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11 
Abstract: The grain rotational field is significantly associated with the shear banding process 12 

and can be derived easily on the basis of individual grains, which could be an appropriate and 13 

convenient quantity in shear band analysis. In this paper, a novel method is proposed for 14 

directly analysing the shear banding process in the granular assembly based on its grain 15 

rotational field. Numerical plain strain tests on a dense (S1) and an intermediate dense 16 

specimen (S2) are performed using the coupled Discrete Element Method (DEM) and Finite 17 

Difference Method (FDM). The grain rotational field is statistically characterised by the 18 

rotational distribution 𝛽𝑣(𝜔), a new index defined as the volumetric percentage of grains 19 

rotating to a greater degree than the rotation 𝜔, in which the High Rotation (HR) section 20 

basically indicates the grains inside the shear band. A measurement of 𝛽𝑣(𝜔)’s uniformity 21 

quantifies the degree of strain localisation, and S2 is found to perform a more uniform 22 

rotational distribution than does S1. Taking the value of 𝜔 at which 𝛽𝑣(𝜔)’s curvature is 23 

higher than a threshold as the boundary of the HR section, HR grains are filtered out of the 24 

sample, based on which the inclination and thickness of the shear band, as well as two local 25 

quantities (average void ratio and coordination number) inside the shear band, are analysed. 26 
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Introduction 30 

The soil body subjected to shearing often deviates from homogeneity and develops 31 

patterns wherein strain appears to be localised into certain band-shaped areas known as shear 32 

bands. The soil inside the shear band is the place from which the non-elastic stress-strain 33 

behaviour primarily is derived and the zone of interest in terms of exploring the soil’s 34 

mechanical properties during and after the failure. To focus on the shear band material makes 35 

more mechanical sense than to deal with the soil body as a whole. The shear band 36 

morphology, such as the inclination and thickness, and how it is related to soil’s mechanical 37 

performance have been well studied in various experiments, such as those by Vardoulakis et 38 

al. (1978), Desrues et al. (1985), Vardoulakis and Graf (1985), Desrues et al. (1996) and 39 

Finno et al. (1997), as well as from theoretical viewpoints such as those of Vardoulakis et al. 40 

(1978), Petryk (1993), Tejchman and Wu (1996), Chambon and Caillerie (1999), Bigoni 41 

(2000), Sulem and Vardoulakis (2004), Tejchman and Górski (2008), Gao and Zhao (2013) 42 

and Lin et al. (2015). 43 

Indicating the shear band from a granular assembly full of kinematic fluctuation is 44 

often the first treatment before further mechanical analyses of cases exhibiting strain 45 

localization. Various local quantities, such as the displacement, the strain, the void ratio, the 46 

force-chains and so on, are associated with the shear banding process in several studies (Oda 47 

and Kazama 1998; Alshibli and Stein 1999; Oda and Iwashita 2000; Rechenmacher 2006; 48 

Réthoré et al. 2007; Alshibli and Hasan 2008; Yin and Chang 2010; Jiang et al. 2013; Yin et 49 

al. 2014; Jiang et al. 2016). Three main complications, however, stand on the way of a rapid 50 

shear band analysis: (1) patterns in the soil could vary significantly from one case to another, 51 

or even from one state to another during the loading path; (2) the granular system normally 52 

carries a high degree of local fluctuation; and (3) such quantities as the local void ratio and 53 

strain field, although largely representative of the strain localisation, require relatively heavy 54 
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pre-processing, since they are extracted from the local kinematics (or geometry) of a cluster 55 

of particles rather than a single particle. A well-designed measurement should employ proper 56 

indicator(s) to capture all possible relevant patterns, disregard the local noise and be as 57 

efficient as possible. A strong association between the grain rotation and the shear banding 58 

process has been reported by both numerical studies (Bardet 1994; Oda and Kazama 1998; 59 

Kuhn 1999; Oda and Iwashita 2000; Jiang and Yin 2012) and laboratory studies (Oda et al. 60 

1982; Mueth et al. 2000; Andò et al. 2012; Kruyt et al. 2014). Rotations probably occur when 61 

force-chains (particle clusters transmitting a larger-than-average normal force) in or around 62 

the shear band buckle under a transversal shearing (Iwashita and Oda 1998; Tordesillas 2007). 63 

On one hand, in simple terms, the rotational field localises significantly during the shear 64 

banding and coincides naturally with the localised strain; on the other, it exists at the single 65 

particle rather than at the inter-particle scale, meaning that it can be derived simply from 66 

single particles rather than from clusters (such as the strain and the void ratio). Both 67 

convenience and effectiveness can be gained when using the rotation field to analyse the 68 

shear band, making it worth a try. 69 

In this study, shear band analyses, based on the grain rotation field, are carried out for 70 

plain strain tests using coupling between the Discrete Element Method (DEM) and Finite 71 

Difference Method (FDM). The rotational distribution 𝛽𝑣(𝜔) is defined as the volumetric 72 

percentage of grains rotating to a greater degree than the indicated absolute rotation 𝜔, and 73 

through analysing 𝛽𝑣(𝜔) the shear band can be discriminated from the soil sample. The 74 

evolution of the degree of strain localisation, shear band inclination and width, as well as the 75 

void ratio inside the shear band, are then able to be measured accordingly. The effectiveness 76 

and efficiency of this shear band analysis will be qualified. 77 

Material parameters and test protocol 78 
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The soil sample, modelled by DEM with linear elasticity, friction and rolling 79 

resistance, has a dimension of 70 mm × 130 mm × 16.9 mm, while being wrapped by the 80 

membrane modelled by FDM with the elastic model, as shown in Figure 1a. In particular, the 81 

rolling resistance (with a rolling friction 𝜇𝑟 ) is assigned on each contact to mimic the 82 

interlocking effect among non-spherical soil grains (Iwashita and Oda 1998). The commercial 83 

FDM code FLAC3D 6.0 and DEM code PFC3D 5.0, developed by ITASCA Co., were 84 

employed where the coupling interface has already been provided. DEM and FDM parts 85 

interact at their interface. A set of DEM facets (3D triangle walls) are prescribed to cover 86 

surfaces of the FDM body, as vertices of these facets follow the coordinates of FDM’s 87 

surface grid points on time-step basis. Contact forces from FDM to DEM are detected on 88 

each facet at the beginning of each time-step, and the retro-forces that the DEM system reacts 89 

onto the FEM (Finite Element Method) system are meanwhile transmitted to corresponding 90 

surface grid points according to the translational and rotational balance of the facets, allowing 91 

both systems to update their internal quantities (please check Documentation, FLAC3D (Fast 92 

Lagrangian Analysis of Continua) Version 6.0 for more details). 93 

It could be highlighted that in this study the FDM only models the membrane which 94 

behaves in elastic and continuous fashion with its properties listed in Table 1. Then, four 95 

disadvantages of shaping the membrane by DEM particles could be avoided when using 96 

FDM to model membrane: (1) the modelling complexity involved in shaping the membrane 97 

by particles; (2) difficulties in applying normal stress to the membrane particles according to 98 

the surface geometry; (3) an associated but unnatural friction between the membrane and soil 99 

caused by the surface asperity of the particulate membrane; and (4) an unknown relationship 100 

between the bonding parameters among membrane particles (i.e. normal and shear stiffness) 101 

and the elastic parameters of the membrane (Young’s modulus E and Poisson ratio v), which 102 

always needs a calibration. 103 
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The grain size distribution is demonstrated in Figure 1b, and some mechanical 104 

parameters are listed in Table 1. To note, instead of directly assigning normal and shear 105 

stiffness 𝑘𝑛  and 𝑘𝑠  to contacts, this paper adopts a scheme to relate 𝑘𝑛  and 𝑘𝑠  to the 106 

prescribed effective modulus 𝐸∗ and stiffness ratio 𝑘𝑛/𝑘𝑠 and the geometry of two contacting 107 

objects. In this way, the uniform distribution of the elastic modulus is roughly ensured in the 108 

whole specimen (please see Documentation, FLAC3D Version 6.0 for more details about 109 

parameters). Otherwise, there is not any damping attached on particles or contacts in this 110 

study. Two samples of high (S1, initial void ratio 𝑒0 = 0.560, containing 67707 spherical 111 

particles) and intermediate density (S2, 𝑒0 = 0.627, containing 65428 particles) were prepared 112 

under confinement 𝑝0 = 100 kPa (the minimum and maximum void ratio 𝑒𝑚𝑖𝑛 and 𝑒𝑚𝑎𝑥 can 113 

be reached by the modelling scheme are 0.560 and 0.743 respectively) and later compressed 114 

along the z-direction of rate 𝜀𝑧̇𝑧 = 0.001 s-1 while maintaining pressure along the x-direction 115 

and fixing the membrane’s y-displacement at the front and back sides. 116 

Results and discussion 117 

Stress and volumetric evolutions  118 

The global deviatoric stress q (defined as √
1

2
√(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2 119 

where 𝜎1 , 𝜎2  and 𝜎3  are three principal stresses measured from the sample’s boundary), 120 

hydrostatic stress p (defined as 
𝜎1+𝜎2+𝜎3

3
) and global void ratio e are plotted in Figure 2 with 121 

respect to the vertical strain 𝑒𝑧𝑧. Two samples present stress hardening and softening with 122 

volumetric dilatancy and converge to similar final values of both p and q. The denser of the 123 

two reaches a higher peak stress and induces higher variation of e. 124 

Evolution of the rotational field 125 

At any strain state, let ∆𝜔 denote the incremental grain rotation field during a small 126 

deformation increment (∆𝜀𝑧𝑧  = 0.05%). We can summarise this field via the rotational 127 
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distribution 𝛽𝑣(𝜔), which is the volumetric (or, say, mass) percentage of grains rotating to a 128 

greater degree than indicated by 𝜔, so that 𝛽𝑣(0.0) ≡ 1.0 and 𝛽𝑣(∞) ≡ 0.0. Some critical 129 

strain states of S1 are considered in Figure 3 with their 𝛽𝑣(𝜔), compared with those of S2 in 130 

Figure 4. Each presented curve composes roughly three sections: the Low Rotational (LR) 131 

section, containing a sharply quasi-linear decrease of 𝛽𝑣 and a majority of grains performing 132 

a low degree of rotation; the High Rotational (HR) section, featuring a mildly quasi-linear 133 

decrease and a small portion of grains with high rotation; and the Transmission (TM) section, 134 

linking two former sections, where 𝛽𝑣 shows a highly non-linear reduction. The way to a 135 

persistent shear band corresponds to the rotation vanishing in the LR section and increasing 136 

in the HR section because the rotational movement gradually diminishes outside the shear 137 

band and concentrates into it. During the shear banding process, therefore, the LR, HR and 138 

TM sections become automatically associated with the outside and inside shear band areas 139 

and the transition area respectively, and 𝛽𝑣(𝜔) evolves towards an increasing non-uniformity. 140 

Basically, a lower uniformity of 𝛽𝑣(𝜔)  indicates a more thorough localisation of local 141 

kinematics, and therefore the degree of strain localisation can be evaluated via measuring 142 

𝛽𝑣(𝜔)’s uniformity.  143 

In light of the method of quantifying the uniformity of the Grain Size Distribution, i.e. 144 

the uniformity coefficient 𝑐𝑢 = 𝐷60/𝐷10  (𝐷𝑥  denotes the grain diameter of x% passing 145 

weight), we here introduce the uniformity coefficient as the ratio of a rotation in the high 146 

rotational group over one in the lower rotational group. Assuming that 𝜔𝑥 is the rotation of x% 147 

passing volume, evolutions of 𝜔10, 𝜔30 and 𝜔50 are plotted in Figure 5. Considering the fact 148 

that 𝜔𝑥≥50  normally vanishes after the formation of a steady shear band for most cases, 149 

𝜔30/𝜔10 could sensibly indicate the extent to which a rotation field has localised. The results 150 

shown in Figure 6 demonstrate that, in both samples, a consistently descending rotational 151 

uniformity (i.e. rising rotational localisation) was present before reaching steady states. S2 152 
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(the intermediate sample) always constitutes the rotational field in a more uniform manner 153 

than does S1 (the dense one). It is worthy of noting that 𝜔30/𝜔10  could become less 154 

indicative after the formation of shear band for cases in which the shear band holds a very 155 

small fraction of the specimen volume that 𝜔30 is inappreciable, such as what sometimes 156 

happen in the specimen containing a large number of particles. In these cases, alternatives, 157 

such as 𝜔20/𝜔10 or 𝜔10/𝜔5, could be considered. 158 

Shear band parameters 159 

After sufficient shear deformation, because the rotation magnitude diverges from the 160 

interior to the exterior shear band, it provides a chance for a direct method of filtering shear 161 

band grains for further shear band analyses. The basic idea is to separate from the entire 162 

rotational spectrum the HR section that is largely indicative of shear band grains. 163 

Shear band direction, width and void ratio 164 

After plotting the curvature k of 𝛽𝑣(𝜔), the first place where k passes 1.0, searched 165 

reversely along the 𝜔 axis, is considered here as the onset of the HR section (denoted as 𝜔HR), 166 

as shown in Figure 7 (for states 𝜀𝑧𝑧 = 15.0%). Grains of 𝜔 ≥ 𝜔HR, which are plotted in Figure 167 

8, are found to be crowded inside diagonal bands and infrequent outside them. To a 168 

remarkable extent, the chosen grains spatially follow the shear band areas and succeed in 169 

sketching the patterns. 170 

Considering that on x - z plane, the signed distance 𝑑𝑖 from a point i (x𝑖, 𝑧𝑖) to a line 171 

(taking the form ax − z + b = 0) is equal to (ax𝑖 − z𝑖 + b)/√𝑎2 + 1, the axis of the shear 172 

band should minimise ∑ 𝑑𝑖
2𝑁𝑔

𝑖
, where 𝑁𝑔 is the number of considered grains. After the axis of 173 

the shear band was determined, the distribution of d was plotted in Figure 9. The 10th and 90th 174 

percentiles of the distribution of d are regarded as lower and upper shear band bounds 175 

respectively (two bold vertical lines in Figure 9a and 9b), and the thickness (or width) of 176 

shear band is the distance from lower to upper bound. In other words, 20% grains that were 177 
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furthest from the axis (10% from the left and right respectively) were excluded from the 178 

defined shear band. The principal and thickness of the shear bands are demonstrated in Figure 179 

10. 180 

If we define all HR grains as shear band grains and the remainder as outside shear 181 

bands, shear band (implied by the mark sb) and outside shear band (implied by osb) 182 

quantities, plotted in Figure 11, are measured by setting measurement spheres, of radius 4𝐷50, 183 

centring at the centroids of sampled sb (or osb) grains: average void ratio e and average 184 

coordinate number Z, which is the average number of contacts per grain in the considered 185 

region. 186 

Average void ratios e in sb domains of two specimens diverge from their osb values 187 

from the early stages of the loading and converge at similar final values at large deformations. 188 

Sb domains undergo a significantly larger dilatancy than do osb domains. Similar patterns 189 

exist for evolutions of average coordinate number Z, where we see a convergence of sb Z in 190 

both specimens and a larger Z of sb than osb domains.  191 

Other possible criteria for 𝜔𝐻𝑅 192 

So far, we have regarded the value of 𝜔 where 𝑘 = 1 is the criterion for filtering the 193 

HR grains, i.e. 𝜔𝐻𝑅 = 𝜔|𝑘=1 . Other criteria are also discussable for 𝜔HR . A possible 194 

threshold for the HR section is the mean rotation 𝜔̅, i.e. 𝜔HR = 𝜔̅. Three criteria, 𝜔HR being 195 

equal to 𝜔|𝑘=1, 𝜔|𝑘=2 or 𝜔̅, are compared in Figure 12. At steady phases (around 𝜀𝑧𝑧 > 6% 196 

according to Figure 2), for both samples, three criteria (especially 𝜔|𝑘=1 and 𝜔̅) yield similar 197 

volumes of HR grains. In other words, 𝜔HR = 𝜔̅ could be another criterion fair enough to 198 

filter the HR grains, compared with 𝜔𝐻𝑅 = 𝜔|𝑘=1  and 𝜔𝐻𝑅 = 𝜔|𝑘=2 . It would be a great 199 

convenience to the shear band analysis that 𝜔̅ could be the bound of HR grains. However, 200 

further research should be incorporated to examine whether 𝜔HR = 𝜔̅ is as appropriate for 201 
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most of soil samples as the criteria referring to curvature, such as 𝜔𝐻𝑅 = 𝜔|𝑘=1, after the 202 

formation of the shear band. 203 

 204 

Conclusions 205 

After plain strain tests for a dense and an intermediate specimen using coupled FDM 206 

and DEM, shear band analyses were conducted based on the grain rotational field.  207 

The rotational distribution 𝛽𝑣(𝜔) , a novel quantity defined as the volumetric 208 

percentage of grains rotating beyond an indicated rotation 𝜔, was proposed to statistically 209 

characterise the grain rotational field. 𝛽𝑣(𝜔), which is naturally composed of LR, HR and 210 

TM sections, and the HR section basically indicated grains inside the shear band. The degree 211 

of strain localisation was indicated by measuring 𝛽𝑣(𝜔)’s uniformity, as S1 performed a 212 

lower uniformity of 𝛽𝑣(𝜔) than S2. 213 

Taking the value of 𝜔 at which 𝛽𝑣(𝜔)’s curvature was k = 1 as the boundary of the 214 

HR section, the HR grains were selected out of the sample. According to the positions of HR 215 

grains, we calculated the inclination and thickness of the shear band. Through setting 216 

measurement sphere centring at sampled grains, two local quantities (average void ratio and 217 

coordinate number) inside the shear band were measured and compared with those obtained 218 

outside it. Tested local quantities showed remarkable divergence between the inside and 219 

outside shear bands; however, convergent values were developed inside the shear bands of 220 

two specimens. The shear band area featured a higher void ratio and a lower coordinate 221 

number. 222 
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Tables 295 

Table 1. Material parameters 296 

DEM set  FDM set 

effective 

modulus 

𝐸∗ (MPa) 

Normal to 

shear stiffness 

ratio 𝑘𝑛 𝑘𝑠⁄  

Rolling 

friction 

𝜇𝑟 

Ball-ball 

friction  
𝜇𝑏−𝑏 

Ball-

membrane 

friction  
𝜇𝑏−𝑚 

Particle 

density 

(kg/m3) 

 

Membrane 

thickness  
𝑡𝑚 

Young’s 

modulus 

E (MPa) 

Poisson’

s ratio v  

500 2.5 0.1 0.4 `0.2 2650 0.2 3.0 0.5 

 297 

 298 

Figure captions 299 

Fig. 1. (a) Setup of the model and (b) grain size distribution. 300 

Fig. 2. (a) Deviatoric stress q and (b) void ratio e with respect to vertical strain 𝜀𝑧𝑧. 301 

Fig. 3. Volumetric percentage 𝛽𝑣 of grains rotating beyond 𝜔 at several strain states (∆𝜀𝑧𝑧 = 302 

2.0% occurs around the peak stress). 303 

Fig. 4. For samples S1 and S2, volumetric percentage 𝛽𝑣 of grains rotating beyond 𝜔 at 304 

several strain states (∆𝜀𝑧𝑧 = 2.0% occurs around the peak stress). 305 

Fig. 5. 𝜔10, 𝜔30 and 𝜔50 with respect to 𝜀𝑧𝑧 for sample S1 and S2. 306 

Fig. 6. 𝜔30/𝜔10 with respect to 𝜀𝑧𝑧 for sample S1 and S2. 307 

Fig. 7. Volumetric percentage 𝛽𝑣 (black line) of grains rotating beyond 𝜔 and curvature k 308 

(red line) at 𝜀𝑧𝑧 = 15.0%  for (a) S1 and (b) S2.  309 

Fig. 8. Grains rotating more than 𝜔HR at 𝜀𝑧𝑧 = 15.0%  in (a) S1 and (b) S2. 310 

Fig. 9. For (a) S1 and (b) S2 at 𝜀𝑧𝑧 = 15.0%, probability density of d and the percentile box, 311 

on which five vertical lines denote 10th (black), 25th (grey), 50th (grey), 75th (grey) and 312 

90th (black) percentile respectively. 313 

Fig. 10. Centroids of grains rotating more than 𝜔HR (grey points) and measured axis and 314 

width of shear band at 𝜀𝑧𝑧 = 15.0%  for (a) S1 and (b) S2. 315 

Fig. 11. In terms of 𝜀𝑧𝑧 for S1 and S2, average void ratio e and average coordinate number 𝑍 316 

inside (sb) and outside shear band (osb). 317 

Fig. 12. With respect to 𝜀𝑧𝑧, evolutions of 𝛽𝑣|𝜔 = 𝜔HR at 𝜔HR determined by several criteria 318 

for (a) S1 and (b) S2. 319 
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