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Abstract

Sparse Bayesian learning (SBL) methods have been developed and applied in the context of
regression and classification, in which latent variables and hyper-parameters are iteratively obtained
using type-II maximization likelihood. However, this method is ineffective in structural damage
detection using modal parameters, which have a nonlinear relation with structural damage.
Consequently, the analytical solution of the type-II maximization likelihood is unavailable. In this
study, an iterative expectation—maximization (EM) technique is employed to tackle the difficulty.
During the iteration, structural damage and hyper-parameters are updated through an expectation and
maximization processes alternatively. Two sampling methods are utilized during the expectation
procedure. Upon convergence, some hyper-parameters approach infinity and the associated damage
variables become zero, resulting in the sparsity of damage. Numerical and experimental examples
demonstrate that the proposed SBL method can accurately locate and quantify the sparse damage. The
proposed EM technique is easy to implement while contains clear physical meaning.
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1. Introduction

Structural damage detection has received much attention over the last decades [1-3]. Numerous
vibration-based damage detection methods have been proposed using structural modal parameters [4—
5] or time history [6].

Structural damage detection always entails uncertainties, which may be categorized as modeling
errors, methodology errors, and measurement noise [7—9]. Moreover, operational and environmental
variations also cause significant changes in the identified modal parameters [10-11]. Many
researchers have proposed probabilistic approaches to tackle the uncertainties in structural damage
detection. One category is based on the perturbation technique [8-9, 12—13], which assigns a random
variable to each uncertainty and then calculates the statistics of the variable. The other widely used
category is the Bayesian approach [14—17], which explicitly quantifies the posterior probability of the
uncertainties according to observations and prior information.

Another difficulty in structural damage detection is that the problem is essentially an inverse problem
and is typically ill-posed. As the number of available vibration measurements is limited, such
detection is usually an underdetermined problem in mathematics [18]. In practice, structural damage
commonly appears in a few sections or members only, especially at the early stage. Therefore, it
possesses sparsity compared with the numerous elements of the entire structure. Structural damage
sparsity is an important prior information that can be exploited. Recently, some researchers (including
the authors) [18-24] developed the sparse recovery theory for structural damage detection using the
so-called /i and /o regularization techniques. Sparse recovery theory, however, as shown later in this
paper, disregards the relative uncertainties between different variables and causes determination of the
regularization parameter difficult.

Bayesian methods provide an efficient way to deal with the ill-posed and underdetermined problem
by specifying probability distributions over uncertain parameters, which is equivalent to introducing a
regularization term to the optimization problem [25]. Sparse Bayesian learning (SBL) is effective in
promoting sparsity in the inferred predictors and has been rapidly developed recently in the context of
regression and classification [26-28]. For linear regression problems, the latent variables and
associated hyper-parameters are iteratively obtained using type-II maximization likelihood [28].
During the process, most hyper-parameters tend to approach infinity, and thus the corresponding
latent variables approach zero, resulting in a sparse regression model. However, SBL has seldom been
utilized and explored in damage detection.

In terms of computation of the posterior probability of unknown parameters, the resulting posterior
probability density function (PDF) is usually intractable. For example, the high-dimensional integral
of the posterior PDF cannot be computed analytically. If the integral cannot be evaluated analytically,
then Laplace’s approximation method can be used, provided that the model class is globally
identifiable according to the available data [29-30]. However, Laplace’s approximation has several
limitations, one of which is that the accuracy of the approximation depends on the dimension of the
parameter vector [31]. If the measurements are considerably fewer than the model parameters, then
the corresponding Bayesian updating results may be inaccurate. For unidentifiable and locally

identifiable problems, simulation-based techniques, such as the Markov Chain Monte Carlo (MCMC),
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are proposed to compute the posterior statistics of unknown parameters [32—34]. Lam et al. [35]
proposed a Bayesian method based on the MCMC algorithm for structural model updating and
damage detection. Nichols et al. [36] utilized the MCMC approach for the Bayesian parameter
estimation of structural systems for damage detection. However, the MCMC algorithm has high
computational cost, especially for models with numerous parameters to be inferred. Moreover,
evaluating convergence and accuracy for the MCMC methods is difficult, even when conducted
empirically.

As the modal data is a nonlinear function of the structural stiffness parameters, the analytical solution
of the type-II maximization likelihood is unavailable. Rather than directly tackling this nonlinear
problem, Huang et al. [37-38] proposed an iterative procedure, which involves a series of coupled
linear regression problems. A hierarchical SBL approach combined with Laplace’s asymptotic
approximation was used to infer the stiffness reductions on the basis of experimentally identified
modal parameters. However, all uncertain hyper-parameters of the sophisticated hierarchical Bayesian
model should be estimated, which is a nontrivial task. Huang et al. [39] converted the nonlinear
function of structural stiffness parameters into a series of coupled linear-in-the-parameter problems.
Two Gibbs sampling algorithms representing a special case of the MCMC simulation were proposed
to provide a full treatment of the posterior PDFs of uncertain parameters for damage assessment.
However, the computational efficiency of posterior sampling for the MCMC methods remains a major
concern. Mustafa et al. [17] utilized linear optimization to identify the posterior statistics of the model
parameters for model updating and damage detection, instead of solving the challenging nonlinear
optimization problem. A complete review on the recent development of sparse Bayesian learning for
structural damage detection and assessment was also provided in Huang et al. [40].

In this study, a concise expectation—maximization (EM) technique is employed to tackle the nonlinear
problem iteratively, without performing the asymptotic approximation or stochastic simulation.
During the expectation step, two sampling methods are used to calculate the expectation of the
complete-data likelihood function. The effectiveness of the proposed algorithm is verified using a
numerical and experimental example.

2. Structural Model Class

The structural model class, M, is based on a set of linear structural models, where each model has a
known mass matrix M and an uncertain stiffness matrix K parameterized by the stiffness parameters

as follows
n
K= z a; K; (1)
i=1

where K; is the ith element stiffness matrix which can be obtained from the finite element (FE)
model of a structure; «; is the ith element stiffness parameter to be updated according to the observed
data; and #n is the number of structural elements. The change in mass is assumed to be negligible when
damage occurs.

Suppose that the element stiffness parameter reduces to @;, the stiffness reduction factor (SRF) is then
defined as [19, 41]
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SRF, as the damage parameter, indicates both damage location and damage severity. As structural
damage typically occurs at several sections or members only, 8 = [0y, ...,60,]7 is a sparse vector
with only several non-zero components at the damaged locations.

The rth structural eigenvalue and the corresponding mode shape are governed by the following
eigenvalue equation

K-AM)¢, =0 3)

Suppose that N, modes of vibration have been identified from modal testing so that the identified
eigenvalues and mode shapes can be expressed as

A=A ) “
‘T’ = [651; 652' y aNm] ®)

where ¢, € RM» denotes the identified mode shape of the rth mode at N, measurement points. A

set of modal data is expressed as
D = [4, ] (6)

In the next section, a sparse Bayesian model is developed which automatically promotes sparsity in
the inferred damage parameters 6.

3. Sparse Bayesian Modeling

Bayes’ theorem is used to develop a PDF for the damage parameters 6, conditional on the measured
modal data and chosen class of models [42]
p(61D, M) = c~'p(DI6, M)p(6|M) )

where p(0|D, M) is the posterior PDF of the damage parameters given the modal data and model
class; ¢ = p(D| M) is a normalizing constant referred to as evidence, which does not affect the
shape of the posterior distribution; p(D|0, M) is the PDF of the modal data; and p(@|M) is the
prior PDF of the damage parameters. The evidence can be used to estimate the hyper-parameters, as
described later. To simplify the notation, the dependence of the PDF on M is dropped hereafter.

3.1 Likelihood functions for the stiffness parameter

According to the axioms of probability, the PDF of the modal data p(D|0) in Equation (7) can be
expressed as [42]

N
p@10) = | [p(|0)p(3:]0) ®)
r=1

To construct the prior distribution, the measurement error is introduced to the measured eigenvalues
and mode shapes as



1,(0) =A.(1+¢,) 9)

$.(0) =, +e, (10)
where 1,(0) and ¢,.(0) are the eigenvalue and mode shape of the rth mode obtained from the
analytical model, respectively; and ¢, and e, are measurement errors of frequencies and mode
shapes, respectively.

The measurement errors are treated as independent Gaussian variables as [16, 43]
&~N(0,7) (11)
e,~N(0, y~1I) (12)
where h’}\/per-parameters B and y reflect the precision of the identified eigenvalues 4 and mode
shapes ¢, respectively. In this study, the precision, which is equal to the reciprocal of the variance of

the variables, is used instead of the variance for convenience. The resulting likelihood function of @
based on the measured eigenvalues A is

Nm N ~ 12
io.6)= (£)° BN [A(0) =,

p(2l6.6) = (5-)  ewn{-% = (13)

r=1

and the likelihood function of @ based on the measured mode shapes @ is
Ny N Nm
- (YN 2 14 — 2

p(Bl6.)= (=) * e —5Z||¢r—¢r(e)||2 (14)

r=

3.2 Prior distribution for damage parameters

As introduced previously, the prior PDF for the damage parameters is chosen to provide
regularization for the ill-posed inverse damage detection problem. SBL proposes to use the automatic
relevance determination (ARD) prior to incorporating a preference for sparser parameters [26, 38, 44,
45]. In addition, the Laplace distribution is also an effective prior to enforce sparsity in the inferred
parameters, which is equivalent to /; regularization [37, 46].

Accordingly, the ARD prior is adopted in this study to promote sparsity in the damage parameters.
The damage parameters @ are assumed to be Gaussian with zero mean and covariance matrix A =
diag(ait, -+, ay1), such that

p(Bla) = ﬁp(9i|ai) = (%)g ﬁ lai% exp {—%aief}l (13
i=1 i=1

where the individual hyper-parameter a; represents the precision of the associated damage parameter
0;.

3.3 Posterior distribution for damage parameters

From Equation (7), the posterior PDF of the damage parameters 6 is expressed as
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~ 1
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with the distributions on the right-hand side as defined by Equations (13), (14), and (15), respectively.
This posterior probability distribution will be used to quantify the plausibility of all possible values of
the damage parameters.

4. Bayesian Inference Using EM Algorithm

The posterior PDF of the damage parameters, as defined in Equation (16), depends on the estimates of
the hyper-parameters § = {&, 8,7}, which can be obtained by maximizing the evidence p(;l, U |Z),
known in the statistics literature as type-II maximization likelihood [28]. As introduced previously, the
evidence is the normalizing term that appears in the denominator in Bayes’ theorem. According to the
Total Probability Theorem, the evidence is obtained by integrating over the damage parameters as

p(4,P[E) = fp(e;ilTJIa,ﬁ,V)de = fp(i|9,ﬁ)p(lTJ|0,y)p(0|a)d0 (17)

However, the computation of the integral in Equation (18) is intractable, as the frequencies and mode
shapes are in nonlinear relations with 6.

In this study, the EM algorithm is proposed to maximize the natural log evidence In p(;l, lTJ|F,)
iteratively. The EM algorithm enables parameter estimation in probabilistic models, where the model
depends on unobserved latent variables. It alternates between performing an expectation (E) step and a

maximization (M) step. 0 is regarded as a latent variable and {9, A, lTJ} is referred to as the complete
data set. The complete-data natural log likelihood function is expressed as

Inp (8,4, 9[5) =Inp(4|6,8) +Inp(P|6,y) + Inp(8la)
Nm o 2
Ny ﬂ :8 Ay _Ar(e) Ny Np, Y
=71“<z>‘52[ 22 R () 18)
Z|l¢r ¢r(e)|| +—ln< ) ZZInal——Z(a 67)

Given the dlfﬁculty of direct maximization of In p(/l,l|1|‘g') with respect to &, the EM algorithm

proposes to maximize the expectation of the complete-data E {lnp (9, A, lTJ|§)} instead [28, 47], such
that
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Np-Zlen(Zl —_E Z”‘I’r ¢r(9)” —ln(;ﬂ) (19)

1 1
+§Z Ina; — Ez a;E(67)
i=1 i=1

In practice, the complete data set is not available and the latent variable 0 is given by the posterior
distribution p(0|:1, P, Z). In the E step, given the current value of the hyper-parameter £°'9, the
posterior distribution of @ given by p(0|;1, P, ZOld) is used to determine the expectation of the
complete-data E {lnp ((-), 2,([!|‘g’)}. In the subsequent M step, the new estimate §"°V is obtained by

maximizing the expectation with respect to &. By differentiating Equation (19) with respect to a, [,
and Y, and then setting these derivatives to zero, we obtain

oEfnp (0HAH) 1 1

+

~ o~ Nm L 2
0E{lnp (6,E]4,¥)} N,1 1 A =20]| _
T Z[—x =0 “y
JE{Inp (06,8|4, ¢ Ny, * Ny 1
Unp 5490} _ anbr 2,0 @
The hyper-parameters are then solved as

1
a; = G (23)

p= o
- A — 2 24
g {erv;nl E Xa:(e)] } (24)

N, - Np,

Now || 2 2 (25)
E {Zr=1”¢r - ¢r(0)” }

E{-} denotes an expectation with respect to the posterior distribution of @ using the current estimates
of the hyper-parameters £°'4.

4.1 Posterior sampling

Posterior sampling is conducted to approximate the expectations in Equations (23), (24), and (25). We
first approximate the conditional posterior PDF p(@ |;1, P, a,pB, )/) of stiffness parameter @ in Equation
(16) by a multivariate Gaussian distribution using Laplace’s method of asymptotic approximation [29].
This is based on the assumption that the modal data {;1, lTJ} available is sufficient to constrain the
updated parameter 0 to give a globally identifiable model class. The mean of the Gaussian distribution
is the maximum posterior (MAP) estimate @, which is calculated by maximizing Inp (Bli, P, F,), or
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equivalently minimizing the following obj ective function

](0)—5'2[ “0)] +VZZ bir = 01O +Z(a92) 26)

r=1j=
where d’)\j,r and ¢;,(0) denote the rth measured and analytical mode shapes at the jth point,
respectively. The covariance matrix Xy of the approximated Gaussian distribution is equal to the
inverse of the Hessian matrix H (5) calculated at 8, where the (i, /) component of the Hessian matrix

H (5) is given by

27

i,j( ) = aeiaej s

Since the dimension of 0 is large, the obtained covariance matrix is not positive semi-definiteness. In
this regard, we calculate the variance for each damage parameter 6; independently [42]. Then we
generate samples from the posterior PDF p(0|i, P, a,p, )/) and the probabilistic information
encapsulated in p(@ |;1, U, a,pB, ]/) is characterized by the posterior samples 8%, k = 1, ..., K (we will
choose the number of samples K = 5,000 in later examples). The expectations in (23), (24) and (25) are
finally approximated by (28), (29) and (30), respectively

A ~ 1K
BOD) = [ 0tp(6A B apr)do >y (€)M 28)
Nm . 2 Nm 2
)\r - /17”(0) _ }\r — Ar(e) 13
S| (5P s
= ( (k))_z (29)
1K A —2,.(0
N Ezk:l;i 7\7” l
N Nm
E Y 18~ 6@ b= [ D18, - 6@ p(0il .. p.v)d0
r=1 r=1
(30)

N

1 ~ 2

~ 2 DB, — 6. (6]
r=1

4.2 Likelihood sampling

Considering the complexity of the posterior PDF p(0|;1, U, a,p, y), which might not be Gaussian,
another sampling method is proposed based on the likelihood function of 6. N; sets of modal data
D, = [i(j),l]}(j)] (G=1,2,..,Ng), are generated according to the measured modal data following
Gaussian distribution, that is, Equations (11) and (12). The mean of the Gaussian distribution is equal to
the measured modal data with assigned variance. For each data set, given the current estimates of the
hyper-parameters &, the MAP estimate @ is calculated by minimizing the objective function in
Equation (26). The expectation is then performed with respect to the MAP values of 8 as

E(6?) = E(5?) (31)

—2 RO & (A, — 4,(8)]
=E [r_i—rl (32)
8

~

e



N Nm
EVY 18 -0, @1 =E1 18, - 6, (@) (33)
r=1 r=1

4.3 Summary

Each iteration uses estimates of & to determine the posterior distribution of the latent variable 6. The
current distribution of @ is in turn utilized to improve the estimates of & The proposed EM
algorithm is implemented as follows:
1. Initialize the hyper-parameters £€® and latent variable 8.
2. At the ith iteration,
E step: Compute the MAP estimates of (710 through minimizing /(@) in Equation (26) given
hyper-parameters €¢~1; Calculate the expectations in Equations (23)~(25) using (28)~(30) for
the posterior sampling and (31)~(33) for the likelihood sampling;

M step: Through maximization of E {lnp (9, i,f|3|§)} with respect to a, f, and y, update the

hyper-parameters to €9 according to Equations (23), (24), and (25), given 8.
3. Repeat Step 2 for the (i+1)th iteration until the following convergence criterion is met:

69 ~ 52, /[8?)], < Tol

It is notes that the posterior sampling is conducted after E step once 8% is obtained at each iteration
step, whereas the likelihood sampling is conducted at the initialization stage only.

The main advantages of the EM algorithm are its simplicity and ease of implementation. Moreover,
the EM algorithm is proven to be stable and robust [48]. In this study, the integral of the nonlinear
inverse problem is avoided through an iterative procedure. The MAP values of the damage parameters
are determined adaptively, and the sparsity of the damage parameters is secured automatically. As
examples in following sections show, during the iterative process, many hyper-parameters «;
approach infinity, and the corresponding 6; approaches zero.

The SBL has some similarities with the sparse recovery theory that uses the regularization technique.
In Equation (26), the first two terms are equivalent to the data-fitting terms with different weights and
the third term to the regularization term with a as the regularization parameter in sparse recovery. In
this study, each damage parameter 6; is assigned with an individual hyper-parameter «;, indicating
that each damage parameter has a unique regularization parameter. A large «a; carries a significant
weight in the corresponding 6; and thus enforces it to be close to zero during the optimization,
thereby achieving the sparse solution to 6. From Equation (23), the regularization parameter is at the
similar level of 1/62. Therefore, Equation (26) is equivalent to the iteratively reweighted least
squares (IRLS) [49-51], which closely resembles the /o regularization. If all damage parameters @
are assumed to have a uniform Gaussian prior distribution, the hyper-parameter a becomes a single
value. The resulting objective function (Equation [26]) is equivalent to the /> regularization, which
may cause the identified damage distributed to many structural elements and fail to obtain the sparse
solution [18-19]. If a Laplace prior is applied to the damage parameter, then the corresponding
objective function is equivalent to the /i regularization [46]. Therefore, the EM-based SBL technique
is more general and more flexible relative to sparse recovery theory. Moreover, the hyper-parameters

9



possess a clear physical meaning that represents the precision of the uncertainties. The
hyper-parameters are updated automatically, thereby avoiding the tricky selection of the regularization
parameter in sparse recovery theory.

5. Comparison of new SBL method with the methods in [37], [38] and [39]

For the purpose of Bayesian damage identification and assessment, several SBL methods were

proposed in [37], [38] and [39], where the SBL method in [38] is an improvement of that in [37] by

removing some unreliable approximations. The present study differs from the above methods in
following aspects:

(1) In the presented SBL method, the EM algorithm is employed for learning the hyper-parameters
{a, B,v} to maximize the evidence function in (17), while direct differentiation was used in [37,
38, 39]. In fact, it is intractable to maximize the current form of the evidence function in (17) with
respect to the hyper-parameters {a, 8,y} by direct differentiation. Therefore, the EM algorithm
employed here has broader applications for real problems. The present study provides an
alternative approach to SBL for model updating and damage assessment.

(2) The Bayesian modeling and inference formulation presented in the paper are simpler and easier to
be implemented, compared with those in [37, 38, 39]. For example, for the characterization of the
posterior PDF of the stiffness parameters 0, only three hyper-parameters {a, 8,y} need to be
learned here. In [38], however, ten parameters including the high-dimensional system mode shape
parameters, are required to be optimized simultaneously to find their MAP values. Therefore, the
iterative method for the optimization in the present paper tends to converge faster and likely to the
global maximum of the solution. As shown in the numerical example later, the convergence occurs
in three or four iterations only. In [39], a Gibbs sampling based stochastic simulation method was
presented by generating samples to characterize the posterior PDF of 0, in which high
computational efforts are required.

(3) The new proposed method still works when only the measured eigenvalues 4 are available, as
shown in the numerical and experimental examples in subsequent sections. This is quite useful for
real applications when accurate structural mode shapes { are not available. In [37, 38, 39], the
measured mode shapes §p must be available and utilized for a reliable inference of the stiffness
parameters 0.

6. Numerical Example

6.1 Model description

As shown in Figure 1, a cantilever beam, is first utilized as a numerical preliminary study. The mass
density and Young’s modulus are 7.67x10° kg/m® and 7.0x10'" N/m2, respectively. The beam is
modeled with 45 equal Euler—Bernoulli beam elements (i.e., n = 45), each 20 mm long. Elements 1 and
45 are located close to the clamped end and free end, respectively. The damage is simulated by the
reduction of the bending stiffness while mass remains unchanged. In this study, Elements 1 at the
clamped end and 23 at the mid-span are damaged by 50%, i.e., 8; = 6,3 = —0.5 and all other 8 = 0.

Figure 1 Geometric configuration of the beam structure (unit: mm)
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6.2 Damage detection

In this numerical example, the natural frequencies only are used for damage detection. The first six
natural frequencies of the beam before and after damage are listed in Table 1. Given that only the
natural frequencies are used for damage detection, the objective function in Equation (26) is
simplified as

Nm ~ 2 n
A —A(O 1
J1(8) = gz [i—()l + 52(051'912) (34)
r=1 T i=1

Table 1 Frequencies of the beam in the undamaged and damaged states

Mode Undamaged Damaged Change ratio
no. Freq. (Hz) Freq. (Hz) (%)

1 6.02 5.75 —4.56
2 37.75 35.67 —5.50
3 105.73 102.44 =3.11
4 207.25 197.69 —4.61
5 342.70 333.96 —2.55
6 512.07 492.45 —3.83

Average of frequency change (%) —4.03

To implement the EM process, the hyper-parameters a@ and [ should be initialized by setting them to
the precision of the uncertainties. The uncertainty level of the damage parameters is assumed as 10% of
the exact damage parameter. Therefore, the initial value ai(o) =1/(10%)>=100(i = 1,2,...,45). In
practical vibration tests, natural frequencies may typically contain 1% noise [9, 52—-54]. Consequently
B@ =1/1%)*=1x 10*. The ratio of a; to [ is analogous to the regularization parameter used in
the IRLS algorithm, which is al.(o) /B® =001 in the current example. The initial damage
parameters 0 are set at their nominal values 8® = {0,...,0}7, indicating that no damage is
present.

With the minimization of Equation (26), the MAP values of the damage parameters are then obtained.
Using the posterior sampling, 5000 samples of 8% are generated and then the hyper-parameters are
calculated through Equations (23)~(25) and (28)~(30). With the proposed iterative EM, the MAP
values of @ in each iteration are updated and shown in Figure 2. In the first iteration, a number of
elements have non-zero SRFs. After one more iteration, the identified damage parameters tend to
approach the actual values and the process converges after three iterations only.

(a) Iteration no.1 (b) Iteration no.2
(c) Iteration no.3

Figure 2 Damage identification results during the iterative process using posterior sampling

The likelihood sampling is then also applied, in which 50 sets of natural frequencies are generated (i.e.,
N;=50) with Gaussian distribution having a zero mean and 1% standard deviations of the true values.
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Within EM, each set of sampled natural frequencies results in one set of MAP values of the damage
parameters, from which the expectations are calculated according to Equations (31)~(33). The mean of
the MAP values of @ in each iteration are shown in Figure 3. Similar to the above results, the damage
parameters converge after four iterations only and the actual damaged elements are correctly located
and quantified. Although the likelihood sampling approach takes one more iteration, the identified
damage parameters are more accurate than those of the posterior sampling.

(a) Iteration no.1 (b) Iteration no.2
(c) Iteration no.3 (d) Iteration no.4
Figure 3 Damage identification results during the iterative process using likelihood sampling

During the iteration, the hyper-parameters also change continuously. f and a few representative «;
are shown in Figure 4 for the two sampling methods. As the iteration proceeds, the hyper-parameters
associated with the damaged elements, i.e., a; and a,3, decrease quickly and converge after only a
few iterations. For the undamaged Element 45, the corresponding hyper-parameter a,s increases
rapidly to a sizeable number (a logarithmic coordinate is used). The variation of f is not significant
during the process.

(a) Posterior sampling (b) Likelihood sampling

Figure 4 Variation of hyper-parameters during the iterative process

To investigate the effect of noise on damage detection accuracy, a different level of Gaussian noise of
the frequencies is introduced, namely, Noise Level 2 has a zero mean and 2% standard deviation of the
exact natural frequencies. In this regard, the initial estimate of the hyper-parameter [ becomes
2.5 % 10°. Therefore, the equivalent regularization parameters is 0.04, with the initial al.(o) =100
(i=1,2,...,45) remaining unchanged.

Using the same EM procedure, the identified MAP values of the damage parameters are shown in
Figures 5 and 6 using two sampling methods. The convergence occurs in three and four iterations,
respectively. In the case of the posterior sampling, the true damage at Element 1 is detected correctly,
whereas Element 23 at the mid-span cannot. Using the likelihood sampling, both damaged elements
are located accurately and the identified SRFs are close to their actual values.

The above numerical results show that the proposed EM algorithm is effective in locating and
quantifying structural damage. For the posterior sampling, the convergence rate is faster; while the
damage identification results obtained are not accurate as compared with the likelihood sampling,
especially at the higher noise level. Previous studies indicated that the main disadvantage of the EM
algorithm is its slow convergence in some cases [16, 47]. However, the proposed EM algorithm for
damage detection has fast convergence. All converge within four iterations for the two noise levels.

(a) Iteration no.1 (b) Iteration no.2
(c) Iteration no.3
Figure 5 Damage identification results for Noise level 2 using posterior sampling

(a) Iteration no.1 (b) Iteration no.2
(c) Iteration no.3 (d) Iteration no.4
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Figure 6 Damage identification results for Noise Level 2 using likelihood sampling

7. Experimental Example

7.1 Model description

The experimental cantilever beam used here was presented in [54]. The geometric dimensions of the
beam are shown in Figure 7. The mass density and Young’s modulus are estimated as 7.67x10° kg/m3

and 2.0x10"" N/m?, respectively. Three saw cuts were sequentially introduced into the beam model,
corresponding to four damage scenarios (DSs) (Figure 7). The saw cuts have the same length (b = 10
mm) but have varied depths to simulate different damage severities.

10 accelerometers were equidistantly mounted on the beam to measure the out-of-plane horizontal

vibration. Modal testing was first conducted on the intact beam, and then repeated for each damage
state. The first six natural frequencies and mode shapes were extracted accordingly, as listed in Table 2.
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Table 2 Modal data of the undamaged and damaged beam structures

Mode 10, Undamaged DS1 DS2 DS3 DS4

Freq. (Hz) Freq. (Hz) MAC Freq. (Hz) MAC Freq. (Hz) MAC Freq. (Hz) MAC

1 3.53 3.49 (-1.24) 99.99 3.38 (—4.41) 99.97 3.33 (-5.91) 99.98 3.36 (—4.91) 99.99

2 21.77 21.39 (-1.72) 99.95 20.85 (—4.26) 99.84 20.29 (—6.81) 99.86 19.76 (-9.22) 99.95

3 60.78 59.46 (—2.16) 99.88 58.93 (-3.04) 99.83 58.38 (—3.95) 99.57 54.37 (-10.55) 99.60

4 119.46 118.31 (-0.96) 99.88 116.01 (—2.88) 99.51 113.35 (-5.12) 99.23  106.31 (—11.01) 99.06

5 194.78 191.98 (—1.44) 99.78 188.74 (-3.10) 99.17 188.46 (—3.25) 98.87 187.17 (-3.91) 99.14

6 292.82 281.56 (—3.84) 98.07 286.76 (—2.07) 94.95 275.08 (—6.06) 98.26 267.45 (—8.66) 97.26
Average (-1.90) 99.59 (-3.29) 98.88 (—5.18) 99.30 (—8.04) 99.17

Note: Values in parentheses are the frequency change ratios (%) between the damaged and undamaged states. MAC = modal assurance criterion.
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In the FE model, the beam is divided into 100 Euler—Bernoulli beam elements, each 10 mm long.
Given that the length of each cut is identical to the length of one element, the damage severity of each
cut is equal to the reduction in the moment of inertia of the cross section, which is equal to the
reduction in the depth of the cut section. In this manner, the damage severity is quantified. Table 3
lists the damage locations and severities quantified by SRF for the four DSs. At most, three damaged
elements have non-zero SRF values. Therefore, the SRF vector is very sparse compared to the 100
elements of the beam model.

Figure 7 Overview of the beam structure (unit: mm)

Table 3 Damage locations and severities for four DSs

Damage

Scenario Cut no. Cut depth (mm) SRF (0)
DS1 1 10 0; =-40%
DS2 1 15 0, =-60%

1 15 0; =-60%
DS3

2 15 059 =-60%

1 15 0, =-60%
DS4 2 15 05y =-60%

3 20 075 =-80%

7.2 Damage detection

For the current experimental beam, only one set of measured modal data are available. In the

likelihood sampling, 50 sets of modal data D; = [:1(1' ), lTJ(j)] (G=1,2,..,50) are generated as

AP~ (., (0.014.)°) (35)
¢ ~N($,,(0.05)1) (36)

where the uncertainty levels of 1% and 5% are adopted for natural frequencies and mode shapes,
respectively as natural frequencies are generally measured more accurately than mode shapes,. The

hyper-parameters are thus initialized as B® =1x10*, y© =400 and ai(o) =100 (i=
1,2, ...,100).

First, only the natural frequencies are utilized for damage detection. Following the iterative
procedures summarized in Section 4, the most plausible values of the damage parameters can be
obtained using the two proposed sampling methods. To quantify the damage identification accuracy,
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the identification error & is defined as
§=—nuw- "2 37
0 37

where @ denotes the actual damage parameters in the experiment. The damage identification results
of the four DSs using the likelihood sampling are shown in Figure 8. For DS1 and DS2, the actual
damage is located and quantified with good accuracy. For DS3, the two damaged elements are located
successfully, while the severity of the damage at the mid-span is smaller than the true value, i.e., with
60% reduction. For DS4, the actual damage locations are detected successfully with some errors in the
identified severities. However, when using the posterior sampling, only the damaged Element 1 can
be detected in all four DSs and damaged Elements 50 and 75 cannot be detected at all in DS3 and
DS4. The results are not shown here for brevity.

(a) DS1 (8, = —0.4, & = 1.00%) (b) DS2 (8, = —0.6, & = 0.83%)
(c) DS3 (8, = 85, = —0.6, & = 2.36%) (d) DS4 (8, = 85, = —0.6, ;5 = —0.8, & =
2.36%)

Figure 8 Damage identification result for four DSs using frequencies only

When both the natural frequencies and mode shapes are used, the optimal damage parameters are
calculated by minimizing the objective function in Equation (26) iteratively. The damage
identification results using the likelihood sampling are shown in Figure 9. For the single damage
scenarios, i.e., DS1 and DS2, the damage identification results are almost the same as those using
frequencies only. For DS3, the identified damage severity of the damage at the mid-span becomes
closer to the actual value and the error reduces to 4.12%. For DS4, the identification error reduces to
2.27%. Therefore the damage identification accuracy is improved significantly by incorporating the
mode shape data. For all DSs using different kinds of modal parameters, the results converge within
five iterations. Again the results using the posterior sampling are not accurate, for example, element
50 is not detected in DS4.

(a) DS1 (Actual damage 9_1 =—-04, § = (b) DS2 (9_1 =—0.6, § = 0.80%)
0.83%)
(c) DS3 (8, = 05 = —0.6, & = 1.03%) (d) DS4 (6, = 659 = —0.6, 675 = —0.8, § =
1.06%)

Figure 9 Damage identification results for four DSs using frequencies and mode shapes

8. Conclusions and Discussions

An SBL method has been proposed in this study for probabilistic structural damage detection using
modal parameters. The sparsity of structural damage has been exploited as important prior
information from the Bayesian perspective. The integral of the nonlinear eigenvalue equation is
avoided through an iterative procedure based on the EM algorithm. Moreover, two sampling methods
have been proposed and compared to approximate the evidence. Without employing a complicated
Bayesian model with asymptotic approximation or utilizing stochastic simulation, this proposed
method is concise and easy to implement.
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Numerical and experimental examples demonstrate that the proposed method is effective in
identifying single and multiple damage elements, even when the measurement data are much fewer
than the damage parameters. The damage identification results also show that the likelihood sampling
is more robust to noise and accurate than the posterior sampling. The convergence using the EM for
damage detection is very rapid. Moreover, the damage identification accuracy has been improved by
incorporating mode shape data, especially for multiple damage scenarios.

Compared with the regularization-based sparse recovery theory, the EM-based SBL is more general as
more hyper-parameters are used and own clear physical meaning. Moreover, the hyper-parameters can

be updated automatically, thereby avoiding the selection of the regularization parameter in the sparse
recovery.
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