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SUMMARY

This paper presents a second-order work analysis in application to geotechnical problems by using
a novel effective multiscale approach. To abandon complicated equations involved in conventional
phenomenological models, this multiscale approach employs a micromechanically-based formulation, in
which only four parameters are involved. The multiscale approach makes it possible a coupling of the finite
element method (FEM) and the micromechanically-based model. The FEM is used to solve the boundary
value problem (BVP) while the micromechanically-based model is utilized at the Gauss point of the FEM.
Then, the multiscale approach is used to simulate a three-dimensional triaxial test and a plain-strain strip
footing. Based on simulations, material instabilities are analyzed at both meso and global scales. The second-
order work criterion is then used to analyze the numerical results. It opens a road to interpret and understand
the micro-mechanisms hiding behind the occurrence of failure in geotechnical issues. Copyright c© 0000
John Wiley & Sons, Ltd.
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1. INTRODUCTION

The geotechnical engineering problems were empirically solved until a series of theoretical10

advances was proposed by pioneers in soil mechanics in the early 20th century. They are well known11

today as bearing capacity theory (Taylor, 1948), consolidation theories (Terzaghi, 1943), limit12

theorem (Drucker et al., 1952; Prager, 1952). However, these theories are sometimes not suitable13

for real geotechnical problems due to the complexity of the problems including nonlinearities14

and intricate mechanisms. Since 1960s, computers and numerical tools were made accessible15

to geotechnical engineers. Several classes of numerical methods have been proposed to handle16

geotechnical engineering problems including:17

(i) continuum approaches that characterize path-dependent responses with internal variables and18

constitutive laws on the macroscopic scale such as the finite element method (FEM) (Courant,19

1943; Hrennikoff, 1941; Jin et al., 2017; Wu et al., 2017; Yin et al., 2016),20

(ii) discrete approaches that explicitly introduce inter-particle contact laws among the granular21

assembly such as the discrete element method (DEM) (Cundall and Strack, 1979), and22
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(iii) multiscale approaches that build a constitutive relation on the specimen (material point) scale23

by taking micro-structure information into account (Chang et al., 2010; Nicot and Darve,24

2011; Xiong et al., 2017; Yin et al., 2010; Yin and Chang, 2013; Yin et al., 2014).25

The continuum approach has been widely used to solve geotechnical engineering problems by26

employing phenomenological elastoplastic models which successfully simulate the macroscopic27

behavior of granular assembly. Unfortunately, they do not give access to the microscopic scale in28

order to investigate or interpret micro-mechanisms. On the other side, the discrete approach indeed29

provides a simple way to do it but it is also computationally intensive to resolve the aforementioned30

deficiencies of continuum approaches for simulating geotechnical engineering problems.31

To overcome this issue, various multiscale approaches have been proposed to couple grain-scale32

simulations with macroscopic continuum-scale finite element analysis. For instance, (Wellmann33

and Wriggers, 2012) introduced an Arlequin DEM-FEM model that divides the spatial domain34

into discrete and continuum sub-domains. The interaction between discrete and continuum sub-35

domains is assumed by overlapping with each other so that artificial reflections can be provided.36

(Li and Wan, 2011) proposed bridging scales methods, which uses a handshake domain to couple37

particulate model with higher-order continua. (Andrade et al., 2011; Guo and Zhao, 2014; Miehe38

et al., 2010; Nguyen et al., 2014; Nitka et al., 2011; Stránskỳ and Jirásek, 2012) proposed a39

conceptually similar approach where the DEM solver is used at Gauss points of the finite element40

mesh as a representative elementary volume (REV). Nevertheless, these DEM-FEM methods have41

a limitation when geotechnical engineering problems are considered due to the fact that a great42

number of particles need to be contained in a boundary value problem (BVP) in order to reach43

local convergence. It makes these methods waste computational resources resulting in inefficient44

simulations. Thus, micromechanically-based constitutive models should be a good alternative to45

couple with FEM. Among these models, the 3D-H model developed by (Xiong et al., 2017) with46

only four input parameters is worth trying.47

On the other side, the theoretical analysis of geotechnical engineering problems is continuously48

progressing especially with respect to instability analysis. Many geotechnical engineering problems49

need to account for instability occurrence which can be classified into two main classes: flutter50

instabilities and divergence instabilities. The former is defined by cyclically increasing strains51

until failure whereas the latter leads to failure by suddenly monotonously increasing strains.52

If we only focus on divergence instabilities, it has been proven that for rate-independent non-53

associate materials, a broad domain exists, strictly within the plastic limit surface, where different54

failure modes can coexist (Daouadji et al., 2009; Nicot et al., 2007; Wan et al., 2013). Moreover,55

complicated phenomena such as strain localization and liquefaction (Hall et al., 2010; Nübel and56

Huang, 2004; Oda et al., 2004; Tejchman, 2004; Vardoulakis, 1996) may occur in a geotechnical57

problem. Since failure develops only if the second-order work vanishes or become negative along58

a given loading path, the second-order work is considered as a convenient criterion of failure. It is59

noted that the second-order work criterion does not provide a sufficient condition for failure, but the60

instabilities may occur with the system transforming from a quasi-static regime towards a dynamic61

regime when the second-order work vanishes along a given loading path (Nicot et al., 2014). This62

regime transformation usually relates to the occurrence of an outburst in kinetic energy, which can63

be detected by the vanishing of the second-order work (Nicot et al., 2017).64

In this paper, the second-order work criterion is firstly reviewed. Then, an effective multiscale65

approach is applied to analyze geotechnical BVPs. This approach is based on a coupling between66

a FEM code and a micromechanically-based model (Xiong et al., 2017), where the former is used67

to simulate the physical domain of a BVP and the latter maintains computational efficiency while68

avoiding using phenomenological constitutive models at each Gauss point of the FEM. Two cases of69

BVPs are considered: a 3D triaxial test with fixed bottom surface and a strip footing problem. The70

aforementioned second-order work criterion is applied to both cases at both micro and global scales71

to analyze the occurrence of instability. Finally, the stress-strain (force-displacement) relations are72

analyzed not only on the full-scale but also at some selected Gauss points (meso-scale), highlighting73

the nature of failure mode.74
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A MULTISCALE SECOND-ORDER WORK ANALYSIS APPROACH FOR GEOTECHNICAL STRUCTURES 3

2. SECOND-ORDER WORK CRITERION

As illustrated in (Nicot et al., 2012), the second-order work criterion has been applied to75

homogeneous materials under homogeneous loading conditions. It is then extended to more general76

conditions, where non-homogeneous stress-strain fields may develop. (Nicot et al., 2017) have77

proposed an approach, in which the internal and external second-order works can be computed.78

When no effective failure occurs, both internal and external second-order works coincide. This is79

advantageous as the external second-order work can be computed in a straightforward manner from80

the boundary variables.81

Consider a material body of volume V0 and density ρo enclosed by boundary (Γ0) in an82

initial configuration C0 at time t0. Following a certain loading history, the body is in a83

strained configuration C and occupies a volume V of boundary (Γ). Adopting a semi-Lagrangian84

formulation (each material point x̄ of the current configuration C corresponds (through bijective85

mapping) to a material point X̄ of the initial configuration C0), and ignoring gravity, the following86

equation establishes the relation between the kinetic energy of the system and the second-order work87

(Nguyen et al., 2016; Nicot et al., 2017):88

Ëc = I2 +W ext
2 −W int

2 (1)

where Ëc is second-order time differentiation of system kinetic energy, I2 =
∫
V0
ρo ¨̄u2dV0 is an89

inertial term, ū(X̄) is the Lagrangian displacement field. W ext
2 is the external second-order work,90

W int
2 is the internal second-order work.91

For the purpose of simplification, it is assumed hereafter that the external loading is directed by92

a set of components either forces (fi) or displacements (ui) applied to the boundary of the system.93

Thus, the external second-order work reads:94

W ext
2 =

N∑
i=1

u̇iḟi (2)

On the other hand, the internal second-order work reads:95

W int
2 =

∫
V0

Π̇ijḞijdV0 (3)

where ˙̄̄
Π is the first Piola-Kirchoff stress rate tensor, ˙̄̄

F is the velocity gradient tensor, ˙̄̄
Π and ˙̄̄

F are96

related by the constitutive relation Π̇ij = LijklḞij , where the fourth-order tensor
4

L is the tangent97

constitutive tensor for rate-independent materials.98

When the system evolves under quasi-static conditions, the inertial term I2 and the kinetic energy99

Ëc are nil. Thus, Equation 1 yields:100

W ext
2 = W int

2 (4)

Equation 4 means that the internal second-order work is equal to the external second-order work101

when the system is quasi-static.102

3. THE MULTISCALE APPROACH

3.1. A review of micromechanically-based models103

In order to avoid too much sophisticated equations requiring a large number of parameters104

introduced by conventional phenomenological models, a micromechanically-based model is used.105

A couple of studies have proposed several micromechanically-based models (Chang and Hicher,106

2005), among which the micro-directional model (Nicot et al., 2005) was initially proposed to107

describe the mechanical behavior of snow (Nicot, 2003). It was then generalized to any type of108
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granular assembly, with a particular emphasis on frictional granular materials (Nicot et al., 2005).109

Based on this approach, the H-directional model (the H-model for short (Nicot and Darve, 2011))110

was developed in 2D conditions, replacing the notion of independent pairs of contacting particles111

by an intermediate granular assembly (the so-called granular hexagon, see Figure 17), in which an112

enriched geometrical and kinematic description can be considered. However, the granular hexagon113

pattern is limited to 2D conditions. Then, the H-model was extended to 3D conditions (3D-H114

model), replacing the 2D granular hexagons with 3D granular clusters (the so-called meso-structure,115

see Figure 20). This meso-structure is selected because it is large enough to contain four force116

chains (Tordesillas, 2007), and enable grain rearrangement. A short review of 3D-H model is given117

in Appendix A.118

3.2. Finite element formulation119

The FEM code (ABAQUS/Explicit) (Hibbitt et al., 2001) is used to solve BVPs in the context of120

this multiscale approach. An arbitrary geometric domain Ω of a given BVP is firstly discretized into121

finite element meshes with geometric position ~x. The discretized equilibrium equation for the whole122

mesh reads:123

~F e − ~F i = ¯̄M~̈u (5)

where ~F e is the external force vector; ~F i is the internal force vector; ¯̄M is the mass matrix and ~u is124

the displacement of each material point ~x.125

In each single element e of volume V , the internal forces reads:126

~F i =

∫
V

~σ(~u) ¯̄KdV =

∫
V

¯̄
KT~σ(~u)dV (6)

where ¯̄K is the strain-displacement rate transformation defined from the interpolation assumption127

as ~̇ε = ¯̄K~̇u128

Thus, the dynamic equilibrium state at the current time (t) reads:129

¯̄M~̈u|t = ( ~F e − ~F i)|t (7)

By considering the current time t and a given time increment ∆t, the central difference integration130

scheme is used to update velocities and displacements at time t+ ∆t
2 :131 {

~̇u|(t+ ∆t
2 ) = ~̇u|(t−∆t

2 ) +
(

∆t|(t+∆t)+∆t|t
2

)
~̈u|t

~u|(t+ ∆t
2 ) = ~u|t + ∆t|(t+∆t)

~̇u|(t+ ∆t
2 )

(8)

The geometry is updated by adding the displacement increments to the initial geometry ~x0:132

~xt+∆t = ~x0 + ~ut+∆t (9)

Unlike quasi-static implicit schemes, dynamic explicit schemes do not check equilibrium133

requirements at the end of each increment of time. The analogy between the dynamic equilibrium134

Equation 5 and the ideal mass-spring vibrating system allows concluding that explicit central135

difference time integration schemes (frequently referred as explicit integration schemes) are136

conditionally stable whenever the size of the time increment ∆t satisfies:137

∆t ≤ Le
E/ρ

=
Le
ce

(10)

where Le is the typical size of the finite elements discretizing the domain,E is the Young’s modulus138

and ce is the velocity of a longitudinal wave in the material.139
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3.3. Multi-scale model implementation140

The FEM implementation of the 3D-H model is part of a complete multiscale procedure. In FEM,141

the cell is usually called ’micro-scale’ due to the fact that it is the fundamental element of a142

BVP. However, this cell can also be denoted ’macro-scale’, because it is the finite representative143

elementary volume of a local homogeneous problem. To clarify, the different scales involved in this144

multiscale approach are depicted in Figure 1. Gauss integration points in the FEM mesh correspond145

to the REV scale at which the 3D-H model operates. Two intermediate scales (hexagon scale and146

REV scale) are introduced to bridge macro and micro scales. The element type named C3D8 (three-147

dimensional eight-node brick element with eight integration points) is selected. The schematic148

diagram of the multiscale approach is computed from macro-strain tensor to macro-stress tensor.149

It is assumed that the loading increment is small enough which is ensured by ABAQUS explicit150

solver. Note that the 3D-H model needs to store much more variables than phenomenological models151

require. It is therefore more computational time consuming. But the 3D-H model is much faster152

than discrete element method codes (or FEM×DEM codes), when a sufficiently large number of153

particles is used. For a time increment, the calculation process is depicted in Figure 1, and contains154

the following steps:155

(1) A BVP domain is firstly discretized into a number of elements, each of them contains 8 Gauss156

integration points. The ABAQUS explicit solver is used to compute the incremental macro-157

strain tensor of each element based on the external loading applied on BVP. The incremental158

macro-strain δ ¯̄ε is then transferred to each Gauss integration point based on the shape function159

of element.160

(2) At each Gauss integration point, the recently developed 3D-H model (Xiong et al., 2017)161

is employed. For more detail derivation of 3D-H model is illustrated in Appendix A. The162

incremental macro-strain tensor computed from previous step is distributed to local meso-163

structures by using kinematic localization (Equation 17). So, the incremental deformation δ~L164

of meso-structure is obtained. It is worth emphasizing that the strain of each branch vector165

between adjoining particles of the hexagon does not derive from the macroscopic strain. In166

contrast, the affine assumption can reasonably be applied to describe the strain of elementary167

sets containing a few grains. It is analogous to the usual Voigt approximation in the field of168

continuous media, and has been widely used as a first approximation in granular materials169

(Nicot and Darve, 2011; Nicot et al., 2005; Cambou et al., 1995).170

(3) Using Equation 23, the incremental forces of meso-structures are computed. So, all the contact171

forces and relative displacements can be solved and updated. Then, Love Weber formula172

(Equation 25) is used to calculate the stress tensor of each Gauss integration points, which173

is consequently transferred to ABAQUS explicit solver.174

(4) Finally, the forces and displacements of element nodes are updated before next time175

increment. The time increment dt is automatically estimated by ABAQUS based on the176

convergence of the previous time step.177

3.4. Model parameters178

A major difference between the 3D-H model and conventional phenomenological model is the179

number of parameters. The 3D-H model only involves four parameters: kn, kt, ϕg (material180

parameters, introduced from contact model), and e0, wherein the initial void ratio e0 corresponding181

to the initial opening angle α0. A set of parameters is reported in Table I and is used in this study.182

This set of parameters is already calibrated to the experimental results (Xiong et al., 2017). The183

experiment was carried out along the conventional drained triaxial loading path with mono-disperse184

sand (d50 = 0.6 mm) called Ticino sand, well characterized from a geotechnical point of view and185

adopted in many studies (Valentino et al., 2008).186
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X
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Z
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1©: BVP scale (macroscale)
2©: hexagon scale
3©: REV scale
4©: contact scale (microscale)

intermediate scales

REV strain Hexagon strain
Contact displacement

Macro stress REV stress Contact force

REV(¯̄σ, ¯̄ε)

Figure 1. Interaction between scales involved in the multiscale approach.

Table I. Model parameters

kn(N/m) kt/kn e0 ϕg(◦)

1.90× 106 0.6 0.53 25

4. NUMERICAL APPLICATIONS

4.1. Laboratory test187

Based on the multiscale approach presented in the previous section, a full three-dimensional188

cylindrical specimen is subjected to a drained triaxial loading path. The mesh, element type and189

boundary conditions are described in Figure 2. The cylinder with diameter D = 2R and height190

H = 4R is discretized into 18580 elements. The bottom surface of the specimen is permanently191

fixed while the confining stress σc is applied to the side surface. The loading program prescribed to192

the specimen includes three stages: isotropically confining stage under the stress σc, triaxial strain193

control stage and triaxial stress control stage. The specimen is isotropically compressed at 200kPa194

during the first stage. Then, a triaxial loading path is imposed by prescribing to the top surface a195

constant loading speed. Finally, the loading process is switched to a stress control when the axial196

stress reaches a maximum value. The displacement of the top surface along direction ~v1 is denoted197

by d1 while the external force is denoted by f1. During the stress control, f1 is imposed constant,198

corresponding to the maximum value of top loading at the end of the strain control stage.199

Figure 3 and Figure 4 show the mechanical and volumetric responses for the 3D cylinder200

specimen and the deviatoric strain fields at the successive states εa = 2.7%, 7%, 8% and 9% along a201

drained triaxial loading path. As shown in Figure 3, the deviatoric stress increases up to the peak (the202

dashed line ∗©when εa = 2.7%) and then decreases, with both hardening and softening regimes well203

reproduced. Meanwhile, the volumetric response shows a contractant behavior before εa = 1% and204
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Figure 2. Mesh, element type and boundary conditions for the 3D cylinder specimen.
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Figure 3. Mechanical and volumetric responses for a 3D cylinder specimen and strain fields at the selected
states εa = 2.7%, 7%, 8% and 9% along a drained triaxial loading path under a confining pressure of

200kPa.
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a dilatant behavior after, as expected for dense sand under a drained triaxial loading path. It should205

be noted that the external stress loading applied to the top surface of the specimen is constant during206

the stress control stage. The shadow area between the deviatoric stress curve and external stress207

loading curve is the excess external work, which will be converted into kinetic energy of the system.208

(a) εa = 2.7% (b) εa = 7% (c) εa = 8% (d) εa = 9%

(e) εa = 2.7% (f) εa = 7% (g) εa = 8% (h) εa = 9%

Figure 4. Deviatoric strain fields (a-d) and relevant vertical section views (e-h) at different loading states

Figure 5 reveals the microscopic variable distributions of Gauss point inside element No.9841209

(shown in Figure 2) at three states corresponding to the points (A,B,C) in Figure 3.210

For the sake of simplification, (a-c) shows the micro-stress integrated over θ and ψ (Euler211

angles shown in Appendix A, Figure 19) as σ̃In(ϕ) =
∫∫

ωσ̃ndθdψ; (d-f) plots the percentages212

of plastic meso-structures (Ip = Number of plastic contacts
Number of total contacts × 100%) and failure meso-structures (If =213

Number of open contacts
Number of total contacts × 100%) along different directions; (g-i) depicts the normalized second-order214

work computed as follows215

Wmicro
2n (ϕ) =

∫∫
δ ~Fδ~l

||δ ~F ||||δ~l||dθdψ∫∫
dθdψ

. (11)

In the current version of the 3D-H model, when a meso-structure fails, it is not lost, but stored in216

the system with no contribution. If the global deformation develops and make this opening contact217

re-contact, the failed meso-structure is reactivated. However, we do mention that in the current218

version of the model, no new local meso-structure can appear during a loading program.219

The first remark is that all the micro variables show symmetrical distributions, with symmetry220

axes oriented along the loading direction. It should be noted that the micro-stress σ̃In(ϕ) distribution221

can reflect the force fabric from another side. Similarly, the plastic and failure meso-structure222

distributions correspond to the contact fabric. From a microscopic point of view, the 3D-H model223

shows properly anisotropy distributions of both fabrics for different Gauss points without involving224

any anisotropy parameter. For the sake of illustration, it can be observed that the magnitude of225

σ̃In(ϕ) in Figure 5(c) is much higher than that in Figure 5(a), but Figure 5(c) shows a narrow range.226

It is because a wide range of failure exists in Figure 5(f) due to the dilatant behavior (contacts open227

within the clusters). This failure mechanism naturally leads to the anisotropic distribution. For state228
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Figure 5. Micro variable distributions at Gauss point in element No.9841 at the different states given in
Figure 3.

a, the micro distribution of normalized second-order work is always positive, indicating that meso-229

structures along these directions are stable. However, as shown in Figure 5 (h), the normalized230

second-order work vanishes along some directions, which means that the material point has an231

unstable trend. Finally, the normalized second-order work along all the directions turn to be negative232

in Figure 5 (i).233

As discussed in section 3, the external second-order work, based on the prescribed loading234

condition, reads:235

W ext
2 = ḟ1ḋ1 (12)

In 3D conditions, the internal second-order work of the specimen is expressed as:236

W int
2 =

n∑
i=1

( ˙̄̄σi : ˙̄̄εi)Vi (13)

where i is the element indicator, n is the total number of elements, Vi is the volume of the element237

i, σi and εi are stress tensor and strain tensor of element i, respectively.238

By using Equation 12 and Equation 13, the evolution of external and internal second-order works239

plotted against the axial strain along the drained triaxial loading path is shown in Figure 6. It should240

be noted that the dashed line ∗© is the transition from the strain control to the stress control. As241
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Figure 6. Evolution of external and internal second-order works versus axial strain εa (%) for 3D cylinder
specimen.

shown in Equation 1, the internal second-order work is equal to the external second-order work242

during the strain-controlled regime because Ëc and I2 are both nil. This is verified in Figure 6243

where the two curves are quite close before the dashed line ∗©. The very little difference between two244

curves is due to the fact that the loading program is not perfectly static and small inertial mechanisms245

can develop. As the deviatoric stress reaches the peak, the internal and external second-order works246

both vanish. Then, the loading method is switched to the stress control. As can be observed in247

Figure 6, the external second-order work after the dashed line ∗© is zero as ḟ1 = 0 (the axial force248

is kept constant). However, the internal second-order work is strictly negative after the dashed line249

∗© (the internal stress cannot balance the external loading). The difference between internal and250

external second-order works implies that Ëc is positive, which means that the system bifurcates251

from a quasi-static regime to a dynamical one. This is verified in Figure 7 where the evolution of252

kinetic energy of the whole system versus the axial strain is shown. The kinetic energy is close to253

zero during the quasi-static regime, then abruptly increases once the loading is stress controlled.254

4.2. Geotechnical engineering problem255

The strip footing problem is an example of a non-homogeneous boundary value problem. The256

multiscale approach presented in section 3 is used. The mesh, element type and boundary conditions257

are depicted in Figure 8. For the purpose of simplification, only half of the domain is modeled due to258

the symmetry of the problem, and it is discretized into 56×94 elements by using the C3D8 element259

type. The half-domain width is L/2 = 7.5m and the depth is H = 4.8m. The half-footing width is260

B/2 = 1m. The problem is considered as a plane-strain problem. The bottom boundary is blocked261

in both ~x and ~y directions, whereas the left and right boundaries are only blocked in the ~x direction262

but are free to move in the ~y direction. The footing is modeled as a rough and rigid strip.263

The loading program prescribed to the system consists of three stages. The first stage is the so-264

called geo-static stage, which means that the gravity is applied to the half-domain while the footing265

is fixed. After the initial geo-stress field is assigned to the half-domain, a displacement field is266

obtained. Then, the displacement field is removed after the consolidation stage. The second stage is267

a velocity control loading stage; the footing goes down with the vertical velocity vf=0.002m/s until268

the third stage starts. The third stage is a force control loading stage. The vertical reaction force at269

the end of the second stage R′f is recorded, and is applied to the footing top surface as an external270

force F ext during the third stage.271
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Figure 7. Evolution of kinetic energy Ec (J) versus axial strain εa (%) for the 3D cylinder specimen.
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Figure 8. Mesh, element type and boundary conditions for the footing problem.

Figure 9 shows the evolution of the vertical reaction force Rf versus the footing settlement d272

(normalized by the footing width B). The dashed line ∗© is the transition from the velocity control273

stage to the force control stage. As expected, the curve increases (hardening regime) before the peak274

and decreases after (softening regime). Figure 11 depicts the deformed meshes with distribution of275

plastic strain at d/B = 1%, 2%, 4% and 8%, respectively. The plastic strain initiates on the right-276

bottom corner of the footing and spreads to deeper zones. When d/B = 4% (the peak state in277

Figure 9), the plastic strain progressively localizes, but no clearly shear band can be observed. As278

Rf goes through the peak (d/B = 8%), the reaction force applied from the soil to the footing cannot279

accommodate the external loading due to the material softening. A triangular-shaped clod appears280
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Figure 9. Evolution of the vertical reaction force Rf (kN) versus the footing settlement normalized by the
footing width d/B (%).
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Figure 10. Displacement field at the state d/B = 8%.

under the footing and an inclined shear band beneath the clod develops. Furthermore, the triangular-281

shaped clod can be clearly observed from the displacement field plotted in Figure 10.282

According to the prescribed loading program, the external second-order work is computed from283

Equation 2 as:284

W ext
2 = ḋṘf (14)

As a non-homogeneous boundary value problem, the material points of the discretized system285

behave differently, leading to a spatial distribution of both stress and strain. The internal second-286

order work of the system is expressed as:287

W int
2 =

n∑
i=1

( ˙̄̄σi · ˙̄̄εi)Vi (15)

where i is the element number, n is the total number of elements, Vi is the volume of the element i.288

Figure 12 gives the evolution of internal and external second-order works plotted against the289

normalized footing settlement. It is remarkable that the internal and external second-order works290

approximately coincide during the velocity-controlled loading regime (0 < d/B < 5.5%). Since291

the velocity applied to the footing is small enough, the evolution of the system can be considered292

as quasi-static. According to Equation 1, the difference between internal and external second-order293

works is related to the inertial term I2 and to the second-order time derivative of the kinetic energy294
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Figure 11. Deformed meshes with distribution of plastic strain εp at different states: d/B = 1%, 2%, 4%
and 8%.
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Figure 12. Evolution of internal and external second-order works versus the footing settlement normalized
by the footing width d/B (%).

Ëc, both negligible. It is worth noting that both internal and external second-order works are positive295

during the first loading stage. The vanishing of the second-order work corresponds the stress peak in296

Figure 9 around d/B = 4%. As seen in Figure 12, the two second-order work curves become more297

and more divergent after d/B = 4%, indicating that the system is no longer stable. Especially, after298

the transition from velocity control to force control (dash line ∗©), the internal second-order work299

is strictly negative whereas the external second-order work equals zero as Ṙf = 0. The difference300
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Figure 13. Evolution of kinetic energyEc (kJ) of the whole system versus the footing settlement normalized
by the footing width d/B (%).

between internal and external second-order works results in an abrupt increase in kinetic energy,301

which is evidently observed in Figure 13.302

.

Figure 14. Deformed meshes with normalized internal second-order work distribution at the state d/B =
8%.

For element i, the internal second-order work can be normalized as follows:303

W int
2n =

˙̄̄σi : ˙̄̄εi

|| ˙̄̄σi|| · || ˙̄̄εi||
(16)

Figure 14 shows the deformed mesh with normalized internal second-order work distribution at the304

state d/B = 8%. Negative values of W int
2n mainly concentrate within two areas: A shear band area305

below the triangular-shaped clod and a arc-shaped area in the shallow soil. The former is due to the306

occurrence of strain localization. The mechanical response of Gauss points inside this area follows a307

softening regime, which means that the term σ̇xε̇x is negative and can vanish W int
2n (see Figure 15).308

It should be noted that significant negative values of internal second-order works concentrate at309

the boundaries of shear bands. The latter is formed because of dilatancy behavior of the material,310

resulting σ̇y ε̇y to be negative.311
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Figure 15. Evolution of deviatoric stress ratio versus normalized footing settlement corresonding to selected
cells given in Figure 8.

Featuring a major advantage, the presented multiscale approach provides a straightforward way312

to perform both micro and meso scale analysis. The key microscopic behaviors hiding behind the313

macroscopic scale are helpful to understand and interpret the micro-mechanisms governing the314

overall response. For the purpose of demonstration, two representative cells are selected in Figure 8.315

They are located at the same depth to make sure that their initial states are same. Cell A locates inside316

the triangular-shaped clod and Cell B locates inside the shear band. Figure 15 presents the evolution317

of deviatoric stress ratios q/p of two cells against the normalized footing settlement d/B. The two318

curves show increasing trend before d/B = 4%, but decrease after that, once the material body is319

no longer homogeneous. It is remarkable that the peak locates on the dashed line P© (d/B = 4%,320

corresponding to the stress peak in Figure 9). The curves of cell A and B practically coincide before321

dashed line P, but they behave differently after that.322

Figure 16 shows the micro variable distributions of cell A and cell B at two states P© and *©. By323

comparing the first column and third column of Figure 16, it can be found that the micro variable324

distributions of cell A and cell B are very similar at state P© due to the fact that the two cells are in325

very close mechanical states and the macro strain is not localized yet. However, after the material326

undergoes softening regime, as shown in the second column and the forth column of Figure 16,327

the micro variable distributions of cell A and cell B are significantly different, not only because328

of the magnitude of σ̃In(ϕ) and wmicro2n (ϕ), but also due to the different symmetry axes. Indeed,329

cell B locates inside the shear band while cell A does not. Moreover, this is the reason why the330

internal second-order work inside shear band is negative while it is positive outside shear band (see331

Figure 14). Finally, these results confirm the well-recognized result that the material response and332

the underpinning mechanisms are totally different inside shear band area and outside shear band333

area (Zhu et al., 2016; Desrues et al., 1996; Vardoulakis et al., 1978; Vardoulakis, 1996).334

5. CONCLUSIONS

This study has presented a novel effective multiscale approach to solve geotechnical boundary335

value problems. This multiscale approach is implemented within a FEM software to tackle the336

macroscopic BVPs from a micromechanically-based model to build the stress-strain relations at the337

Gauss points of the FEM mesh.338

In order to illustrate the capability of this approach, two examples are considered with a laboratory339

test and a geotechnical issue. The first example presents a cylindrical specimen subjected to a340

drained triaxial loading path under an isotropically confining stress whereas the second example341
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Figure 16. Micro variable distributions of Cell A and B (shown in Figure 8) at the states of P© and *©: (a-d)
integrated micro-stresses (σ̃I

n(ϕ)); (e-f) percentages of plastic and failure meso-structures (Ip and If ); (i-l)
normalized second-order work (wmicro

2n (ϕ)).

illustrates a geotechnical non-homogeneous boundary value issue. From a numerical point of view,342

both analyses verify that when no effective failure occurs, both internal and external second-order343

works coincide. This is a great advantage since the external second-order can be obtained in a344

straightforward manner from the boundary variables without requiring internal information (internal345

stress or strain fields).346

Furthermore, this multiscale approach utilizes an explicit-dynamic integral method so that the347

post-peak failure can be investigated. Thus, by switching the loading method from a strain control348

to a stress control at the limit state, the collapse of the system can be reflected in an abrupt increase349

of system kinetic energy, stemming from the difference between both internal and external second-350

order works.351

Finally, taking advantage of the multiscale approach, the analysis can also be carried out on both352

the REV scale and micro-scale. The vanishing of the second-order work, as a convenient indicator of353

material instability, reveals a close correlation with the occurrence of strain localization. Moreover,354

for the sake of illustration, the micro variables distribution of cells are selected to examine local355

responses, illustrating the difference in the mechanical responses inside and outside shear band356

areas. The presented multiscale coupling model and the second-order work criterion open a road to357

interpret and understand the paining micromechanisms hidden behind the occurrence of failure in358

geotechnical issues.359

Future study will focus on extending the 3D-H model. For example, the internal anisotropy can360

be introduced by the distribution function ω(θ, ϕ, ψ) with an anisotropic parameter. Its evolution361

during shearing will be considered by modifying this anisotropic parameter with shear stress ratio,362

deviatoric stress, etc.363
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A. THE DERIVATION OF 3D-H MODEL

The 3D-H model (Xiong et al., 2017) makes it possible to derive the macro-stress tensor from the364

macro-strain tensor according to the following steps (Figure 18):

x1

x2

~n

4

1

5

3

2

6

~t

θ

α

Figure 17. The 2D granular hexagon in the H-model. Angle α represents the elongation of the symmetric
hexagon, oriented along the direction ~n(θ).
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Figure 18. General homogenization scheme of 3D-H model (Cambou et al., 1995).

(1) Kinematic localization: The meso-structure is a connection between macro-scale and meso-366

scale. The dimension of the meso-structure can be characterized by the vector: ~L = [l1, l2, l3]T ,367

wherein l1, l2, l3 represent the lengths along directions ~n, ~t, ~w, respectively (see Figure 21a). Thus,368

the kinematic localization assumption gives:369

δ~L = ¯̄Pδ ¯̄ε ¯̄P−1~L (17)

where: δ ¯̄ε is the incremental macro-strain tensor, ¯̄P is the rotation matrix from global frame370

( ~x1, ~x2, ~x3) to local frame (~n,~t, ~w) (see Figure 19).371

In the 3D-H model, the strain of hexagon controlled by the vector δ~L = (δl1, δl2, δl3) is derived372

from the macroscopic strain tensor. Then, the term δ~L is used as known variable to compute the373
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Figure 19. Global and local coordinate system transformation by employing Euler angles in 3D conditions.
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Figure 20. The 3D meso-structure and its decomposition procedure in the 3D-H model.

relative displacement of each contact and to compute contact forces. δl1, δl2, δl3 are independent374

because there are 10 particles involved in a meso-structure, not just a single contact between375

particles.376

(2) Meso-structure behavior: The meso-structure (Figure 20) can be decomposed into two377

independent hexagon patterns: Hexagon A (Figure 21) and Hexagon B (Figure 22), both being378

similar. The geometrical configuration and external forces applied to the meso-structure are379

symmetric, thus, for each hexagon, only two grains need to be analyzed. For Hexagon A, as shown380

in Figure 21, only grain 1 and 2 are analyzed. The contact between grain 1 and 2 is denoted by381

contact 1 whereas the contact between grain 2 and 3 is denoted by contact 2. Then, the kinematic382
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relations read (for Hexagon A):383

δu1
n = δd1

δu1
t = d1δα1

δu2
n = δd2

(18)

where uin and uit represent the normal and tangential relative displacements of contact i (For384

Hexagon A i = 1 or 2, for Hexagon B i = 3 or 4), respectively. As depicted in Figure 21a, the385

geometrical descriptions for Hexagon A gives:386

l1 = d2 + 2d1 cosα1

l2 = 2d1 sinα1
(19)

The force balance of grain 1 along direction ~n and of grain 2 along directions ~w and ~n, together387

with the moment balance of grain 2 read:388

F a1 = 2(N1 cosα1 + T1 sinα1)
F2 = N1 sinα1 − T1 cosα1

N2 = N1 cosα1 + T1 sinα1 +G2

G2 = T1

(20)

where Ni and Ti represent the normal and tangential contact forces of contact i, respectively. The389

elastic-perfect plastic inter-particle contact law reads for a given contact i:390

δNi = knδu
i
n

δ ~Ti = min
{∥∥∥~Ti + ktδ

~uit

∥∥∥ , tanϕg (Ni + δNi)
}
× ~Ti+ktδ

~ui
t∥∥∥ ~Ti+ktδ
~ui
t

∥∥∥ − ~Ti
(21)

After simplifying (see more details in Appendix B), the contact law (for Hexagon A) can be391

rewritten as follows:392

δN1 = −knδd1

δN2 = −knδd2

δT1 = B1δα1 −A1δd1 + C1

(22)

For the purpose of simplification, term C1 is negligible. It differs from zero only during a393

transition from elastic regime to plastic regime. Except this situation, it is zero. For very small394

strain increments, as considered throughout this paper, term C1 can therefore be neglected.395

It should be noted that there are 14 unknowns among 12 equations (Equations (18), (20) and (22)).396

Thus, for Hexagon A, a two-order algebraic relation between (δF a1 , δF2) and (δl1, δl2) can be397

expressed as follows:398

1

|D|a
[
Ka

11 Ka
12

Ka
21 Ka

22

] [
δl1
δl2

]
=

[
δF a1
δF2

]
(23)

where:399 

Ka
11 = 2

(
F2 sinα1 − knd1cos2α1 − ktd1sin2α1

)
Ka

12 = (ktd1 sinα1 − F2)
(
A1

kn
sinα1 + A1

kn
+ 3 cosα1

)
− cosα1 (B1 sinα1 +B1 − F2 + 2knd1 sinα1)

Ka
21 = 2 (kt − kn) d1 sinα1 cosα1 − 2F a1 sinα1

Ka
22 = (F a1 − ktd1 cosα1)

(
A1

kn
sinα1 + A1

kn
+ 3 cosα1

)
− sinα1 (B1 sinα1 +B1 − F2 + 2knd1 sinα1)

|D|a = 2
kn

(B1 sinα1 +A1d1 cosα1)(sinα1 + 1)

− 2
kn

(F2 sinα1 + knd1 cos2 α1 + 2knd1)

(24)

Similarly, the incremental constitutive relation for Hexagon B can also be obtained. Consequently,400

superimposing Hexagon A and Hexagon B, the total incremental force along direction ~n is δ ~F1 =401

δ ~F a1 + δ ~F b1 . The incremental constitutive relation of the 3D meso-structure is finally obtained.402

Copyright c© 0000 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (0000)
Prepared using nagauth.cls DOI: 10.1002/nag



20 XIONG YIN NICOT

d1

d2

d1

d2

d1 d1

α1

l2

l1

(a) Dimension of Hexagon A

1

4

53

62

Fa
1

Fa
1

F2

F2

F2

F2

G2

G2

G2

G2

(b) External forces

2

N2

N1

T1
G2

F2

1

Fa
1

N1

T1

N1

T1

(c) Force balance for
grains 1 and 2

Figure 21. Mechanical description of Hexagon A.
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Figure 22. Mechanical description of Hexagon B.

(3) Stress averaging: Averaging the meso-stress ¯̃̄σ taking place within all the meso-structures in403

the specimen of volume V can be performed as follows:404

¯̄σ =
1

V

∫∫∫
ω(θ, ϕ, ψ) ¯̄P−1 ¯̃̄σ(~n,~t, ~w) ¯̄P sinϕdϕdθdψ (25)

where ¯̄σ is the macro-stress tensor operating on the specimen scale. For an isotropic specimen, the405

distribution function ω(θ, ϕ, ψ) is uniform with θ ∈ [0, 2π[, ϕ ∈ [0, π], ψ ∈ [0, 2π[ (θ, ϕ, ψ are the406

Euler angles). The meso-stress ¯̃̄σ(~n,~t, ~w) with respect to the local frame can be computed from the407
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local variables (Figure 21 and Figure 22) by using the Love-Weber formula (De Saxcé et al., 2004;408

Love, 2013; Christoffersen et al., 1981; Mehrabadi et al., 1982):409

σ̃11(~n,~t, ~w) = 4N1d1cos2α1 + 4T1d1 cosα1 sinα1 + 2N2d2

+4N3d3cos2α2 + 4T3d3 cosα2 sinα2 + 2N4d4

σ̃22(~n,~t, ~w) = 4N1d1sin2α1 − 4T1d1 cosα1 sinα1

σ̃33(~n,~t, ~w) = 4N3d3sin2α2 − 4T3d3 cosα2 sinα2

σ̃ij(~n,~t, ~w) = 0 when i 6= j

(26)

The principal components of meso-stress tensor are calculated from the internal forces acting410

within the meso-structure. Besides, off-diagonal components can be simply considered as nil,411

because the meso-structure with respect to (~n,~t, ~w) always offsets the one with respect to412

(−~n,−~t,−~w) in off-diagonal components when integrated.413

It is worth noting that the local void ratio is related to the opening angle, which is not related414

to local anisotropy. The opening angle α1(2) is only a geometrical parameter, and can be found in415

Figure 21 and Figure 22. The opening angle, together with the components l1, l2, l3, determine the416

initial shape of the hexagons, and thus determines the local void ratio of the meso-structure.417

B. CONTACT LAW

This elastic-perfect plastic model includes a Mohr-Coulomb criterion and can be expressed under418

the following incremental formalism:419 {
δNi = knδu

i
n

δTi = min
{∥∥Ti + ktδu

i
t

∥∥ , tanϕg
(
Ni + knδu

i
n

)}
× Ti+ktδu

i
t

‖Ti+ktδui
t‖ − Ti

(27)

where: i = 1, 2, 3, 4 denotes the identifier of contact number.420

According to Equations 18, Equations 27 can be rewritten as follows:421  δNi = −knδdi
δTi = ktdiδαj elastic regime
δTi = tanϕg (Ni − knδdi) ξi − Ti plastic regime

(28)

where: ξi is the sign of Ti + ktdiδαj ; j = 1 when i = 1, 2; j = 2 when i = 3, 4; plastic regime is422

reached when ‖ ktdiδαj + Ti ‖> tanϕg (Ni − knδdi), otherwise it is in elastic regime.423

To facilitate the derivation, Ipi and Iei are introduced as indicator functions of the contact state,424

expressed as follow:425

Ipi =

{
1 in plastic regime
0 in elastic regime ; Iei = 1− Ipi (29)

Thus, the constitutive relations can be expressed as:426 {
δNi = −knδdi
δTi = Biδαj −Aiδdi + Ci

(30)

where:

 Ai = Ipi knξi tanϕg
Bi = Iei ktdi
Ci = Ipi (ξi tanϕgNi − Ti)

427
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