation of the stretch ratio λ1 with the time 

is periodic. This can be explained as follows. When S0=0, Gaussian white noise can 

vanish, and thus, the external excitation becomes the harmonic excitation. A single 

closed phase trajectory is described in Fig. 9(b), indicating that the motion of the DE 

pendulum is periodic, which is also verified by the one coincident point in Poincaré 

map of Fig. 9(c). When the power spectrum density S0 increases to 2, the slight 

fluctuation can be generated for the amplitude of the stretch ratio λ1 due to the effect 

of Gaussian white noise (see Fig. 9(d)). It can be seen from Fig. 9(e) that the phase 

trajectory of the stretch ratio λ1 can become a diffused limit cycle, indicating that the 

nonlinearity of the vibration of the DE pendulum is enhanced. From Fig. 9(f), we can 

notice that the points in Poincaré map are disordered, which can infers that the motion 

of the DE pendulum loses the periodicity and exhibits the aperiodic behavior. When 

the power spectrum density S0 further increases, such as S0=4 and S0=6, the amplitude 

of the stretch ratio λ1 can decrease and its fluctuation can strengthen (see Fig. 9(g) and 

(j)). It can be seen from Fig. 9(h) and (k) that the phase trajectory of the stretch ratio 

λ1 shows a diffused limit cycle with the large cycle width, corresponding to the more 

disordered points in Poincaré maps of Fig. 9(i) and (l), which indicates that the 

nonlinear aperiodic motion of the DE pendulum becomes more complex. It can be 

also seen from Fig. 9 that as the power spectrum density S0 increases, the maximum 

stretch ratio λmax decreases and the minimum stretch ratio λmin increases, resulting in 

reducing the change of the stretch ratio λ1 of the DE membrane in a harvesting cycle. 



This will have an effect on the EH performance of the DE pendulum due to that since 

the capacitance change of the DE membrane in a harvesting cycle is altered. Fig. 10 

shows the bifurcation diagram of the stretch ratio λ1 with the power spectrum density 

S0 of Gaussian white noise. It can also be demonstrated from Fig. 10 that with the 

increase in the power spectrum density S0, the change of the stretch ratio λ1 of the DE 

membrane in a harvesting cycle can decrease. 

 

Fig. 9. Dynamic behavior of the DE pendulum under the random excitation for 

different values of the power spectrum density S0. (a), (d), (g), and (j) the stretch ratio 

λ1 of the DE membrane, (b), (e), (h), and (k) the phase diagram of the stretch ratio λ1, 

and (c), (f), (i), and (l) Poincaré map of the stretch ratio λ1. 

 



 

Fig. 10. Bifurcation diagram of the stretch ratio λ1 with the power spectrum density S0 

as a control parameter.  

 

Dynamic response of the DE pendulum under the random excitation for different 

values of the upper limiting frequency f0 of Gaussian white noise is plotted in Fig. 11. 

It can be seen that the DE pendulum is in the an unstable state and the amplitude of 

the stretch ratio λ1 can fluctuate (see Fig. 11(a), (d), (g), and (j)). It can also be seen 

that with the increase in the upper limiting frequency f0, the fluctuation of the 

amplitude of the stretch ratio λ1 can weaken. The phase trajectory of the stretch ratio 

λ1 presents a diffused limit cycle (see Fig. 11(b), (e), (h), and (k)) and Poincaré maps 

are disordered (see Fig. 11(c), (f), (i), and (l)), which indicates that the DE pendulum 

undergoes the aperiodic motion. Moreover, with the increase in the upper limiting 

frequency f0, the width of the diffused limit cycle can decrease and the disorder of the 

points in Poincaré maps can weaken, and thus, it can be inferred that decreasing the 

upper limiting frequency f0 can result in the more complicated nonlinear aperiodic 

motion of the DE pendulum. Furthermore, from Fig. 11, we can also notice that as the 

upper limiting frequency f0 increases, the maximum stretch ratio λmax can increase and 

the minimum stretch ratio λmin can decrease, and thus, the change of the stretch ratio λ1 

of the DE membrane in a harvesting cycle can increase, which contributes to 

enhancing the EH performance of the DE pendulum due to enlarging the capacitance 

change of the DE membrane in a harvesting cycle. Fig. 12 describes the bifurcation 

diagram of the stretch ratio λ1 with the upper limiting frequency f0 of Gaussian white 

noise. It can also be noticed from Fig. 12 that with the increase in the upper limiting 

frequency f0, the maximum stretch ratio λmax can first increase and then trend to the 

saturation, while the minimum stretch ratio λmin can first decrease and then trend to 

the saturation. Thus, as the upper limiting frequency f0 enlarges, the change of the 

stretch ratio λ1 of the DE membrane in a harvesting cycle can first increase and then 



trend gradually to the saturation. 

 

Fig. 11. Dynamic behavior of the DE pendulum under the random excitation for 

different values of the upper limiting frequency f0. (a), (d), (g), and (j) the stretch ratio 

λ1 of the DE membrane, (b), (e), (h), and (k) the phase diagram of the stretch ratio λ1, 

and (c), (f), (i), and (l) Poincaré map of the stretch ratio λ1. 



 

Fig. 12. Bifurcation diagram of the stretch ratio λ1 with the upper limiting frequency f0 

as a control parameter.  

5. Energy harvesting performance 

In this section, the EH performance of the DE pendulum under the random 

excitation is investigated. The average power density and the effective voltage are 

used as the performance parameters to evaluate the EH performance of the DE 

pendulum. The system parameters of the DE pendulum are selected as L1=25mm, 

L2=27 mm, L3=0.5 mm, l0=45 mm, ε0=8.85×10-12 F/m, μα=15 kPa, μβ=50 kPa, Jα=110, 

Jβ=55, ε=3.5, EB=40 MV/m, σc0=3.23×10-14 S/m, Cp=1 μF, cθ=cl=0.35 N/(m/s), R=200 

MΩ, g=9.8 m/s2, tv=1 s, m=0.128 kg, Фin=1100 V [6,22,33,35,36]. The related 

parameters of the random excitation are fn=1.57 Hz, A=3.89 m/s2, σ=0.02, S0=1, f0=2.5 

Hz. The time from 20 s to 120 s is selected to calculate the average power density and 

the effective voltage. By varying the values of the parameters σ, S0, and f0, the effect 

of the random excitation on the EH performance of the DE pendulum is analyzed.   

Fig. 13 shows the effect of the intensity σ of Gaussian white noise on the EH 

performance of the DE pendulum for different values of the mass m. In this 

simulation, the initial conditions are λ1(0)=5.5 and λ2(0)=0.455 at m=0.151 kg, λ1(0)=5 

and λ2(0)=0.473 at m=0.128 kg, λ1(0)=4.5 and λ2(0)=0.494 at m=0.109 kg, and λ1(0)=4 

and λ2(0)=0.519 at m=0.093 kg. The other initial conditions are θ(0)=0, 
1(0) 0  , 

2 (0) 0  , and (0) 0  . It can be seen from Fig. 13(a) that as the intensity σ 

increases, the average power density P can decrease. The reason for this can be 

explained as follows. It can be is known that the larger the capacitance change of the 

DEG in a harvesting cycle is, the more the harvested electrical energy is. As 

mentioned above, with the increase in the intensity σ, the change of the stretch ratio of 

the DE membrane in a harvesting cycle can decrease, and thus, the capacitance 



change of the DEG in a harvesting cycle can reduce. Therefore, at the small intensity 

σ, the high average power density can be achieved. In addition, the trend of the 

average power density P with the intensity σ could not be affected by the mass m. It 

can also be noticed from Fig. 13(a) that with the increase in the mass m, the average 

power density P can decrease. The reason for this can be explained as follows. The 

natural frequency of the DE pendulum is    0 1 2p pref g l L    , where λpre is the 

stretch ratio of the DE membrane along the direction of L1 when the DE pendulum is 

in static state. According to the given initial conditions, it can be inferred that 

λpre=λ1(0). When the excitation frequency fn is close to the nature frequency fp of the 

DE pendulum, the high average power density can be achieved. As the mass m 

decreases, the stretch ratio λ1(0) in the initial condition can decrease, and thus, the 

natural frequency fp of the DE pendulum can increase. At m=0.093 kg, the nature 

frequency fp of the DE pendulum reaches the maximum value and fp=1.28 Hz, which 

is still lower than the excitation frequency fn=1.57 Hz. This indicates that the smaller 

the mass m is, the closer the excitation frequency fn is to the nature frequency fp of the 

DE pendulum, and thus, enlarging the mass m can decrease the average power density. 

According to equation (17), for the given parameters L1, L2, L3, and R, the variation 

trend of the average power density P is in agreement with that of the effective voltage 

Ue. Therefore, as the mass m or the intensity σ increases, the effective voltage Ue can 

reduce (see Fig. 13(b)). 

 

Fig. 13. The effect of the intensity σ of Gaussian white noise on the EH performance 

of the DE pendulum for different values of the mass m. (a) The average power density 

and (b) the effective voltage.  

 

As described in Fig. 14, the effect of the power spectrum density S0 of Gaussian white 

noise on the EH performance of the DE pendulum for different values of the load 



resistance R is analyzed. In this simulation, the initial conditions are λ1(0)=5, 

λ2(0)=0.473, θ(0)=0, 
1(0) 0  , 

2 (0) 0  , and (0) 0  . As can be seen from Fig. 

14 (a), with the increase in the power spectrum density S0, the average power density 

P can decrease. The explanation for this is as follows. As mentioned above, as the 

power spectrum density S0 increases, the change of the stretch ratio of the DEG in a 

harvesting cycle can decrease, and thus, the capacitance change of the DEG in a 

harvesting cycle can decrease, which causes the harvested electrical energy to reduce. 

Similarly, as the power spectrum density S0 increases, the effective voltage Ue can 

decrease (see Fig. 14(b)). The reason for this is that according to equation (17), there 

is a positive correlation between the average power density P and the square of the 

effective voltage Ue when the parameters L1, L2, L3, and R are given. It can also be 

seen from Fig. 14 (a) that with the increase in the load resistance R, the average power 

density P can first increase and then decrease. This can be explained as follows. The 

DEG can be regarded as a power supply with the internal resistance (the internal 

resistance is the capacitive reactance of the DEG). It can be known that the maximum 

electrical power is achieved when the load resistance is equal to the internal resistance. 

Thus, the variation of the average power density P with the load resistance R exhibits 

the non-monotonic behavior. As shown in Fig. 14(b), as the load resistance R 

increases, the effective voltage Ue can increase. The reason for this can be explained 

as follows. The larger the load resistance R is, the lower the charge transfer between 

the DEG and the capacitor Cp is, and thus, the larger the amplitude of the voltage on 

the load resistance R is, resulting in higher effective voltage Ue.  

 

Fig. 14. The effect of the power spectrum density S0 of Gaussian white noise on the 

EH performance of the DE pendulum for different values of the load resistance R. (a) 

The average power density and (b) the effective voltage. 

 



Fig. 15 depicts the effect of the upper limiting frequency f0 of Gaussian white noise on 

the EH performance of the DE pendulum for different values of the initial length L1 of 

the DEG. In this calculation, the initial conditions are λ1(0)=5, λ2(0)=0.473, θ(0)=0, 

1(0) 0  , 
2 (0) 0  , and (0) 0  . It can be seen from Fig. 15 that with the increase 

in the upper limiting frequency f0, both the average power density P and the effective 

voltage Ue can first increase rapidly and then trends to the saturation. This is due to 

that as the upper limiting frequency f0 increases, the change of the stretch ratio of the 

DEG can first increase and then trends to the saturation. From equation (17), the 

effective voltage Ue can increase with the increase in the average power density P for 

the given parameters L1, L2, L3, and R. Thus, increasing the upper limiting frequency 

f0 can improve the effective voltage Ue. In addition, it can also be from Fig. 15 that 

increasing the initial length L1 can reduce both the average power density P and the 

effective voltage Ue. The reason can be explained as follows. As the initial length L1 

of the DEG, the natural frequency fp of the DE pendulum can decrease, which is far 

from the excitation frequency fn. Thus, with the increase in the initial length L1 of the 

DEG, the average power density P can decrease. 

 

Fig. 15. The effect of the upper limiting frequency f0 of Gaussian white noise on the 

EH performance of the DE pendulum for different values of the initial length L1 of the 

DEG. (a) The average power density and (b) the effective voltage.  

 

The above simulation results can be used to design the DE pendulum for its best 

performance, based on a given set of the vibration environmental constraints. For 

example, the parameters of the random excitation that is converted into the electrical 

energy are assumed as fn=1.57 Hz, σ=0.02, S0=1, and f0=2.5 Hz. When some 

parameters of the DE pendulum are limited, such as L2=27 mm, L3=0.5 mm, and 

m=0.0128 kg, the highest average power density will be achieved by optimizing the 



load resistance R and the length L1 of the DE membrane. According to the simulation 

results, it can be known that decreasing the length L1 can improve the average power 

density. Due to the monotonic decreasing trend, the minimum value of the length L1, 

namely, L1=25 mm, should be selected. After the length L1 is selected, the load 

resistance R is further optimized. From the above simulations, the variation of the 

average power density with the load resistance R is non-monotonic. At R=200 MΩ, 

the average power density reaches the maximum value. In view of this, the load 

resistance R=200 MΩ should be chosen. Therefore, the DE pendulum generates the 

highest average power density at R=200 MΩ and L1=25 mm. If the highest effective 

voltage is the design goal, the DE pendulum is designed as follows. As mentioned 

above, with the increase in the length L1, the effective voltage can decrease, and thus, 

the length L1=25 mm should be selected. On this basis, the load resistance R is further 

adjusted. From the results achieved in this paper, it can be known that increasing the 

load resistance R can improve the effective voltage. Due to the monotonic increasing 

trend, the load resistance R=500 MΩ should be chosen. Therefore, the highest 

effective voltage is obtained at R=500 MΩ and L1=25 mm. 

6. Conclusions 

This paper investigates the EH performance of the DE pendulum under the random 

excitation. The DE pendulum that is similar to the spring pendulum consists of a DE 

membrane with a mass, which can convert the vibration energy into the electrical 

energy. The dynamic analysis model of the DE pendulum under the random excitation 

is developed, which is and verified by the experimental results. On this basis, the 

random dynamic response of the DE pendulum is analyzed. The random excitation is 

    cosf nx t A t W t   , where W(t) is a standard Wiener process and σ is the 

intensity of Gaussian white noise ζ(t)=dW(t)/dt. The effect of the random excitation is 

executed by varying the intensity, the power spectrum density, and the upper limiting 

frequency of Gaussian white noise. The phase trajectory and Poincaré map of the 

stretch ratio of the DE membrane in the length direction reveal that the DE pendulum 

subjected to the random excitation can experience the complex nonlinear aperiodic 

vibration. Displacement bifurcation diagrams show that the change of the stretch ratio 

of the DE membrane in the length direction during a harvesting cycle can be improved 

by increasing the upper limiting frequency and decreasing the intensity and the power 

spectrum density. In addition, the EH performance of the DE pendulum under the 

random excitation is studied for the different system parameters, such as the mass of 

the DE pendulum, the load resistance, and the length of the DE membrane. The 



average power density and the efficiency voltage are used to evaluate the EH 

performance. The simulation results show that as the intensity and the power 

spectrum density increase, the average power density and the efficiency voltage can 

decrease. With the increase in the upper limiting frequency, the average power density 

and the efficiency voltage can first increase and then trend gradually to the saturation. 

In addition, decreasing the mass of the DE pendulum and the length of the DE 

membrane can contribute to improving both the average power density and the 

efficiency voltage. The variation of the average power density with the load resistance 

exhibits the non-monotonic behavior, while the effective voltage can increase with the 

increase in the load resistance. The results can help better understand better the 

random dynamic response of the DE pendulum and provide the a guidance for 

designing the DE pendulum under the random excitation.  
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