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12 Abstract

13 This work aims to construct accurate and simple lower-order analytical approximation solutions
14 for the free and forced vibration of electrostatically actuated MEMS resonators, in which
15 geometrical and material nonlinearities are induced from the mid-plane stretching, dynamic pull-
16 in characteristics, electrostatic forces and even intrinsic properties. Due to the complexity of
17" nonlinear MEMS systems, the quest of exact closed-form solutions for these problems is hardly
18 obtained for parametric design and analysis, in particular for harmonically forced nonlinear
19 systems. To examine the simplicity and effectiveness of the present analytical solutions, two
20 jllustrative cases are taken into consideration. First, the free vibration of a doubly-clamped
21 microbeam suspended on an electrode due to a suddenly applied DC voltage is considered. Based
22

on the Euler-Bernoulli beam theory and the von Karman type nonlinear kinematics, the dynamic

23 motion of the microbeam is further discretized by the Galerkin method to an autonomous system
24

25
26

with general nonlinearity, which can be solved analytically by using the Newton harmonic balance
method. In addition to large-amplitude free vibration, the primary resonance response of a doubly-
clamped microbeam driven by two symmetric electrodes is also investigated, where the microbeam
27 s actuated by a bias DC voltage and a harmonic AC voltage. Following the same decomposition

28 approach, the governing equation of a harmonically forced beam model can be transformed to a
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non-autonomous system with odd nonlinearity only. Then, analytical approximation solutions are
derived to analyze the steady-state resonance response of such a problem under a combination of
various DC and AC voltage effects. Finally, the analytical approximation results of both cases are

validated and they are in good agreement with those obtained by the standard Runge-Kutta method.

Keywords: Analytical approximations, MEMS resonators, Nonlinear dynamics, Free and forced

vibration, Primary resonance response.
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1. Introduction

With the advancement of sensing and actuating technologies, micro-electro-mechanical
systems (MEMS) have gained tremendous attention in a wide range of engineering applications,
e.g., signal filtering technique, chemical and mass sensors, and probe-based microscopy.! This
is mainly due to its superior properties of light weight, small size and low power consumption. In
general, fully clamped microbeams are the major structural components in most MEMS resonators.
Basically, there exist geometrical and material nonlinearities in electrically driven MEMS
resonators caused by the mid-plane stretching, dynamic pull-in behavior, electrostatic force and
material properties. Among various factors, electrostatic forces are the major parameter that is
inversely proportional to the square of the distance between the microbeam and the actuated
electrode in a MEMS resonator. Under strong external excitations, MEMS systems may undergo
large-amplitude deformations, thereby inducing axial residue stress and damping effect.* Besides,
the pull-in instability is also a common undesirable phenomenon in MEMS devices,’” this is an
actuation problem that can lead to strongly nonlinear dynamic behavior, namely a saddle-node
bifurcation.® In order to determine the influence of geometrical and material nonlinearities on the
performance of MEMS systems, it is highly desired to have a better understanding of the nonlinear
dynamic behavior of such resonators, which is also useful for parametric design and analysis of
advanced MEMS resonators in real-life engineering applications.

In the literature, many experimental and theoretical studies have been carried out to investigate
the nonlinear dynamic behavior of microbeams.”!? In terms of theoretical analysis, a single-degree-
of-freedom beam model is normally adopted to study the nonlinear behaviour of microbeams. !4
As exact closed-form solutions for complicated nonlinear dynamical systems are often unavailable,
various numerical and analytical methods have been proposed for quantitative analysis. Making
use of numerical-based approaches, Kuang and Chen!®> examined the dynamic characteristics of
fully-fixed micro-actuators via the differential quadrature method. Ghayesh et al.'® investigated
the nonlinear dynamic behavior of electrically actuated MEMS resonators by means of the pseudo-

1.'7 considered the nonlinear

arclength continuation technique. Furthermore, Alsaleem et a
resonance and dynamic pull-in instability of MEMS resonators using the finite-difference method.
Moghimi Zand'® applied the Newmark scheme to study the dynamic pull-in instability and snap-

through buckling of initially curved MEMS resonators. Using the Runge-Kutta method, Dantas
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and Gusso' extended to investigate the chaotic dynamics of doubly-clamped beam MEMS
resonators.

Although numerical methods can be used to accurately predict the dynamic response of
MEMS resonators, they are not able to provide an all-encompassing view for the investigation of
nonlinear systems in response to changes in physical parameters. Therefore, various analytical
approximation approaches, e.g., multiple scale, harmonic balance and perturbation-based methods,
have been used for studying MEMS systems. For instance, Younis and Nayfeh?® formulated
analytical expressions for the dynamic response of resonators. Zhang and Meng?!' conducted the
nonlinear dynamic analysis of MEMS sensors under a parametric force excitation. Elshurafa et

1.23

al.?? studied the nonlinear dynamics of folded MEMS resonators. Rezazadeh et al.>* analyzed the

1 24,25

parametric oscillation of microbeams. Moreover, Caruntu et a investigated the nonlinear

response of micro-resonators under a near-half natural frequency and presented steady-state

1.26

solutions for MEMS cantilever resonators. Qian et al.”® derived periodic solutions for a high-order

nonlinear oscillator that arises in MEMS systems. Han et al.?’-?8

predicted the existence of
bifurcation and chaotic motion of fully-clamped MEMS resonators with two symmetrically
actuated electrodes. Li and Zhang® further made deeper insights on the bi-stable effect of
microbeam systems. More recently, Saadatmand and Shooshtari*® also performed the forced
nonlinear vibration analysis of circular micro-plates in two-sided MEMS capacitive systems.

To further refine the accuracy and flexibility of analytical approximation approaches, Wu et
al.3! proposed the Newton harmonic balance (NHB) method that is capable of solving large-
amplitude oscillation of strongly nonlinear systems. Subsequently, the NHB has been extended to

deal with nonlinear conservative asymmetric oscillators>>*

, strongly damped nonlinear oscillation
problems** and harmonically forced oscillation systems™. In order to achieve a faster convergence
rate, an improved version of the NHB method has recently been presented.*® Because of its
simplification and effectiveness, this method has also been applied to investigate the nonlinear
dynamics and post-buckling behavior of MEMS systems.?’’

The present study focuses on both free and forced nonlinear vibration of doubly-clamped
MEMS microbeams. Effects of the mid-plane stretching, axial residual stress and electrostatic
force are considered. Specifically, the free vibration of a doubly-clamped microbeam suspended
on an electrode due to a suddenly applied DC voltage is considered.*’ Unlike the previous work>’,

we further consider the fringing field effect and electrostatic loads in this model. Based on the
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Euler-Bernoulli beam theory and the von Karman type nonlinear kinematics, the nonlinear
integral-differential governing equation can be further converted to an ordinary differential
equation by the Galerkin method and then solved by the NHB method. In addition, the
harmonically forced vibration of a doubly-clamped microbeam sandwiched by two symmetric
electrodes is also investigated.?”*® The electrodes are connected by a DC voltage and a harmonic
AC voltage. Following the same decomposition principle, the governing equation is also converted
to an ordinary differential equation with odd nonlinearity.

This paper is organized as follows. Sections 2 and 3 present the mathematical formulations for
both illustrative cases and its solution methodologies, respectively. Section 4 shows the accuracy
of the present solutions for both cases in contrast to the results obtained from the Runge-Kutta

method. Finally, Section 5 concludes the research findings of this work.

2. Mathematical formulation

Two schematic diagrams for a doubly clamped microbeam model are shown in Fig. 1. In these
diagrams, one microbeam is suspended on a rigid electrode, while the other one is sandwiched by
two symmetric rigid electrodes. We consider the microbeam of length [, width b and thickness
h . The initial gap between the microbeam and the electrode is ¢ . The coordinates x, y and z are

along the beam length, width and thickness, respectively. We assume that the actuation voltage is
V(t)=V, +V, cos(2x ft) , where V. is the bias DC voltage, and V. and f are the amplitude and

frequency of the excited AC voltage, respectively. From a physics perspective, the bias DC voltage
and the excited AC voltage are connected in series. This form of excitation can provide a pathway
for tuning various effects on MEMS resonators. ! 3>

Employing the classical beam theory and the von Karman nonlinearity, the transverse

deflection of a microbeam with one-sided/two-sided electrodes can be expressed as follows!®20:40

2 4 2 2
pbhaw-f-C%-FE]aw {N,+E—bh L(awj dx}aw—F (1)

o o et | 2L hlax) T | f
where w is the deflection in the z-direction, ¢ is the damping coefficient, / is the moment of inertia
of the cross section, E is the effective Young’s modulus of the beam (= £/ (1—02) with E' =

Young’s modulus and ; = Poisson ratio), &V; is an initial axial load due to the residual stress on the
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beam, F. is the electrostatic force per unit length, and ¢ is time. When the microbeam is suspended

on an electrode, we consider*’

_1bg) () {H 5l —w)} 2

T2 (d-w) b
In another case, when the microbeam is suspended between two symmetric electrodes, the

electrostatic force becomes?’

~ 2
V, +V,. cos(2x ft) 2
L7 2mp| v
(d-w) (d+w)

=3 ©)
where &, is the permittivity of the gap medium.

In Eq. (2), B 1is a parameter that is used to account for the “fringing field effect” due to the
finite width of the microbeam. For a doubly-clamped beam, £ is set to be 0.65.”° The fringing
field effect for the microbeam with two-sided electrodes is much smaller than that with one-sided
electrode due to the symmetric configuration of the electrodes. Hence, we can ignore the fringing
field effect in Eq. (3).

A doubly-clamped microbeam is imposed to the following boundary conditions

w(0,0)=0, 00 _, (4a)
Ox
W(L,t)ZO, GW(L,I):O (4a)
ox
Before the electrostatic actuation, the initial conditions are
t

For convenience and brevity, the dimensionless quantities are defined as follows

5 2
_ E]4t,W:1’§_ s f_NL - [g],
pPbhL d w/,oEIb h

24¢, L d pth
A2 = 0 y=—, f=
ERW’d’ 4 b /

(6)

=—=f

in which 7, W, &, ¢ and f are the dimensionless time, beam deflection, longitudinal
coordinate, damping parameter and AC voltage frequency, respectively. By utilizing Eq. (6), the

dimensionless equation of motion for Eq. (1) is given by

6
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oW oW o'W (owY _|ow
T e [fl.+aj.0[ jdf] F, (7)

ocr o7 o0& o 88
where
A B
A eI )

for the microbeam with one-sided electrode, and

2 2
F. = /Iszcz Lzzleiz 2V, V. cosQrfr)+ IEJC cos" 2z f1) ©)
A-W?)? 4 A-W)
for the microbeam with two-sided electrodes.
The corresponding dimensionless boundary conditions become
ow (0,
w(0,7)=0, (—):o (10a)
0¢
ow (1, (10b)
wite)=0, LT
ol
and the dimensionless initial conditions are
oW (£&,0 11
W(g,O)ZO’ %ZO ( )
T

As we only concentrate on investigating the first-mode natural frequency and the primary
resonance of the microbeam in this work, the deflection function of the microbeam can be
approximated as a product of two functions with a sustainable error in accordance with the Galerkin
method. The deflection function is expressed as

W(S,7)=¢()q(7) (12)
where @#(&) is the assumed deflection shape function that corresponds to the first mode shape and
satisfies the boundary conditions given in Eq. (10), and g(7) is the mid-point deflection of the

microbeam. A reasonable deflection shape function for the first mode shape of Eq. (7) is*

cosh(4,)—cos(4,)
sinh(4,)—sin(4,)

$(&) =[cosh(4&) —cos(£&) ] - [sinh(4,&) —sin(4&)] (13)

in which A1 = 4.730040745.
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2.1 Case 1: Asymmetric vibration of a doubly-clamped microbeam with one-sided electrode
due to a suddenly applied DC voltage
Consider the MEMS device in Fig. 1a, the electrostatic actuation (i.e., DC voltage) first makes
the microbeam deflect to an equilibrium configuration, and then it vibrates asymmetrically around
the equilibrium position due to an AC voltage. For free and undamped vibration, we first compute
the natural frequencies of the microbeam, the AC voltage and the damping term in Egs. (7) and (8)
should be set to zero. Substituting Eq. (12) into Eq. (7) and applying the Galerkin procedure, the
governing partial differential equation can be converted to a nonlinear ordinary differential
equation as follows
d’q AV,7

e e el P LU (14)

with the following initial conditions

dq (0)
dr

q(0)=0, =0 (15)

v =1 8 ot = (2 a2 s

It is noted that analytical approximation solutions for the free vibration of the nonlinear system
(14) cannot be directly obtained by the NHB method, as the electrostatic force term is not able to
be integrated analytically. To deal with this scenario, instead of approximating it using a Taylor
series expansion around the initial configuration g = 0, it is performed to expand this term around
the equilibrium position. This is because the free vibration of the microbeam occurs around its
equilibrium position (i.e., ¢ = qo) rather than its initial position (i.e., ¢ = 0). The accuracy of the
two approximation methods can be verified below.

Incorporating a Taylor series expansion,®® we expand the integral part in Eq. (14) up to fourth-
order terms around the initial position and the equilibrium position of the microbeam in Egs. (16)

and (17), respectively, we have

d? .
d;f +a,q+a,q’ +Z”=0an =0 (16)
d? ‘ )
Crragrag’ + Y K (g-q,) =0 (17)

n+l

2 2 _
4 (I-g0)"

2,7
4

where [, =— [[(n+14pp)p'ag and K, =~
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The exact value of the equilibrium position can be calculated iteratively according to the principle
that the restoring force of the microbeam at the equilibrium position in Eq. (14) is zero, i.e.,

ledcz I] ¢
4 0 (1 —4

As a case study, numerical calculations are performed for the dynamic analysis of a microbeam

(18)

3
a,q,+a,q, —

1+ 81— -0
¢)2[ + 1B -q S

with the geometrical and material parameters given in Table 1. Fig. 2 shows the values of the

equilibrium position of the microbeam under various electrostatic actuations V.

For comparison, we refer the systems (14), (16) and (17) as models 1, 2 and 3, respectively.
Indeed, the use of a Taylor series expansion around the initial position ¢ = 0 has been used for
analysis by using the homotopy analysis method.*® By only changing the length of the microbeam,
values of the dynamic pull-in voltage of the microbeam for the three models are calculated in
accordance with the principle of energy conservation. Note that the dynamic pull-in instability
occurs when there is no solution to the deflection g in the range of (0, 1) where has the same energy
level with the initial conditions. In Table 2, it is obvious that the results of model 3 are much closer
to that of model 1 than that of model 2. Among various cases in Table 2, the maximum relative
error of the dynamic pull-in voltage values between model 1 and model 3 is only 0.7% for L =210
um, but it is up to 4.3% between model 1 and model 2. Besides, the results for the restoring force
of the three models under an input voltage (25 V) are depicted in Fig. 3. The circle dots represent
the exact solution, while the dashed line and solid line correspond to the two approximation models,
respectively, i.e., Egs. (16) and (17). It is observed that the results of the three models have an
excellent agreement with each other when the deflection is small. For ¢ > 0.2, there is a significant
discrepancy. Specifically, the solid line is much closer to the circle dots than the dashed line, it
refers that the integral term in Eq. (14) approximated by a Taylor series at the equilibrium position
has a greater accuracy than that at the initial position. Hence, the system (17) is used for the
subsequent analysis.

For convenience and brevity, a new variable is introduced as follows
U=q-4, (19)
Then, Eq. (17) can be rewritten as
u"+g(u)=0 (20)

with
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u(0)=-q,, u'(0)=0 (21)
where a prime donates differentiation with respect to 7. The restoring force function of Eq. (20) is
g(u)=pPu+pu’+pu’ +pu’, in which f =a, +3a,q; +K,, B, =3a,9,+K,, B =a,+K,

and B, =K, . In this system, the potential energy is given by

1 1 1 1
P(u) :Eﬂluz +§,32“3 +Z,33“4 +§ﬂ4“5 (22)

and the system (20) can be solved analytically in accordance with Sections 3.1 and 3.2.

2.2 Case 2: Resonance response of a doubly-clamped microbeam with two-sided electrodes
actuated by a bias DC voltage and a AC harmonic voltage
Consider the MEMS model in Fig. 1(b), the initial position is a stable equilibrium position for
the microbeam. In this case, the DC voltage is acted as a bias one and the microbeam is driven by
the AC voltage to vibrate symmetrically around its initial position. Here, we focus on the
investigation of resonance responses when the actuating frequency is close to the first natural

frequency of the microbeam. For a small AC voltage (Vac << Va), we neglect the terms with 2,

Eq. (7) can be further simplified as

a1 J[fjd‘f o¢

By means of a Taylor series expansion, the electrostatic force term is generally expanded up to the

oW oW o'W
—te—+—;
or or 0¢

(1+2W2+3W4)—%/12V V. cos(27f7) (23)

de” ac

fifth-order term near the initial position ¢ =0 and the higher-order terms are ignored.
Substituting Eq. (12) into Eq. (23) and applying the Galerkin procedure, the nonlinear
governing equation of motion can be written as
d2
A7

where F, = /IZV,,(VMI gdg, B = J- ( a4z d§¢j¢d¢, B, —_Ll[— d;jj [d?j d§]¢d¢, and

249 . - j_+(ﬁ1+al)q+(ﬂ2+a2)q +a,q° = F,cos(27 1) (24)

o =—idW,’ jol P dpi=1,2,3).

For further simplication, Eq. (24) can be expressed as

10
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2
w2%+f(q)+g(m%j:ﬂcosf (25)

where f(q) = (B +a,)q+ (B, +a,)¢’ +a.q’, g(p)=¢p (p=dq/dr) and T = o1 . The first-order

and second-order analytical approximations to the frequency-amplitude response for the system

(25) can be obtained in accordance with Section 3.3 below.

3. Solution approaches

This section briefly introduces the NHB method to solve the free and forced vibration of

nonlinear systems.

3.1 Analytical approximation solutions for strongly odd nonlinear conservative system

Following the NHB method and its improved version,>'*¢ we consider a nonlinear system
governed by
2
X rg(x)=0, g(v)=-g(-) 26)
with the initial conditions
x(0)=—4 (4>0), dx(tO) o 27

The first-order x,(7) , second-order x,(7) and improved second-order x,(¢) analytical

approximations are given by

xl(f)=AC0{w1 (f—gﬂ o =\ (28)
PSR B NE

x;(t):(A+y2)cos[a);(t—§ﬂ+(—y2+y3)co{3a);(z—§ﬂ_y3COS[Swz(t_%ﬂ, (0)

where

11
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4
Q, =0, +AQ,,
Q) =0 +AQ],

a;[ (b, —b,)A-2a, ]

AQ, = :
' A[(b,+b,~b,—b;) A+184q, |
AG = (M;N,—M N,)+as(M,N,-M,N,)
: A(M,N,-M,N,) ’
2a,A4
= =

(b, +b, —b, —b,)A+18a,

_ N+ Nyag
P M,N,-M,N,

_ Mya; - Msa;
¥ M,N, - M,N,

=—| =2_ +4b, —4b, +y,3¢, =3¢, —c. +¢,) |,
M, ;{ i"l 8AQ, +4b, —4b, + y,(3¢, -3¢, — c; 7)}

N, :%[41)2 —4b, +y,(2¢; —2¢c5 —c, +cg)],

M, = %{72% L T2AQ, — 4b, +4b, +4b, — b, + v, (3¢, +5¢, — s —2¢, + cg)},
1| -72aq,
=3 —T2AQ, +4b, —4b, +4b, —4b, + y,(2¢, —4c;, + 3¢, —2¢, +¢y)) |,

1
M3 =§[_4b2 +4b4 +4b6 _4b8 _yl(cl +CS —4C5 +C7 +2’c9 _cll)] and

3

_ l{ 2004, | »00AQ), — 4, +4b, + 4, — 4, + y, (=26, + 3¢, ~ 2, + 26, ¢, + 013)} :

237 Here, 4, b, and ¢, are the Fourier series coefficients that can be determined by
4 eni2 ) ]
ay,=—=| " g@)cos|2i-rldz, =123,
T 0

4 /2
bz(z'—n:;L g.(x)cos[2(i-1)rldr, =123, and

12
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4 oz
i =—] g ()cos[2i-lrldr, =123,
T 0

The subscript x denotes the derivative of g(x) with respect to x.

3.2 Analytical approximation solutions for strongly general nonlinear conservative system

Consider the following nonlinear system governed by a general restoring force

d2

CXrg(1)=0. g(x)#-g(-) Gy
with the initial conditions

K(0)=-4(4>0), £(0)=0 G2)

The system oscillates between an asymmetric bound [—A4, B] where B(B>0) and —4 have the
same energy level, i.e.,

P(B)=P(-4) (33)
where P(x)= _[g(x)dx is the potential energy of the system.

To deal with such a case, two newly nonlinear systems with odd nonlinearity are introduced

in Egs. (34) and (35).*! Both of them can be solved separately by the NHB method as described in

Section 3.1.
d*x dx
—+J(x)=0 =-4, —(0)= 34
dl‘2 + (x) > X(O) > dt (0) O ( )
and
d’x dx (35)
W'ﬁ'K(X)—O, X(O)——B, E(O)—O
where
J(x)z g(x), x>0
—g(—x),x <0
and

13
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Then, the analytical approximation solutions for the asymmetric oscillation of the system (31) can

be constructed and presented in Egs. (36)-(41).

The first-order analytical frequency e, and periodic solution X, (t ) of the system (31) are

_ 2m,0,
O =—— (36)
0, + @,
T
x,, (1), Oétﬁf
T T T T T
x()=4x,|r—pfe ] g T 37
O=fna(r-Ta ), Trers Tt G7)
" 2 2) 4 2 22

where the subscripts “11” and “12” of @, T'and x(¢) denote the corresponding first-order analytical
solutions for the systems (34) and (35), respectively.
The second-order analytical frequency @, and solution X, (t ) of the system (31) are

0)2 — 2a)21a)22 (38)

W, + @y,

4

T, T, T, T, T,
x () =4x t— 21+ 22 , 21<t£ 21+ 22 39
() ( TaE | Rcrs ez (39)

e feo o B Tu T T T
2 2 4 2 2 2

where the subscripts “21” and “22” of @, T and x(¢) denote the corresponding second-order

analytical solutions for the systems (34) and (35), respectively.
The improved second-order analytical frequency @, and periodic solution x; (t) of the system
(31) are

. 20,0,
W, = ,,05; (40)

* *
a)21 + a)ZZ

14
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T*
Xy, (1), 0<t< :
. . T. T . T.
x,(t)=<x t—l s Aoy 2 41
,() 22[ 4} 4 4 T (41)
)C [+ ;_TL £+T_ tST_Z* T_*z
o 2 4 2 2 2

where the subscripts “21” and “22” of ¢, 7° and x'(¢) denote the corresponding improved

second-order analytical solutions for the systems (34) and (35), respectively.

3.3 Analytical approximation solutions for harmonically forced odd nonlinear system
Building upon the framework of the NHB approach,’! we further consider the steady-state
response of a harmonically forced odd nonlinear system near its first frequency.*®> The equation of

motion is given by
d’u du
—+ f(u)+g| — | = F, cos(wt 42
% f()g(dt) o cos(ar) (42)

where f(u) and g(v)(v=du/dt) are odd functions of u and v, respectively. Firstly, a new

independent variable 7 =@t is introduced and Eq. (42) is transformed to

2

1) d—+f(u)+g(a)d—) F, cos(7 +0) (43)
di’ dt

where @ represents the phase difference between the external excitation and the steady-state
response. It has been added in the excitation so that we can construct a response with phase zero.

For the steady-state response of Eq. (42), the following boundary conditions are imposed
u(0)=u(27)=4, u'(0)=u'(27)=0 (44)

where A4 is the amplitude of a steady-state response.
The periodic solution u(r) to Eq. (42) is represented by a Fourier series that contains odd

multiples of 7 only

u(t)=M cos2'+Z:M2n+1 cos(2n+1)7 + Z:N2 asin(2n+1)7 (45)

n=1

15
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Making use of a single-term HB method, the first-order analytical approximation to u (f ) , A, @
and @ are assumed as
u, (7)=Acost, A=4, o=, =6, (46)

Substituting Eq. (46) into Eq. (42), expanding the resulting expression into a trigonometric series

and setting the coefficients of Sin7 and cos7 to zero, we have

(w4 +a,) +=F (47)
and
C
tang, =—
- “8)

4 cr2 5 — 4 cr/2 o
where q, :—I f (A cost)cos7tdT and c, :—I g(—wA, sin7)sin7d7 .
7T v0 7T 90

Subsequently, the second-order analytical approximations to u(f) , A, o and 0 are

expressed by adding increments to the first-order analytical approximation as follows

u, =u, +Au,, A, =4 +AM,, o,=0+Aw, 0,=0+A0, (49)

where Au, = A4, cost +C, (cosf—cost)+S1 (Sm% - SlnSrj.

5
Substituting Eq. (49) into Eq. (42), linearizing with respect to the increments, expanding the
resulting expression in a trigonometric series and setting the coefficients of sin7, cos7, sin37

and cos37 , we get

K, -z, =e-Af +{ (50)
where
Kll K12 Kl3 K14
K = K21 K22 K23 K24 ,
: K31 K32 K33 K34
K41 K42 K43 K44
T
zlz(Aa)l, A, C, Sl) ,
e, =(~F,sing, —Fycosé, 0, 0)" and
T
fI:(O, 0, —a,, —03).
Here,
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291
292
293

294

295
296
297
298
299
300

301

302
303
304
305

K, ==240,, K, =(-20] +b,+b,)/2, K;; = (20} +b,~b,)/2,
K,=0/(d,—d;)/2, K, =A(-d,+d,)/2, K,, =, (~d,+d,)/2,

Ky, =o,(-d,+4d,+3d,)/2, K,, = o,(5b, —8b, +3b,) /30,

Ky =0, Ky, =(b,+b,)/2, Ky =(180 —b,+b, +b,~b,)/2,

Ky =w(d,~d,+dy—d,)/2, K, = 4(~d,+d,)/2, K,, =a,(~d, +d,)/2,
Ky =/ (3d,~d,+d,-3d,)/ 2, K,, =(~905] +5b, —3b, — 5b, +3b;) /30,

a, = %jj” (A, cos F)cos(2n—1)EdF,(n=1,2,-),
1 c27
b, = ;j: (4, cos ) cos(2nF)d7,(n =0,1,--),
Cy = %J.Oz” g(-w4 sin7)sin(2n—-1)7d7,(n=1,2,---) and

4, -+ joz” g (~w A, sin 7)cos(2nF)dz,(n = 0,1, .
V4
With a least-squares sense, the second-order analytical approximation can be derived. Detailed

derivations can be referred Ref. [35].

4. Results and Discussion

4.1 Case 1: Asymmetric vibration of a doubly-clamped microbeam with one-sided electrode
due to a suddenly applied DC voltage
In this section, approximate solutions obtained through the NHB method for the case in Section
2.1 are presented and compared with those results from the Runge-Kutta method. The geometrical
and material parameters of the microbeam can be referred to Table 1. For reference, the exact

frequency of the system (17) is given by

_ 2a)ela)e2
®, = —— (51)
a)el + a)e2
where
» 277/_[% J2A4sin 6 o anda)2=7Z'/J‘% J2Bsin @
! 0 JP(A4)— P(Acos6) ‘ o JP(B)— P(Bcos8)

The equilibrium points as well as the initial frequencies obtained by the NHB method and the
exact frequencies under different input voltages are listed in Table 3. It is observed that the
vibration amplitude increases with an increase of the input voltage, while the frequency declines.

When the input voltage is low, the first-order, second-order and improved second-order

17
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314
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316
317
318
319
320
321
322
323
324
325
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327
328
329
330

331
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333
334

frequencies all agree well with the exact solution. In addition, when the input voltage is close to
the DC dynamic pull-in voltage, the higher-order initial frequencies are still in good agreement
with the exact one.

To further illustrate and verify the accuracy for the NHB method, the time-history responses
of the microbeam mid-point deflection for the first-order, second-order and improved second-order

approximations and the Runge-Kutta results are presented in Figs. 4 and 5. When the value of V),

is close to the DC dynamic pull-in voltage, the improved second-order approximation is still in
good agreement with the Runge-Kutta results. However, the first-order approximation is not

sufficiently good, see Fig. 5(b).

4.2 Case 2: Resonance response of a doubly-clamped microbeam with two-sided electrodes

actuated by a DC voltage and a harmonic AC voltage

In this section, the case study of a doubly-clamped microbeam with two-sided electrodes
actuated by a DC voltage and a harmonic AC ovltage is presented. The geometrical and material
parameters of the microbeam are given in Table 1. The frequency-amplitude curves derived by the
NHB and Runge-Kutta methods for three different sets of electric loads, i.e., (i) Vac =8 V and Vi
=0.2V; (i1) Vac=12 V and V4 =0.07 V; and (iii) Vac =16 V and V- = 0.01 V, are constructed to
demonstrate the accuracy of the proposed analytical method and invetigate the steady-state
dynamic behavior of the microbeam. The above three examples yield three corresponding sets of
the normalized parameters as follows:
(i) ¢=0.123511, B, =728.474, B, =561.989, o, =—-136.442, o, =-505.355, o, =—-1581.48,
F,=1.41706;
(if) ¢ =0.104213, B, =728.474, B,=561.989, a, =-306.996, a, =—-1137.05, o, =-3558.33,
F, =0.743957 ; and
(iii) ¢ =0.0686132, 5, =728.474, [, =561.989, a, =-545.77, a, =-2021.42, a, =—6325.92,
F,=0.141706.

Consider the three cases, a comparison of the first-order and second-order approximate

frequency-amplitude responses ¢, (60) and ¢, (60) and the numerical results ¢,,, (60) given by the

Runge-Kutta method is presented in Figs. 6-8, respectively. Here, the stable and unstable solutions,
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356
357
358
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364

determined by the Floquet theory,*? are represented by the solid and dashed lines, respectively.
The red and blue lines, respectively, denote to the first-order and second-order analytical
approximations of the frequency-amplitude responses, while the black circle dots represent the the
Runge-Kutta results. In Figs 6-8, the analytical approximation and numerical solutions are mainly
consistent in the whole fruquency range, even at the resonant fequency. In order to get a closer

investigation, Figs. 6(c), 7(c) and 8(c) respectively depict the corresponding absolute errors
between ¢, (@), ¢,(®) and q,,, (@) in each case between two jumping points. These figures

clearly indicate that the second-order analytical approximation provides better solutions to the
numerical results.

The primary rasonant response of the nonlinear system is examined by varying the excitation
frequency around the first linear natural frequency of the system. It is noted that the first natural
frequency of the microbeam decreases with increasing the DC voltage. As we observe from these
figures, the first non-dimensional natural frequencies of the microbeam for the three cases are
24.33,20.53 and 13.52, respectively.

In this model, we consider the effects of electrostatic force and geometrical nonlinearity on
the system. The nonlinear electrostatic force tends to yield a softening behavior while the
geometrical nonlinearity tends to yield a hardening behavior. It is observed that nonlinearity caused
by the electrostatic force is dominant in these three cases since the nonlinear resonance peaks are
all bent to the left-hand side. Besides, the amplitude at the mid-point of the microbeam increases
as the excitation frequency decreases from a value that is larger than the coresponding first linear
frequency until reaching to point A, i.e., nonlinear resonance. At this point, the motion becomes
unstable via a limited point bifurcation, thereby causing the system to jump to the lower-amplitude
stable branch, as indicated by the black arrows. The system shows different dynamic responses as
the excitation frequency increases from a low value. In this case, the instability occurs at point B
due to a limited point bifurcation. The system then jumps to the upper-amplitude stable branch as

indicated by the black arrows.

5. Conclusions

The nonlinear free and forced vibration responses of MEMS microbeams are studied in this

work. We mainly focus on the development of lower-order analytical approximation solutions
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based on the NHB method for such problems, in which simple and accurate analytical expressions
can be obtained. On one hand, the asymmetric vibration of a doubly-clamped microbeam with one-
sided electrode due to a suddenly applied DC voltage is investigated. The integral-differential
governing equation of this beam model is transformed to a second-order ordinary differential
equation having odd and even nonlinearities through the Galerkin method. As the electrostatic
force term of this nonlinear system is not able to be integrated analytically, such that it is expanded
using a Taylor series around the equilibrium position of this system. The resultant nonlinear
equation can then be solved by the NHB method. The analytical approximation solutions are in
excellent agreement with those results obtained by the Runge-Kutta method for the whole dynamic
range. By increasing the input voltage, the vibration amplitude increases but the frequency
declines. On the other hand, the primary resonance effect of a doubly-clamped microbeam with
two-sided symmetric electrostatic actuations as well as a harmonically electrostatic load on one
side is also studied. Accurate frequency-amplitude responses of the microbeam are derived by
means of the analytical approach. By comparing different sets of electrostatic loads, the
relationship between the vibration amplitude and natural frequncy of the microbeam is established.
It is found that a softening behavior due to the nonlinear electrostatic force is a dominant effect in
this case. Based on the present approach, this offers an efficient and reliable avenue to further
investigate the nonlinear dynamics of complex MEMS systems subjected to various external

excitations.
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Fig. 1. (a) Schematic of a doubly-clamped microbeam actuated by one-sided electrode;

(b) Schematic of a doubly-clamped microbeam driven by two-sided electrodes.
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513 Fig. 2. Values of the equilibrium position ¢, for various electrostatic actuations 7,
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556 Table 1. Geometrical and material parameters of a MEMS microbeam™2%4°

Parameter Symbol Value
210 um (for case 1*)
Length of beam - 310 um (for case 2*)
Width of beam b 100 pm
Thickness of beam h 1.5 pm
Nominal gap d 1.18 um
Young’s modulus E' 151 GPa
Poisson’s ratio v 0.3
Density of beam Je) 2332 kg/m?
Initial axial load Ni 0.0009 N
Dielectric constant of the gap medium & 8.854x107'2 F/m
Quality factor 0 197
557 *Cases 1 and 2 correspond to a doubly-clamped microbeam with one-side electrode and two-sided
558 electrodes, respectively. Only the beam length is different, other parameters are the same in both cases.
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560

Table 2. Values of DC dynamic pull-in voltage for different models

DC dynamic pull-in voltage (V)

Length of beam (um)
Model 1 Model 2 Model 3
(Eq. 14) (Eq. 16) (Eq. 17)
210 25.84 26.96 26.02
310 12.94 13.46 13.03
410 8.18 8.49 8.23
510 5.87 6.08 5.90
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Table 3. Equilibrium points and initial frequencies under various input voltage values

Vac (V) Equilibrium o, @, @, @,

point (Eq. 55) (Eq. 57) (Eq. 59) (Eq. 79)
2 0.0006 24.5815 24.5815 24.5815 24.5815
8 0.0102 24.2969 24.2969 24.2969 24.2969
14 0.0330 23.5950 23.5950 23.5950 23.5950
20 0.0748 22.1461 22.1461 22.1461 22.1461
22 0.0955 21.2774 21.2770 21.2770 21.2770
24 0.1222 19.8367 19.8339 19.8430 19.8430
25 0.1389 18.4935 18.4806 18.4811 18.4810
26 0.1593 13.2852 12.5064 12.4346 12.3827
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