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Abstract 19 

Blockages in urban water supply systems are commonly formed from various complicated physical, 20 

chemical, and biological processes; thus, they usually constrict randomly and non-uniformly along 21 

their lengths. Although the transient-based method has been developed for blockage detection, the 22 

applications of this method are mainly limited to blockages of uniform constriction along their lengths 23 

(termed as uniform blockages). The influence of blockages with linearly varying diameters (termed as 24 

linear non-uniform blockages) on transient frequency responses was studied by the authors in a 25 

previous study. It was found that the resonant frequency shifts induced by linear non-uniform 26 

blockages have totally different patterns from that of uniform blockages. Specifically, the resonant 27 

frequency shifts induced by linear non-uniform blockages become less evident for higher harmonics. 28 

But the physical mechanism of this pattern is still unclear. This study intends to clarify this 29 

phenomenon from an energy perspective. For this purpose, the energy transmission coefficient of an 30 

unbounded pipeline containing various blockages is analytically derived, which is numerically 31 

validated by the method of characteristics. Afterwards, the influence of non-uniform blockage 32 

properties on the energy transmission is investigated systematically based on the validated result. The 33 

results indicate that the impedance of non-uniform blockages is frequency dependent, which becomes 34 

smaller for higher frequency waves. This means that non-uniform blockages have a less blocking 35 

effect on the propagation of higher frequency waves; thus, the resonant frequency shifts induced by 36 

non-uniform blockages become less evident. 37 

Keywords: Energy transmission coefficient; non-uniform blockage; resonant frequency shift; transfer 38 

matrix; transient; water pipeline  39 
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Introduction 40 

In urban water supply systems, partial and extended blockages are commonly formed from a variety 41 

of complicated sources (e.g., chemical corrosion, biofilm accumulation, and sediment deposition) and 42 

tend to grow over time, which brings a great challenge to drinking water security as well as water and 43 

energy savings (Duan et al., 2012; Stephens, 2008). In addition, these extended blockages may 44 

significantly change the maximum and minimum pressure heads during hydraulic transients (Brunone 45 

et al., 2008; Lee et al., 2013; Tuck et al., 2013), and the changed pressure heads may exceed the 46 

original transient design capacity; thus, potentially increase the failure rate of pipeline systems. For 47 

these reasons, detection techniques are urgently needed to diagnose these blockages in early stage so 48 

as to minimize the resultant problems and wastage. Currently, internal inspection of pipelines by 49 

closed-circuit television cameras is a commonly used approach for extended blockage detection. 50 

These cameras are physically inserted into target pipelines to conduct a real-time internal inspection 51 

of the pipe wall condition (Henry & Luxmoore, 1996). This technique is more suitable for simple and 52 

small-scale pipeline systems, such as pipeline systems in thermal power plants, since inspection by 53 

closed-circuit television cameras is a slow, tedious, and costly process. Besides, it often requires the 54 

target pipelines to be off-line, and the service interruption will cause inconvenience to water users. 55 

Therefore, it is vital to develop an efficient, affordable, and non-destructive method for extended 56 

blockage detection. 57 

In the last few decades, the transient-based method has been used for the detection of various 58 

pipeline faults including leaks (Brunone & Ferrante, 2001; Colombo et al., 2009; Covas & Ramos, 59 

2010; Duan et al., 2011; Gong et al., 2014; Kim, 2016, 2018; Lee et al., 2006; Liggett & Chen, 1994; 60 

Sattar & Chaudhry, 2008; X. Wang & Ghidaoui, 2018), discrete blockages (Kim, 2016; Lee et al., 61 
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2008; Meniconi et al., 2011a; Sattar et al., 2008; X. J. Wang et al., 2005), side branches with dead 62 

ends (Duan & Lee, 2015; Kim, 2016; Meniconi et al., 2011b, 2011c), and pipe wall corrosion (Gong 63 

et al., 2015). The principle of this method is that a transient wave, with a propagation speed around 1 64 

km/s in elastic water pipelines, is injected into the target pipeline at a localized accessible point (e.g., 65 

a fire hydrant). Any fault in the pipeline (e.g., a leak or blockage) imposes an additional reflected 66 

wave to the injected wave; thus, the measured pressure wave echoes theoretically contains physical 67 

information that is useful for pipeline fault and system integrity identification. In recent years, the 68 

successful theoretical and experimental extensions of the transient-based method to extended 69 

blockage detection provide an alternative to traditional closed-circuit television cameras. Specifically, 70 

Brunone et al. (2008) observed that extended blockages have a significantly different influence on the 71 

time domain pressure echoes from discrete blockages, thus the transient-based method used for 72 

discrete blockage detection may not be applicable to extended blockages. Duan et al. (2012) and Tuck 73 

et al. (2013) found that extended blockages induce frequency shifts on the resonant peaks of pipeline 74 

systems, based on which an optimization-based method was proposed for the inverse detection of 75 

extended blockages in pressurized pipelines (Duan et al., 2012; Duan et al., 2013). This frequency 76 

domain method was further coupled with a time domain method (Meniconi et al., 2011a; Meniconi et 77 

al., 2011b) by Meniconi et al. (2013) to further improve its computational accuracy and efficiency. 78 

Afterwards, Louati et al. (2018) explained the physical mechanism of the resonant frequency shifts 79 

induced by extended blockages using the Bragg resonance theory. 80 

While the transient-based method has demonstrated its potential for extended blockage detection, 81 

this method is developed based on blockages of uniform constriction along their lengths (termed as 82 

uniform blockages), which is equivalent to multiple pipelines with different diameters connected in 83 
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series (Meniconi et al., 2012). Extended blockages in real urban water supply systems are usually 84 

formed from various complicated physical, chemical, and biological processes; thus, as shown in Figs. 85 

1(a) and 1(b), these blockages usually constrict randomly and non-uniformly along their lengths. 86 

Inaccuracy and invalidity of the current transient-based method have been observed in laboratories for 87 

non-uniform blockage detection (Duan et al., 2017). Therefore, understanding the interaction between 88 

transient waves and non-uniform blockages is necessary to enhance the practical applications of the 89 

transient-based method for extended blockage detection. 90 

Recently, the authors studied the influence of linear non-uniform blockages, whose diameters 91 

vary linearly along their lengths, on transient frequency responses (Che et al., 2018b). It was found 92 

that linear non-uniform blockages give rise to significantly different resonant frequency shift patterns 93 

from uniform blockages. Specifically, the resonant frequency shifts induced by linear non-uniform 94 

blockages become less evident for higher harmonics, but the physical mechanism of this pattern from 95 

analytical and numerical results is still unclear.  96 

As a continuation of the previous study on linear non-uniform blockages (Che et al., 2018b), this 97 

paper intends to: (1) investigate the resonant frequency shift pattern induced by other non-linear 98 

non-uniform blockages, whose diameters vary exponentially along their lengths (termed as 99 

exponential non-uniform blockages), to generalize further the conclusions drawn in the previous study 100 

(Che et al., 2018b); and (2) qualitatively explain the physical mechanism of the non-uniform blockage 101 

induced resonant frequency shift pattern from an energy perspective. To this end, the overall transfer 102 

matrices of pipeline systems with exponential non-uniform blockages are derived to realize Aim (1). 103 

To achieve Aim (2), the energy transmission coefficients of blocked pipeline systems are analytically 104 

derived based on the system overall transfer matrices obtained in Aim (1). The results and findings of 105 
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this study are expected to provide scientific basis for method development of blockage detection in 106 

urban water supply systems. 107 

Models and Methods 108 

Overall Transfer Matrix of a Pipeline System with Exponential Non-uniform Blockages 109 

To facilitate the analytical analysis, the real blockages in Fig. 1(b) are simplified into a series of 110 

exponential non-uniform blockages, as shown in Fig. 1(c), whose radiuses change exponentially along 111 

the axial direction. The one-dimensional (1D) wave equation in the frequency domain for the n-th 112 

exponential non-uniform blockage in Fig. 1(c) is (Che et al., 2017; Che et al., 2018b) 113 

 
2

2
02 0n n n

n
n

d p A dp k p
dx A dx

 (1) 114 

where p = pressure deviation from the mean in the frequency domain; x = distance along the pipeline; 115 

A = A(x) = pipe cross-sectional area; A  = derivative of A; k0 = ω/a0 = wave number in intact pipe 116 

sections, in which ω = angular frequency, a0 = wave speed; subscript n = the n-th exponential 117 

non-uniform blockage in Fig. 1(c). 118 

Note that a frictionless pipeline system with an elastic pipe wall is firstly considered in the 119 

analytical analysis to highlight the interaction between transient waves and non-uniform blockages 120 

(Che et al., 2018b; Duan et al., 2014). The influence of friction on the derived analytical result will be 121 

further discussed in the numerical validation. In addition, it was found by the authors in a previous 122 

study (Che et al., 2018b) that the wave speed ab within blockages has a limited influence on the 123 

overall resonant frequency shift pattern induced by non-uniform blockages. Therefore, to simplify the 124 

problem, the transient wave speed is assumed to be constant throughout the pipeline (i.e., a(x) = a0). 125 

As shown in Fig. 1(c), the pipe radius of the n-th exponential non-uniform blockage is defined as 126 

 ns x
n Lnr x R e  (2) 127 
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where rn = pipe radius of the n-th exponential non-uniform blockage; RLn = pipe radius at the left 128 

boundary of the n-th exponential non-uniform blockage; sn = a coefficient that determines the radius 129 

changing rate of the n-th exponential non-uniform blockage, which is defined as sn = ln(RRn/RLn)/ln, 130 

where RRn = pipe radius at the right boundary of the n-th exponential non-uniform blockage, ln = 131 

length of the n-th exponential non-uniform blockage. Then, the cross-sectional area of the n-th 132 

exponential non-uniform blockage An and its derivative An  in Eq. (1) can be determined. Substituting 133 

An and An′ into Eq. (1), the 1D wave equation for the n-th exponential non-uniform blockage becomes 134 

 
2

2
02 2 0n n

n n
d p dps k p
dx dx

 (3) 135 

Using the plane wave solution pn = e ikx as a trial solution of Eq. (3), results in the following 136 

dispersion relation 137 

 2 2
02 0nk is k k  (4) 138 

where i = imaginary number; k = wave number. The solutions of Eq. (4) are (Che et al., 2017) 139 

 2 2
0 n nk k s is  (5) 140 

Thus, the following general solutions for the n-th exponential non-uniform blockage can be obtained 141 

 1 2
n

ik x ik x

n s x
Ln

C e C ep
R e

 (6) 142 

where k  = (k0
2 – sn

2)1/2 = the group wave number of transient waves in the exponential non-uniform 143 

blockage; C1 and C2 are two constants. 144 

The general solutions in Eq. (6) are a linear superposition of the incident and reflected waves 145 

propagating towards opposite directions. Moreover, in the case of exponential non-uniform blockages, 146 

|sn| represents the cutoff wave number. At wave numbers lower than |sn| (i.e., k0 < |sn|), k  is imaginary. 147 

The general solutions in Eq. (6) become evanescent waves, which decay along the pipeline and do not 148 

propagate as true transient pressure waves (Blackstock, 2000). 149 
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Based on the general solutions in Eq. (6), the transfer matrix of the n-th exponential non-uniform 150 

blockage in Eq. (7) connecting two state vectors at two boundaries is obtained (Che et al., 2017; Che 151 

et al., 2018b). Note that the pressure deviation p is transformed into the pressure head deviation h, 152 

which is a common practice in hydraulic engineering. 153 

 11 12

21 221n n

U Uq q
U Uh h

 (7) 154 

where subscripts n and n+1 are the upstream and downstream boundaries of the n-th exponential 155 

non-uniform blockage, respectively; q = discharge deviation in the frequency domain; h = pressure 156 

head deviation in the frequency domain; Uij = transfer matrix elements, which are as follows: 157 

1
11 2

n n

n n

ik l ik l
n nn

s l
n

ik s e ik s eSU
S ik e

 158 

1
12 2

n n

n n

ik l ik l
n n n

s l

S g ik s ik s e eU
k e

 159 

21 2

n n

n n

ik l ik l

s l
n

e eU
S g k e

 160 

22 2

n n

n n

ik l ik l
n n

s l

ik s e ik s e
U

ik e
 161 

where g = gravitational acceleration; Sn and Sn+1 = pipe cross-sectional areas at the upstream and 162 

downstream boundaries of the n-th exponential non-uniform blockage, respectively. 163 

Note that the uniform pipeline is one special case of the exponential non-uniform blockage. Let 164 

sn = 0, which is equivalent to a single uniform pipeline, Eq. (7) becomes 165 

 

1
0 0

0

01
0 0

cos sin

sin cos

n
n n

n n
n n

n

S gk l i k l
aq q

h a hi k l k l
S g

 (8) 166 

which is consistent with previous studies on transfer matrices of uniform pipelines (Chaudhry, 2014; 167 

Wylie et al., 1993). The overall transfer matrix of a blocked pipeline system, as shown in Fig. 1(c), 168 
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can be produced by multiplying individual matrices of each pipe component in the order of their 169

locations (Chaudhry, 2014; Duan et al., 2012; Lee et al., 2006; Wylie et al., 1993). 170

 

2
0 1 0 1

11 120

21 2201
0 1 0 1

1

1
0 0

0

0 1
0 0

cos sin

sin cos

cos sin

sin cos

n n

n n

N
N N

N
N N

N

S gk l i k l
U Uaq
U Uh ai k l k l

S g

S gk l i k l
a q

a hi k l k l
S g

12U U11 111 12n n1211 12U11 1n n

U U
n n

U UU U

 (9) 171

where subscripts “1” and “N+1” are locations of upstream and downstream boundaries of a blocked 172

pipeline system, as shown in Fig. 1(c), respectively. Rewrite Eq. (9) in the following simplified form 173

 
* *
11 12
* *
21 221 +1N

q qU U
h hU U

 (10) 174

where Uij
* = elements of the system overall transfer matrix. 175

Energy Transmission Coefficient of an Unbounded Blocked Pipeline System 176

Based on the above overall transfer matrix in Eq. (10), the energy transmission coefficient of an 177

unbounded blocked pipeline system is derived in this section. To simplify the problem, a pipeline 178

system with two symmetrical exponential non-uniform blockages (i.e., l2 = l3), as shown in Fig. 2, is 179

selected for investigation. Note that the derived energy transmission coefficient can be also applied to 180

pipeline systems with multiple non-uniform blockages (see Fig. 1(c)) as long as the system overall 181

transfer matrices are determined. 182

In physics, a transient wave is a pressure disturbance that travels through fluids, accompanied by 183

a transfer of energy. The energy transmission coefficient of a blocked pipeline system with anechoic 184

boundaries (i.e., located at A and E), as shown in Fig. 2, is defined as the ratio between the energy 185

flow (i.e., power) transmitted through the non-uniform blockages (Wtr) and that incident on the 186
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non-uniform blockages (Win). 187 

 tr
C

in

WT
W

 (11) 188 

where TC = energy transmission coefficient. 189 

By applying the above-defined energy transmission coefficient TC in Eq. (11) to the classical 190 

water hammer theory (note that the detailed derivation procedure is provided in Appendix), finally the 191 

TC can be represented by the overall transfer matrix elements Uij
* in Eq. (10).  192 

 

2

* *
* *0 21 0 12
22 11

0 0

2
CT

gS U a UU U
a gS

 (12) 193 

where S0 = cross-sectional areas at two boundaries A and E in Fig. 2. 194 

Energy Transmission Coefficient Pattern and Its Physical Mechanisms 195 

Energy Transmission Coefficient Patterns of Pipeline Systems with Various Blockages 196 

Based on the derived energy transmission coefficient TC in Eq. (12), the TC patterns of pipeline 197 

systems with various blockages are visualized in this section. Because the following results involve 198 

the Bragg’s law, there is a need to review related fundamental theory herein. The Bragg’s law was 199 

firstly proposed by Bragg and Bragg (1913) in the process of investigating the composition of X-rays. 200 

It relates the wavelength of the X-ray and the distance between crystal atomic sheets to the angles at 201 

which an impinging X-ray beam would be reflected. Recently, the Bragg resonance phenomena of 202 

transient waves in a pressurized water pipeline containing a single uniform blockage were studied by 203 

Louati et al. (2018). As shown in Fig. 3(a), an incident wave with a certain wave length (λ) impinges 204 

on the uniform blockage from the right end (i.e., Location E). From Location E to Location A, this 205 

incident wave first encounters a sudden constriction at Junction D and then a sudden expansion at 206 

Junction B. The incident wave is partially reflected at these junctions. According to the Joukowsky’s 207 
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equation (Joukowsky, 1898), the sign of the reflected wave from Junction D keeps the same with the 208 

incident wave. In contrast, the reflected wave from Junction B is opposite in sign to the incident wave. 209 

In addition, the reflected wave from Junction B travels a distance 2(l2 + l3) more than the wave 210 

reflected by Junction D. Because these two reflected waves from Junctions B and D are opposite in 211 

sign, they experience destructive interference at Junction D when jλ = 2(l2 + l3), where j = 1, 2, 3…. 212 

On this occasion, the incident wave has the maximum transmission. Conversely, these two reflected 213 

waves experience constructive interference at Junction D when (2j + 1)λ/2 = 2(l2 + l3), then the 214 

incident wave has the minimum transmission. 215 

Whereas the Bragg resonance condition of non-uniform blockages in this study is different from 216 

that of uniform blockages investigated in the previous study of Louati et al. (2018). As shown in Figs. 217 

3(b) and 3(c), from Location E to Location A, the incident wave first encounters a continuous 218 

constriction between Junctions C and D and then a continuous expansion between Junctions B and C. 219 

On average, the waves reflected by the continuous expansion only travel a distance 2l3 (note that l2 = 220 

l3 in this study) more than the reflected waves from the continuous constriction. Therefore, these two 221 

regional waves reflected by the continuous constriction and expansion have destructive interference 222 

when jλ = 2l3 and constructive interference when (2j + 1)λ/2 = 2l3. 223 

The derived energy transmission coefficients TC in Eq. (12) of unbounded pipeline systems 224 

containing uniform or non-uniform (including linear and exponential) blockages are visualized in Fig. 225 

4. Note that these blockages have the same blocked volume. The TC curve of an intact pipeline system 226 

is also plotted in Fig. 4 for convenient comparison. The detailed parameters of these 4 cases are listed 227 

in Table 1, in which R = radius of an intact pipe; RC = pipe radius at Junction C in Fig. 3; |s| = the 228 

radius changing rate of non-uniform blockages; “exp” = is short for “exponential”. 229 
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As shown in Fig. 4, the incident wave frequency is normalized by the minimum destructive 230 

interference frequency of the blockages, which is 2π(a0/(2(l2 + l3))) for uniform blockages and 231 

2π(a0/(2l3)) for non-uniform blockages, and is expressed as ω*. According to Fig. 4, the energy 232 

transmission coefficient TC of the intact pipeline system keeps the constant value of 1, which is 233 

physically reasonable since the incident wave should be entirely transmitted through an intact pipeline 234 

without any reflection. However, the TC curves of three blocked pipeline systems are highly frequency 235 

dependent. Specifically, the TC curve of the uniform blocked pipeline system fluctuates periodically 236 

with constant extent. This is consistent with previous studies on uniform blockages (Duan et al., 2014; 237 

Louati et al., 2018). Although the TC curves of these two pipeline systems with non-uniform 238 

blockages also fluctuate periodically, their extent gradually becomes less evident for higher frequency 239 

incident waves. This means that the higher the incident wave frequency, the more energy is 240 

transmitted through these two non-uniform blockages. Note that the maximum frequency of the 241 

incident wave should be below the cut-off frequency of the first radial mode (M1), otherwise the 242 

plane wave assumption imposed in this 1D study may be violated (Che et al., 2018a; Louati & 243 

Ghidaoui, 2017). The physical mechanisms that govern these TC patterns in Fig. 4 will be further 244 

explained in the following section (note that the following discussion mainly focuses on exponential 245 

non-uniform blockages, and more detailed information about the energy analysis of linear 246 

non-uniform blockages can be found in the conference paper (Che et al., 2018c). 247 

Physical Mechanisms of Energy Transmission Coefficient Patterns 248 

Based on Eq. (19) in Appendix and the frictionless 1D water hammer model, the impedance of a 249 

blocked pipeline system can be written as 250 

 sp 0ZpZ
q A kA

 (13) 251 
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where Z = impedance; Zsp = specific impedance; ρ0 = fluid density. Substituting the forward 252 

propagating wave in Eq. (5) (i.e., keep the “+” sign) into Eq. (13), gives 253 

 

0 0 0

22 2
0

0 0

2 2
0 0 0 0

0 0

1

1 = 1

n

n n n n

n n cut cut

aZ
A k s is s sA i

k k

a s s ai i
A k k A

 (14) 254 

where ωcut = sna0 is the cutoff frequency of the n-th exponential non-uniform blockage. 255 

Two physical mechanisms that govern the overall patterns of TC in Fig. 4 are: (1) the Bragg’s law; 256 

and (2) the impedance mismatch between the intact and blocked pipe sections. 257 

(1) Specifically, the fluctuation of energy transmission coefficient TC curves in Fig. 4 is due to the 258 

Bragg’s law. Take the uniform blockage in Fig. 3(a) for instance, the reflected waves (from 259 

Junctions B and D) of the incident wave at most frequencies would not experience constructive 260 

interference at Junction D, because these reflected waves would be out of phase (i.e., phase shift 261 

ranges from 0 to π), cancelling part of the reflected energy out. However, when the incident wave 262 

frequency is an integral multiple of the minimum destructive interference frequency of the 263 

blockage (i.e., ω* = 1, 2, 3, 4, 5 in Fig. 4) the reflected waves (from Junctions B and D) would be 264 

completely out of phase (i.e., phase shift is π), cancelling each other out. In such situations, the 265 

incident wave has the maximum transmission. Therefore, the fluctuation period of TC curves in 266 

Fig. 4 is one unit of the minimum destructive interference frequency of the blockages. 267 

(2) The fluctuating extent of energy transmission coefficient TC curves in Fig. 4 is governed by the 268 

impedance mismatch (ΔZ) at Junction D between the intact (e.g., Pipe 4 in Fig. 3) and blocked 269 

(e.g., Pipe 3 in Fig. 3) pipe sections. For the pipeline with uniform blockages in Fig 3(a), the 270 

impedance mismatch at Junction D is ΔZ = ρ0a0(1/A3 – 1/A4), which is constant for the incident 271 
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wave of various frequencies, therefore its TC curve would fluctuate with constant extent. While 272 

for the pipeline system with exponential non-uniform blockages in Fig. 3(b), the impedance of the 273 

blocked pipe section (i.e., Eq. (14)) is frequency dependent. In particular, the impedance of 274 

exponential non-uniform blockages gradually decreases as the increase of the incident wave 275 

frequency. This means the higher the incident wave frequency, the smaller is the impedance 276 

mismatch at Junction D (i.e., ΔZ tends to 0). On this occasion, higher frequency incident waves 277 

would feel a less blocking effect from the exponential non-uniform blockages; thus, more energy 278 

is transmitted through the non-uniform blockages, and the fluctuation of the TC curve becomes 279 

less evident.  280 

Numerical Validation 281 

Energy Transmission Coefficient of a Frictionless Unbounded System 282 

To validate the derived analytical result in Eq. (12), the classical frictionless 1D water hammer model 283 

is solved by the method of characteristics (MOC) (Chaudhry, 2014; Wylie et al., 1993). As shown in 284 

Fig. 2, an unbounded pipeline system with two anechoic boundaries (i.e., upstream and downstream) 285 

is used for the numerical validation. The original intact pipeline is blocked by exponential 286 

non-uniform blockages. The detailed parameters of this pipeline system are listed in Table 2. In the 287 

numerical experiment, exponential non-uniform blockages are approximated by stepwise discretized 288 

grids. The 1,000-m-long pipe is divided into 10,000 small computational reaches (i.e., spatial grid size 289 

Δx ~ 0.1 m) to reduce the reflection caused by numerical errors. The incident wave generated at the 290 

downstream generator is given by the formula in Eq. (15) (i.e., a Gaussian-modulated sinusoidal pulse) 291 

(Louati et al., 2018), and the pressure trace is measured by the wave receiver located at the upstream 292 

end. 293 
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22

0 0 exp 4 log 10 sinc
in c

c c

P P P t t  (15) 294 

where Pin = the incident wave pressure at the generator; P0 = the initial pressure in the pipeline; ωc = 295 

the angular central frequency of the incident wave; β = a coefficient that determines the frequency 296 

bandwidth of the incident wave; t = time; 0 < t ≤ β/ωc. 297 

Two features of the Gaussian-modulated sinusoidal pulse in Eq. (15) are that: (1) most of the 298 

energy is distributed at its central frequency ωc; and (2) the frequency bandwidth of this pulse can be 299 

determined by appropriately adjusting the value of β. 300 

The incident wave generated by the downstream generator and the transmitted wave measured by 301 

the upstream receiver are plotted in Fig. 5(a). The pressure P is normalized according to (P – P0)/P0 302 

and plotted as P*. Fig. 5(a) indicates that the amplitude of the transmitted wave is almost identical to 303 

that of the incident wave. To explain this phenomenon, these time domain signals in Fig. 5(a) are 304 

transformed into the frequency domain in Fig. 5(b). It turns out that the central frequency of the 305 

incident wave is ωc
* = 1.0, as shown in Fig. 7, at which the energy transmission coefficient TC has a 306 

local maximum value 1.00. This means reflected waves from the non-uniform blockages experience 307 

destructive interference (i.e., condition of minimum reflection or maximum transmission). On this 308 

condition, all the energy carried by this incident wave should be transmitted through the non-uniform 309 

blockages. 310 

As shown in Fig. 7, three more points on the energy transmission coefficient TC curve (i.e., at ωc
* 311 

= 0.5, 1.5, and 2.5) are further validated and discussed in detail herein. In Figs. 6(a) and 6(b), the 312 

amplitude of the transmitted wave is significantly less than that of the incident wave because of the 313 

low TC value at the central frequency of the incident wave ωc
* = 0.5 (at which point TC = 0.71, this 314 

means only 71 percent of the energy carried by the incident wave is transmitted through the 315 
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non-uniform blockages). Although ωc
* = 1.5 and 2.5 are two local minimum points on the TC curve in 316 

Fig. 7, compared with the ωc
* = 0.5 case, the amplitude of these transmitted waves gradually increases 317 

as the increase of the incident wave frequency. This is because the exponential non-uniform blockages 318 

have a less blocking effect on the propagation of higher frequency waves. According to Eq. (27) in the 319 

Appendix and the normalized amplitudes in Figs. 6(b), 6(d), and 6(f), the TC values of these three 320 

points are calculated as 0.71, 0.96, and 0.99, respectively, which agree well with the analytical TC 321 

values 0.71, 0.96, and 0.99 in Fig. 7. 322 

In addition, more points on the energy transmission coefficient TC curve are numerically obtained 323 

and plotted in Fig. 7. It shows good agreement between the numerical and analytical results, which 324 

confirms the validity of the derived result in Eq. (12) as well as the analytical method in this study. 325 

Influence of a Frictional Bounded System on the Derived Energy Transmission Coefficient 326 

The analytical result derived in Eq. (12) is based on an unbounded pipeline system without any 327 

friction. However, in real urban water supply systems, the pipeline systems are commonly bounded by 328 

various of boundaries (e.g., reservoir and valve). In addition, the friction would change the amplitude 329 

of a transient wave propagating along an intact pipeline section. Therefore, it is necessary to further 330 

investigate the influences of system boundaries and friction on the analytical result in Eq. (12). As 331 

shown in Fig. 8, a pipeline system with an upstream reservoir and a downstream valve is adopted. 332 

Both steady and unsteady friction (Vardy & Brown, 1995) are considered in this bounded system. 333 

Detailed system parameters of bounded and unbounded pipeline systems are listed in Table 3, where f 334 

= friction factor.  335 

First, as shown in Fig. 9, the transient frequency responses of the bounded pipeline system with 336 

friction are numerically obtained based on the transfer matrix method (Che et al., 2018b). The energy 337 
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transmission coefficients TC of the bounded pipeline system are estimated by (Kinsler et al., 1999) 338 

 
22

2 21 1 mb mim
C

mi mi

h hhT
h h

 (16) 339 

where δhm = the blockage induced amplitude change for the m-th resonant peak; hmi = amplitude of 340 

the m-th resonant peak for the intact pipeline system; hmb = amplitude of the m-th resonant peak for 341 

the pipeline system with non-uniform blockages. 342 

The energy transmission coefficient TC curves of bounded (based on Eq. (16)) and unbounded 343 

(based on Eq. (12)) pipeline systems are plotted in Fig. 10. According to Fig. 10, the overall phase and 344 

fluctuation trend of these two curves for two systems show good agreement. This means that the 345 

overall pattern of TC curve for the bounded pipeline system with friction is also governed by two 346 

physical mechanisms: (1) the Bragg’s law; (2) the impedance mismatch between the intact and 347 

blocked pipe sections. In addition, Fig. 10 indicates that the analytical result in Eq. (12) may 348 

underestimate the amount of energy transmitted through non-uniform blockages in a frictional 349 

bounded pipeline system, especially for relative low frequency incident waves (e.g., ω* < 1). One 350 

reason for this is that the energy transmission coefficient of the frictional bounded system is 351 

calculated based on the amplitude of resonant peaks, as shown in Eq. (16), which could be further 352 

reinforced by system boundaries. 353 

Further Application and Result Analysis 354 

Energy Explanation of the Non-uniform Blockage Induced Resonant Frequency Shift Pattern 355 

Based on the validated analytical result in Eq. (12), the influences of non-uniform blockage properties 356 

(i.e., length and severity) on the energy transmission coefficient TC of unbounded pipeline systems are 357 

systematically investigated in this section. Detailed system parameters can refer to Table 4. At the 358 

same time, to explain the non-uniform blockage induced resonant frequency shift patterns from an 359 
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energy perspective, the transient frequency responses of bounded pipeline systems (like Fig. 9), with 360 

the same system parameters (i.e., Table 4) as the unbounded systems, are also obtained.  361 

First, the influence of non-uniform blockage severity on the energy transmission coefficient TC of 362 

unbounded pipeline systems is studied. According to Table 4, the blockage lengths (i.e., l2 and l3) of 363 

Tests T1, T2, and T3 are fixed. From Test T1 to T3, the minimum radius RC of the blockage gradually 364 

increase from 0.15 m to 0.20 m, which means the blockage becomes less severe. The TC curves of 365 

these three tests are plotted in Fig. 11(a). It shows that the overall trend of these three curves is the 366 

same except for the TC values at a specific frequency. Specifically, for a fixed incident wave frequency, 367 

more energy is transmitted through the non-uniform blockages as the blockages become less severe. 368 

This is obvious since less severe blockages should have a less blocking effect on the propagation of 369 

transient waves. 370 

The resonant frequency shift patterns of bounded pipeline systems, with the same system 371 

parameters as Tests T1, T2, and T3, adapted from a previous study of the authors (Che et al., 2018b) 372 

are plotted in Fig. 11(b). The normalized resonant frequency shift of the m-th resonant peak is defined 373 

as δωm
* = ωmb

*  ωmi
* (like Fig. 9), where ωmi

* = the m-th normalized resonance frequency of the 374 

intact pipeline system; ωmb
* = the m-th normalized resonance frequency of the pipeline system with 375 

non-uniform blockages. As shown in Fig. 11(b), the fluctuation of resonant frequency shift patterns 376 

induced by non-uniform blockages becomes less evident as the incident wave frequency increases. A 377 

reasonable explanation for this is that non-uniform blockages, as shown in Fig. 11(a), have a less 378 

blocking effect on the propagation of higher frequency waves, thus the resonant frequency shifts in 379 

Fig. 11(b) induced by non-uniform blockages become less evident. 380 

The influence of non-uniform blockage length on the energy transmission coefficient TC of 381 
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unbounded pipeline systems is also investigated. As shown in Table 4, the minimum radius RC (i.e., 382 

severity) of the blockages in Tests T1, T4, and T5 is fixed. The length of the non-uniform blockages 383 

gradually decreases from 100 m to 1 m. As shown in Figs. 12(a) and 12(b), the obtained TC curves (for 384 

unbounded system) and resonant frequency shift patterns (for bounded system) are similar with 385 

previous tests. Moreover, both TC curves and resonant frequency shift patterns of these three tests 386 

almost coincide with each other. This means that the non-uniform blockage length has a limited 387 

influence on the amount of energy transmitted through non-uniform blockages. Thus, these three tests 388 

with various blockage lengths have the same blocking effect on the propagation of transient waves. 389 

Preliminary Applications to Interpreting Laboratory Data 390 

As shown in Fig. 13, two types of irregular blockages, made of aggregate or coir, have been 391 

investigated in the laboratory by the authors for their influences on transient wave behavior (Duan et 392 

al., 2017). But the influence of exponential non-uniform blockages has not yet well verified due to the 393 

difficulty of constructing perfectly exponential non-uniform blockages in laboratories. Therefore, as a 394 

preliminary application, the irregular blockage made of coir (with a mean roughness height of 3 mm) 395 

used in Duan et al. (2017) is selected and approximated by uniform and exponential non-uniform 396 

blockages (see Fig. 13). Then, the validity of two blockage approximation methods for transmission 397 

coefficient estimations is studied and discussed. Note that these two approximated uniform and 398 

non-uniform blockages have the same blocked volume. The experiment system consists of an 399 

upstream reservoir, a pipeline with irregular blockages (like A to E in Fig. 8), and a downstream 400 

discharge tank. Detailed system parameters are listed in Table 5, where lb, Rb, and ab are the length, 401 

average radius, and average wave speed of the blocked section, respectively. More detailed 402 

experimental settings and operations are reported in Duan et al. (2017).  403 
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Because the experimental data in the frequency domain become relatively noisy for higher 404 

harmonics, only the first ten peaks are selected to calculate the energy transmission coefficient TC 405 

based on Eq. (16). The TC curves of the bounded pipeline system with irregular blockages (Eq. (16)) 406 

as well as corresponding unbounded pipeline systems with two approximated blockages (Eq. (12)) are 407 

plotted in Fig. 14. As shown in Fig. 14(a), when the irregular blockage is simplified into a uniform 408 

blockage, the periods (i.e., 1.00 and 1.16) of two TC curves agrees well, but the energy transmission 409 

estimation is quite inaccurate. In contrast, according to Fig. 14(b), the approximation in exponential 410 

non-uniform blockages has a relatively good estimation of energy transmission, but the period 411 

agreement is relatively poor (i.e., 0.58 and 1.00). This can be attributed to the simplicity of current 412 

approximations, and detailed physical mechanisms of the interaction between transient waves and 413 

irregular blockages cannot be wholly represented by these two simplified blockages. 414 

Implications and Recommendations 415 

In previous studies (Duan et al., 2014; Louati et al., 2018), the amplitude (equivalent to energy) of 416 

transmitted and reflected waves of a uniform blockage in an unbounded pipeline system, as shown in 417 

Fig. 3(a), was obtained by applying the mass and momentum conservation at pipe junctions (i.e., 418 

Junctions B and D in Fig. 3(a)). However, the cross area of a pipeline system with non-uniform 419 

blockages, as shown in Figs. 3(b) and 3(c), changes continuously along its axial direction. This means 420 

that the cross areas of intact and blocked pipe sections are the same at pipe junctions. Therefore, the 421 

previous method (Duan et al., 2014; Louati et al., 2018) cannot be used for calculating the energy 422 

transmission coefficients TC of a pipeline system containing non-uniform blockages. Based on the 423 

overall transfer matrix in Eq. (10), this paper proposes a new approach that is suitable for calculating 424 

the energy transmitted through non-uniform blockages in an unbounded pipeline system. In addition, 425 
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the derived result in Eq. (12) can be also applied to unbounded pipeline systems with multiple 426 

blockages, which are more practical, once the system overall transfer matrices are determined. 427 

The results and findings above demonstrate that two physical mechanisms govern the overall 428 

pattern of energy transmission coefficient TC in Fig. 4: (1) the Bragg’s law; and (2) the impedance 429 

mismatch between intact and blocked pipe sections. The fluctuation of these TC curves is due to the 430 

Bragg’s law, and the fluctuation extent is determined by the impedance mismatch between intact and 431 

blocked pipe sections. The impedance of exponential non-uniform blockages is frequency dependent, 432 

which becomes smaller for higher frequency waves. This means that the higher the incident wave 433 

frequency, the smaller the impedance mismatch between intact and blocked pipe sections. On this 434 

occasion, higher frequency waves would feel a less blocking effect from exponential non-uniform 435 

blockages. Therefore, more energy of higher frequency waves is transmitted through the non-uniform 436 

blockages, and the induced resonant frequency shifts become less evident. 437 

In practical applications of non-uniform blockage detection, it is a preferable and labour-saving 438 

way to place the transient wave receiver at the same accessible point with the generator. 439 

Understanding the energy transmission coefficient TC curve of incident waves with various 440 

frequencies provide valuable insights into the blocking effect of non-uniform blockages on transient 441 

waves. It is useful for the selection of incident wave frequency and bandwidth to ensure that the 442 

reflected waves contain enough energy for the pressure transducer (i.e., receiver) to measure. 443 

Otherwise, the reflected waves, which have limited energy, may be buried by the background noises. 444 

In this case, the useful resonant frequency shifts of this measured signal may be less evident that 445 

cannot be used to detect non-uniform blockages accurately. 446 
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The preliminary application of the derived result in the laboratory indicates that approximations 447 

of the irregular blockage into a single uniform or exponential non-uniform blockage only have a 448 

reasonable estimation in either the phase or the amplitude of the real energy transmission coefficients. 449 

This is due to the relatively simple geometry of two approximated blockages, which is unable to 450 

capture the complex interaction between transient waves and irregular blockages. Therefore, it is 451 

necessary to further investigate the transient wave behaviour in a series of jointed non-uniform 452 

blockages (i.e., irregular blockage) and its influence on energy transmission coefficients. In this 453 

regard, the derived transmission coefficient in Eq. (12) is also applicable to an appropriate 454 

combination of multiple and different non-uniform blockages, which may form as a more realistic 455 

irregular blockage (like Fig. 1(c)), once the overall transfer matrix of this combination is determined.  456 

Conclusions 457 

This paper explains the resonant frequency shift pattern induced by non-uniform blockages in 458 

pressurised water pipelines from an energy perspective. First, the overall transfer matrix of a pipeline 459 

system containing exponential non-uniform blockages is analytically derived based on the 1D plane 460 

wave solutions. The overall transfer matrix is then used to derive the energy transmission coefficient 461 

of the unbounded pipeline system, which is numerically validated by the method of characteristics. 462 

Finally, the resonant frequency shift pattern of bounded pipeline systems with non-uniform blockages 463 

is explained by energy transmission curves of unbounded pipeline systems. 464 

The results indicate that the exponential non-uniform blockages have a less blocking effect on 465 

the propagation of higher frequency waves. This is because the impedance of non-uniform blockages 466 

is frequency dependent, which becomes smaller for higher frequency waves. Therefore, the 467 

non-uniform blockage induced resonant frequency shifts become less evident for higher harmonics. In 468 
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practical applications of non-uniform blockage detection, the frequency and bandwidth of the incident 469 

wave should be selected carefully according to the energy transmission coefficient TC curve to ensure 470 

that the reflected wave contains enough energy for pressure transducers to measure. 471 

The preliminary applications to interpreting laboratory data indicates that further experimental 472 

and numerical verification of the derived result, as well as further investigation on the influence of 473 

irregular blockages on transient wave behaviour are needed in the future work. 474 

Appendix 475 

Detailed Derivation Procedure of the Energy Transmission Coefficient 476 

As shown in Fig. 2, at the upstream and downstream boundaries of the pipeline system (i.e., locations 477 

A and E), the energy flow (i.e., power) passing through a unit cross-sectional area (termed as power 478 

intensity) is defined as (Blackstock, 2000) 479 

 * *

0

1 T
I p u dt

T
 (17) 480 

where I = power intensity; T = 2π/ω for time-harmonic waves; p* = pressure deviation from the mean 481 

in the time domain; u* = axial velocity deviation from the mean in the time domain; t = time. 482 

In classical acoustics, including water hammer problems focused on herein, it is often assumed 483 

that p* and u* are time-harmonic waves (Chaudhry, 2014; Che et al., 2018b) 484 

 * i tp pe , * i tu ue  (18) 485 

where p and u are complex amplitude. Specifically, let u = |u|eiθ, where |u| = amplitude; θ = phase. 486 

In the transient pipe flow analysis, the specific impedance is usually used for describing the 487 

transient wave propagation characteristics in specified pipelines, which is defined as 488 

 
*

sp sp sp sp* Re Im ip pZ Z i Z Z e
u u

 (19) 489 

where Zsp = specific impedance; “Re” = real part; “Im” = imaginary part; Re(Zsp) = resistance; Im(Zsp) 490 
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= reactance; ϕ = phase angle between p* and u*. Substituting Eq. (19) into Eq. (17), it becomes 491 

 

2 / * *
sp0

2 / 2
sp0

2
sp

2
sp

Re Re
2

= cos cos
2
1 cos
2
1 Re
2

I Z u u dt

Z u t t dt

u Z

u Z

 (20) 492 

As shown in Fig. 2, for the upstream (i.e., location A) and downstream (i.e., location E) boundaries 493 

with a cross-sectional area S0, the energy flow passing through this area is 494 

 2
0 sp 0

1 Re
2

W IS u Z S  (21) 495 

where W = energy flow; S0 = the pipe cross-sectional area of intact junctions. 496 

The energy transmission coefficient TC of a blocked pipeline system with anechoic boundaries 497 

(i.e., located at A and E), as shown in Fig. 2, is defined as the ratio between the energy flow 498 

transmitted through the non-uniform blockage (Wtr) and that incident on the blockage (Win). 499 

 tr
C

in

WT
W

 (22) 500 

The general solutions of p for the 1D wave equation in intact Pipe 1 and Pipe 4, as shown in Fig. 2, 501 

are (Duan et al., 2014) 502 

 0 0ik x ik xp Me Ne  (23) 503 

where M and N are amplitude of the incident and reflected waves, respectively. 504 

Substituting Eq. (23) into the frictionless 1D water hammer model, the following general 505 

solutions of u can be obtained 506 

 0 0

0 0

1 ik x ik xu Me Ne
a

 (24) 507 

where ρ0 = fluid density. The energy flow generated at the downstream boundary (i.e., located at E) is 508 

 
2

2 E
E sp 0 0

0 0

1 Re
2 2in

M
W M Z S S

a
 (25) 509 
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where ME = amplitude of the incident wave generated at the downstream boundary (i.e., located at E). 510 

Similarly, the energy flow transmitted through the non-uniform blockages (i.e., measured at A) is 511 

 
2

2 A
A sp 0 0

0 0

1 Re
2 2tr

M
W M Z S S

a
 (26) 512 

where MA = amplitude of the transmitted wave recieved at the upstream boundary (i.e., located at A). 513 

Therefore, the energy transmission coefficient TC of the unbounded blocked system in Fig. 2 is 514 

 
2

A

E

=tr
C

in

W MT
W M

 (27) 515 

The amplitude of a progressive wave keeps constant as it travels along a uniform pipe section (Munjal, 516 

2014). Therefore, as shown in Fig. 2, MA and ME can be measured at any point along Pipe 1 and Pipe 517 

4, respectively. To simplify the calculation, pipe lengths l1 and l4 can be taken as zero if necessary. 518 

The overall transfer matrix (in terms of u and p) of a blocked pipeline system, as shown in Fig. 2, 519 

is 520 

 
* *

11 12
* *

21 22D A

=
u uV V
p pV V

 (28) 521 

where Vij
* = elements of the overall transfer matrix (in terms of u and p). 522 

Based on the general solutions in Eqs. (23) and (24), the p and u at two locations A and D can be 523 

expressed as (note that NA = 0) 524 

 A A A Ap M N M  (29a) 525 

 A
A A A

0 0 0 0

1 Mu M N
a a

 (29b) 526 

 D E Ep M N  (29c) 527 

 
D E E

0 0

1u M N
a

 (29d) 528 

From Eqs. (29a) to (29d) 529 
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 (30) 530

The ratio between MA and ME is 531

 A
*

* * *21E
22 11 0 0 12

0 0

2M
VM V V a V

a

 (31) 532

Therefore, the energy transmission coefficient TC can be represented by the overall transfer matrix 533

elements Vij
* (in terms of u and p) 534
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 (32) 535

In terms of discharge q and pressure head h, the overall transfer matrix of the unbounded pipeline 536

system in Fig. 2 is 537

 
* *
11 12
* *
21 22D A

=
q qU U
h hU U

  (33) 538

Writing Eq. (33) in the equation form 539

 * * A
D D 11 A A 12

0

pS u U S u U
g

 (34a) 540

 * *D A
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0 0

p pU S u U
g g

 (34b) 541

where SA and SD are the pipe cross-sectional areas at two boundaries A and D in Fig. 2, respectively. 542

Rewrite Eqs. (34) as 543
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 (35b) 545

in which SA = SD = S0. Therefore, the energy transmission coefficient TC can be represented by overall 546
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transfer matrix elements Uij
* (in terms of q and h) 547 

 

2
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 (36) 548 
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Notations 553 

A = A(x) = pipe cross-sectional area (m2); 554 

a0 = wave speed (m/s); 555 

“exp” = is short for “exponential”; 556 

g = gravitational acceleration (m/s2); 557 

h = pressure head deviation in the frequency domain (m); 558 

I = power intensity (kg/s3); 559 

“Im” = imaginary part; 560 

i = imaginary number; 561 

k = wave number; 562 

k0 = wave number in intact pipe sections; 563 

k  = group wave number in the exponential non-uniform blockage; 564 

ln = length of the n-th non-uniform blockage (or pipe) (m); 565 

M, N = constants; 566 

P = pressure in the time domain (Pa); 567 
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P* = dimensionless pressure in the time domain; 568 

Pin = the incident wave pressure at the generator (Pa); 569 

P0 = the initial pressure in the pipeline (Pa); 570 

p* = pressure deviation from the mean in the time domain (Pa); 571 

p = pressure deviation from the mean in the frequency domain (Pa);  572 

q = discharge deviation in the frequency domain (m3/s); 573 

R = radius of an intact pipe (m); 574 

“Re” = real part; 575 

RC = pipe radius at Junction C (m); 576 

r = r(x) = pipe radius (m); 577 

S0 = pipe cross-sectional area of intact junctions (m2); 578 

Sn = pipe cross-sectional area at Junction n (m2); 579 

s = a coefficient that determines the radius changing rate of non-uniform blockages; 580 

TC = energy transmission coefficient; 581 

t = time (s); 582 

Uij = transfer matrix elements; 583 

Uij
* = system overall transfer matrix elements; 584 

Vij
* = system overall transfer matrix elements (in terms of u and p); 585 

u* = axial velocity deviation from the mean in the time domain (m/s); 586 

u = axial velocity deviation from the mean in the frequency domain (m/s); 587 

W = energy flow (kg·m2/s3); 588 

x = distance along the pipeline (m); 589 
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Z = impedance (Pa·s/m3); 590 

δω* = normalized resonant frequency shift induced by blockages; 591 

ρ0 = fluid density (kg/m3); 592 

ω = angular frequency (rad/s); 593 

ω* = dimensionless angular frequency; 594 

ωc = angular central frequency of the incident wave (rad/s); 595 

ωcut = cutoff frequency of the exponential non-uniform blockage (rad/s). 596 
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Figure Caption List 719 

Fig. 1. (a) Random and non-uniform blockages in real water pipelines (reprinted from Che et al., 720 

2018b, © ASCE); (b) sketch of a real pipeline with random and non-uniform blockages; (c) sketch of 721 

a simplified pipeline with exponential non-uniform blockages used for analytical analysis. 722 

Fig. 2. An unbounded pipeline system containing two symmetrical exponential non-uniform 723 

blockages (with a wave generator and a wave receiver). 724 

Fig. 3. Unbounded pipeline systems with (a) uniform blockages; (b) exponential non-uniform 725 

blockages; and (c) linear non-uniform blockages. 726 

Fig. 4. Energy transmission coefficients TC of intact and blocked pipeline systems. 727 

Fig. 5. (a) Measured pressure signals in the time domain (ωc
* = 1); (b) corresponding pressure signals 728 

in the frequency domain (ωc
* = 1). 729 

Fig. 6. Measured pressure signals in the time domain (a) ωc
* = 0.5, (c) ωc

* = 1.5, (e) ωc
* = 2.5; 730 

corresponding pressure signals in the frequency domain (b) ωc
* = 0.5, (d) ωc

* = 1.5, (f) ωc
* = 2.5. 731 

Fig. 7. Numerical validation of the derived energy transmission coefficient TC. 732 

Fig. 8. A bounded reservoir-pipeline-valve system. 733 

Fig. 9. Transient frequency responses of bounded pipeline systems with both steady and unsteady 734 

friction. 735 

Fig. 10. Energy transmission coefficients TC of bounded and unbounded pipeline systems. 736 

Fig. 11. (a) Energy transmission coefficients TC of unbounded non-uniform blocked pipeline systems; 737 

(b) resonant frequency shifts of bounded systems induced by non-uniform blockages. 738 

Fig. 12. (a) Energy transmission coefficients TC of unbounded non-uniform blocked pipeline systems; 739 

(b) resonant frequency shifts of bounded systems induced by non-uniform blockages. 740 
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Fig. 13. Sketches of the irregular blockage and its uniform and exponential non-uniform 741 

approximations. 742 

Fig. 14. The irregular blockage is approximated as (a) uniform blockage; (b) exponential non-uniform 743 

blockages. 744 
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Tables 746 

 747 

 748 

Table 1. Detailed pipeline system parameters for energy transmission coefficient TC calculations 749 

Blockage type l1 (m) l2 (m) l3 (m) l4 (m) R (m) |s| RC (m) 
intact 300 100 100 500 0.25 0 0.25 

uniform 300 100 100 500 0.25 0 0.2 
exp non-uniform 300 100 100 500 0.25 4.64E-03 0.1572 

linear non-uniform 300 100 100 500 0.25 1.00E-03 0.15 
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 752 

Table 2. Detailed system parameters for numerical validation 753 

Blockage type l1 (m) l2 (m) l3 (m) l4 (m) R (m) |s| RC (m) a0 (m/s) 
exp non-uniform 300 100 100 500 0.25 4.64E-03 0.1572 1000 
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 756 

Table 3. Detailed pipeline system parameters 757 

Pipeline system l1 (m) l2 (m) l3 (m) l4 (m) R (m) RC (m) |s| f 
bounded 399 1 1 599 0.25 0.15 5.11E-01 0.02 

unbounded 399 1 1 599 0.25 0.15 5.11E-01 0 
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 760 

Table 4. Detailed pipeline system parameters of bounded and unbounded pipeline systems 761 

Test no. l1 (m) l2 (m) l3 (m) l4 (m) R (m) RC (m) |s| 
T1 300 100 100 500 0.25 0.15 5.11E-03 
T2 300 100 100 500 0.25 0.175 3.57E-03 
T3 300 100 100 500 0.25 0.20 2.23E-03 
T4 390 10 10 590 0.25 0.15 5.11E-02 
T5 399 1 1 599 0.25 0.15 5.11E-01 
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 764 

Table 5. Settings of the experimental test system (Duan et al., 2017) 765 

Blockage type l1 (m) lb = l2 + l3 (m) l4 (m) R (mm) a0 (m/s) Rb (mm) ab (m/s) 
rough coir 15.58 5.54 20.41 36.6 1180 29.8 1010 
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