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ABSTRACT: Time integration with stress-strain update is a key step for the application of 13 

elasto-viscoplastic models to engineering practice. Currently the estimation of robustness of 14 

algorithms is lack which poses difficulties in how to select and improve algorithms. To solve 15 

this, the paper selects four typical implicit time integration algorithms, i.e. Newton-Raphson, 16 

Katona’s, Stolle’s and cutting plane algorithms, for a same simple elasto-viscoplastic model 17 

EVP-MCC. Some necessary enhancements are discussed and made for the integration. A 18 

series of laboratory tests are simulated, based on which the variations of the relative errors of 19 

stresses and iteration numbers with step size are investigated and compared. For the 20 

Newton-Raphson algorithm and Katona’s algorithm with 0.5,1.0 = , the maximum step sizes 21 

ensuring the convergence have at least one order of magnitude larger than that of other 22 

algorithms, and their total iteration numbers and relative errors of stresses have at least one 23 

order of magnitude lower than that of other algorithms. Furthermore, the model using 24 

different algorithms is implemented into a finite element code, where the global convergence 25 

and calculation time are investigated for a boundary value problem. The robustness of all 26 

algorithms is estimated based on the calculation performance in terms of convergence, 27 

accuracy and efficiency. The results demonstrate that the global iteration number for the 28 

cutting plane algorithm is at least 20 times higher than the others at any mesh densities, 29 
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which leads to the result that the CPU time for the cutting plane algorithm is almost 10 times 30 

higher than the others. All comparisons demonstrate the performance of different time 31 

integration algorithms with a prior order of Newton-Raphson, Katona’s, Stolle’s and cutting 32 

plane algorithms. 33 

Keywords: viscoplasticity, implicit integration, finite element analysis, soils, overstress 34 

theory 35 

INTRODUCTION 36 

Soils exhibit generally time-dependent stress-strain relationships (e.g., Graham et al. 37 

1983; Leroueil et al. 1985; Nash et al. 1992; Sheahan et al. 1996; Di Prisco et al. 2002; 38 

Sorensen et al. 2007; Wang et al. 2008; Wang et al. 2012; Yin et al. 2014, 2017; Yao et al. 39 

2015). The time-dependent nature of soils has a significant impact on geotechnical 40 

engineering practice (e.g., Hinchberger and Rowe 2005; Karstunen and Yin 2010; Wang et al. 41 

2011; Yin et al. 2015; Rezania et al. 2016). This effect is normally taken into account in 42 

design in elasto-viscoplastic models implemented into finite element codes. In a finite 43 

element analysis, the stress increments are computed by the known increments of strain and 44 

time for a viscoplastic formulation at each integration point. According to the solution 45 

strategy, integration algorithms for an elastoplastic model broadly classified as explicit or 46 

implicit. Explicit algorithms are generally coded with automated substepping and error 47 

control to maintain the desired accuracy (Sloan et al. 2001). Implicit algorithms, which solve 48 

the non-linear constitutive equations by iteration, are generally accurate and unconditionally 49 

stable. The attention is made here to implicit time integration schemes only. 50 

In a rate-independent plasticity formulation, the plastic multiplier is calculated by 51 

applying the plastic consistency condition on the yield surface. For getting accurate plastic 52 

strain increment, a correction loop will iterate until the stress state approximated by the yield 53 

surface for implicit stress integration schemes of elastoplastic models. Different from this, the 54 

stress state is not always at the static or reference surface in a viscoplastic formulation. Thus, 55 

various time integration schemes have been proposed for elasto-viscoplastic models during 56 

last decades. For instance, Katona (1984) proposed a one-parameter time integration 57 
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algorithm for an elasto-viscoplastic cap model of rocks and soils based on the overstress 58 

theory of Perzyna (1963, 1966), wherein a hardening cap surface, a nonhardening failure 59 

serface and a tension cutoff criterion are employed. This proposed parameter controls the 60 

transformation from explicit to implicit methods or reverses using a Newton-Raphson 61 

iterative technique. The Katona’s method is widely used for advanced elasto-viscoplastic 62 

model, e.g., the cap model under high strain-rate loading by Tong and Tuan (2007), the model 63 

considered anisotropy and destructuration by Yin et al. (2010, 2011) and Rezania et al. (2016). 64 

Based on a scheme developed by Borja and Lee (1990) for plasticity, Stolle et al. (1999) 65 

presented an implicit time-stepping algorithm also for a creep based elasto-viscoplastic cap 66 

model of soft soils, wherein the cap surface of modified Cam-Caly model (Roscoe and 67 

Burland 1968) was adopted and an accumulated creep strain acted as a strain hardening 68 

parameter using a scheme similar to that developed by Borja and Lee (1990) for plasticity. 69 

Following the work of Ortiz and Simo (1986), Higgins (2011) applied the cutting plane 70 

algorithm for an elasto-viscoplastic model of sand combined with the concepts of the 71 

bounding surface plasticity theory and the critical state soil mechanics. Besides of these 72 

typical schemes, the Newton-Raphson method was often adopted for the time integration of 73 

elasto-viscoplastic models of clays (Yin and Hicher 2008). 74 

However, the numerical performance such as convergence and accuracy has not been 75 

comparatively estimated for these implicit time integration schemes. This paper assesses 76 

them using a simple elasto-viscoplastic model. Since the model is simple, the convergence 77 

and accuracy of algorithms can be highlighted. Four typical numerical algorithms, i.e., 78 

Newton-Raphson algorithm, Katona’s algorithm, Stolle’s algorithm and cutting plane 79 

algorithm, are selected and reasonably enhanced for the model. Their performances for an 80 

integration stress point are compared by predicting a series of laboratory tests, and the effects 81 

of time integration schemes with mesh densities on the global convergences and calculation 82 

times are also measured for an undrained plane strain simple shear test in a finite element 83 

code. 84 
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TIME INTEGRATION ALGORITHMS 85 

Brief Introduction of Simple Elasto-Viscoplastic Model of Soft Clay 86 

The simple elasto-viscoplastic model (EVP-MCC) is a reduced version of ANICREEP 87 

model by Yin et al. (2010, 2011) with erasing the anisotropy of reference surface and the 88 

destructuration related intrinsic surface. Then the model can be regarded as the combination 89 

of Modified Cam-Clay model (Roscoe and Burland 1968) and overstress theory of Perzyna 90 

(1963, 1966). The framework of the simple elasto-viscoplastic model is briefly described as 91 

follows. 92 

The strain rate &  is assumed to consist of two parts, 93 

e vp= +& & &                                  (1) 94 

where &  denotes the total strain rate tensor, and the superscripts e and vp stand, respectively, 95 

for the elastic and the viscoplastic components. The elastic behaviour in the proposed model 96 

is assumed to be isotropic similarly to the Modified Cam-Clay model. The viscoplastic strain 97 

rate is defined by: 98 

vp df 


=


&


                             (2) 99 

where  is referred to as the fluidity parameter;   is the overstress function representing the 100 

distance between the dynamic loading surface and the reference surface; df  is the function 101 

of dynamic loading surface corresponding to current effective stress state;   is the 102 

effective stress tensor and is defined by wu = −    with the total stress tensor  , the 103 

pore water pressure wu  and the Kronecker’s delta  . 104 

In the present model, the overstress function is given by: 105 

d

m

r

m

p

p




 

=  
 

                              (3) 106 

where d

mp  and r

mp  represent the sizes of the dynamic loading surface and the reference 107 
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surface, respectively (see Fig. 1);  is the strain-rate coefficient. For the practical convenience, 108 

the secondary compression coefficient Cαe was used as input, and the  and  were modified 109 

as (Yin et al., 2015), 110 

2 2

0 0(1 )(1 )

e

r K c

C

e M


 

=
+ − , eC

 


−
=                    (4) 111 

where e0 is the initial void ratio;  is the slope of the normal compression line;  is the slope 112 

of the swelling line; K0 is the stress ratio under the condition of K0-consolidation with 113 

( )2

0 9 4 3 2K cM = + −  according to the stress-dilatancy relationship of the modified 114 

Cam-Clay model; Mc is the slope of CSL in the p’-q (mean stress - deviatoric stress) plane 115 

under the condition of triaxial compression; r is the duration of incremental loading used in 116 

the conventional oedometer test with a common value of 24 h. 117 

The dynamic loading surface has an ellipsoidal shape (as shown in Fig. 1), and is 118 

defined by: 119 

2

2
0d

d m

q
f p p

M p
= + − =


                         (5) 120 

where M is the slope of CSL in the p’-q plane. 121 

The reference surface has the same shape as the dynamic loading surface but different 122 

size (as shown in Fig. 1). The increment of the hardening parameter r

mp  for the reference 123 

surface is defined by: 124 

01
d dr r vp

m m v

e
p p 

 

+
=

−
                           (6) 125 

where vp

v  denotes the volumetric viscoplastic strain. For the convenience, the 126 

preconsolidation pressure p0 obtained from oedometer test was used as input. Then the 127 

initial size of reference surface can be calculated as, 128 

( )

( )

( )
2

0 0

0 02

0

3 1 1 2

1 2 3

r

m p

c

K K
p

M K


 − +
= + 

+  

                    (7) 129 
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where ( )2 2

0 9 9 4 2 9 4c cK M M= − + +  based on the stress-dilatancy relationship of the 130 

modified Cam-Clay model under the condition of K0-consolidation. Note that theoretically 131 

both oedometer and isotropic consolidation tests can be adopted. The  by Eq.(4) would be 132 

modified as 0(1 ) = +e rC e  if the isotropic consolidation test is used (K0=0) with the 133 

initial size of reference surface directly equal to the preconsolidation pressure (K0=1 in 134 

Eq.(7)). However, the preconsolidation pressure is practically determined from conventional 135 

oedometer test rather than the isotropic consolidation test, since the latter uses a much higher 136 

specimen requiring much more time of consolidation. Besides, K0 according to the modified 137 

Cam-Clay model is less appreciable than the estimation by Jaky’s formula, and this problem 138 

can be fixed by introducing the inclination of the potential surface such as Yin et al. (2010, 139 

2011). 140 

The slope of critical state line for general stress states can be calculated by: 141 

1
4 4

4 4

2

1 (1 )sin 3
c

c
M M

c c 

 
=  

+ + − 
                      (8) 142 

where c=Me/Mc with Mc and Me the slope of CSL in triaxial compression and extension 143 

respectively; 1 3/2

3 26 (1 3)sin ( 3 3 2 ) 6J J  −−  = −   with the second and third 144 

invariants of deviator stress tensor, i.e., J2 and J3, respectively. For the convenience, c = 145 

(3-sinc)/(3+sinc) according to Mohr-Coulomb yield criterion was used in this study (c = 146 

friction angle). 147 

This simple elasto-viscoplastic model is different from those proposed in the literature: 148 

using parameters of oedometer test in a more convenient way instead of isotropic 149 

consolidation test by Kutter and Sathialingam (1992); eliminating the mechanical instability 150 

in models of Vermeer and Neher (1999), Yin et al. (2002), Kelln et al. (2008); correcting the 151 

flow rule from contraction to dilation when the soil is on the dry side in models of Vermeer 152 

and Neher (1999), Leoni et al. (2008). The proposed model involves parameters of modified 153 

Cam-Clay model with only one additional parameter of secondary compression coefficient 154 
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Ce. The determination methods for all these parameters are summarised in Table 1. Since the 155 

Ce can be directly measured from a conventional oedometer test which is also needed for the 156 

modified Cam-Clay model, no additional experimental cost is required. 157 

Newton-Raphson Algorithm 158 

In order to appropriate for the numerical method, the stress and strain variables are 159 

hereinafter expressed as vectors, i.e., [ , , , , , ]T

x y z xy yz zx        =  and 160 

[ , , , , , ]T

x y z xy yz zxε ε ε   =ε . With the definitions of stress and strain vectors and the foregoing 161 

formulation, a general elasto-viscoplastic constitutive relation can be obtained by: 162 

( )vp = −& &&  D                              (9) 163 

where D  is elastic matrix. Based on Eq. (6), the increment rate of hardening parameter 164 

could be expressed by: 165 

01r r vp

m m v

e
p p 

 

+
=

−
&&                            (10) 166 

Integrating Eqs. (9) and (10) over one time step t , i.e., from time nt  to 1nt + , gives: 167 

vp =  −   D D                           (11) 168 

and 169 

r

mp h =   with 
01r d

m

e f
h p

p 

+ 
=

− 
                    (12) 170 

where 
1n n+   = −    with ( )n

nt=  ; similar definitions hold true for   and r

mp . 171 

Combining Eqs. (11) and (12), a group of equations can be obtained as: 172 

1

, 1 ,

0
=

0

n tr vp

r n r n

m mp p h

+

+

  − +  =


− − =

  D
G                        (13) 173 

where 
tr =  D  is the trial elastic stress tensor. 

1n+  and , 1r n

mp +  could be solved by an 174 

iterative procedure with the Newton-Raphson method. The flow chart for the time integration 175 
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algorithm of Newton-Raphson is shown in Fig. 2. 176 

Katona’s Algorithm 177 

Katona (1984) proposed an algorithm for elasto-viscoplastic models, which uses a step 178 

by step time integration scheme. Beginning with Eq. (11), according to a one-parameter time 179 

integration scheme, the definition of 
vp  could be modified by: 180 

, , 1[(1 ) ]vp vp n vp nt   + =  − +& &                         (14) 181 

where   is integration parameter which is in the range 0 1  . When 0 = , 
vp  is 182 

determined directly by the known value 
,vp n&  and t . It implies that the integration 183 

scheme is explicit. Additionally, when 0  , 
vp  is related to the unknown value 

, 1vp n+&  184 

at the end of the time step. It implies that the integration scheme is implicit. The solution of 185 

vp  could be obtained by an iterative procedure with the time step. It was indicated that the 186 

integration scheme is unconditionally stable for 0.5  . 187 

Substituting Eq. (14) into Eq. (11) gives: 188 

1 , 1( , )n vp n n+ + =& P q                           (15) 189 

where 
1 1 , 1n vp nt− + += +  & P D  and , 1(1 )n vp n nt  − =  −  − +&  q D . Then the solutions 190 

of 
1n+  could be obtained by an iterative procedure with the Newton-Raphson method. The 191 

flow chart for the Katona’s algorithm is shown in Fig. 3. It should be noted that the Katona’s 192 

algorithm with 1.0 =  is the same as the Newton-Raphson algorithm, except that the 193 

second derivative of plastic potential to the hardening parameter is not used in the Katona’s 194 

algorithm. 195 

Stolle’s Algorithm 196 

Based on the implicit strategy described by Borja and Lee (1990) for elastoplastic 197 

models, Stolle et al. (1999) proposed a time integration algorithm for viscoplasticity. When 198 
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t  is known, the initial value of 
0

vp  is calculated by the initial stress 
0
 . Then an 199 

iteration loop is implied to obtain the accurate solutions of 
vp  and 

1n+ . The iteration 200 

loop comprises: (a) given ,

0

vp i , to update   with Eq. (11); (b) based on the updated  , 201 

to calculate 
,vp i  with Eq. (2); and (c) to update , 1 ,

0 0 0

vp i vp i vp+ =  +     by: 202 

, ,

0
0 ,

,

0

1 :

vp i vp i
vp

vp i

vp i


 − 

 =
 

−
 

 


 

 

                       (16) 203 

Steps (a) to (c) are repeated until 0

vp Tol  . Once convergence is achieved, the stress is 204 

determined and the hardening parameter is updated. The flow chart for the Stolle’s algorithm 205 

is shown in Fig. 4. 206 

As a key point for the time integration, the criterion condition in the iteration loop is 207 

modified in the above illustration. Stolle et al. (1999) chose 0

vp

v Tol    as criterion 208 

condition where vp

v  is the volumetric viscoplastic strain. That is, this criterion condition did 209 

not take into account the deviatoric strain increment. In fact, the norm of deviatoric strain 210 

increment vector is much larger than the volumetric viscoplastic strain increment when the 211 

stress state is nearby the vertical axis endpoints of the elliptical dynamic loading surface 212 

(close to the critical state). Thus, the original criterion condition, 0

vp

v Tol   , will lead to 213 

fake convergence. 214 

Cutting Plane Algorithm 215 

Following the work of Ortiz and Simo (1986), and Higgins (2011), the cutting plane 216 

algorithm was applied to the EVP-MCC, stated in this section. Because the elastic trial stress 217 

is assumed to be constant during the correction loop, the stress and hardening parameter 218 

increments with respect to t  are defined by: 219 

df

t


 
= −

 




D                            (17) 220 
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r

mp
h

t



=


                             (18) 221 

The change of the function   with respect to t  is given by: 222 

r

m

r

m

p

t t p t

      
= +

    




                        (19) 223 

where 
d

m

d

m

n p

p




 
=

   
 and r r

m m

n

p p





= −


. 224 

Substituting Eqs. (17) and (18) into Eq. (19) gives: 225 

t t

 
= −


                              (20) 226 

where t  is the instantaneous time and defined by: 227 

1

d
p

f
t K




−

   
= −       

D  with 01r d
p mr

m

e f
K p

p p



 

 +  
=  

 −  
          (21) 228 

Solving the differential equation (20) gives: 229 

1
ln

i
i

i
t t



 +

 
 =  

 
                           (22) 230 

where 
1i i it t t+ = −  is the time elapsed within an iteration of the correction loop. 231 

The Taylor series of the function 
1i +
 gives: 232 

1 1( )i i i it t
t


 + +

= + −


                        (23) 233 

Substituting Eq. (20) into Eq. (23) and setting 
1 0i + =  gives: 234 

i it t =                                (24) 235 

According to the expression of strain rate, i.e., Eq. (2), the change in plastic multiplier   236 

in one iteration of the viscous correction loop is calculated as 237 
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t t   =  = &                           (25) 238 

Then substituting Eqs. (21) and (24) into Eq. (25) obtains: 239 

d
p

t t
f

K


  


 =  = =

 
−

   
D

                    (26) 240 

The expression of   is different from that stated by Higgins (2011) due to the 241 

overstress function. Then the stress and the hardening parameter can be updated. The flow 242 

chart for the cutting plane algorithm is shown in Fig. 5. 243 

According to Eqs. (24) and (26), the change of viscoplastic strain in one iteration is 244 

calculated by an instantaneous time in the cutting plane algorithm. The instantaneous time is 245 

equal to the time increment in one iteration when 
1 0i + =  is assumed. This assumption 246 

assures the stress could relax to zero when the time is sufficient. In general, however, the 247 

stress relaxation would be terminated in a given time increment, which means that the 248 

assumption 
1 0i + =  is not appropriate into the majority situation. Therefore, the iteration 249 

number of cutting plane algorithm is much larger than the other three implicit algorithms for 250 

a given time step, which will be confirmed by the next section. 251 

Summary of Algorithms 252 

According to the time integration methods, these implicit algorithms can be classified 253 

into two categories. In the first category, the viscoplastic strain is directly calculated by the 254 

actual time increment and a correction loop will iterate to get the accurate plastic strain 255 

increment. In the second category, the viscoplastic strain is calculated by an instantaneous 256 

time increment which is obtained according to the corrected and updated values of the stress 257 

state and hardening parameter during one correction step. When the difference between the 258 

accumulated time increment and the actual time increment is lower than the tolerance value, 259 

the accurate solutions are obtained. The time integration algorithms of the Newton-Raphson, 260 

Katona (1984) and Stolle et al. (1999) belong to the first category, and the cutting plane 261 

algorithm belongs to the second category. 262 
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Each kind of time integration method has its own particular characteristics. In the first 263 

category of time integration algorithm, the second derivatives of the plastic potential are 264 

required. It is noted that the needed second derivatives for the Newton-Raphson algorithm, 265 

i.e., the Jacobian matrix =  J G x , is more complicated than the others two algorithms in 266 

the first category. The Katona’s algorithm with 1.0 =  is the same as the Newton-Raphson 267 

algorithm, except that the second derivative of plastic potential to the hardening parameter is 268 

not used in the Katona’s algorithm. In general, the task of evaluating the second derivatives 269 

may prove exceedingly laborious and is best avoided. For the second category of time 270 

integration algorithm, i.e., the cutting plane algorithm, it is formulated solely on the basis of 271 

the yield function, the normal to the yield surface, the direction of plastic flow and the 272 

tangent elastic moduli without their gradients, which is observably different from the above 273 

algorithms and is simpler than the algorithms in the first category. However, its convergence 274 

speed for a viscoplastic modelling should be doubtful as stated above. Therefore, the 275 

robustness of the four algorithms should be discussed for further selection and improvement.  276 

NUMERICAL VALIDATION AT INTEGRATION POINT LEVEL 277 

Integration Scheme for EVP-MCC 278 

To compare the convergence and accuracy of the above time integration algorithms, a 279 

step-changed oedometer test and a step-changed undrained triaxial test in compression were 280 

simulated using the model with different algorithms. The model parameters are based on a 281 

series of laboratory tests on Saint-Herblain clay by Yin et al. (2010), summarised in Table 2. 282 

For the step-changed oedometer test, the initial vertical and radial stresses are 10 kPa and 4.9 283 

kPa, respectively. The specimen was consolidated to axial strains of 12 %, 15.5 % and 25 % 284 

in sequence with strain rates of 0.02 %/h, 0.004 %/h and 0.02 %/h, respectively. For the 285 

step-changed undrained triaxial test, the initial stress state of the specimen is the same as that 286 

of oedometer test. The specimen was firstly consolidated to the vertical stress of 86 kPa and 287 

the radial stress of 77 kPa in 1 day. Then the specimen was sheared to axial strains of 2%, 288 

2.5%, 4.7% and 6.3% in sequence with strain rates of 1 %/h, 0.1 %/h, 10 %/h and 0.1 %/h, 289 
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respectively. Furthermore, a numerical undrained triaxial test in extension was simulated. The 290 

initial stress state and the consolidation stage are the same as that of the undrained triaxial test 291 

in compression, and its variation of axial strain is inverse but with the same strain rates in 292 

shearing stage. 293 

During simulations, different stepsize of strain increments per step is in the range of 10-6 294 

to 10-2 for oedometer test and 10-6 to 5×10-3 for undrained triaxial tests. To get the relative 295 

errors of calculated results, an ‘‘exact’’ solution is required against which all the approximate 296 

solutions can be compared. Such a solution is assumed by each stress integration method with 297 

the small step size of 10-6. The relative error of stresses is computed by: 298 

2
2 2 2 2

2 2
1,

( ) ( )1

( ) ( )

ex exN
i i i i

ex ex
i

i i

p q p q
E

N p q=

  + − +
 =
  + 

                 (27) 299 

where exp  and exq  are the “exact’’ solutions; N  represents the number of compared 300 

stress points. 301 

Simulation of Oedometer Test 302 

The comparisons between simulations using different incremental steps and time 303 

integration methods for the step-changed one-dimensional oedometer test are given in Figs. 6 304 

and 7. As shown in Fig. 6, the convergences for the Newton-Raphson algorithm and Katona’s 305 

algorithm with 0.5,1.0 =  are better than the others. The Katona’s algorithm with 0 =  306 

and Stolle’s algorithm are not convergences when the step size greater than 0.1%, and the 307 

cutting plane algorithm is not convergences when the step size greater than 0.25%. Fig. 7 308 

shows that the total iteration number decreases and the relative error of stresses defined by Eq. 309 

(27) increases with the increase of the step size. The relative error of stresses for the Katona’s 310 

algorithm with 0.5 =  increases more rapidly than the Newton-Raphson algorithm and 311 

Katona’s algorithm 1.0 =  with the increase of step size. Besides, the total iteration number 312 

and the relative error of stresses for the cutting plane algorithm have one order of magnitude 313 

higher than the others. Finally, the relative error of stresses for the Newton-Raphson 314 

algorithm and Katona’s algorithm with 1.0 =  is almost the same in the studied range of 315 
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step size. However, the iteration number for the Newton-Raphson algorithm is lower than that 316 

of the Katona’s algorithm with 1.0 = . 317 

Simulation of Undrained Triaxial Tests 318 

The comparisons between simulations using different incremental steps and time 319 

integration methods for step-changed undrained triaxial tests in compression and extension 320 

are shown in Figs. 8 and 9. As shown in Fig. 8, the convergence of the Newton-Raphson 321 

algorithm, Katona’s algorithm with 0.5,1.0 =  and the cutting plane algorithm is better 322 

than the others. As shown in Figs. 8(c) and 8(d), the convergence of the Katona’s algorithm 323 

with 0.0 =  is not acceptable. The simulations for the Katona’s algorithm with 0.0 =  324 

cannot converge when the step size greater than or equal to 0.025%. Besides, the simulations 325 

using the Stolle’s algorithm with the step sizes of 0.25 and 0.5 are not illustrated in the Figs. 326 

8(i) and 8(j) due to the fact that the calculation results are not convergent. 327 

Figs. 9(a) and 9(c) show that the total iteration number decreases with the increase of the 328 

step size for all the time integration algorithms except to the Katona’s algorithm with 0.5 = . 329 

As shown in Figs. 9(b) and 9(d), the relative error of stresses for the Katona’s algorithm with 330 

0.5 =  and cutting plane algorithm has at least one order of magnitude higher than the 331 

others at the studied range of step size. Besides, the variations of relative errors of stresses 332 

with step size are not monotonous for the Newton-Raphson algorithm and Katona’s algorithm 333 

with 0.5,1.0 = . Finally, the relative error of stresses for the Newton-Raphson algorithm 334 

and Katona’s algorithm with 1.0 =  is almost the same, and the iteration number for the 335 

Newton-Raphson algorithm is lower than that of the Katona’s algorithm with 1.0 = , 336 

which is the same as what found in simulating oedometer test. 337 

NUMERICAL VALIDATION AT FINITE ELEMENT LEVEL 338 

Model Implementation Scheme into Finite Element Code 339 

A User Defined Soil Model (UDSM) for the elasto-viscoplastic model EVP-MCC has 340 

been developed using different time integration algorithms for its usage within the 341 

commercial finite element code PLAXIS 2D. The model was programmed following the 342 
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rules of the PLAXIS program for implementing user-defined constitutive models as stated in 343 

the PLAXIS material models manual (PLAXIS, 2012). 344 

Simulation of Undrained Plane Strain Simple Shear Test 345 

A numerical undrained plane strain test was simulated using PLAXIS to compare global 346 

iteration number and global calculation time for different mesh densities by the model with 347 

different time integration methods. Model parameters and initial state variables are the same 348 

as that used in previous numerical validations at integration point level. 349 

The simulation of undrained plane strain test is briefly introduced as follows. The fully 350 

undrained analysis was selected and then the coupled consolidation analysis is not needed. In 351 

PLAXIS it is possible to specify undrained behaviour in an effective stress analysis. Pore 352 

pressure 
w  includes steady pore pressure psteady and excess pore pressure pexcess, in which 353 

psteady is just generated data according to the depth of water. Then, 354 

w excessp =& &                               (28) 355 

Considering slight compressibility of water, the pore pressure rate can be expressed as: 356 

( )e e e

x y z
w

w

K

n
  += +& && &                          (29) 357 

where Kw is the bulk modulus of water, and n is the porosity of the soil. 358 

Then, the elastic constitutive relation can be expressed by using the total stress increment 359 

with the undrained Young’s modulus Eu and the undrained Poisson’s ratio u, 360 

( )
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where E’ and ’ are Young’s modulus and undrained Poisson’s ratio, respectively. Thus, 365 

according to previous equations, the option for undrained behaviour in PLAXIS is such tat 366 

the effective parameters E’ and ’  are replaced by the undrained parameters Eu and u. The 367 

detail introduction of undrained effective stress analysis can be referred to PLAXIS material 368 

models manual (PLAXIS, 2012). 369 

In the undrained plane strain test, the size of the sample is 0.5 m long and 0.3 m high. 370 

The bottom boundary displacement is restrained in the vertical direction. The element type is 371 

a 6-noded triangular element. Fine, middle and coarse mesh densities of finite element mesh 372 

were chosen to test the mesh dependency, and the corresponding numbers of elements are 373 

552, 270 and 110, respectively. The simulation was conducted in three stages. The sample 374 

was firstly isotropically consolidated to a target stress of 1 kPa instantaneously. Then it was 375 

K0-consolidated to an axial displacement increment of 0.02 m with a strain rate of 13.3 %/h. 376 

Finally, the bottom boundary displacement was restrained in both vertical and horizontal 377 

directions, and the top side of the sample was sheared to a horizontal displacement increment 378 

of 0.1 m with the same strain rate of 2.0 %/h. 379 

The comparisons of a total number of iteration and CPU time for different mesh 380 

densities by the model with different time integration methods are summarised in Table 3. 381 

The global iteration number for the cutting plane algorithm is obviously higher than the 382 

others at any mesh density. It leads to the result that the CPU time for the cutting plane 383 

algorithm is also higher than the others. Besides, the global iteration number decreases with 384 

the decreasing of mesh densities for the cutting plane algorithm. However, the difference of 385 

the variation of the global iteration number with mesh densities is slight for others algorithms. 386 

Finally, the CPU time decreases with the decreasing of mesh densities for all the time 387 

integration algorithms. 388 

The simulated test result of the Newton-Raphson algorithm is illustrated in Fig 10 (a), 389 

which shows that the effect of mesh density for the curve of 12 12 −  is slight. The 390 

simulated results for fine, middle and coarse mesh densities by the model with different time 391 
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integration methods are shown in Figs 10(b), 10(c) and 10(d), respectively. The simulated 392 

curves of 
12 12 −  for the cutting plane algorithm are slightly lower than the others for all 393 

the mesh densities. 394 

The shear strain field for fine, middle and coarse mesh densities by the model with the 395 

Newton-Raphson algorithm are shown in Figs 11(a), 11(b) and 11(c), respectively. The strain 396 

concentration at the corners of the top side is most obvious for the fine mesh density. Besides, 397 

the shear strain field for the fine mesh density by the model with the cutting plane algorithm 398 

is shown in Fig 11(d). All shear strain fields by different integration methods are similar. 399 

DISCUSSION 400 

Based on the above analysis, the comparisons of the performance of different time 401 

integration algorithms are summarised in Table 4. At integration point level, the convergence 402 

and accuracy of the Newton-Raphson algorithm and Katona’s algorithm with 1.0 =  are 403 

good. It leads to the results that the performance of the two integration algorithms is also 404 

good at the finite element level. The convergences or accuracies for the Katona’s algorithm 405 

with 0.5 = , Stolle’s algorithm and cutting plane algorithm are worse than the above two 406 

algorithms at the range of bigger step size. However, it doesn’t affect their performance at the 407 

finite element level. For the triaxial test in extension, the convergence and accuracy of the 408 

Katona’s algorithm with 0.0 =  are poorest at the studied range. It leads to the fail of 409 

convergence at the finite element level. 410 

Based on the algorithm introductions of viscoplastic formulation, it is easy to found that 411 

the Katona’s algorithm with 1.0 =  is the same as the Newton-Raphson algorithm, except 412 

that the second derivative of plastic potential to the hardening parameter is not used in the 413 

Katona’s algorithm. The convergence speed for obtaining an accurate solution is improved by 414 

the additional second derivative of plastic potential in the Newton-Raphson algorithm, and 415 

the improvement is gradually obvious with the increase of the step size for different test paths, 416 

as shown in Figs 7(a), 9(a) and 9(c). However, there is no difference in their accuracies as 417 

shown in Figs 7(b), 9(b) and 9(d), which is mainly attributed to adopted criterion conditions 418 
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for iteration loop. 419 

CONCLUSIONS 420 

Four typical implicit numerical algorithms, i.e., Newton-Raphson algorithm, Katona’s 421 

algorithm, Stolle’s algorithm and cutting plane algorithm, are applied to the simple 422 

elasto-viscoplastic model, in which the Stolle’s algorithm is enhanced by taking into account 423 

the deviatoric strain in the criterion conditions for iteration loop. These implicit algorithms 424 

can be classified into two categories according to the time integration methods. The 425 

viscoplastic strain is calculated by the actual time increment and the instantaneous time 426 

increment, respectively, in the two kinds of algorithms. In the first category, the second 427 

derivatives of the plastic potential are required which is laborious and is best avoided. In the 428 

second category, i.e., the cutting plane algorithm, the instantaneous time is assumed to be 429 

equal to the time increment with the condition 
1 0i + =  which would lead to the decreasing 430 

of convergence speed. 431 

At the integration point level, the step-changed oedometer test and the step-changed 432 

undrained triaxial tests were selected to compare the convergence and accuracy of the above 433 

time integration algorithms. Firstly, the maximum step sizes ensuring the convergence of the 434 

Katona’s algorithm with 0 =  and Stolle’s algorithm have at least one order of magnitude 435 

lower than that of other algorithms. Especially, the Katona’s algorithm with 0 =  is not 436 

convergence when the step size greater than 0.01 for undrained triaxial tests. Secondly, the 437 

total iteration number and the relative error of stresses of the cutting plane algorithm have at 438 

least one order of magnitude higher than that of other algorithms, except that the relative 439 

error of stresses of the Katona’s algorithm with 0.5 =  is higher than that of the cutting 440 

plane algorithm for undrained triaxial tests. Overall, The convergences and accuracy for the 441 

Newton-Raphson algorithm and Katona’s algorithm with 0.5,1.0 =  are obviously better 442 

than the others. 443 

At the finite element level, a numerical undrained plane strain simple shear test was 444 

simulated using PLAXIS in which the model using different algorithms was implemented. 445 
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Global iteration number and global calculation time for different mesh densities were then 446 

compared. Firstly, the global iteration number for the Newton-Raphson algorithm, Katona’s 447 

algorithm with 0.5,1.0 =  and Stolle’s algorithm are similar, and its variation with mesh 448 

densities is not obvious. However, the CPU time for the Stolle’s algorithm is about half of 449 

that of the others. Secondly, the global iteration numbers of the fine and middle mesh 450 

densities are almost 2 times larger than that of coarse mesh density for the cutting plane 451 

algorithm. Besides, the global iteration number for the cutting plane algorithm is at least 20 452 

times higher than that of the others at any mesh densities. As a result, the CPU time for the 453 

cutting plane algorithm is almost 10 times higher than the others. Thirdly, the CPU time 454 

almost linearly decreases with the decreasing of mesh densities for all the algorithms. 455 

Fourthly, the calculation for the Katona’s algorithm with 0.0 =  cannot converge which is 456 

consistent with the problem found in the calculation of undrained triaxial test path at the 457 

integration point level. 458 

The above comparisons comprehensively illustrate the performances of the different 459 

time integration schemes for the EVP-MMC based on the calculation results at both the 460 

integration point level and finite element level. The Newton-Raphson algorithm and Katona’s 461 

algorithm with 1.0 =  have a better robustness and accuracy than the others, although the 462 

obtaining of second derivatives of the plastic potential is unavoidable in the above two 463 

algorithms, which increases the difficulty of numerical implementation. Then, the 464 

Newton-Raphson algorithm and Katona’s algorithm with 1.0 =  are recommended, since 465 

the robustness and accuracy are most important in modelling. Besides, the cutting plane 466 

algorithm without needing second derivatives of the plastic potential is optional. However, 467 

how to numerically implement a viscoplastic model using this method with good robustness 468 

and accuracy remains an issue.  469 

The study is helpful to select and further improve algorithms for developing and 470 

implementing advanced elasto-viscoplastic models for geotechnical applications. 471 
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1. Tables 

Table 1 State parameters and constants of elastic viscoplastic model 

Type Parameter Definition Determination 

Modified 

Cam-Clay 

parameters 

0

r

p  
Initial reference 

preconsolidation pressure 

From a oedometer test corresponding to a 

given reference strain-rate or reference 

time 

0e  Initial void ratio From a oedometer test 

  Poisson’s ratio From initial part of stress-strain curve 

  Swelling index From oedometer test or consolidation test 

  Compression index 
From oedometer test or isotropic 

consolidation test at large strain levels 

cM  
Slope of CSL in triaxial 

compression 
From Triaxial shear test 

Viscosity 

parameter 
eC  

Secondary compression 

index 

From 24h consolidation tests on 

remoulded sample 

 

 

Table 2 Values of state parameters and constants of Saint-Herblain clay 

Parameter Value 

0

r

p /kPa 39 

0e  2.26 

  0.2 

  0.038 

  0.48 

( )c eM M  1.2 (1.05) 

eC  0.034 
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Table 3  Comparison of total number of iteration and CPU time for different mesh densities by the 

model with different time integration methods 

Algorithms Comparison items 

For mesh with element 

number 

of 552 of 270 of 110 

Newton-Raphson 
Number of iteration 200 207 195 

CPU time (s) 70 35.1 12.1 

Katona (θ=1) 
Number of iteration 189 188 187 

CPU time (s) 110.1 52.8 22.7 

Katona (θ=0.5) 
Number of iteration 181 180 177 

CPU time (s) 84.8 51.2 22.3 

Katona (θ=0) 
Number of iteration - - 177 

CPU time (s) - - 17.8 

Stolle et al 
Number of iteration 192 188 185 

CPU time (s) 40.4 22.9 10.9 

Cutting plane 
Number of iteration 4803 4759 2195 

CPU time (s) 631.3 366 93.1 

 

 

Table 4 Comparison of the performance of different time integration algorithms 

Algorithms 1D-CRS 3D-CRS_com 3D-CRS_ext Simple shear 

Newton-Raphson Good Good Good Good 

Katona (θ=1) Good Good Good Good 

Katona (θ=0.5) Fair Fair Fair Good 

Katona (θ=0) Fair Fair Poor -- 

Stolle et al Fair Fair Fair Good 

Cutting plane Fair Fair Fair Good 

To fill “Good” when both convergence and accuracy are good, “Fair” when one of convergence and 

accuracy is good, “Poor” when both convergence and accuracy are bad 
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Figure captions 

Figure 1 Principle of elastic viscoplastic model EVP-MCC 

Figure 2 Flow chart for the time integration algorithm of Newton-Raphson 

Figure 3 Flow chart for the time integration algorithm of Katona 

Figure 4 Flow chart for the time integration algorithm of Stolle et al. 

Figure 5 Flow chart for the time integration algorithm of Cutting plane 

Figure 6 Comparison between simulations using different incremental steps and time integration 

methods for one-dimensional step-changed CRS test. 

Figure 7 Comparison between simulations using different incremental steps and time integration 

methods for one-dimensional step-changed CRS test for (a) total iteration number and (b) 

relative error of stresses 

Figure 8 Comparison between simulations using different incremental steps and time integration 

methods for undrained triaxial step-changed CRS tests in compression and extension. 

Figure 9 Comparison between simulations using different incremental steps and time integration 

methods for undrained triaxial step-changed CRS tests in compression and extension for (a) 

total iteration number for compression test, (b) relative error of stresses for compression test, 

(c) total iteration number for extension test and (d) relative error of stresses for extension test 

Figure 10 Comparison between simulations using different time integration methods for undrained 

simple shear test: (a) example of mesh with different densities by algorithm of 

Newton-Raphson, (b) simulation for fine mesh density, (c) simulation for middle mesh density, 

(d) simulation for coarse mesh density 

Figure 11 Comparison between Shear strain fields using different time integration methods for 

undrained simple shear test: simulation for (a) fine (b) middle and (c) coarse mesh densities 

using the model by time integration methods of Newton-Raphson, (d) simulation for fine 

mesh density using the model by cutting plane time integration method  
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Figure 2  
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Figure 3  
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Figure 4  
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Figure 5  

  



32 

 

Figure 6  

 

 

  

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

1
0.5
0.25
0.1
0.05
0.025
0.01
0.0001

(a)

by algorithm of Newton Raphson

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

0.25

0.1

0.05

0.025

0.01

0.0001

(b)

by algorithm of Katona (=0)

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

1

0.5

0.25

0.1

0.05

0.025

0.01
0.0001

(c)

by algorithm of Katona (=0.5)

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

1
0.5
0.25
0.1
0.05
0.025
0.01
0.0001

(d)

by algorithm of Katona (=1)

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

0.25

0.1

0.05

0.025

0.01

0.0001

(e)

by algorithm of Stolle

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1

1.2

1.4

1.6

1.8

2

2.2

2.4

10 100 1000

e

'
v

0.5

0.25

0.1

0.05

0.025

0.01

0.0001

(f)

by algorithm of Cutting plane

3.3x10-6 s-1

3.3x10-6 s-1

6.6x10-7 s-1



33 

 

Figure 7  
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Figure 8  
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Figure 9  
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Figure 10  
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Figure 11  
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