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Influence of nonlinear turbulent friction on the system frequency

response in transient pipe flow modelling and analysis

ABSTRACT

The system frequency response (SFR) based method has been widely developed and applied for the
modelling of transient pipe flow and the assessment of pipeline system conditions. The linearization
assumption is commonly imposed for the nonlinear turbulent friction term in the SFR model. Previous
studies have demonstrated the impact of the linearization approximation on the accuracy of the SFR-
based modelling and analysis. This paper aims to improve the traditional SFR-based method by
incorporating the nonlinear component of the friction term in a two-step analytical extension of the
SFR expression. Numerical comparisons with the Method of Characteristic (MOC) highlight the
improved accuracy that the extended SFR result provides over the traditional approach under various

flow conditions.

Keywords: Nonlinear turbulent friction; relative importance; system frequency response;

transfer matrix; transient

1 Introduction

Transient waves are fast moving elastic shocks that travel at high speeds in pipeline systems
(e.g., around 1000 m/s in elastic pipelines). They are generally triggered by planned or
accidental flow changing events in pipe fluid systems. Transient events may be caused by fast
operations of valves, starting and stopping of pumps and variations in the supply or demand
of the system fluid. These sudden changes in system flow require the imposition of large
forces to accelerate or decelerate the fluid, and consequently are capable of inducing severe or
even catastrophic pressures in the pipeline. In engineering practice across a multitude of
fluids systems and applications, transient flows exert decisive influences on practical aspects
of engineering design and operation of pipeline systems, such as structural (e.g., pipe broken)
and functional (e.g., pollutant intrusion) integrities of pipelines (Chaudhry, 1987; Duan, Tung,
& Ghidaoui, 2010; Ghidaoui, Zhao, Mclnnis, & Axworthy, 2005; Meniconi et al., 2015;
Meniconi, Brunone, Ferrante, & Massari, 2011; Wylie, Streeter, & Suo, 1993).

It was found that small magnitude transient waves can be used as a source of
information in pipeline integrity management applications as they can move rapidly
throughout a pipeline system and their waveforms are modified by their propagation and
reflection interactions with the pipe network components, (Colombo, Lee, & Karney, 2009).
Recently developed techniques for leakage and blockage detection in water pipeline systems
are utilizing the information associated with the transient damping and reflections (Brunone,

1999; Covas, Ramos, Graham, & Maksimovic, 2005; Duan, Lee, Ghidaoui, & Tuck, 2014;
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Duan, Lee, Ghidaoui, & Tung, 2010, 2011, 2012a; Duan et al., 2013; Ferrante & Brunone,
2003; Gong, Lambert, Zecchin, & Simpson, 2016; Lee, Duan, Ghidaoui, & Karney, 2013;
Lee, Lambert, Simpson, Vitkovsky, & Liggett, 2006; Sattar & Chaudhry, 2008; Vitkovsky,
Simpson, & Lambert, 2000; Wang, Lambert, Simpson, Liggett, & Vitkovsky, 2002).
Utilization of transient data for leak detection could have great practical significance since
pipe leakage is a common and costly water conservation and health issue in urban water
supply systems worldwide. Consequently, a reliable modelling and analysis of transient flows
in pipes is important to advancing the practical utilization of transients as a source of
information and, at the same time, minimizing their damaging impacts on the physical
infrastructures.

The modelling and analysis of transient pipe flows are usually performed in the time
domain by various numerical schemes that are widely developed in the literature, for
example, the commonly used Method of Characteristics (MOC) (Chaudhry, 1987). In this
model, the pipeline system needs to be discretized by following relevant requirements of
numerical stability and convergence so that the average state and time evolution of transient
waves along the pipeline are calculated accurately. Unfortunately, the efficiency of the time
domain simulation is greatly affected by the applied numerical scheme and the system
complexity, especially when a physically-based unsteady friction model is included in the
modelling (Duan, Ghidaoui, Lee, & Tung, 2010; Ghidaoui & Mansour, 2002; Vardy &
Brown, 1995; Vitkovsky, Stephens, Bergant, Simpson, & Lambert, 2006; Wylie et al., 1993).
Another commonly used method for the simulation and analysis of transient pipe flows is the
frequency domain analysis. Various types of frequency domain analysis have been developed
in the literature, including system frequency response (SFR) method, impedance matrix (IM)
method and impulse response (IR) method (Kim, 2007; Lee, Duan, Ghidaoui, et al., 2013;
Vitkovsky, Lee, Zecchin, Simpson, & Lambert, 2011; Zecchin, Lambert, Simpson, & White,
2010). The accuracy of frequency domain analyses is affected by the linearization
approximation of complex effects such as turbulent friction and valve dynamics. Lee and
Vitkovsky (2010) quantified systematically the linearization errors of the valve operation and
steady friction effect in the frequency domain analysis for transient modelling. Lee, Duan,
Vitkovsky, Zecchin, and Ghidaoui (2013) investigated the inaccuracy of the transient line
modelling due to the discretization in both time and frequency domains. Furthermore, the
study of Lee (2013) also indicated that the transmission line model deviates significantly from
the MOC when the system dynamics are represented in a head-flow plot, with the difference
increasing with the wave magnitude. These previous results have demonstrated the
significance of the linearization approximation in the current frequency domain analysis

methods.
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In recent years, the frequency domain analysis method has become more popular for
the diagnosis and analysis of transient pipe flow systems and also in pipeline condition
assessment (leakage and blockage detection) (Duan & Lee, 2016; Duan et al., 2014; Duan et
al., 2011; Duan, Lee, et al., 2012a; Duan, Lee, Ghidaoui, & Tung, 2012b; Duan et al., 2013;
Ghazali, Beck, Shucksmith, Boxall, & Staszewski, 2012; Gong et al., 2016; Lee, Vitkovsky,
Lambert, Simpson, & Liggett, 2005). Particularly, transient responses of various pipe defects
(leakage and/or blockage) could be efficiently incorporated into the frequency domain model,
and their impact on the response can be separated from other system effects. These defects
can be identified and detected inversely through this process. For example, the SFR-based
method has been developed and used in the literature for the detection of pipe leakage and
blockage as well as unknown branches in pipe systems (Duan & Lee, 2016; Lee, Duan,
Ghidaoui, et al., 2013). Again, these applications have demonstrated that the accuracy of
frequency domain analysis for pipe system diagnosis is of great importance and the
linearization approximations imposed in the development of these methods will need to be
studied in greater depth. The aim of this paper is to develop a method for mitigating the errors
associated with the linear approximation in the frequency domain models such that nonlinear
friction effect and complex device operations can be accurately represented and modelled.

This paper first derives and extends the SFR method by including the nonlinear
turbulent friction effect and the results are compared to the original linearized SFR method
and the MOC-based numerical results. Finally, the results and findings of this study are
discussed in terms of the accuracy in transient pipe flow modelling as well as the practical
implications of transient system analysis (such as pipeline diagnosis) in urban water pipeline

systems.

2 Models and methods

For clarity, the transient flow models, analysis methods, as well as the common assumptions

used in previous studies are summarized and presented in this section.

2.1 One-dimensional transient model

The one-dimensional (1D) transient model is used in this study for the time domain numerical
simulation and frequency domain analytical analysis, with the governing equations given by

(Chaudhry, 1987; Wylie et al., 1993):

a- ot Ox
@+gAaﬂ+@r,=0 2)
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where H is pressure head; Q is flowrate; a is wavespeed; 7 is time; x is spatial coordinate
along pipeline; D is pipe diameter; 4 is pipe cross-sectional area; g is gravitational
acceleration; p is fluid (water) density; 7, is pipe wall shear stress, which can be divided into

two parts as (Vardy & Brown, 1995; Zielke, 1968):
TM’ = TM’S + TW'M (3)

with 7, and t,,,, being the quasi-steady and unsteady components of z,, respectively. For
turbulent flows, the quasi-steady wall shear stress is commonly simulated by the Darcy-
Weisbach equation as (Ghidaoui et al., 2005),

2

+0l0] = sign(0) 2% 4

T ws =
84

with fbeing the Darcy friction factor at initial flow state and sign() for the sign function. For
modelling the unsteady wall shear stress, the weighting function based (WFB) model is
adopted in this study, which is given by (Vardy & Brown, 1995, 2003),

A0V 1 - 1990 4
= [ w(e-r) PR (5)

where W(t) = ¢ew / \/E is weighting function with ¢, A being convolution coefficients for

various flow regimes, with ¢ = D/4+/v , 1= (0.54vk, )/ D* and k, = Relog(m/ReO'OS); Re =
0OD/Av is Reynolds number; v is kinematic viscosity; and ¢’ is a dummy time variable.

The MOC scheme is used for the 1D numerical simulation in the time domain
(Chaudhry, 1987), where the nonlinear turbulent friction term in Eq. (4) is treated discretely
by a 2""-order approximation and the unsteady friction term in Eq. (5) is dealt with by the full
convolution of historical time effect (Vardy & Brown, 1995; Wylie et al., 1993). The MOC-
based numerical simulation method has been widely studied and fully validated for its
accuracy and validity in the literature (Ghidaoui et al., 2005) and is used as the benchmark for

the evaluation of the extended SFR-based results in this study.

2.2 SFR result by transfer matrix method

The frequency domain equivalence of the 1D transient model can be obtained by applying the
transfer matrix analysis after considering the linearization of the turbulent friction term, and

the results can be obtained as follows (Chaudhry, 1987; Lee et al., 2006):

{q*}D: cosh(izd ) %sinh(i,ul) {q*}u 6)

h Zsinh(iul)  cosh(iud) 2
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where ¢", h" are transient flowrate and head in the frequency domain; / is the length of
uniform pipe section; superscripts ‘U, D’ indicate the quantities for upstream and downstream
ends of uniform pipe section; i is the imaginary unit; 4 is wave propagation operator; Z is

characteristic impedance. Considering the linearized steady friction effect,

yzg,/l—iRs;Z:—iAJl—iRS )

a &

where o is frequency; R, is linearized steady friction resistance factor, and (Lee et al., 2006;

Mpesha, Gassman, & Chaudhry, 2001; Sattar & Chaudhry, 2008; Wang et al., 2002),

Rt

' wDA ®

Note that the steady friction term for turbulence pipe flows is 2"-order nonlinear, which is
very difficult to be converted directly into the frequency domain, and therefore a linearization
of this term has been applied for obtaining the above results. That is, it assumes that ¢, << Q,,
or g, = q/(Qy + q;) << 1, where ¢, and Q, are the transient flow part and the initially steady

(pre-transient) flow part, and ¢, is the percentage of transient part in the total flow, so that in

Eq. (4),

0°=(0,+q,] ~0} +20,9, ©)

As a result, the nonlinear turbulent friction term in Eq. (4) is simplified into a linear function
for the cases of small-amplitude transient flows, which can then be explicitly converted into
the frequency domain by Fourier transform, as given in Eq. (8) (Lee et al., 20006).
Particularly, for the simple pipe system in Fig. 1, the SFR can be obtained by
applying the boundary conditions to Eq. (6) and the transient pressure head is given as (Duan
etal., 2011; Lee, Duan, Ghidaoui, et al., 2013; Lee et al., 2000),
. sinh(iz)

h =Z———=
cosh(izd ) (10

Note that Eq. (10) represents the transient response (pressure head) per unit input perturbation
(e.g., unit discharge variation at the downstream end in Fig. 1). The nonlinearity of the valve
orifice relationship is not considered in the following study, in order to highlight and
investigate the nonlinear friction effect in this paper. To this end, a known discharge curve (as

shown in Fig. 1) is imposed to the downstream end.
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3 Extended SFR for Nonlinear Turbulent Friction

Considering the nonlinear turbulent friction term as in Eq. (4), and applying the similar
frequency domain analysis procedure (note: the detailed derivation process is provided in the
appendix), the transfer matrix result can be extended and obtained (termed as extended SFR

result, denoted by subscript “£” in this paper) as follows (i.e., Eq. (A.30) in the appendix):

# D | U
{q} _| cosh(ix,1) 751nh(iﬂE1) {‘1 } (11)

0 s E n
Z,sinh(ig,l)  cosh(iu,l)

where ur and Zg are transient wave propagation operator/coefficient and characteristic

impedance for the extended SFR result, and

y5=91/1—iRE,ZE=—iA 1-iR, (12)
a

&

in which R is the extended friction resistance factor, and
R, =R, +R,+R, (13)

with Ry, and Ry, being the linear (1¥-order) and nonlinear (2"*-order) steady components of
extended friction resistance factor; R, being the unsteady friction resistance factor. The
derivations of these factors are provided in the appendix. Specifically, from Eq. (A.22) given

in the appendix, it has,

:&R _ qu R = 16ZV¢

; = S N PN 14
wDAT T 2wDA D’NA+io 19

where ¢ is the initial flow change for generating transient (i.e., induced transient flow part).
The relative importance of these different frictional components to the transient modelling is
analyzed in details later in this study. Accordingly, the extended SFR result of the transient

pressure head can be obtained for the simple pipe system in Fig. 1 as,

W7 sinh(i,uEl)
E

1
¥ cosh(iz,l) ()

This result clearly shows the only difference between the original and extended SFR results is

the influence of nonlinear turbulent friction to the transient characteristic impedance (Z;) and

wave propagation coefficient (uz). This influence is analyzed in details later in this paper.
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4 Scaling Analysis of Different Friction Component Effects

Based on the derived results of the extended SFR in Eq. (11) through Eq. (14), the scaling
analysis can be conducted as in the previous study of Duan, Ghidaoui, Lee, and Tung (2012).

The scaling analysis results of Eq. (14) are summarized as follows:

(1) For quasi-steady friction effect:

T,

p— 16
t0 T;J ( )

T L
R, ~Re,—=M—: R, ~ /Re
s1 OTd fMD 52

where Rey = 0yD/Av is Reynolds number for initially steady (pre-transient) state; Re,, =
|go|D/Av is the critical Reynolds number for the generated transient flow state; M = Qy/4a is
Mach number; T,, ~ l/w ~ L/a is longitudinal wave time scale; and 7, ~ D?/vis radial
kinematic (turbulent) diffusion time scale. Note that Re, represents the corresponding

transient extent occurred in the system.

(2) For unsteady friction effect, its importance is dependent on the flow condition

parameter A, which is function of 7; and Rey, in the WFB model of Eq. (5), as:

(2.1)if (ReoT,/T, ~ QoL/aAD) <<1, then,

R ~

u

. (17a)
d

and therefore, R, > R,= R,; + Ry, according to Eq. (16), which means the unsteady
friction component becomes more important to the wave envelope attenuation than the

total quasi-steady friction effects (including linear and nonlinear parts);
(2.2) otherwise for (ReoT,/T; ~ QoL/aAD) ~ 1 or >> 1,

1T,

R ~—=—— 17b
' ReT (170)

which results in R, < R;= R,; + Ry,. Under this condition, the quasi-steady friction

effect is more significant than the unsteady component in the transient modelling.

In fact, this analysis result in Eq. (16) and Eq. (17) is consistent with the well-known
behaviours of transient pipe flows that the nonlinear friction effect (Ry,) relies largely on the
generated transient intensity (Re,) and the system scale conditions (7,,/7}), but has little
relationship with the initial (pre-transient) flow condition (Wang et al., 2002; Zecchin et al.,
2010). However, this result is different from the previous findings in the literature with regard
to the effect of linear steady and unsteady components that depend potentially on both the
pre-transient and transient conditions (Chaudhry, 1987; Duan, Ghidaoui, et al., 2012; Vardy
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& Brown, 1995). Based on the analysis of transient mechanism and evolution process in
Duan, Ghidaoui, et al. (2012), this obtained result demonstrates that the nonlinear component
of steady friction affects mainly the instantaneous change of the transient trace envelops (e.g.,
pressure head) by suppressing effect of the generated transient turbulence and radial diffusion
on the transient change (for example, pressure head recovering during the decelerating flow
stage) during the successive wave-front passes. Therefore, the inclusion of this nonlinear
friction term is important to further the understanding of the complex physics of transient pipe
flows, especially for transient wave-turbulence interaction.

Furthermore, based on the derived analytical results, the relative contribution
(denoted herein by #) of the nonlinear (2™-order) term to the total quasi-steady friction
damping (1¥-order and 2"-order) can be evaluated simply by the ratio of these respective

resistance factors, as

= Rsz - qO = Reto
R,+R, 20,+q, 2Re ;+Re,

n (18)

Clearly, the result of Eq. (18) implies the relative importance and contribution of the
nonlinear steady friction term to the total frictional damping is highly dependent on the ratio
of the generated transient intensity to the initial (pre-transient) pipe discharge. Moreover, the
result of Eq. (18) also gives an implication on the assumption used in the linearized SFR
result of Eq. (7), that is, # <<1 (or go << Q,) for giving Eq. (9), so that the nonlinear steady
friction effect can be ignored as conducted in many previous studies (Duan et al., 2011;
Ferrante & Brunone, 2003; Lee et al., 2006; Mpesha et al., 2001; Sattar & Chaudhry, 2008).
On this point, the accuracy and validity of the linearization approximation applied originally
for the linear SFR method is basically governed by the parameter # herein.

Consequently, the above analytical results and analysis indicate that: (1) the linear
quasi-steady friction effect is more significant than both the nonlinear steady friction and
unsteady friction effects for the transient cases with relatively large initial flows (e.g., highly
turbulent flows) and relatively small transient intensity (e.g., small perturbations). Under this
situation, the linearization assumption becomes valid and accurate for transient modelling and
analysis. Otherwise, the nonlinear friction term should be included in the SFR-based
modelling and analysis; (2) the unsteady friction effect becomes less important for relatively
large scale pipeline systems (e.g., large T,,/T, or L/D), while nonlinear quasi-steady friction
effect is more important for systems with relatively long and small-diameter pipes and highly

intensive transients.
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5 Further Analysis of the Importance and Influence of Nonlinear Turbulent

Friction

Despite that the qualitative insights obtained from the derived extended SFR results in this
study, in terms of the importance of nonlinear turbulent friction to transient modelling and
analysis, have been widely observed and well expected from previous studies (Ghidaoui et al.,
2005; Lee, Duan, Ghidaoui, et al., 2013; Wylie et al., 1993), it is useful and necessary to
examine the quantitative trend of its dependence on different parameters under various system
and flow conditions, in order to provide a usable and reliable frequency-domain modelling
method for full turbulent friction effect. Prior to such systematical analysis, it is a good start
to validate the accuracy and validity of the extended SFR-based method through the

comparison with the traditional MOC-based simulations.

5.1 Comparison with MOC-based numerical results

The numerical test is conducted based on the MOC-based simulation for the transients caused
by full open-and-closure operations at the downstream end shown in Fig. 1 with a wide
frequency bandwidth for various flow conditions (Rey) (e.g., g0 = go/Q = 1). For the
illustration and validation purposes, the simple pipe system of reservoir-pipeline-valve as
shown in Fig. | is used for the analysis, with the pipe parameters given in the figure. The
pipeline is assumed to be smooth and the initial friction factor (f) is determined by the
Colebrook—White equation. The numerical results of transient frequency responses are
obtained by the frequency sweeping method based on the MOC-based 1D model in Eq. (1)
and Eq. (2) (Lee, Duan, Ghidaoui, et al., 2013). In fact, many previous studies (Chaudhry,
1987; Duan et al., 2014; Duan et al., 2013; Gong et al., 2016; Lee, 2013; Lee et al., 2006;
Wylie et al., 1993) have evidenced the difference between the observed results (e.g., by
experimental measurement or MOC-based numerical simulation) and the SFR-based
transmission modelling results, which is further verified and analyzed in this section. To
maintain the accuracy of MOC-based results in the frequency domain, a relative complete
transient event with long duration (e.g., 300 wave periods in this study) is required and
applied based on the previous findings and discussion in (Lee, Duan, Vitkovsky, et al., 2013).
Moreover, only the relatively low frequency domain results (e.g., first 10 amplitude peaks)
are used for the analysis, which are usually necessary and important to the utilization and
analysis of system frequency responses (e.g., leak detection) (Lee, Duan, Ghidaoui, et al.,
2013). For this purpose, two test cases of Re,=10"and 10’ are conducted for the validation
and analysis, and the results are plotted in Figs 2(a) and 2(b) respectively. More tests are

conducted and discussed later in this paper for a wide range of system and flow conditions.
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It is necessary to note that, due to the requirements of tremendous computation time
and storage space for the convolution process of the WFB unsteady friction model (Ghidaoui
et al., 2005; Vardy & Brown, 1995), and the purpose of inspecting nonlinear steady friction
effect herein, only the steady friction (linear and nonlinear) effect is considered and tested for
the validation through comparisons of analytical and numerical results. The influence of
unsteady friction effect will be analyzed later by the validated analytical TFR result in this
study. Furthermore, for comparative analysis, two results of linear steady friction only and
total (linear and nonlinear) steady friction from the analytical solution are plotted in each
figure, so as to highlight the importance and influence of the nonlinear friction effect. Overall,
the results of Fig. 2 demonstrate that the inclusion of nonlinear friction term has improved to
certain extent the accuracy of SFR-based transient modelling. Specifically, it can be
concluded that, compared to the original linear SFR results, much better agreements between
the extended SFR results and MOC-based numerical results are obtained for both test cases.
By inspection, the average difference of the first 10 peaks is within 6% in comparison with
the benchmark values (i.e., numerical results). Nevertheless, small differences still exist,
mainly due to the two-step approximation method adopted for the analytical analysis in the
appendix (e.g., Eq. (A.19)) which causes the overestimation of nonlinear turbulent friction
effect. Moreover, this small difference is almost insensitive to the initial flow conditions (e.g.,
from Rey= 10" in Fig. 2a to Rey= 10’ in Fig. 2b);

The preliminary results of Fig. 2 herein have validated the proposed nonlinear
turbulent friction derivation for the SFR model. The following sections will investigate and
quantify systematically the significance of this improvement compared to the original

linearized SFR approach.

5.2 Importance of the improved SFR method

In this section, the linear and nonlinear steady friction components are compared with
unsteady friction component to evaluate the importance of the proposed improvement to SFR-
based transient modelling. Specifically, the following two expressions are defined and used to
evaluate and quantify the relative contribution of the nonlinear turbulent friction model in the

frequency domain,

Psl - Psls2

7(%)= %100 (19)

s1

P,—P
72(%):%&00 (20)

sl su
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where y; is the contribution percentage of the nonlinear turbulence friction damping for the
frequency response peaks; y; is the relative importance of the nonlinear turbulent friction to
unsteady friction effect; Py, Pyi5, Py, are the frequency domain peak amplitudes of the
analytical results with linear steady friction only, total steady friction (linear and nonlinear),
and total friction (steady and unsteady), respectively. Both Eq. (19) and Eq. (20) describe, in
different expression ways, the contribution of the proposed nonlinear steady friction model to
SFR-based transient modelling in the frequency domain. Particularly, y, in Eq. (19) indicates
the relative importance of nonlinear steady friction to total steady friction effect (linear and
nonlinear steady components), while y, in Eq. (20) represents the relative importance of
nonlinear steady friction to total friction effect (steady and unsteady components). For clarity,
the test pipe system in Fig. 1 with the case of Rey= 10’ is applied again here for
demonstrating various parameters defined in above expressions, which are shown in Fig. 3 by
taking the first frequency peak herein for illustration.

According to Eq. (19) and Eq. (20), the individual contribution and relative
importance of nonlinear turbulent friction are in principle changing with frequency peak
numbers, which is also indicated by the scaling analysis result in Eq. (18). For convenience of
the numerical evaluation, the first 6 peaks in the frequency domain for each test case are
extracted and used in the following analysis, which represents common situations for transient
modeling and analysis (Duan et al., 2011; Lee, Duan, Ghidaoui, et al., 2013). Based on the
two evaluation methods, the importance of the proposed nonlinear SFR model can be
quantified for various transient conditions (i.e., g = ¢o/Q,). Taking the case of Re,= 10’ in
Fig. 1 for illustration, the contribution percentage and relative importance of nonlinear
turbulent friction effect under various transient intensity conditions (g, = g¢/Qy) are
calculated and plotted in Figs 4(a) and 4(b) respectively.

The results in Fig. 4(a) demonstrate clearly the extended SFR model with nonlinear
turbulent friction term increases in importance with the magnitude of the transient event (g, ).
However, for each imposed transient flow perturbation (¢, "), the impact of the nonlinear
turbulent friction model is constant across all the frequency peaks (i.e., Fig. 4a). This result
again confirms the former scaling analysis result of Eq. (18) in this study. In the presence of
unsteady friction effect in Fig. 4(b), however, the contribution from the proposed nonlinear
steady friction model is decreasing with frequency peak number, which indicates that the
importance of nonlinear friction effect is affected by the frequencies of incident waves and
system scale configurations.

Furthermore, to investigate the influence of the initial flow conditions (Re,) and
transient generation conditions (¢, ) in the given pipe system of Fig. 1, the contributions of
nonlinear steady friction from the first 6 frequency peaks of each test (e.g., Fig. 4) under

various flow conditions are averaged for further analysis. The results are extracted from a
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variety of test cases for the system of Fig. 1 and the results from the two evaluation methods
are plotted in Figs 5(a) and 5(b) respectively. On the one hand, the overall results of Figs 5(a)
and 5(b) confirm further that the impact of the proposed nonlinear turbulent friction model is
increasing with transient intensity (¢o") for all the test flow conditions. Specifically, the results
in Fig. 5 indicate that the average impact of the model (y, and 7,) attains to over 10% when g,
> (.3 for the whole test range of initial flow conditions, which means that the nonlinear
turbulent friction effect is important for the frequency domain models. In other words, for this
testing pipe system in Fig. 1, the linearization assumption is valid (for say, y < 1%) only when
g0 < 0.02 (i.e., go < 2%Qy) for the whole test range of initial flow conditions (Rey), posing a
clear limit to the application of the results from previous studies (Duan & Lee, 2016; Duan,
Lee, et al., 2012a; Lee et al., 2006; Mpesha et al., 2001; Wang et al., 2002).

Consequently, the results and analysis indicate that the linearization assumption in the
SFR-based transient modelling is highly dependent on the initial and transient flow conditions
(specifically, Reg and Rey). In the following study, more influence factors are examined and

analyzed systematically for the effect of the nonlinear turbulence friction on the SFR results.

5.3 Systematical analysis on factors affecting the importance of nonlinear turbulent

friction

The results and analysis in Figs 4 and 5 demonstrate the importance of the derived SFR model
with nonlinear turbulent friction under various flow conditions. However, these results and
findings are obtained for the specific pipe system in Fig. 1. To generalize the analysis, it is
necessary to include more system factors such as pipe scales and fluid properties (e.g., L, D,
a, f, vi).

Based on the scaling analysis in Eq. (16) through Eq. (18), it can be summarized that
the individual contribution (R,) of nonlinear turbulent friction component and its relative
importance (77) are dependent on the dimensionless parameters as follows: 7.,/T; (or L/D),
fRey (or fM), and Re, (or qo*). The dependence of the nonlinear turbulent friction model on
these factors is calculated for typical ranges of these parameters in practical water pipeline
systems. The obtained results are shown in Figs 6 and 7 respectively, where the relative
importance indicators (y and ) defined previously in Eq. (19) and Eq. (20) are adopted for
the analysis.

The results of Figs 6 and 7 confirm further the previous findings on the dependence of
the influence of nonlinear turbulent friction component on the initial and transient flow
conditions (fRe, and ¢,"). In particular, the results of Figs (6a) and (7a) indicate that the
contribution percentage (y;) of nonlinear turbulent friction is almost constant with both the

factors of system scales (7,,/T, or L/D) and initial flow conditions (fRey), but is increasing
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with transient conditions (¢, or Rey). However, the results of Figs (6b) and (7b) reveal
clearly that the relative importance (y,) to the unsteady friction effect is increasing with
system scales (7.,/T, or L/D), especially for the highly turbulent and transient flow conditions.
Overall, the comparison of the results in Figs 6 and 7 demonstrate that the influence of
nonlinear friction effect (both y, and y,) is more sensitive to the transient intensity condition
(g0 or Rey) than the system scales (7,,/T, or L/D) and initial flow conditions (fRey). In other
words, the size (or intensity extent) of the transient event is the driving factor behind the
importance of nonlinear turbulent friction component in the SFR-based transient modelling
and analysis, followed subsequently by the factors of the initial flow condition (fRe,) and the
system scales (7.,/T, or L/D). Therefore, for practical water supply pipeline systems where
these three factors (7,/T, or L/D, qo* or Rey, fRegor /M) are very case-sensitive and time-
dependent, it is necessary to consider and include the influence of nonlinear turbulent friction
term, in addition to the linear steady and unsteady friction components in original SFR, for
achieving better accuracy of transient modelling and analysis. From this perspective, the
results of Figs 6 and 7 and the extended SFR in Eq. (15) in this study may provide useful

basis and substantial evidence for such consideration.

6 Results Discussion and Implications

The results and analysis above have demonstrated the accuracy improvement of the extended
SFR model for the transient analysis, and meanwhile, indicated the importance of nonlinear
turbulent frictions to frequency domain transient responses under various system and flow

conditions. Specifically, following implications may be obtained from this study:

(1) Development of transient friction model, especially for the frequency domain
transient modelling and analysis. On the one hand, the results and analysis of this
study confirm the previous understanding and results in the literature with regard to
the frequency-independence of steady friction effect on transient responses. On the
other hand, the analytical results obtained in this study may provide additional
insights for various experimental observations of more fast and severe transient
attenuation in the frequency domain than the traditional linear SFR results in the
literature (Duan et al., 2013; Lee et al., 2006);

(2) Application of SFR-based transient modelling and analysis in theoretical and practical
pipe systems. This study provides a systematic and scientific way to judge the cases
in which the nonlinear friction term is important or not to the transient modelling and
analysis (e.g., Figs 6 and 7). For the cases where the nonlinear steady friction is

important, the extended SFR developed in this study can then provide an accurate and

URL: http://mc.manuscriptcentral.com/jhr



Page 15 of 32

OCONOOOPRWN -

Journal of Hydraulic Research

efficient way to include this influence factor in the modelling and analysis of these
transient systems, i.c., Eq. (15) or Eq. (A.30);

(3) Further understanding of unsteady turbulence in transients. From the scaling analysis
results in Eq. (16) and Eq. (17), it is shown that the nonlinear steady friction
(turbulence) term is time dependent for its influence and importance, particularly,
relating to transient intensity (Re,) and system scales (7,/T,). Note that the unsteady
friction was also found to be related to these two factors in previous studies (Duan,
Ghidaoui, et al., 2012; Meniconi et al., 2014; Vardy & Brown, 1995). As a result, a
scientific connection of various physical mechanisms such as unsteady turbulence
generation and kinematic diffusion may be established between these two friction

components for interpreting transient evolution and process.

7 Summary and Conclusions

This paper investigates the influence and importance of the nonlinear steady friction
component in the SFR-based transient modelling and analysis. In this study, analytical
derivation is firstly conducted for improving and extending the SFR result by including the
nonlinear turbulent friction term based on a two-step approximation method. The extended
SFR result is then validated fully by the MOC-based numerical simulations in the frequency
domain.

The obtained results of this study have provided further evidence and confirmation to
the influence of nonlinear turbulent friction on SFR widely observed in previous numerical
and experimental studies, and developed a usable and reliable modelling method for nonlinear
turbulent friction effect in the frequency domain. Specifically, the results analysis and
discussion demonstrate the improvement of the accuracy and validity of the extended SFR
result for representing the nonlinear steady friction effect. Moreover, the scaling analysis for
the extended SFR result indicates that the potential influence and importance of nonlinear
steady friction term is highly dependent on the factors of transient intensity and system scales.

Furthermore, based on the extended SFR in this study, a systematical analysis is
performed for analyzing the factors affecting and governing the contribution and importance
of nonlinear turbulent friction term in the frequency-domain transmission line modelling and
analysis. As indicated from the scaling analysis, three common factors of system scales,
initial flow and transient conditions are examined in the analysis for their typical influence
ranges in practical water pipeline systems. The application results indicate that the relative
influence of the nonlinear turbulent friction is increasing with both initial and transient flow
conditions (fRey, qo*), but remains relatively constant with system scales (7,/T, or L/D) and

incident wave frequency ().
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The results and analysis of this study may provide scientific basis and useful
alternative to the development and utilization of the SRF-based method for transient pipe flow
modelling and analysis, as well as pipe condition assessment such as pipe leakage and

blockage detection in the field of urban water pipeline systems.

Acknowledgements

This research was supported by the research grants from: (1) the Hong Kong Polytechnic
University (HKPU) under the projects no. 1-ZVCD, no. 1-ZVGF and no. 3-RBAB; and (2)
the Hong Kong Research Grant Council (RGC) under the projects no. T21-602/15-R, no.
25200616 and no. 15201017.

Appendix — Analytical Derivation of Extended SFR Result

Combination of Eqs (1) through (5) gives,

ga—Hﬂa—Q:O (A.1)
a- ot Ox
1 00 ¢H f0° aQ
— 4+ — +C —=dt = A2
gA ot Ox Slgn(Q)2gD '[ 8 (A2

where C; = 16v/gD’A. In transient pipe flows, the variables / and Q can be expressed as:

H=H,+h (A.3)

0=0,+q (A4

where H, is mean pressure head; / is transient pressure head; Q, is mean pipe discharge
(defined as positive for initial flow state); ¢ is instantaneous transient discharge, which is
same as the defined ¢, in Eq. (9) with subscript # neglected here for simplicity.

Note that the mean quantities of discharge and pressure head are time independent,
such that the terms related to 0Qy/0x, 0Q,/0t and 0Qy/0t in above equations are all zero.

Therefore,

0 _0qg Q0 _0q

ot ot Ox Ox
aH ah Gﬂ OH, % (A6)
at 81 ox ox  Ox
. 10,
0 A7
o Slgn(Qo ) 26D A’ (A7)
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Substituting Eq. (A.3) through Eq. (A.7) into Eqs (A.1) and (A.2) gives,

gdoh o _ (A8)
a” ot oOx
1 6g oh f 2 ‘ \oq .
— 4 ———20,9+q" )]+ C,| Wlt—t )—=dt =0 A9
o o Slgn(Q)ngAz(Qoq g’ )J+C, [ wl )at (A.9)

Applying Fourier transform to Eqs (A.8) and (A.9) provides,

i0S=h +—-=0 (A.10)

5

. « Oh  fO, .« . f 2% ¢C,
O—¢q +—+—"—5q + +i————
l gA 1 ox gDA’ 4" +signl0) 2gDA’ (q ) l NENT

g =0(A.11)

where i = +/—1 is imaginary unit; w is frequency; 4" and ¢ are transformed quantities of 4
and ¢ in the frequency domain respectively. To solve these equations, the nonlinear term (¢°)"

is determined by the following two-step approximation:

(1) Step 1: By ignoring (¢°)’, Eqs (A.10) and (A.11) become linear forms as follows:

=0 (A.12)

N B, A . ¢C,

in—q +—+sign(Q g tio———=
gA Ox ( )gDA2 Jrli+io

Eliminating /" from Eqs (A.12) and (A.13) by,

q =0 (A.13)

m-(m)x[iw%j =0 (A.14)
Ox a
leads to,

o’q" .

P Cpq =0 (A.15)

where C, = 2)_2{1 —i[Sig”(Q) a];Q); + \/%gj%ﬂ

The solution for Eq. (A.15) has the following form (Duan, Ghidaoui, et al., 2012),

q'(x,0)=qe ™ (A.16)

where K =,/— 0 / @ is the propagation factor of transient waves.
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(2) Step 2: using the linear solution of Eq. (A.16) to estimate the term (¢%)" in Eq. (A.11)
above. Particularly for transients caused by sudden valve closure (partial or full

closure)
q(x=0)=¢,(t)=4, (A.17)

where ¢, is transient flowrate change at x = 0 as defined in Eq. (14). Under this condition, it

has sign(Q) =1 (i.e., |g0| < Qo). Therefore,

q5(@0)=4, = [ g “dt = [ g,e " dt =|q,,/5(e) (A.18)

where d(w) is delta function. As a result,

@) =¢"®q = ["la/o()e ™ Ja lo(@-)e " ir =lg, g (a19)
With this result, Eqs (A.10) and (A.11) can be rewritten as

gA W+ aq
a’ Oox

1 5 * *
gA ﬁx gDA®  2gDA s

=0 (A.20)

Applying the similar elimination process in Eq. (A.14), gives,

2

0q
Ox?

+urq =0 (A.22)

where 1, = — fQo J4.0 igd¢C,
e ond 2ebi Teviio

Consequently, the solution of Eq. (A.22) can be expressed as

¢" = C,sinh(iz,x)+ C, cosh(i,x) (A.23)

where Cy, C, are arbitrary constants, which relate to the system boundary conditions.

Substituting Eq. (A.23) into Eq. (A.10) or Eq. (A.20) gives,

2
A [C, cosh(izz,x)+ C, sinh(iz,x)| (A.24)
iwgA

It is assumed that, at the upstream end (with superscript “U”) of the i pipe section (i.e., x =

0), the boundary conditions are

h=n"q"=q" (A.25)
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which results in the coefficients C; and C,, as,

C=- “e4 B, C=q" (A.26)

2 i
a; Hg;

OCONOOOPRWN -

Similarly, at the downstream end (with superscript “D”) of the i"™ pipe section (i.e., x = 1)), it

has,

13 W =hiq =q. (4.27)

15 Therefore, Eqs (A.23) and (A.24) become

% * 1 . *
18 G = COSh(i:uEiZi )qi - 7 SIDh(i:uEili )hi ! (A.28)
19 :

21 WP =27, sinh(ig,l )g" +cosh(iu,l ¥ (A.29)

i

2
24 where ZEz—M.
25 g4,

27 In matrix form, the results of Eqs (A.28) and (A.29) can be written as,

30 " cosh(izl,) isinh(i,u g ’
{ *} — Ei%i ZE Ei%i { *} (A30)
i Z sinh (iluEili) COSh(i:uEili) i

35 Notation

37 a = wavespeed (ms™)

39 A = pipe cross-sectional area (m®)

40 D = pipe diameter (m)

42 f= Darcy friction factor at initial flow state (-)
43 g = gravitational acceleration (ms™)

45 h = transient pressure head (m)

46 " = transient head in the frequency domain (m)
48 H = pressure head (m)

Hjy = mean pressure head (m)

51 i = imaginary unit (-)

[ =length of uniform pipe section (m)

54 M = Mach number (-)

g = instantaneous transient discharge (m’s™)

57 ¢,= transient flow part (m’s™)
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g, = the percentage of transient part in the total flow (-)
O = flowrate (m’s™)

0, = mean pipe discharge (m’s™)

Re, = Reynolds number for initially steady state (-)
Re, = critical Reynolds number for the generated transient flow state (-)
t = time (s)

T, =radial kinematic diffusion time scale (s)

T,, = longitudinal wave time scale (s)

x = spatial coordinate along pipeline (m)

v = kinematic viscosity (kgm's™)

p = fluid density (kgm™)

7,, = pipe wall shear stress (Pa)

o = frequency (rads™)
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47 Figure 2 SFR results by the analytical solution and the MOC-based simulation for: (a) Rey = Rex = 10%; (b)
Reo = Rey = 10°
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Figure 3 Illustration of SFR results for different friction component effects (Reg = Rey = 10°)
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Figure 4 Variation trend of the influence of nonlinear turbulent friction component with frequency for Rey =
10° under various transient conditions: (a) contribution percentage to the frequency peak (y1); (b) relative
19 importance to unsteady friction (y2)
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Figure 5 Variation trend of the frequency domain averaged influence of nonlinear turbulent friction
component with initial flow and transient conditions: (a) contribution percentage to the frequency peak (y2);
(b) relative importance to unsteady friction (y2)
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16 Figure 6 Variation of the contribution of nonlinear turbulent friction component with initial flow conditions
17 and system properties for go* =0.5: (@) contribution percentage to the frequency peak (y1); (b) relative
18 importance to unsteady friction (y2)
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Figure 7 Variation of the contribution of nonlinear turbulent friction component with relative transient
intensity and system scale for Rey = 10°: (a) contribution percentage to the frequency peak (y1); (b)
relative importance to unsteady friction (y2)
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