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Abstract

The pore water dissipation of sand-clay mixtures is significantly affected by the sand fraction
due to nonuniform stress distribution. On the basis of elastic visco-plastic modelling concepts
of Yin and Graham (1994), a new elastic visco-plastic (EVP) model based on Lagrangian
formulation is proposed to consider the effects of sand fraction in a sand-clay mixture on the
time dependent stress-strain behavior at finite strain. In hydraulic dredging and marine deposit
improvement projects, the initial water content of mixtures is relatively high, leading to a high
compressibility. Therefore, the soil skeleton of the mixtures is fixed to the Lagrangian
coordinates to facilitate the definition of soil boundary. The governing equation is formulated
by combining an equivalent time concept (Yin and Graham, 1994) with the mixture theory. A
finite different method is adopted for the benchmark analysis of boundary-initial value
problems. The proposed model contains eight parameters. Seven of them pertain to the clay
matrix which can be calibrated from the reference time line, instant time line and
consolidation curves of the pure clay in the mixture. The structure parameter represents the
inter-granular structure and can be calibrated based on the compressibility of a sand-clay
mixture. Two multi-stage oedometer tests (including unloading stages) can be performed to
calibrate the model parameters, one on the pure clay and the other one on the sand-clay
mixture with a predefined sand fraction. A benchmark analysis of the proposed model reveals
a significant difference in excess pore pressure dissipation between Eulerian and Lagrangian
coordinates. The calibrated model based on Lagrangian coordinate is found to reproduce the
effect of sand fraction on the overall responses of sand-clay mixture well when compared
with the experimental data of sand-bentonite mixtures and sand-marine clay mixtures from
the literature.

Keywords: Sand fraction effect; Sand-clay mixtures; Equivalent time; Finite difference

method; Mixture theory
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Introduction

Consolidation of clayey soils with continuous gradations has been extensively investigated in
progressive deformation and seepage analysis (Yin and Graham, 1996; Imai et al., 2003; Xie
and Leo, 2004; Singh et al., 2014; Zeng et al., 2016). However, natural sedimentary soils are
usually gap-graded in terms of particle size distribution due to the presence of certain extent
of coarse particles (Satyanaga et al., 2013; Change et al., 2014; Zhou et al., 2016; Ng et al.,
2016; Cui et al., 2017). Human activities may also lead to gap-graded soils, e.g., in hydraulic
dredging engineering (Deng et al., 2017), land reclamation projects (Yin, 1999b; Silva, 2016;
Shi and Yin, 2018a), debris flow-structure interaction mechanism (Cui et al. 2018), and
municipal solid waste (MSW) disposal (Marques et al., 2003; Feng et al., 2014; Hubert et al.,
2016). Typically, the soils caused by these activities are a mixture of soft matrix with stiff
inclusions (e.g., river sand distributed in clay slurry in hydraulic dredging activities;
biodegradation-induced matrix mixed with solid materials in MSW). The hydro-mechanical
behavior of the mixture depends crucially on two levels of soil structure: the inter-granular
structure of the inclusions and the overall structure of the mixture (Graham et al., 1989;
Kumar, 1996; Monkul et al., 2005; Monkul and Ozden, 2007; Cui et al., 2016).

There are two typical hypotheses (termed as Hypothesis A and Hypothesis B) having been
proposed in interpreting and modeling the consolidation of clayey soils exhibiting creep (Yin
and Feng 2017). In Hypothesis A, a consolidation curve is divided by two separate processes:
the primary consolidation coupled with excess pore water pressure dissipation, and the
secondary consolidation due to viscous deformation after the end of primary consolidation
(Mesri & Castro, 1987; Mesri, 2003). The deformation in primary consolidation can be
computed using the classical consolidation theory, e.g., Terzaghi’s theory for small strain (Culi
et al.,, 2017a and 2017b) and Gibson’s theory (Gibson et al., 1967) for finite strain

consolidation; the viscous deformation can be calculated separately from a secondary

3
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compression index (Mesri & Godlewski, 1977; Mesri & Castro, 1987). In Hypothesis B, it is
assumed that the viscous deformation of soil skeleton can be induced during and after the
primary consolidation process in a coupling process.

The rationality of Hypothesis B approach can be interpreted within the concept of dual-
porosity structure of clayey soils. Dejong and Verruijt (1965) classified the soil structure into
primary and secondary ones corresponding to primary consolidation and creep deformation,
respectively. The secondary structure consists of a cluster of clay particles and micropores
between them. The primary structure is composed of clay aggregates (with secondary
structure), coarse particles and macropores. In analogy to aggregated soils and fissured porous
media (Valliappan & Khalili-Naghadeh, 1990; Borja & Koliji, 2009; Choo & Borja, 2015;
Borja & Choo, 2016; Zhao et al., 2017), the hydraulic conductivity associated with the
primary structure is considered higher than that arising from the secondary structure. For a
given surcharge loading, different hydraulic conductivities lead to a gap of excess pore water
pressures and subsequent fluids exchange between the micropores and macropores. This
indicates that the primary consolidation and creep occur simultaneously.

In Hypothesis A, the model parameters related to the primary consolidation are calibrated
based on the total deformation which incorporates the creep deformation. Therefore, it is a
phenomenological method, which cannot interpret the real deformation mechanism of soils
during the progressive deformation. The model based on Hypothesis A can capture most
laboratory oedometer data since the soil sample is very thin, only 20mm, but may not when
the soil layer in the field is thick. Time corresponding to ‘end of primary consolidation’ is
relatively long in the field analysis (usually several years), and the creep deformation during
the primary consolidation cannot be neglected. Therefore, the Hypothesis A-based methods
significantly underestimate the settlement of thick soil layers in field analysis (Yin and Feng,

2017), and Hypothesis B has become increasingly popular (Yin and Graham, 1996; Hawlader
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et al., 2003; Yin and Feng, 2017; Feng and Yin, 2017; Huang et al., 2014). In this study, the
Hypothesis B approach is adopted for the consolidation analysis of sand-clay mixtures.

In hydraulic dredging and marine deposit improvement projects, the initial water content of the
soft soils is relatively high, and a large deformation can be expected (Yin, 1999b; Anderson et al.,
2001; Hong et al., 2010; Zeng et al., 2015; Bian et al., 2016 and 2017; Puppala et al., 2017).
Therefore, classical small strain theory may be questionable. To this end, both small strain and
finite strain concept are incorporated in an elastic visco-plastic model to be proposed below, with

further assessment and validation of the model performance.
State variables and equivalent time lines

State variables of sand-clay mixtures

A binary sand-clay mixture consisting of soft clay matrix and coarse grain inclusions is
considered. The stiffness of the grain inclusions is considered extremely high, such that the
overall volume decrease can be regarded solely due to the deformation of the clay matrix
during consolidation process. Consequently, the sand volume fraction ¢, (defined as the ratio
of the volume of sand inclusions to the overall volume of the mixture) decreases with
increasing surcharge loading and can be defined as a function of the overall void ratio of

mixtures e :

:pc_p+pus (1)
1+e)p,

S
where o, is the sand mass fraction, defined as ratio of dry mass of sand inclusions to the

overall dry weight of mixtures; p is the particle density of mixtures, which can be calculated

from the particle densities of the clay matrix p, and the sand inclusions p:

PcPs (2)
Us O + (1_ Us)ps

p:
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The local void ratio of the clay matrix e, can be expressed as

_ &P
R ©

For a given stress level, if the current strains (local strain of the clay matrix &, and overall

strain of the mixture ¢) are known, the corresponding void ratios can be computed from the
strains and the initial void ratios. Logarithmic strains are defined in this study to consider

finite deformation of the mixtures. The incremental strains can be defined:
de =-dIn(V,) = —(1-4)dIn(V,) = (1, )de, (4)
where V_ and V, are the current volumes of clay matrix and sand-clay mixtures, respectively.

The relative difference in stiffness between the clay matrix and coarse inclusions can induce a
nonuniform stress in the mixtures (Weng and Tandon, 1988; Tu et al., 2005). Volume-
average stress variables are considered in the study, according to the following stress

relationship in terms of the overall value and constituent:
o' =(1-4,)o; +d.0! 5)
where ¢’ denotes the overall effective stress of mixtures, o, and o_ are the effective stresses

of the clay matrix and sand inclusions, respectively. The definition of stress variables is based
on a representative volume element (RVE). The RVE contains a statistically representative
information of the macrostructure (Zhuang et al., 2014; Zhuang et al., 2015; Quayum et al.,
2015). Within this concept, an increase of its volume size should not lead to apparent changes
of state variables or governing equations (Hashin, 1983; Gonzdez & LLorca, 2004; Shi and
Herle, 2017). This approach was widely adopted in modelling the behaviour of polymer
reinforced composites (He et al., 2016) and multi-phase geo-materials (Zhuang et al., 2017,

Shi et al., 2018).
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Equivalent time lines of clay matrix

The coarse particles are assumed to be incompressible, thus the hydromechanical behavior of
soft clay matrix can be introduced as a reference for evaluating the behavior of the mixtures.
The equivalent time concept of the clay matrix would be presented in the sequel of this
section. The concept of ‘time lines’ was proposed by Bjerrum (1967) for interpreting the
stress-strain-time relationship of clayey soils. Yin and Graham (1994) provided further
mathematical description for the time line concept. They assumed that the deformation was

composed of elastic and visco-plastic parts. Following their definitions, the time lines of clay
matrix are shown in Fig. 1 in terms of o_-V, relationship (v.=g,+1), including the instant

time line, the reference time line, the limit time line and equivalent time lines (dotted lines).

The instant time line describes the instant deformation behavior accompanying with the

dissipation of excess pore water pressures. Semi-logarithmic functions between v, and o

was used in this study. The instant incremental value of v, is given as

dv; = -2 do (6)
Uc

where « is the slope of the instant time line semi-logarithmic v_-o plot. The equivalent time

t. is defined as the time duration for creep from the reference time line to the current state (o,

V,) at a given stress level (Yin and Graham, 1994). The equivalent time lines in Fig. 1

represent unique V, - o, relationships for constant values of equivalent time. The reference

time line is the equivalent time line at t, =0. The equivalent time is negative above the

reference time line, and becomes positive below the reference time line. The reference time

line can be expressed as

Ve =N, -4 In (—j (7
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where N, and A, are model parameters for the reference line of clay matrix, o, =1 kPa is a

reference stress. Note that N, and A, are affected by the initial water content of clayey soils

(e.g., Hong et al., 2010; Shi and Herle, 2015; Horpibulsuk et al., 2016). Hence, the initial
water content of the clay matrix in a mixture should be consistent with the pure clay for

analysis. A linear creep function is adopted in this work as follows:

VP =y, In(toﬂe] (8)

0
where t; is a curve fitting parameter responsible for the refence time line. Note that the linear

creep function gives a satisfactory performance for a time duration of practical interest.
However, the creep diminishes with the creep time, and finally reaches the limit time line in
Fig. 1. To describe the long-term creep behavior, one can use the nonlinear creep function

proposed by Yin (1999a). Within the equivalent time concept, the time dependent

deformation behavior follows a relationship between v_, ¢., and t,:

v, =V +vP =N_- 1 In [ﬁj—y/c In[tO:teJ 9)

O, 0

Eq. (9) indicates that the current specific volume of the clay matrix can be approximated
by the specific volume at the reference time line under the same effective stress with further
creep deformation. The equivalent time can be derived as

G

t, =t exp( N, Ve )(i] s (10)
v. o

Elastic visco-plastic model

Governing equation within Eulerian coordinate

The increment of specific volume of clay matrix consists of the elastic part dv; and visco-
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plastic part dv; . Considering Egs. (6) and (8), one gets

dv, = dve +dv?® =—Ze do? — gt (11)

’ C
O-c t0+ e

The elastic part is an instant incremental one associated to the stress level and its increment.
Note that Eq. (9) is another interpretation of the current specific volume of the clay matrix.
The specific volume on the reference time line can be further decomposed into two parts: the
specific volume on the instant time line and a visco-plastic part (a constant value, being
expressed as a difference between the instant time line and the reference time line). In this
case, the incremental form of Eq. (9) is consistent with Eq. (11).

Typical reference time lines of the clay mixtures in sand-clay mixtures are shown in Fig. 2.
The line with a higher sand fraction are located above that with lower sand fraction. This

phenomenon is induced by nonuniform stress distribution in the mixtures. An incremental

stress ratio g is defined as

._do;
ﬂo_:d , (12)

(o)
Substitution of Eqgs (10), (12) into Eq. (11) and applying the effective stress principal to

Eq. (11) give
, 3
Qe e e KO P)_ e g Ve Ne [ 0% (13)
at GC 8t tO l//c GI’

Eq. (13) offers a unique relationship between ov, /ot , o., 0o, /ot and v, . The
incremental relationship between the specific volume and the strain of the clay matrix can be
written as

v, _ v, oln(v,) _ v, o€, (14)
ot ot ot

The volume change due to deformation equals the volume of water out of a soil element.
Condition of continuity adopted in classical consolidation theory within Eulerian coordinate is

9
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where y,, is the unit weight of water, z is the 1D space variable in Eulerian coordinate, k is

the hydraulic conductivity of the clay matrix, p, is the excess pore water pressure in the clay
matrix. Considering that the coarse particles impermeable with no water holding capacity
(Mitchell, 1993), the overall excess pore water pressure p is the local value p,. Combining

Eqgs (13)-15 yields (considering that oo / ot =0):

k, 0° o K. 0 . v,—N_ o |
- E=ug ,—p— P exp — (16)
}/W az VCGC at VCtO l//c

The incremental stress ratio is a state dependent parameter. From the equivalent time lines,
one obtains the tangent stiffness of the clay matrix:

do! vo!
c—_c¢ 17
de, A, (17)

c

After Shi and Yin (2017), the tangent stiffness of sand-clay mixtures can be approximated

by that of the clay mixtures and an additional structure variable:

, , \7(1-4)
do _( do? ] (18)

o, de | o,de,

where 7 is a structure variable associated with the inter-granular structure, which depends on

the sand volume fraction:

1 3
St )

where 9 is a model parameter, 8¢ is the minimum void ratio of the sand material.

Combining Egs (4), (12), (17) and (18), the incremental stress ratio is deduced as

Vo VTR
c —| L% 20
. ( AGJ (20)

c—r

10
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Substitution of Eq. (20) into (16) gives

(1 A
k. @p_(vo V" P op ow, . (v.-N (o)
D= P _ Ve oyn % 1)
mv7 w 82 /lcar at KctO l//c Gr

where m,=x, / (v.o.) is the compression coefficient following the instant time line.

Governing equation in Lagrangian coordinates

As stated above, the governing equation formulated within Eulerian coordinates is
questionable in case of large strain problems with moving boundaries. In this section, the
governing equation will be reformulated within the Lagrangian coordinates.

Considering a soil element in one-dimensional (1D) consolidation, z and ¢ are 1D
space variables in Eulerian and Lagrangian coordinates, respectively. ¢ is independent of the

consolidation time, thus the boundary condition can be easily defined. Continuity of solid

phase in sand-clay mixtures (consisting of clay and sand particles) in the soil element gives

Z[1-a-gon] = S {10 goin (22)

where n, is the porosity of the clay matrix, n_, is the corresponding initial value. Considering
that (1-¢,)n.=e/(1+e), Eq. (22) can be rearranged as

oz l+e

o 1+, @3)

Condition of continuity for water in the clay matrix (the volume change due to

deformation equals the volume of water out of a soil element) gives

0 0 o4

—|A-g)nVv, [=—=| Q=@ )n.— 24
aé,[( ¢S) C cr] 8t[( ¢S) Caé,J ( )
where v, =v, —v_ is the relative velocity of fluid in the clay matrix, with v, denoting the

absolute velocity of the fluid, and v, being the absolute velocity of soil particles in the matrix.

11
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The relative fluid velocity in Eqg. (24) is associated with the pore water pressure in the clay

matrix using Darcy’s law:

(1-¢s)ncvcr:_£%:_k_(:6_p (25)
Vo OZ Y OZ

where n_ is the porosity of the clay matrix. Substitution of Eqgs (23) and (25) into Eq. (24)

yields
2
(1+e) i ke 8_p =@ (26)
Y 06\1+edd ) ot
The increment of the overall void ratio is expressed as
oe o€ o€,
—=-vV—=-Vv(1- £ 27
o o 1-4.) p (27)
Combining Egs (13), (14), (26), and (27), one obtains the governing equation and the
overall strain increment for the consolidation analysis (see Appendix-1)

(1+&,)°k, 0*(Inc’) _

A
(=g 0D g gy OV exp[v° —N. j{gj (28)

(1+ e)Z ywmv 84/2 at o Kcto c r
A
oe oo’ 74 v.—N_ | ol |
—=(1- ‘m, —+(1- Sexp| ——= || =< 29
o= G pmim e - p[ ; j[aj (29)

The permeability of the clay matrix is a state variable, which can be approximated by a
power law of the local void ratio for the clay matrix according to Mesri and Olson (1971) and
widely used by others (Pane and Schiffman, 1997, Dolinar, 2009; Zeng et al., 2011 and 2012):

In(k,./k,)=A.+& Ine, (30)
where k., =1m/s is a unit reference value, A, and &, are model parameters, &, is the slope of

the permeability curve in double logarithmic relationship, and A. corresponds to a unit void

ratio.

12
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Numerical solution procedure

Initial and boundary conditions

Only initial and boundary conditions within Lagrangian coordinates are discussed. To solve
the governing equation in Eq. (28), two kind of boundary conditions are considered: the stress
boundary and the seepage boundary. Accordingly, two boundaries, I'l1 for effective stress and

I'2 for stress gradient, are defined. The boundary conditions in Lagrangian coordinates are

given as
o'(¢ 1) =5({ 1);{ et e[0,0) (31)
00D g ¢ er2tefow) (32)
e
where &'(¢,t) and g(<,t) are the loading stress and prescribed value fluid flow on the

boundary, respectively. A uniform initial effective stress of the investigated domain is given

as

a'(¢,0)=64(S) (33)

Finite difference approach

Combining Egs (28)-(29) and (31)-(33), the consolidation analysis of sand-clay mixtures can
be performed using the finite difference method. The configuration of the finite difference

model is shown in Fig. 3. In Lagrangian coordinates, the domain is bounded by the lines £ =0
and ¢ =h (h is the thickness of soil layer) for 1D consolidation analysis. The domain is further
discretized into equal rectangles of size 8¢ along ¢ axis, with i and j referring to the ¢
(depth) and t (time) coordinate, respectively. For point (i, j) in the grid, the governing

equation (28) can be approximated by the following difference equation:

13
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(1+ 60)2 c, ‘%ﬂl &ﬁl — 28{6+1 + &i@rl + &fbl — 2(%
21+e)*-¢) ) (&)
&c=In(c'); ;W= exp(ﬂJK
yw ' V/C

Eq. (33) can be rearranged as

gij :—fij&i/é-’l_[(ﬂ;)ij —Zfij}c%_ fij&i@l"'[ O"c
O K

fISET =200+ (ug)) |87 + f

i=
i

(1+e,)’

( J ot
20 (o) (-4,) "

c

j
Wj ot

From Eq. (29), the overall strain at the current incremental step can be computed as

Eqg. (34a) can be written as the following form:

a,

f)

0
L
0
0

21

By

sl =l +[0-g)m,] (u;>ij(aij*l—aﬂ)+[(1—¢s)vﬂ] ot

— (1)}

f;
L
0

0

-2f

0
f)

— (1)}

L
0
0

0
0
f)
L

i
fn—l

0

0
0
0
L

- (ﬂg ) rj1—1
a,

olnN oo o

s,

d*@+l
d}?+l

c%f)u B

L
84
d%¢+l

V%'(&wl &®+[ o j (33a)
oK, )

(33b)

(34a)

(34b)

(34c)

(35)

(36)

The boundary conditions can be described by choosing suitable values of «;, B, ,, and

297 f3,. If the top (bottom) boundary is freely draining, «,=1; 5,=0,9,/=In(&) (,=0, B,=1

298 g)=In(G)). For impermeable top (bottom) boundary, «,=4,,9,/=0 (a,=8,,9=0). The

299 numerical procedures for the consolidation analysis of the sand-clay mixtures are presented in

300 Fig. 4.
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Model evaluation

Model parameters

The proposed elastic visco-plastic model has eight principal parameters: two of them are

related to the reference time line of the clay matrix, N, and A_; x, corresponds to the instant
time line of the clay matrix; A, and &, are intrinsic permeability parameters; Among the
creep parameters, t, is the indicator for the beginning of the creep time and t, (end of

primary consolidation), and . denotes the creep coefficient of the clay matrix. & is a
structure parameter incorporating the evolution of inter-granular structure of sand skeleton.

N., 4., ., t,, and yw, can be calibrated from an oedometer test of the pure clay. The

calibration procedure follows that described in Yin and Graham (1994).
The calibration of the permeability parameters (A and &) and the structure parameter 3 are
given as follows: The permeability k. is computed from the compressibility and consolidation

curves of the pure clay matrix based on the following equation (Shi and Yin, 2018b):

K, = 20T (37)
0,
where ¢,=0.212h%/ty is the coefficient of consolidation of the pure marine clay, h is the
height of the specimen, tg (S) is the time duration at 90% of consolidation. The permeability
parameters A; and ¢& can be calibrated from the permeability data points (k. and e in double
logarithmic plot) at different stress levels. As summarized by Shi and Yin (2018b), the
ranges of the permeability parameters are -35~-22 for A; and 3.5~6.7 for &. The structure
parameter $ can be calibrated based on two oedometer tests: one on the pure clay and the
other on the mixture with a predefined fraction of sand particles. It can be determined from

the relationship between the structure variable » and the sand volume fraction ¢s. The value

of the structure parameter 3 for different soils varies within a narrow range, from 0.7 (low

15
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plasticity clay) to 0.8 (high plasticity clay).

Benchmark analysis of the model

This section presents benchmark examples for the consolidation analysis of mixtures,
including both Eulerian and Lagrangian coordinates and their comparisons. The one in
Eulerian coordinate can be regarded as an extended from the model proposed by Yin and
Graham (1994), and the original model after Yin and Graham (1994) recovers if the sand
fraction is reduced to 0. Other EVP models based on Hypothesis A, e.g., the ones proposed by
Hinchberger et al. (2010) and Chang & Zoback (2010), may not be particularly suitable for
coupling hydro-mechanical analysis of saturated sand-clay mixtures.

Consider a thin soil layer with a thickness of h =2cm subjected to a uniform surcharge

loading on both the top surface (£ =0) and the bottom surface £ =h. Both surfaces are

assumed to be free drain. The minimum void ratio of the sand material is 0.54, and the clay
and sand particles are assumed to have the same density of 2650 kg/m®. The model
parameters are given in Table 1. The soil layer is discretized with 200 nodes, with a uniform
initial effective stress of 5 kPa. The initial states of the mixtures are assumed to be on the
reference time lines. Six steps of subsequent surcharge loading are applied: 5, 10, 25, 50, 100,
200 kPa. The state variables (excess pore water pressure, effective stress, and the stress ratio)
at the middle of the soil layer are recorded during the simulation.

Fig. 5(a) shows the compression curves of the sand clay mixtures in terms of overall
specific volume and overall effective stress in Eulerian coordinates. It is seen that the pattern
of compression curves is different from the reference time lines. The compression curves are
nonlinear due to the coupling of excess pore water dissipation and time dependent
deformation. The local deformation of the mixtures is depicted in Fig. 5(b). The compression
curves of the mixture gradually deviate from the corresponding ones of the pure clay with the

increase of both sand mass fraction and stress level. This can be explained by the evolution of
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the incremental stress ratio in Fig. 6: the volume fraction of sand increases with sand mass
fraction and stress level. Correspondingly, the incremental stress ratio decreases (refer to Eqs
(19) and (20)), and the clay matrix shows a smaller compressibility.

The excess pore water pressure dissipation of the mixtures (loading increment of 100 kPa)
is shown in Fig. 7 in a semi-logarithmic plot. For a low sand mass fraction (50%), the
consolidation curve of the mixture is relatively close to the one of pure clay. However, the
consolidation process is accelerated with further increase of the sand fraction. This is due to
the different evolution of local stress in the clay matrix. As shown in Fig. 6, at the same
surcharge loading the local stress in the clay matrix decreases with the sand fraction.
Consequently, a higher local void ratio and higher permeability of the clay matrix can be
expected for the mixture with a higher sand mass fraction, and this induces a more rapid pore
water pressure dissipation.

The consolidation data (including the compression curves, excess pore water pressure
dissipation, and stress ratio) of the mixtures in Lagrangian coordinates is presented in Figs 8-
10. The compression curves and the incremental stress ratio evolution are approximately the
same as the corresponding ones in Eulerian coordinates. Fig. 10 presents the excess pore
water pressure dissipation at all loading steps. The consolidation curves with different sand
fractions almost overlap at loading increments of 5 kPa, since the local stresses in the matrix
are close, and the incremental stress ratio is higher than 0.9. With increasing stress level, the
consolidation process is significantly affected by the sand fraction. The consolidation curves
of the pure clay and mixture (vs=70%) are plotted in the same figures (Fig. 11), highlighting
the difference caused by the use of the two coordinates. The soil skeleton of the mixtures and
the boundaries are fixed to the Lagrangian coordinates. Therefore, the time dependent
boundaries can be defined, and a more rapid dissipation of the excess pore water pressure can

be expected due to decreasing thickness of the consolidating soil layer. The settlement of the
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pure clay and mixture (vs=70%) within Eulerian and Lagrangian coordinates are shown in Fig.
12 (loading increment of 100kPa). The final settlements are almost the same in the two cases.
However, due to different rate of dissipation, the settlements are different during the primary

consolidation process.

Validation of the model

Section 5 indicates the consolidation model in Lagrangian coordinates is more reasonable. It
is adopted for comparison with the experimental data from literature. Two sand-clay mixtures
exhibiting significantly different creep behavior are presented for the validation: (1) the sand-
marine clay mixtures (data from Shi and Yin, 2018a) with small creep coefficient, and sand-
bentonite mixtures (data from Shi et al., 2018) showing a large creep deformation. The
oedometer tests on the two mixtures follow the same procedure: First, water was added to the
dry clay matrix to get slurries with desired initial water contents; The matrix slurry and sand
particles were then mixed homogeneously for a given sand fraction; Finally, the sample was
poured into a cutting ring, and the consolidation stress was increased stepwise. For more

details of the test procedure, one can refer to Shi et al. (2018) and Shi & Yin (2018a).

Sand-bentonite mixtures

The mixture consists of bentonite matrix and silicon sand inclusions. The particle size of
silicon sand ranges from 1.0 mm to 2.0 mm. The minimum void ratio of the sand material is
0.55. The particle densities of the constituents are 2690 and 2700 kg/m? for the sands and clay
particles, respectively. Due to the extremely high liquid limit of the bentonite matrix, the
initial water content of the clay matrix is as high as 885%. Mixtures with four different sand
fractions (0%, 50%, 65%, 75%) were tested. The time duration at a given stress level is more
than 5000 mins, the loading period is more than 10000 mins at the consolidation stress of 100

kPa. The creep coefficient of the bentonite matrix shows a significant variation within the test
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stress range. It can be approximated by a function of the effective stress (Fig. 13):

, -0.5
v, :0.92£$J (38)
O-I’

Note that the effective stress o, is the average stress of the initial and final values a given

consolidation stress.

Sand-marine clay mixtures

The data of the sand-marine clay matrix follow those presented by Shi and Yin (2018a).
The mixture is composed of Hong Kong Marine Deposits and a coarse sand material, with
four sand mass fractions (0%, 20%, 40%, 60%). The minimum void ratio of sands is 0.601.
The liquid limit of the marine clay is 62.4%, and the initial water content of the clay matrix is

86.9%. The particle densities of the sand and clay matrix are 2630 and 2680 kg/m?
respectively. The parameter t, related to the reference time line is 100 mins. The creep

coefficient of the marine clay matrix varies within a narrow range (0.005-0.009), thus an

average value of 0.007 has been adopted for the simulation.

Evaluation of the model

The data at small stress levels (blew 5 kPa) are excluded from analysis. Following the
laboratory testing in Shi and Yin (2018a), both the top and bottom surfaces are assumed to be
free draining. A uniform initial stress of 5 kPa is assumed. The model parameters for the

sand-marine clay matrix and sand bentonite matrix are listed in Table 1. The model parameter
t, =1440 min. The initial void ratios of the bentonite and marine clay matrix are 16.57 and

2.02, respectively. The overall void ratios of the sand-marine clay mixtures are 1.61, 1.20 and
0.80 for the sand fractions of 20%, 40% and 60%, respectively (The values for sand-bentonite

mixtures are 8.27, 5.79 and 4.13 for the sand fractions of 50%, 65% and 75%). The
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discretized domain contains 201 nodes, with a surcharge loading of 5.0 kPa applied on the top
surface, followed by the loading steps of 10, 25, 50, 100, 200, and 400 kPa.

Figs 14 and 16 present a comparison between the experimental data and the model
simulations in the semilogarithmic compression plane v:Inc’ (based on Lagrangian
coordinate). The compression data are associated with the reference time lines, and the
simulated curves corresponds to the equivalent time less than zero. The final simulated results
agree well with the experimental data. The simulated consolidation curves based on
Lagrangian coordinate at different stress levels are shown in Figs 15 and 17 in terms of the
consolidation time and overall strain in the current loading step. It is seen that the effect of
sand fraction on the consolidation behavior of the sand-clay mixtures can be well reproduced
by the proposed model. The simulation consolidation curves based on Eulerian coordinate are
also provided for comparison (see Fig. 18 for the simulated results and test data of the sand-
bentonite mixtures).

To assess the capability of the proposed models, the simulated curves are compared

against the measured strain to examine the relative errors. The relative error (RE) is defined as

(see Fig. 19):
N
Z|gmodel _gtest|
_ =1
RE=“—2—F— (38)
thest
i=1
where &4, IS the overall strain of the mixture computed from the models, &, is the overall
strain from interpolation of the test data, N is the number of equidistance points sampled from

the consolidation curves (14 points are used in this work for calculation of the relative error).
The relative errors of the proposed models are shown in Fig. 20. The relative error of the EVP
model based on Lagrangian coordinate is significantly lower than that based on Eulerian

coordinate, and the difference increases with the effective stress level. This is due to the
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decrease of the thickness of the samples, which cannot be incorporated into the model using
Eulerian coordinate.

Previous EVP models have been proposed for a soil with a predefined composition. For
sand-clay mixtures, the model parameters based on classical EVP models have to change with
the sand fraction. These models have several drawbacks: (1) To correlate the model
parameters with the sand mass fractions, one must perform many oedometer tests on sand-
clay mixtures with a wide range of sand fractions, which is time-consuming. (2) Empirical
equations used for the above correlations are based on mass fraction of sand. However, the
model parameters should depend on the volume fraction of sand, which changes during the
consolidation process; (3) The empirical correlation will introduce additional parameters
which do not always have concrete physical meanings. The proposed model in this study
overcomes the above shortcomings. Only two multi-stage oedometer tests (including
unloading stages) need to be performed for calibrating the model parameters, which makes

the model more suitable for the field analysis by engineers.

Conclusions

A new elastic visco-plastic (EVP) model considering both small and finite strains was
proposed for the time dependent stress-strain behavior of sand-clay mixtures. The EVP model
has been applied in a one-dimensional (1D) finite strain consolidation analysis of mixtures, is
further benchmarked and validated, using a finite difference method. The following
conclusions are drawn:

(1) Our new 1D EVP model simulation results reveal that the sand fraction significantly
affects the pore water dissipation in a sand-clay mixture. This is indeed consistent with the
fact that the rate of consolidation becomes faster with the increase of sand fraction which
causes higher local void ratio and higher permeability of the mixture.

(2) Benchmark analysis of the proposed model in a 1D consolidation analysis reveals that the
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dissipation of the excess pore water pressure using Lagrangian coordinate is more rapid than
the one based on Eulerian coordinate due to the decreasing thickness of the consolidating soil
layer.

(3) The proposed 1D EVP model has eight parameters. The structure parameter responsible
for the inter-granular structure can be calibrated based on the reference time line of the
mixture with a predefined sand fraction. The other parameters can be derived from the
compressibility and consolidation curves of the clay matrix.

(4) Experimental data of sand-bentonite mixtures and sand-marine clay mixtures have been
used for validation of the proposed model. The sand fraction effects can be well reproduced

by the proposed model in Lagrangian coordinates.
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518 Appendix-1: derivation of the governing equation (Eqg. (28))
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Combining Eqgs (13), (14), (26), and (27), one obtains:
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Table 1. Model parameters for benchmark analysis and validation of the proposed model

Parameters Benchmark analysis Sand-bentonite Sand-marine clay
N, 20 22 3.33
Ae 2.50 2.75 0.22
Ke 1.0 0.94 0.07
to (min) 1440 1440 100
We 0.10 Eq. (37) 0.007
Ac -30.0 -34.0 -22.7
& 4.00 4.18 4.15

9 0.80 0.80 0.75
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50-100 kPa, (d) 100-200 kPa, (e) 200-400 kPa

Figure 18. Comparison between the experimental data and the model simulation based on Eulerian
coordinate (sand-bentonite mixtures) (a) 5-10 kPa, (b) 10-25 kPa, (c) 25-50 kPa, (d) 50-100 kPa, (d)
100-200 kPa



Reference time line

3 5 : . ~ —|
Limit time line, (>0
fg:o(_w

Figure 1: Schemetric figure of equivalent time lines for clay matrix in sand-clay mixtures



Ve

Ve

Ma

__________ e Lo e

Pure clay

lower sand fraction
higher sand fraction

fo

|
|
|
|
|
|
|
|
|
|
| | ‘ , , =
ol O Ino

Figure 2: Illustration of nonuniform state variables in binary sand-clay mixtures



i-1

Top boundary
2 1 7 g+l

y

Bottom boundary

Figure 3: Configuration for finite difference analysis



Input model parameters |
| State variables initialization |

I Apply loading and update :
pore water pressure |

| Compute sand fraction |
| local/overall void ratios J'

Update intermediate |
parameters |
‘go;naaall--_l____q
conditions Matrix coefficients |

—_—— — 1_ —— — ]
|_ - T - 1
| Solver: update pore |
|  Wwater pressure I
I A
Overall strain

I
Overall stress |
Local stress I

Figure 4: Flow chart for the consolidation analysis of sand-clay mixtures using Finite Difference Method



17

Vg= 0% -
o \ V.=50% ——
,-—'- ’l)s=70°/o
L4 v3=80% ——
0}
5 1 T
o N
> \
O
S 8
lo) N
w
s . ™
a) ~N
> T
O T
p) \\\\\
5 10 25 50 100 200 400
Overall effective stress, o’ (kPa)
(a) Overall specific volume
¢ 17 V= 0% ——
- V=50% ——
0 v5=70%
§ 14 DS=80 /O _— ]
©
£ \
>
P \
(0]
£ \\
>
o 8
o \
!"g
»w 5 :
5 10 25 50 100 200 400

Overall effective stress, o’ (kPa)

(b) Local specific volume

Figure 5: Consolidation analysis of sand-clay mixtures within Eulerian coordinate



1.0

0.9

0.8 \
0.7 \

Stress ratio

0-6 1.=50% \
'l)s=70°/o
0e=80%

0.5 = .
5 10 25 50 100 200 400

Overall effective stress, 6" (kPa)

Figure 6: Evolution of stress ratio in oedometer compression (middle of the sample) within Eulerian coordinate



100

~
(6}

[\]
(&)

Excess pore water pressure, p (kPa)
(€]
o

o

10 100 1000
Time (min)

—h

Figure 7: Evolution of excess pore water pressure (middle of the sample) within Eulerian coordinate (100-200
kPa)



17 - v

14 \

11

_— —

Overall specific volume, v=1+e
w n n

5
I
\\x\ —
2 I
5 10 25 50 100 200 400
Overall effective stress, o’ (kPa)
(a) Overall specific volume
17 :

Vg= 0%

ve=50%

\ ve=70%
\ ve=80% ——

—
N

)

\

©

E—

10 25 50 100 200 400
Overall effective stress, o’ (kPa)

Specific volume of clay matrix, v,=1+e,

()]
o

(b) Local specific volume

Figure 8: Consolidation analysis of sand-clay mixtures within Lagrangian coordinate

10



1.0

0.9

0.8

0.7

Stress ratio

0-6 1.=50%

'l)s=70°/o

05=80%, N .

5 10 25 50 100 200 400
Overall effective stress, 6" (kPa)

0.5

Figure 9: Evolution of stress ratio in oedometer compression (middle of the sample) within Lagrangian coor-
dinate

11



N
(6]

Vo= 0% —=—
: 0e=50% -
® V=70% =+

0e=80% —=— ]

o S
]
o

g
o

()]
]

Excess pore water pressure, p (kPa)

o
—

—

o

N ;r_'_‘.”
Q
o

1000
Time (min)

(a) Pore water pressure increments of 5 kPa, 15 kPa and 25 kPa

200

Vo= 0% — =
0=50% -
0=70% =+
0=80% -

150

100

50

Excess pore water pressure, p (kPa)

1 10 100 1000
Time (min)

(b) Pore water pressure increments of 50 kPa, 100 kPa and 200 kPa

Figure 10: Evolution of excess pore water pressure at different stress levels (middle of the sample) within
Lagrangian coordinate

12



— 100 S—¢ &g T X T ; T
© Lagrangian coordinate —=—
&; MQ\ Eulerian coordinate — =
o ]
o 75
>
[2]
(%))
o
o
‘q—) 50 =
IS
2 \\\\
o
8 25 \
[2] S
(%))
(]
w 0 kST SO
1 10 100 1000
Time (min)
(@) v,=0%
100 S ~a T X T ; T
. Lagrangian coordinate —=—
Eulerian coordinate —<—
75 S

N

TN

25 *

Excess pore water pressure, p (kPa)

SN
S
oo

1 10 100 1000
Time (min)

(b) vs =70 %

Figure 11: Evolution of excess pore water pressure within Eulerian and Lagrangian coordinates (100-200 kPa)

13



0.0 - 7 i ate
W% Lagrangian coordinate —=—
\_iji? Eulerian coordinate —=—
0.5 ‘-"-,&

1.0 !
: AN
2.0

T,

Settlement (mm)

2.5
0.1 1 10 100 1000 10000
Time (min)
(@) v,=0%
[ Lagrangian coordinate —=—
%&K Eulerian coordinate —=—
£ \ :
£ 0.6 8
c
(O]
IS
Qo
g 1.2
1.8 :
0.1 1 10 100 1000 10000
Time (min)
(b) v; =70 %

Figure 12: Settlement of the sand-clay mixtures within Eulerian and Lagrangian coordinates (100-200 kPa)

14



Creep coefficient, y,

0.25 — S
| | Testdata =
| ‘  Eq. (37)

0.20 | ‘

0.15 |

0.10 |

0.05 — i

10.0 25 50 100 200

Effective stress, G’C(kPa)

Figure 13: Change of creep coefficient of bentonite matrix

15

400



18

o - Experiment:vg= 0% =
o | | Experiment: v;=50% O
=+ Experiment: v,=65%
I | Experiment: v,;=75% A
L TN ] Model: ve= 0% —
e | ‘ Model: -
>
°©
>
2
!"C:)
o
o
2
E
o
>
o ‘ | ‘ :
o L. ... N T S ;
5 10 25 50 100 200

Overall effective stress, 6’ (kPa)

Figure 14: Comparison between the experimental data and the model simulation in v-6’ compression plane
(sand-bentonite mixtures)

16



Overall strain (%)

Overall strain (%)

Overall strain (%)

10000

10000

5
10 Experiment: vg= 0% =
Experiment: v;=50% O
Experiment: v,=65% @ C%)
Experiment: v,=75% A N
151 Model: ve= 0% R2CN
Model: v=50%
Model: v =65%
Model: v=75%
20 ' ' :
0.1 1 10 100 1000
Time (min)
(a) 5-10 kPa
0
5
10
Experiment: vg= 0% =
15 Experiment: v;=50% O
Experiment: v;=65% @
Experiment: v,=75% A
o0 | Model: vg= 0%
Model: vg=50%
Model: v =65%
Model: vg=75%
25 1 1 1
0.1 1 10 100 1000
Time (min)
(b) 10-25 kPa
0
5
10 Experiment: vg= 0% = D
Experiment: v,=50% O
Experiment: v.=65%  ® %
Experiment: v,=75% A ~_
15 r Model: v.= 0% Sy
Model: v=50% %
Model: v =65%
Model: v=75%
20 oo Ul - S
0.1 1 10 100 1000 10000
Time (min)

(c) 25-50 kPa

17



Experiment: vg= 0%
15 |- Experiment: 1) =50%
Experiment: n =65%
Experiment: DS 75%
0 Model: vg= 0%

Model: DS 50%
Model: v=65%

Model D =75%
25

0.1 1 10 100 1000 10000
Time (min)

Overall strain (%)

(d) 50-100 kPa

15

Experiment: vg= 0% =
Experiment: 1) =50% O
o0 + Experiment: n =65% @
Experiment: 0=75% A

Model: vi= 0% M
25 Model: ns 50% .
Model: v,=65%

Model 1) 75%
30 '

0.1 1 10 100 1000 10000
Time (min)

Overall strain (%)

(e) 100-200 kPa

Figure 15: Comparison between the experimental data and the model simulation based on Lagrangian coordi-
nate (Sand-bentonite mixtures)

18



3.0

! - Experimeht: vg= 0% m'
o | Experiment: v;=20% O
=+ Experiment: v,=40%
1 Experiment: v.=60% A
)
S
>
°©
>
2
:"C:)
o
o
2
E
o
>
O : ‘ ‘ ]

5 10 25 50 100 200 400
Overall effective stress, o’ (kPa)

Figure 16: Comparison between the experimental data and the model simulation in v-6’ compression plane
(sand-marine clay mixtures)

19



Overall strain (%)

Overall strain (%)

Overall strain (%)

4.0

6.0 r

8.0

Experiment:
Experiment:
Experiment:
Experiment:
Model:
Model: v4=20%
Model: vg=40%
Model: v.=60%

'l)s= 0%
V5=20%
0.=40%
0.=60%

'l)s= 0%

0.1

1 10
Time (min)

(a) 5-10 kPa

4.0

6.0

8.0

Experiment:
Experiment:
Experiment:
| Experiment:
Model:
Model:
Model:
Model;

DS= 0%
DS=20°/0
0.=40%
0.=60%

aVAAVALN

DS= 0%
DS=20°/0
0.=40%
0,=60%

0.1

1 10
Time (min)

(b) 10-25 kPa

4.0

6.0

8.0

Experiment:
Experiment:
Experiment:
| Experiment:
Model:
Model:
Model:
Model;

Ds= 0%
0=20%
0e=40%
0=60%

Ds= 0%
DS=20°/0
0.=40%
0,=60%

0.1

1 10
Time (min)

(c) 25-50 kPa

20

100



4.0 -

Experiment: vg= 0% = ©3
Experiment: v;=20% O 9J010)
Experiment: v;=40% =

A

6.0 | Experiment: v;=60%

' Model: vg= 0% ——
Model: v;=20% ——
Model: v=40%
80 Model: v.=60%

0.1 1 10 100
Time (min)

Overall strain (%)

(d) 50-100 kPa

A\

A A AAANAN

Overall strain (%)

4. : (
0 Experiment: vg= 0% m
Experiment: v,=20% O 1
Experiment: v;=40% \
6.0 | Experiment: v,;=60% A 1ap)
' Model: vg= 0% —— L=
Vodel vi-e0% "
80 Model: v.=60%
0.1 1 10 100
Time (min)
(e) 100-200 kPa
0-0 \
_. 20
& A
c A D AAALN
o
s 4.0 Experiment: v,= 0% = o
o Experiment: v;=20% O
g Experiment: v=40% \QQ\%
O 50 [Experiment: v=60% A | Qo
' Model: ve= 0% =
Model: v=20%
Model: v;=40% ;
80 Model: v.=60% ;
0.1 1 10 100
Time (min)

() 200-400 kPa

Figure 17: Comparison between the experimental data and the model simulation based on Lagrangian coordi-
nate (Sand-marine clay mixtures)

21



Overall strain (%)

Overall strain (%)

Overall strain (%)

10000

10000

5
10 Experiment: vg= 0% =
Experiment: v;=50% O
Experiment: v,=65% @ C%)
Experiment: v,=75% A
151 Model: ve= 0% R2CN
Model: v=50%
Model: v =65%
Model: v=75%
20 ' ' :
0.1 1 10 100 1000
Time (min)
(a) 5-10 kPa
0 !
5
10 B
B
Experiment: vg= 0% = B
15 Experiment: v;=50% O
Experiment: v;=65% @ ®
Experiment: v,=75% A 1
00 | Model: ve= 0% % R
Model: vg=50% %
Model: v =65%
Model: vg=75%
25 1 1 1
0.1 1 10 100 1000
Time (min)
(b) 10-25 kPa
0
5
periment: vg= 0% = =)
Experiment: v,=50% O
Experiment: v.=65% @ ®
Experiment: v,=75% A @
15 r Model: v.= 0% -
Model: v=50% %
Model: v =65%
Model: v=75%
20 oo Ul - S

0.1

1 10

100

Time (min)

(c) 25-50 kPa

22

1000

10000



Experiment: vg= 0% =
15 | Experiment: v;=50% O
Experiment: v;=65% @
Experiment: v,=75% A
Model: vg= 0% ——

Overall strain (%)

20 Model: vo=50%
Model: v=65%
Model: v =75%
25 1 1 1
0.1 1 10 100 1000 10000

Time (min)

(d) 50-100 kPa

OW
5

A\
.u
)

10

15

Experiment: vg= 0%
Experiment: v,=50%
o0 |- Experiment: v4=65%

Experiment: v.=75% )
Model: vg= 0% —— SR
25 Model: v=50% s |

Model: v=65%
Model: v =75%
30 1 1

0.1 1 10 100 1000 10000
Time (min)

Overall strain (%)

P YON |
@
/
/

(e) 100-200 kPa

Figure 18: Comparison between the experimental data and the model simulation based on Eulerian coordinate
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