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1 Introduction 

Modal identification is anone of important fields in structural dynamics and health 

monitoring. Over the past several decades, modal identification has gained significant attentions 

and numerous methods have been developed [1], which help us to extract the vibration 

characteristics of structures and better understand their vibration behaviors. Since most of 

structures are under ambient excitations, methods like frequency domain decomposition (FDD) 

method [2], time domain decomposition method [3], stochastic subspace identification (SSI) 

method [4] are more promoising for civil engineering structures. These methods are proposed 

for structure based on the assumption ofunder white noise excitations. Eigensystem Realization 

Algorithm (ERA) method [5] are proposed for modal identification with free-vibration response. 

To improve the ERA method and make it possible for modal identification offor structures under 

environmental excitation, Natural Excitation Technique [6] and Random Decrement Technique 

[7] are proposed. It is proved that the correlation functions/random decrement functions have 

the same properties as free vibration responses. The measuredment vibration signal usually 

contains noise. Dohler et al. [8] extended SSI method and the uncertainty bounds in the modal 

identification results can be quantified. Bayesian based approaches [9-12] are another widely 

used methods for modal identification, considering the measurement noise effect. Bayesian 

based approaches have been successfully appliedused in identification of vibration properties 

of real structures [13-15]. 

 Those above-mentioned methods have been proposed for the modal identification of time-

invariant systems. However, the dynamic characteristics of civil engineering structures often 

change over time during their service life. For example, natural frequencies of long span bridges 

may vary due to the environmental effects, i.e. temperature and humidity [16, 17]. Other 

examples include the bridge-vehicle system when a number of vehicles or a heavy train crosses 

a bridge and the bridge cable with stiffness changing with the tension force [18]. In these cases, 

the bridge-vehicle system is time-varying with the changing locations of the moving vehicle on 

the bridge. It is essential to understand and identify the time-varying dynamic characteristics 

such as instantaneous modal frequencies, which can be very useful for monitoring the structural 

operational condition and identifying possible damage in the structure.  
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Studies on time-varying system identification have been conducted. Bao et al. [19] 

proposed an adaptive time-frequency analysis method for the identification of time-varying 

cable tension forces. A functional series vector time-dependent autoregressive moving average 

method was proposed to identify the time-varying frequencies of a bridge-vehicle system in the 

laboratory [20]. Empirical Mode Decomposition (EMD), which was developed by Huang et al. 

[21], has attracted significant attention for vibration signal decomposition. EMD decomposes a 

specific signal into a finite number of IMFs. Instantaneous frequencies are then identified by 

performing Hilbert-Huang Transform (HHT) with extracted IMFs. Shi et al. [22] used the 

complete measurement responses to identify the time-varying properties of linear systems. Yang 

and Chang [23] developed a method to extract the bridge frequencies from the dynamic 

response of a passing vehicle by using EMD. Both theoretical and experimental investigations 

demonstrated that higher modes of vehicle–bridge system can be identified through 

preprocessing of the data by the EMD technique. Li et al. [24] proposed a combination method 

to detect the changes in structural responses by using EMD and wavelet analysis. This technique 

was capable of identifying the time and extent of the damage more precisely through the 

magnitude of the wavelet coefficient of the dominant IMF than using the individual wavelet 

transform of the original response signal. Li and Hao [25] used EMD and HHT to identify the 

damage of shear connectors in composite bridges under moving loads with the measured 

relative displacements. 

 A variety of alternative methods have been further developed for signal decomposition. 

Feldman [26] developed an iterative signal decomposition method, referred as time-varying 

vibration decomposition. Chen and Wang [27] proposed an Analytical Mode Decomposition 

(AMD) method for analyzing the narrowband time series with closely spaced frequency 

components. Results showed that AMD can accurately decompose a time series into two 

components with Fourier spectra non-vanishing over two mutually exclusive frequency ranges 

separated by a constant bisecting frequency. The instantaneous frequency of time-varying and 

time-invariant systems can be accurately evaluated by AMD-Hilbert spectrum analysis [28, 29].  

A method based on continuous wavelet transform was proposed for the instantaneous frequency 

identification of time-varying structures [30]. The instantaneous frequencies were identified 

from the extracted wavelet ridges, and a penalty function was proposed to reduce the noise 
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effect. The accuracy of the method was verified with experimental studies on a cable with time-

varying tension force. A wavelet-based Frequency Response Function (FRF) was proposed by 

Staszewski and Wallace [31]. It was represented in the time–frequency domain, and time 

averaging was performed to improve the signal-to-noise ratio. The proposed method was 

successfully applied to identify the time-varying frequency of a bridge-vehicle system.  

Variational Mode Decomposition (VMD) is a recently proposed novel technique for 

adaptive signal decomposition [32]. It is demonstrated that VMD is effective in decomposing a 

signal into an ensemble of band-limited IMFs. To the authors’ best knowledge, there has been 

no study yet on using this relatively new technique for the instantaneous frequency 

identification of time-varying systems. This paper applied this newly developed VMD 

technique to perform the signal decomposition and identify the instantaneous frequencies of 

time-varying systems. It decomposes the measured response as a finite number of IMFs. Each 

mode is an amplitude-modulated-frequency-modulated (AMFM) signal with the narrow-band 

property and nonnegative smoothly varying instantaneous frequencies. The instantaneous 

frequencies of time-varying systems are identified by performing the Hilbert transform of 

decomposed IMFs. Numerical studies on analysing the response of a time-varying system under 

an impact force are conducted to demonstrate the effectiveness and performance of the proposed 

approach in the instantaneous frequency identification. Experimental studies on analyzing the 

measured vibration data in the laboratory from a steel frame structure and a time-varying 

bridge-vehicle system are conducted. The comparison between the results from the proposed 

approach and an existing method demonstrates the advantage of the proposed approach. 

 

2 Theoretical background 

2.1 Modal response of time-varying structures 

 The equation of motion of a n DOF time-varying structure can be expressed as 

( ) ( ) ( ) ( ) ( ) ( ) ( )t t t t t t t+ + =M x C x K x F                   (1) 

where ( )tM , ( )tC and ( )tK  are n×n time-varying mass, damping and stiffness matrices, 

respectively; ( ) ( ) ( ) ( )1 2, , ,
T

nt x t x t x t=   x   is the displacement response vector, ( )tx and 



5 
 

( )tx  are the velocity and acceleration response vectors, respectively; ( )tF is the excitation 

force vector on the structure. In this study, the mass and damping matrices are assumed as time 

invariant as their variations are usually less significant as compared with that of the structural 

stiffness. 

When the time variation of the coefficient is small, the frequency of each mode (variation 

of each mode) is narrow-band. Structural displacement and acceleration responses can be 

obtained as the superposition of n vibration modal responses. Based on the modal superposition 

principle [30], the signal can be written as  

( ) ( ) ( )
1

n

i i
i

t t q t
=

= Φ∑x ,  ( ) ( ) ( )
1

n

i i
i

t t q t
=

= Φ∑x                   (2) 

where ( )i tΦ  is the i-th modal shape vector, and ( )iq t  is the associated generalized modal 

coordinate. Substituting Eq. (2) into Eq. (1) and using the orthogonal properties of the mode 

shapes, Eq. (1) can be decoupled into equations of n modes 

( ) ( ) ( ) ( ) ( ) ( )22 /T
i i i i i i i iq t t q t q t t t mξ ω ω+ + = Φ F               (3) 

where ( )i tω , ( )i tξ  and im  denote the i-th modal frequency, modal damping ratio and 

modal mass, respectively. 

 When an impulse force is applied on the z-th DOF, the acceleration response of the i-th 

generalized modal coordinate is given as 

( ) ( ) ( ) ( )( )0 , 0

2
cos

1
i i tzi t i

i di i

j i

F t
q t e t t

m
ξ ωφ ω

ω υ
ξ

−== +
−

                (4) 

where , 0zi tφ = is the z-th item of the i-th modal vector ( )i tΦ  at time t=0, ( ) ( ) 21di i it tω ω ξ= − , 

and iυ  is the phase angle.  

 The acceleration response ( )px t  of the structure at the p-th DOF is given as 

( ) ( ) ( )
1

n

p pi i
i

x t t q tφ
=

=∑                           (5) 

It can be further written as the superposition of AMFM signals 
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( ) ( ) ( )( )
1 1

cos
n n

p i i di i
i i

x t u A t t tω υ
= =

= = +∑ ∑  and ( ) ( ) ( ) ( )0 , 0

21
i ipi zi t i t

i

j i

t F t
A t e

m
ξ ωφ φ ω

ξ
= −=

−
   (6) 

 

2.2 Variational mode decomposition 

 VMD can be used to decompose a signal into a discrete number of IMFs with the specific 

sparsity properties of its bandwidth in the spectral frequency domain and each mode is compact 

around a center frequency. A core assumption of VMD is the limited bandwidth of the individual 

modes. 

An IMF ( )ku t is defined as an AMFM signal, which is expressed as   

( ) ( ) ( )( )cosk k ku t A t tϕ=                          (7) 

where ( )k tϕ  and ( )kA t  denote the phase and the envelope of the k-th IMF, respectively; 

and the instantaneous frequency ( ) ( )k
kt t tω ϕ= ∂ ∂   is nonnegative and vary much slower 

than the phase ( )k tϕ . 

 The detailed description of VMD method can be found in [32-34]. The current signal 

decomposition methods are limited by: 1) The algorithms lack mathematical theory, i.e. EMD; 

2) The vulnerability to noise effect and 3) The hard band-limits of wavelet approaches [32]. 

VMD is to decompose the measured acceleration signal ( )px t   into a discrete number of 

modes that have specific sparsity properties while reproducing the input. The process can be 

expressed as a constrained variational problem with the following equation [32] 

{ } { }
( ) ( )

2

, 1 2

min k

k k

K
j t

t ku k

jt u t e
t

ω

ω
δ

π
−

=

    ∂ + ∗       
∑ , subjected to ( ) ( )

1

K

k p
k

u t x t
=

=∑         (8) 

where δ is the Dirac function, * denotes the convolution, { } { }1 2, ,k Ku u u u=   and 

{ } { }1 2, , ,k Kω ω ω ω=   are shorthand notations for the set of all modes and their center 

frequencies, respectively. 

 Using a quadratic penalty term and Lagrangian multipliers λ  , the above constrained 

variational problem can be transferred into a unconstrained optimizations problem as 
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{ } { }( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

1 2
2

1 12

, ,

                                                ,

k

K
j t

k k t k
k

K K

k p p k
k k

jL u t u t e
t

u t x t t x t u t

ωω λ α δ
π

λ

−

=

= =

  = ∂ + ∗    

+ − + −

∑

∑ ∑ 

      (9) 

where the regularization parameter α  depends on the data fidelity constraint. The quadratic 

penalty term is considered due to the noise effect, while Lagrangian multipliers are a common 

way of enforcing constrains. These two terms are used to improve the convergence properties 

and the strict enforcement of the constraints [32].  

 The solution of minimizing Eq. (9) can be obtained through a sequence of iterative sub-

optimizations called the alternate direction method of multipliers (ADMM) [35], which is used 

to find out the different decomposed modes and center frequencies. Each mode can be 

represented as 

( )
( ) ( ) ( )( )

( )2

/ 2

1 2

p i
i k

k
k

x u
u

ω ω λ ω
ω

α ω ω
≠

− +
=

+ −

∑

 (k=1, 2, ..., K)             (10) 

where ( )px ω  is the Fast Fourier transform of the signal ( )px t . 

 VMD mainly consists of following steps: 

 Step 1: Intrinsic mode update. The mode ( )1n
ku ω+ is updated with Eqs. (11a) and (11b). 

The Wiener filtering is embedded for updating the mode directly in Fourier domain with a filter 

tuned to the current center frequency n
kω . 

( )
( ) ( ) ( ) ( )( )

( )

1

1
2

/ 2

1 2

n n n
p i i

n i k i k
k n

k

x u u
u

ω ω ω λ ω
ω

α ω ω

+

+ < >

− − +
=

+ −

∑ ∑

 (k=1, 2, ...K)     (11a) 

( ) ( )( ){ }1 1n n
k ku t ifft u ω+ += ℜ                         (11b) 

where ( ) ifft  is the inverse Fast Fourier transform of a signal and { }ℜ  denotes the real 

part of an analytic signal. 

Step 2: Center frequency update. The center frequency 1n
kω
+

 is updated as the center of 

gravity of the corresponding mode’s power spectrum as  
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( )
( )

21
1 0

1

0

n
kn

k n
k

u d

u d

ω ω ω
ω

ω ω

∞ +

+
∞ +

= ∫
∫

(k=1, 2, ... K)                    (12) 

Step 3: Dual ascent update. For all frequencies 0ω ≥ , the Lagrangian multiplier ( )1n ω+λ

is updated by Eq. (13) as dual ascent to enforce the exact signal reconstruction until the 

convergence criteria as shown in Eq. (14) is satisfied. 

( ) ( ) ( )1 1n n n
p k

k
x uω ω τ ω+ + = + − 

 
∑λ λ                     (13) 

21

2
2

1
2

n nK
k k

nk k

u u

u
ε

+

=

−
≤∑                          (14) 

 

2.3 Hilbert transform 

 After performing the signal decomposition with VMD, each IMF can be obtained and used 

for calculating the Hilbert spectrum. The Hilbert transform of the k-th IMF ( )ku t  can be 

expressed as   

( ) ( ) ( )1 k
k k

u
u t H u t P d

t
τ

τ
π τ

+∞

−∞
= =   −∫                 (15) 

where P represents the Cauchy principle value and ( )ku t  is the Hilbert transform of ( )ku t . 

With IMF and the Hilbert transform, an analytical signal can be defined as 

( ) ( ) ( ) ( ) ( )kj t
k k k kz t u t iu t A t e θ= + =                    (16) 

( ) ( ) ( )
1/22 2

k kA t u t u t = +                        (17) 

( ) ( )
( )

arctan k
k

k

u t
t

u t
θ

 
=   

 


                        (18) 

Finally, the identified instantaneous frequency ( )k
id tω  of k-th component can be obtained as 

( ) ( )kk
id

t
t

t
θ

ω
∂

=
∂                           

(19) 

 To generally avoid the ambiguities due to possible phase unwrapping in Eq. (19), the 
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instantaneous frequency ( )k
id tω  of the k-th component can be identified as 

( )
( ) ( ) ( ) ( )

( ) ( )2 2

k k
k k

k
id

k k

u t u t
u t u t

t tt
u t u t

ω

∂ ∂
−

∂ ∂=
+





                  (20) 

 

3 Numerical studies 

 Numerical studies on a time-varying Multi-Degrees-of-Freedom (MDOF) shear type 

building structure are conducted in this section to demonstrate the effectiveness and accuracy 

of the proposed approach. The equation of motion of a four DOF shear type building can be 

described as follows 

( )
( )
( )
( )

( )
( )
( )
( )

1 1 1 2 2 1

2 2 2 2 3 3 2

3 3 3 3 4 4 3

4 4 4 4 4

                                                                    

m x t c c c x t
m x t c c c c x t

m x t c c c c x t
m x t c c x t

  + −     
      − + −      +      − + −
      

−         

 

 

 

 

( )
( )
( )
( )

( )

1 2 2 1

2 2 3 3 2

3 3 4 4 3

4 4 4

0
0

0

k k k x t
k k k k x t

k k k k x t f t
k k x t

+ −     
    − + −     + =    − + −
    −       

  (21) 

where m1=m2=m3=m4=4kg, c1=c2=c3=c4=0.5 N/(m-1s), k3=k4=1.2×104 N/m, k1 and k2 are the 

time-varying stiffness parameters. 

 Two cases with smooth and periodical variations are studied respectively. In Case 1, the 

varying stiffness properties are 4
1 (1 0.04 ) 10 /k t N s= − ×  and 4

2 (1.2 0.03 ) 10 /k t N s= − × . In 

Case 2, ( )( ) 4
1 1 0.3sin 2 10 /k t N sπ= + ×  and 4

2 1.2 10 /k N m= × . 

 The following impulse force is applied at the third floor 

( )
200     =0

      0       0
N t

f t
t


=  ≠

                          (22) 

The analytical responses of the time-varying system are obtained by using a typical time-

stepped integration method, such as Newmark-beta method. The sample frequency is set as 200 

Hz. The acceleration signal from the top level is selected for the decomposition and 

instantaneous frequency identification. 3% gauss white noise is added to the simulated response 

signals in both two cases to consider the measurement noise effect.  
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3.1 Instantaneous frequency identification 

 Figure 1 shows the time history and Fourier transform spectrum of the response signal from 

Case 1. Four clear frequencies are observed in the Fourier spectrum and therefore the number 

of frequency components K in Equation (10) for the signal decomposition using VMD is 

defined as 4. Figure 2 shows the decomposed IMFs and their frequency spectra. As shown in 

the Fourier spectra, those four independent frequency components are successfully decomposed 

and well separated. Figure 3 shows the true and identified instantaneous frequencies of the time-

varying system. It is noted that the theoretical instantaneous frequency is obtained with 

"freezing method" [36]. The method assumes that the system is a time-invariant system in each 

time interval, and the theoretical instantaneous frequency in this time interval is calculated by 

solving an eigenvalue problem. The end effect caused by the finite length and an incomplete 

cycle included in a signal may bring certain errors in the identification results, especially at the 

beginning and end of the response signal, as observed in Figure 3. If band-pass filters are used 

for the signal analysis, the frequency range of the defined bands needs to be carefully selected. 

The end and leakage effects may be significant in the associated FFT analysis. Besides, the 

simply analysis by using band-pass filters is not able to identify the instantaneous frequency. 

However, it is noted that smooth decreasing time-varying frequencies are successfully 

identified with the proposed approach. 

 Figures 4-6 show the response signal in time and frequency domains, decomposed IMF by 

using VMD, and the identified instantaneous frequencies for Case 2, respectively. The Fourier 

spectra of the decomposed IMFs, as shown in Figure 5, indicates that the four modes are clearly 

decomposed without any overlapping. In the identified instantaneous frequencies as shown in 

Figure 6, the variation in the low frequency mode is larger than that in the high frequency modes. 

The identified second mode is better than other modes. The reason is that the response signal 

contains the largest energy in the second mode, which can be observed in Figure 4. The 

identified low mode frequency fluctuates around the central frequency and the high mode 

offsets the central frequency. This maybe because of the noise effect. A traditional signal 

decomposition method, i.e. EMD, is also applied to decompose the response signal of Case 2 

and the obtained IMFs are given in Figure 7. Several unwanted IMFs appear. The Hilbert 
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transform is then applied to the first three IMFs and the identified instantaneous frequencies are 

shown in Figure 8. The first two modes have significant fluctuations. The third and the fourth 

modes are near each other, and EMD fails to decompose these two modes. The decomposition 

of signals calculated from time-varying systems is challenging. As observed in Figure 4, there 

are several peaks around the most significant frequency components in the Fourier spectrum, 

which makes the signal decomposition using traditional methods difficult. The performance of 

using EMD for signal decomposition is vulnerable to the noise in the measurements and 

significant fluctuations may be observed in the results, as shown in Figure 7-8. Comparing the 

identification results as shown in Figures 6 and 8 by using VMD and EMD respectively, VMD 

provides a better solution for the signal decomposition. 

 

3.2 Measurement noise effect 

To further investigate the robustness and performance of the proposed approach by using 

VMD, 5% and 10% noises are added in the response simulated in Case 2. Before using the 

noisy responses for the signal decomposition, since the first four are observed within 30Hz, a 

band-pass filter of the frequency range from 1 Hz~30 Hz is applied to the noisy responses to 

reduce the high frequency noise. The same procedure is followed with VMD used for signal 

decomposition, and the instantaneous frequencies from these noisy responses are identified as 

shown in Figure 9. It can be observed that all the four frequency components are successfully 

separated and the identified instantaneous frequencies are close to the true values. The best 

agreement is observed for the results on the second mode. The reason, as discussed above, is 

that the vibration is dominated by the second mode. The results of other modes, including modes 

3 and 4, are also satisfactory under such high noise effects. 

 

4 Experimental verifications 

 VMD can be used for the decomposition of both stationary and non-stationary signals. 

Existing methods may have some limitations in dealing with signals from time-invariant system 

owing to the, i.e. end effects. To investigate the effectiveness and performance of using the 

proposed approach for the instantaneous frequency identification of civil engineering structures, 
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experimental studies on a time-invariant structure and a time-varying structure are conducted 

in the laboratory. The measured vibration data are used for the signal decomposition and 

extracting the instantaneous frequencies of the structures with the proposed approach. 

Experimental studies on the first time-invariant structure are used to demonstrate the advantage 

and accuracy of the proposed approach over an existing method. The second example is a 

bridge-vehicle system, which is a time-varying structure. Experimental validations are 

conducted to demonstrate the applicability and efficiency of using VMD for signal 

decomposition and instantaneous frequency identification.    

 

4.1 Modal identification of a time-invariant structure 

The first example is a time-invariant four-story shear-type steel frame structure, as shown 

in Figure 10. Its dimensions are shown in Figure 11. The height and width of the model are 

1200 mm and 595 mm, respectively. The cross section of the steel beams is 100 mm by 25 mm. 

Both columns are of 50 mm wide and 5 mm thick. The beams and columns were welded 

together to form rigid joints. The bottom of the two columns were welded onto a thick and solid 

steel plate, which was fixed to the strong floor. A SINOCERA LC-04A hammer with a rubber 

tip was used to excite the frame, and horizontal acceleration responses of the frame were 

measured at each floor with KD1300 accelerometers. A commercial data logging system 

INV306U and its associated signal analysis package DASP V10 were used for data acquisition 

and analysis. The sampling frequency was set as 1024 Hz, and the cut-off frequency range was 

preset as 1Hz to 300 Hz for all test cases.  
 Experimental tests were performed by using the hammer to hit the top floor of the frame. 

The acceleration responses were recorded with a duration of 60 seconds. The measured 

response signals were resampled to 100Hz, which not only removes the high-frequency 

measurement noise but also reduces the computational workload. The measured acceleration 

response at the top level of the frame structure and its Fourier spectrum are shown in Figure 12. 

 An improved HHT method [37] based on EMD is used to analyze the measured response 

at the top level for a comparison study. Band-pass filters techniques are also applied to the 

measured response first before the signal decomposition using EMD. Four pass bands are set 

as 4Hz ~ 6Hz, 14Hz ~ 16Hz, 23Hz ~ 25Hz, and 28Hz ~ 30Hz, respectively, according to the 
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Fourier spectrum of the measured response. The auto-correlation function is then obtained from 

the inverse Fourier transform with a Hanning window and 50% overlapping. The obtained auto-

correlation function is then used as the input to the improved HHT method for obtaining the 

instantaneous frequencies, which are shown in Figure 13. These results show that the improved 

HHT method can identify the low frequency components accurately. However, for the high 

frequency information, even with such narrow band-pass filters for signal pre-processing, the 

fluctuations are observed for the third and fourth frequencies and the relative errors are about 

7%. The error may be caused by the pass band ripples in the band pass filter design. It should 

be noted that the end-effect and the associated errors in the modal identification are also 

observed at the end of the signals.  
 The proposed approach based on VMD is then applied to the same response signal. The 

identified IMFs and instantaneous frequencies are shown in Figures 14 and 15, respectively. 

The four identified frequencies of the steel structure are 5.17Hz, 15.05Hz, 23.52Hz, and 

29.20Hz, respectively, which are the same as the modal identification results using DIAMOND 

[38]. It should be noted that the proposed approach can be used for both the time-invariant and 

time-varying systems, in this time-invariant case, it well separates and identifies the modal 

frequencies of a steel frame structure, and outperforms the existing HHT method with more 

reliable and steady modal identification results with less fluctuations. In the next section, 

experimental studies on the instantaneous frequency identification of a time-varying structure 

will be conducted.  

 

4.2 Instantaneous frequency identification of a time-varying structure 

The second example is a time-varying bridge-vehicle system as shown in Figure 16. The 

slab of the testing T-section prestressed concrete beam has a length of 5 m, a width of 0.65 m, 

and a total height of 0.415 m. The initial Young's modulus and density are 26.0 GPa and 2707.7 

kg/m3, respectively. Experimental setup is shown in Figure 16(a) by using a motor to pull over 

the vehicle travelling on the testing beam. Three prestressing tendons with each of a cross 

section area of 99.8 mm2 are included in the web with a total prestress force of 140 kN. The 

tendon’s profile is parabolic and the locations at the ends and mid-span of the beam are shown 

in Figure 16(b). A vehicle model was designed and fabricated as shown in Figure 16(c). The 

spacing of the front and rear axles is 0.8 m and the lateral spacing of two wheels is 0.4 m. The 
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total weight of the model is 9.8kN. The vehicle was pulled by an electrical motor to run on the 

beam with an approximately constant speed of 0.4 m/s. Seven accelerometers were installed on 

the beam structure to measure the vibration responses under the moving vehicle. Approximately 

13 seconds of response data were recorded when the vehicle was running on the beam, sampled 

at 1000Hz and filtered with a bandwidth frequency of 4–65 Hz. The fundamental natural 

frequency of the beam structure is 33.4 Hz without considering the effect of the moving vehicle. 

This bridge-vehicle system is time-varying because of the significant mass ratio between the 

vehicle and the bridge, as well as the changing excitation locations. The details of the 

experimental setup and test descriptions can be found in [39]. 

Figure 17 shows the measured response at the mid span of the beam along with its Fourier 

spectrum. It can be observed that most of the energy is distributed in the frequency range of 5-

40Hz. The frequency corresponding to the maximum energy is around 33Hz, and significant 

vibrations occur within the frequency range from 20Hz-40Hz. The bridge vibration is 

dominated by the fundamental frequency of the bridge-vehicle system because the vehicle is 

crossing the bridge with a slow speed at 0.4m/s as mentioned above. However, the vibration 

characteristics of the system are varying with the locations of the moving vehicle on the bridge. 

Significant fluctuation and noise exist in the responses during the periods when the vehicle 

enters and leaves the bridge model. Therefore only 10 second vibration data with both the front 

and rear wheels of on the bridge model are selected for identification in this study. 

Both the improved HHT method [37] as mentioned in Section 4.1 and the proposed 

approach are employed to identify the instantaneous frequencies of this time-varying system 

with the measured acceleration response at the mid-span. The identification results by using the 

improved HHT method and the proposed approach are shown in Figures 18 and 19, respectively. 

The theoretical instantaneous frequencies considering the moving vehicle travelling on the top 

of the bridge with the calibrated speed from optical sensors are also calculated with “freezing 

method” [36] based on the updated finite element model [39] of the bridge-vehicle system. The 

minimum value of the first frequency is 18.99Hz when the vehicle locates at the middle span 

of the beam. Figure 18 shows the identified instantaneous frequency from the first two IMFs 

with EMD. Two significant frequency components are identified and cannot be well separated. 

The real instantaneous frequency of the first vibration mode cannot be identified in this case. 
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By using VMD, a single frequency component is identified as shown in Figure 19. The Hilbert 

spectrum of the extracted IMF is shown in Figure 19(a). At the beginning and end of the signal, 

the instantaneous frequency is about 30Hz, while it is about 20Hz when the vehicle is in the 

middle of the bridge. It should be noted that instantaneous frequency identification of a bridge-

vehicle system is challenging due to the low signal-to-noise ratio in the measured response 

signals from such a time-varying system with a slow moving speed and the non-negligible 

interaction from the moving vehicle [40]. Significant fluctuations in the identified instantaneous 

frequencies are observed because of the uncertainties of the bridge-vehicle interaction and the 

measurement noise. The polynomial curve fitting technique is therefore used to fit the identified 

results with the second order parabola. The obtained fitted curve is compared with the therotical 

instantaneous frequencies, as shown in Figure 19(b). It is observed that the fitted curve matches 

with the theoretical value well, indicating the effectiveness and accuracy of the proposed 

approach in identifying the instantaneous frequency of a time-varying system with significant 

uncertainties and measurement noise. 
 

5 Conclusions 
 Many methods, such as EMD, AMD and wavelet based techniques, have been proposed 

for signal decomposition. VMD is a novel method that decomposes a signal into an ensemble 

of band-limited IMFs. This paper proposes an approach for the instantaneous frequency 

identification of time-varying structures based on VMD and Hilbert transform. The measured 

response signal is decomposed into a finite number of IMFs with VMD, and then Hilbert 

transform is performed for the identification of instantaneous frequencies. Numerical studies 

on time-varying systems with smooth and periodical variations are conducted to investigate the 

accuracy and performance of the proposed approach. Finally experimental validations on a 

time-invariant steel frame structure and a time-varying bridge-vehicle system in the laboratory 

are carried out. Both numerical and experimental studies demonstrate that the proposed 

approach can well perform the signal decomposition with limited bandwidth of the individual 

modes and identify the instantaneous frequency of the time-varying systems accurately. It might 

be possible to obtain the time-varying mode shapes varying with time, providing that a 

sufficient number of sensors have been deployed. The time-varying mode shape can be obtained 

based on the amplitudes at the resonant frequencies of each mode. The feasibility and 
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performance of using VMD for the identification of closely spaced modes will be explored in 

the future studies. 
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Figure 1. Time domain response signal and its fast Fourier transfrom spectrum in the 

numerical study (Case 1) 
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Figure 2. Decomposed IMFs of the response signal with VMD in the numerical study  

(Case 1) 
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Figure 3. Identified instantaneous frequencies with VMD in the numerical study (Case 1) 
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Figure 4. Time domain response signal and its fast Fourier transform spectrum in the 

numerical study (Case 2) 
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Figure 5. Decomposed IMFs of the response signal with VMD in the numerical study  

(Case 2) 
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Figure 6. Identified instantaneous frequencies with VMD in the numerical study (Case 2) 
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Figure 7. Extracted IMFs of the response signal with EMD in the numerical study  

(Case 2) 
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 (a) Identified instanetance frequency from IMF 1  

 

(b) Identified instanetance frequency of IMF 2 

 

(c) Identified instanetance frequency of IMF 3 

Figure 8. Identified instantaneous frequencies with EMD in the numerical study (Case 2) 
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(a) Identified instanetance frequency of mode 1 

 
(b) Identified instanetance frequency of mode 2 

 

(c) Identified instanetance frequency of mode 3 

 
(d) Identified instanetance frequency of mode 4 

Figure 9. Identified instantaneous frequencies with VMD under different noise levels in the 

numerical study (Case 2)  
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Figure 10. A steel frame model in the laboratory 
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Figure 11. Dimensions of the steel frame structure in the laboratory (unit: mm) 
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(a) Time history of measured response at the top floor 

 
(b) Fourier spectrum of measured response at the top floor 

Figure 12. Measured acceleration response at the top floor of the frame and its fast Fourier 

transform spectrum under a hammer excitation 
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Figure 13. Identified instantaneous frequencies from an improved  

HHT method in the experimental study 
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Figure 14. Identified IMFs with VMD in the experimental study 
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Figure 15. Identified instantaneous frequencies with VMD 
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(a) Schematic experimental setup 

 

(b) Cross section of T-beam 

 

(c) Overview of the experiment setup and vehicle model 

Figure 16. Experimental setup of a bridge-vehicle system in the laboratory 
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(a) Time history  (b) Fourier spectrum 

Figure 17. Time history and fast Fourier transform spectrum of the measured response at 

the middle span of the beam 

 

 

  

Time (sec.)

0 2 4 6 8 10 12

A
cc

el
er

at
io

n 
(m

/s
2

)

-0.5

0

0.5

Frequency (Hz)

0 20 40 60 80

Fo
ur

ie
r A

m
pl

itu
de

0

0.05

0.1

0.15

0.2



36 
 

 

 

 
Figure 18. Identified instantaneous frequencies of the bridge-vehicle system with EMD 
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(a) Hilbert spectrum 

 
(b) Identified instantaneous frequencies and therotical value 

Figure 19. Identified instantaneous frequencies of the bridge-vehicle system with VMD 
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