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;? Abstract: In order to study the impact of internal erosion at the scale of an engineering
;g structure, a hydro-mechanical continuous modeling approach considering suffusion is needed.
3(1) It requires a relevant mechanical model for granular soils considering the f,-dependency ( f,:
22 fines content) and a hydraulic model for suffusion to control the changes in the fines content.
gi To this purpose, the mechanical models for granular soil, the unified modelling approaches for
22 f.-dependency of granular soils and the hydraulic modeling of suffusion are first reviewed.
;73 Then, a hydro-mechanical model considering both suffusion and mechanical loading is
2 g developed by combining the three components. For each component of the model, alternative
41 choices are provided. Simulations of laboratory tests as well as an example of a dike-on-
fé foundation problem demonstrated the reliability and applicability of this coupled numerical
jg approach for internal erosion problems.

j? Keywords: granular soil, internal erosion, critical state, hydromechanical coupling, fines
jg content
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gi Internal erosion occurs when fine particles are plucked off by hydraulic forces and transported
55 through a coarse porous matrix. The known causes are either a concentration of leak erosion,
?? backward erosion, soil contact erosion, or suffusion (Bonelli and Marot 2008; Fell et al. 2003;
gg Wan and Fell 2004). This paper focuses on suffusion, which corresponds to the detachment
60
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and migration of fine particles within the voids between the coarse particles due to seepage

flow.

From an engineering point of view (Kenney and Lau 1985), the granular material is composed
of a primary particle fabric and loose particles. The primary particle fabric supports the loading
forces. Within the pores of the primary fabric, there are loose and erodible fine particles which
can be displaced by water flow. Any change of the soil microstructure induced by the loss of
fine particles may also modify the soil behavior and induce deformations at the macroscopic
scale. Internal erosion can be the cause of many damages, failures or collapses of embankment
dams (Fell et al. 2003; Ronnqvist et al. 2014; Xu and Zhang 2009; Zhang and Chen 2006;
Zhang et al. 2009). Besides, internal erosion can also trigger sinkholes and cavities, as it has
frequently been observed within dams and dikes (Muir Wood 2007; Sterpi 2003), as well as
slope failure or instability and significant landslides (Crosta and Prisco 1999; Hu et al. 2018).

Different numerical approaches have been developed to describe the erosion process, either
within the framework of continuum mechanics using the finite element or finite difference
methods (Cividini and Gioda 2004; Papamichos et al. 2001; Stavropoulou et al. 1998;
Vardoulakis et al. 1996; Yang et al. 2019a; Yang et al. 2019¢, 2019d, 2019¢; Zhang et al. 2013)
or within a discrete framework by coupling the discrete element method to describe the
dynamics of the granular solid phase to the fluid dynamics to solve the interstitial fluid flow
(Lominé et al. 2013; Mansouri et al. 2017; Reboul et al. 2008; Sari et al. 2011; Sibille et al.
2015; Zhang et al. 2018; Zhao and Shan 2013). These studies focused mainly on the hydraulic
process, i.e. the evolution of the eroded mass and permeability. The mechanical part was
simplified through an elastic model with damage parameters. Some attempts have been made
to model the mechanical response to internal erosion by removing particles in granular
materials (Hicher 2013; Hosn et al. 2018; Muir Wood et al. 2010; Scholtes et al. 2010).
However, the removal was based on the size of the particles or the level of interlocking, and

the real process of erosion was not considered.

Even though the discrete element method has proved its efficiency in explaining the mechanical
properties of granular materials, its prohibitive computational cost becomes an obstacle
whenever real soil structures such as embankment dams are analyzed. Hence, it is necessary to
develop an approach more suitable for engineering boundary value problems at a real space

scale to provide the hydro-mechanical response of soils subjected to internal erosion.
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Vardoulakis et al. (1996) developed a mathematical model for sand production in boreholes.
Piping and surface erosion effects were studied based on the mass balance and particle transport
equations, as well as on the fluid flow in a porous continuous medium described by Darcy's
law. The derived governing equations were solved numerically using the finite difference
method in 1D condition. This model was then enhanced by Stavropoulou et al. (1998) by taking
into account the mechanical damage induced by sand erosion. The mathematical model was
solved numerically by using the finite element method. Similar mathematical models have been
developed by Papamichos et al. (2001), Cividini and Gioda (2004), Steeb et al. (2007), Uzuoka
et al. (2012), Zhang et al. (2013). However, none of these models could accurately take into
account the modification in the soil shear strength during and after internal erosion. The

mechanical part consisting of an elastic model with damage remained too simple for this
purpose.

To solve the engineering problem, a coupled hydro-mechanical continuous modeling approach

considering suffusion is needed. It requires (a) an advanced but relatively simple mechanical

model for granular soils, (b) a mechanical modeling considering the f, -dependency of granular

soils due to fines eroded or infiltrated, (c) a hydraulic modeling of suffusion to describe how
the fines content changes. The paper presents a review on these three key components. A hydro-
mechanical model considering both suffusion and mechanical loading could be developed by
combining the three components. For each component of the model (mechanical model, f;-

dependency and erosion law), alternative choices can be made.
2. A suitable mechanical constitutive model for granular soils

Numerous constitutive models have been developed in order to describe the complex behaviors
of granular soils. These models can be classified as (1) nonlinear hypoelastic models (Duncan
and Chang 1970), (2) incrementally nonlinear model (Darve 1990; Darve and Labanieh 1982),
(3) hypoplastic models (Masin and Khalili 2012; Niemunis and Herle 1997; Wu et al. 1996),
(4) elastoplastic models (Gajo and Wood 1999; Jefferies 1993; Jin et al. 2016; Taiebat and
Dafalias 2008; Vermeer 1978; Yao et al. 2004; Yao et al. 2008; Yu 1998), and (5)
micromechanics-based models (Chang and Hicher 2005; Chang and Yin 2009; Nicot and
Darve 2011; Wan and Pouragha 2015; Yin et al. 2010; Yin et al. 2014). In general, the first
four categories are phenomenological models, which are commonly adopted in engineering

practice due to their efficiency in finite element analyses.
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According to the mechanical behaviors of granular materials, a phenomenological model
should be able to describe the frictional behaviors (asymptotic relationship between the stress
ratio and the shear strain), the contractive or dilative behaviors (shear-induced volume change),
the critical state behaviors (the unique ultimate state of a given material attainable in the p-q
and e-p planes for any initial state). The critical state based models are good choices (Table 1),
since they can successfully capture all these mechanical features with more or less complicated
formulations. Among the critical state based models, the SIMSAND model is a representative
one (summarized in Table 2). It was chosen to be the basic model of the mechanical part in the

following hydromechanical modelling of internal erosion.

Table 1 Summary of critical-state based models for granular soils

Model name References
Nor-Sand model (Jefferies 1993)
CSAM model (Yu 1998)

Severn—Trent sand model

(Gajo and Wood 1999)

(Yao et al. 2014; Yao et al. 2004; Yao et al. 2008; Yao et

UH models al. 2009)
SANISAND model (Taiebat and Dafalias 2008)
(Jin et al. 2016; Jin et al. 2017; Jin et al. 2018; Wu et al.
SIMSAND model 2017)
Hypoplasticity models (Kolymbas 1991; Masin 2005; Wu and Kolymbas 2000;

Wau et al. 1996)

Exponential function based endochronic model

(Yin et al. 2018)

Modified stress-dilatancy model

(Wan and Guo 1998)

Table 2 Basic constitutive equations of SIMSAND

Components Constitutive equations

Og; = ﬁ — 7050—"”‘ %

. 726G, 2G(1+v)

Elasticity (2.97 e)z o (297 e)z oY
G:Gopnl— ’K:K(Jpali
(1+e) pa (1+e) (p,
Yield surface in shear fi=q/p'-H
. . og, . g,
Potential surface in shear > =4, (Mp, -q/p ) P L ft. 1111 1

s

Hardening rule for shear

H =Mpgd”/(kp =

e =

Critical state line and inter-locking effect ‘

e,o=AP'/p.) s tang, = (e fe)" tang,, tang, =(c/e.)" tang,
M, = 6sin¢p/(3 —sin¢p), M, =6sing, [3-sing,

* pa 1s the atmospheric pressure (p,, = 101.325 kPa); p"is the mean effective stress; g is the deviatoric stress; ¢, is peak fiction
angle; ¢, is phase transformation friction angle; M, and M, is the stress ratio corresponding to peak strength and phase
transformation strength respectively; e, is the critical void ratio;

* Parameters: G, and K the dimensionless referential shear and bulk modulus; v the Poisson’s ratio; n the elastic constant
controlling nonlinear stiffness; k, the plastic shear modulus; 4, the stress-dilatancy parameter; ¢, is critical fiction angle; n,
and nq4 the constants controlling the nonlinearity of inter-locking effect; 4 and ¢ the constants controlling the slope and
nonlinearity of CSL in the e-log p' plane; e, is the reference critical void ratio corresponding to p,or= pas;

The drained and undrained triaxial tests performed by Miura et al. (1984) on Toyoura sand

with different initial void ratios were selected to examine the performances of the SIMSAND

URL: http://mc.manuscriptcentral.com/tece TECE-peerreview@journals.tandf.co.uk

Page 4 of 51



Page 5 of 51

oNOYTULT D WN =

European Journal of Environmental and Civil Engineering

model. One isotropic compression test and three drained triaxial tests were used to calibrated
the model parameters (see (Wu et al. 2019)). The determined parameters (summarized in Table
3) are used to simulate another three drained and three undrained triaxial tests as presented in
Figure 1. All the simulations generally in agreement with the experimental data, demonstrating
that the SIMSAND model gives reasonable and reliable results to describe the mechanical
behaviors of granular materials. Note that other models as summarized in Table 1 can also give

good predictive performances on the mechanical response of sand.

Table 3 Parameters of SIMSAND

Elastic parameters Plastic parameters CSL-related parameters
Go v n kp Aqg ¢u €cro A § np nq
78 0.25 0.52 0.0038 0.78 31.8 0.937 0.039 0.365 3.49 2.65
1500 T P 1
Oyoura sand, draine Toyoura sand, drained
EO =0.810 o eo =0.960
Q o)
1000 - B 0.9 p'y =500 kPa |
< ;
) o o ray
N ¢, =0.886 e S
0 - ] W
001£° o ~0.960 Py =300 kPa 0.8
O  Experiments €, =0.810 O Experiments
Simulations Simulations
: - - 0.7 : . -
0 5 10 15 20 0 5 10 15 20
D al e /% D bl . /%
400 400
Toyoura sand, Toyoura sand,
undrained undrained
300 p,' =100 kPa, ¢, =0.735 300
& &
~ 200t /> p,'=100 kPa, ¢, = 0.833 22 200
Ny R o O ) e, = 0.907 € = 0.735
100 oo ° 100 ¢ =0.833 0 Experiments]
p,' =100 kPa, ¢, =0.907 Simulations
L L L 0 e " L
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0 cl e,/ % 0 dl p'/ kPa

Figure 1 Comparison between experiments and simulations for drained (a-b) and undrained triaxial tests
(c-d) on Toyoura sand: (a,c) deviatoric stress versus axial strain, (b) void ratio versus axial strain, (d)
deviatoric stress versus mean effective stress

3. A unified modelling approach for f.-dependency
3.1. Unified formulations for index void ratios of gap-graded granular soils

Natural soils or man-made fills are often mixtures of multi-size grains. The void ratio of a
granular soil varies with the grain packing arrangement. Numerous analytical models have been

developed to describe the density of grain packing. These models can be mainly classified as
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(1) polynomial model (e.g., (Chang and Deng 2018; Yin et al. 2016; Yu and Standish 1987,
1988)): the specific volume of a packing mixture is a polynomial function of the volume
fraction of each size class of particles. The filling mechanism (small particles are filled into the
large-particle skeleton), the embedment mechanism (large particles are embedded into the
small-particle matrix), the loosening effect (small particles filled into the large-particle skeleton
push apart the surrounding large particles) and the wall effect (large particles embedded into
the small-particle matrix create void spaces at the interface between the large particle and the
surrounding small particles) can be reasonably represented. (2) Fractal model (e.g., (Liu et al.
2019; Liu et al. 2018; Minh and Cheng 2013)): the particle-size distribution of granular soils
is considered fragmentally fractal and, accordingly, fractal dimensioning techniques have been

used to quantify the size distribution of relatively well-graded granular soils.

Regarding the index void ratios of gap-graded granular soils (binary materials), the expression
of the inter-grain contact index and its extension proposed by Yin et al. (2016) was clear and
easy to be applied in practice. The void ratio of the soil mixture e introduced by Chang and
Yin (2011) and Thevanayagam et al. (2002) can be unified by the fines content, as follows, by

taking into account the transition zone from a coarse-grain to a fine-grain skeleton:

I—tanh[ (£~ £,)]
2

e=[e,(1-f)+af ] 1/, J“tanh[f(fc—ﬂh)]

( Rd )Iﬂ 2

where f, is the mass fraction of fine grains in the soil mixture; a is a material constant

+ehf[fc+

depending on the fabric structure of the soil mixture (e.g. grading, particle shape); R, is the
ratio of the mean size of coarse grains Dy, to the mean size of fine grains d; m is a coefficient
depending on grain characteristics and fine grain packing; e, and e, are the void ratios of
coarse grains and fine grains; where & (=20, can be fixed) is a material constant controlling
the evolution rate of the transition zone; f,, is the threshold fines content from a coarse grain
to a fine grain skeleton; the hyperbolic tangent function is expressed as

tanh x = (ez" —1) / (ez" + 1) for ensuring a smooth transition zone. The validation of Eq.(1) was

obtained by comparing e

min

and e_, of soil mixtures for various sand-silt mixtures (Yin et al.

2016).

The overall void ratio index can also be obtained by other approaches mentioned above, such

as the approach based on the hypothesis of a dominant size of packing mixtures by Chang and

URL: http://mc.manuscriptcentral.com/tece TECE-peerreview@journals.tandf.co.uk

Page 6 of 51



Page 7 of 51

oNOYTULT D WN =

European Journal of Environmental and Civil Engineering

Deng (2018), fractal analysis by Liu et al. (2019; 2018), a void space based theoretical model
by Shen et al. (2019). Note that Eq.(1), even if its mathematical expression appears
complicated, is easy to use in practice since its parameters can be easily obtained from standard

tests.

3.2. Application to the location of the critical state line

According to the critical state theory, the void ratio, as well as its relationship with the mean
effective stress, has a governing influence on the deformation and strength characteristics of

granular soils. Similar to e, and e

n max

the fines content was shown to influence significantly

the location of the critical state line of granular mixtures in the e-p’ plane. (Papadopoulou and
Tika 2008; Thevanayagam et al. 2002; Yang et al. 2006; Zlatovi¢ and Ishihara 1995).

According to Li and Wang (1998), the critical state line can be expressed as:

' \¢
e =e - z(pij ................................................................................................................. )

where e, is the reference critical void which determines the position of the CSL in the €= p'
plane. p, = 101.325 kPa is the atmospheric pressure. A and ¢ are material constants

controlling the non-linearity of the critical state line.

Adopting the form of Eq.(1), the evolution of e, with fines content can be determined as

follows:

l—tanh[f(fc —fm)]
2

-1 1+tanh[§(ﬁ—ﬁh)]
(R,)" 2

where ¢, ., and ¢, ., are the reference critical void ratios for coarse and fine grains,

ecrO = I:ehc,cro (1 - fc ) + af;:l + ehf,cro f; + (3)

respectively. a, m, & and f,, are fines content related parameters: a controls the slope of the
curve e, — f. for the silty sand varying from -1.0 to 1.0; m controls the slope of the curve
e., — f. for the sandy silt varying from 0.0 to 1.0; & controls the evolution rate of the transition

zone (& =20, can be fixed), f,, is the threshold fines content from a coarse grain skeleton to

a fine grain skeleton, varying usually from 0.2 to 0.35 on the basis of existing experimental

data.

The location of the critical state line can, therefore, be obtained by combining Eqgs.(2) and (3)

for sand-silt mixtures with different fines contents. This expression can then be implemented
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within a critical-state based constitutive model (e.g., the SIMSAND model shown in Table 2)

with 5 additional parameters (e, o> €, .0> @, M and f,)

3.3. Performance of the unified model

Undrained triaxial compression tests on isotropically consolidated samples of sand-silt

mixtures by Thevanayagam et al. (2002) were selected and simulated by the f -dependent

sand-silt mixture model (see Table 2 and Eqgs.(2) and (3)). Soil mixtures (R4=25) were prepared
using Foundry sand as the host sand mixed with various amounts of non-plastic crushed silica
fines (No0.40) at 0,7,15,25,40,60 and 100% fines by dry weight. The initial void ratios and initial
critical void ratios of selected tests were plotted in Figure 2. The elastic parameters (G, v, n)
and plastic parameters were calibrated using three undrained triaxial tests with £,=0% (see (Yin
et al. 2016)), the CSL-related parameters (ep.cro, €rcr0» 4, ) and fines content related
parameters were calibrated by the CSL in e-logp’ plan for various fines content with

n,=n, =1. The determined model parameters (summarized in Table 4) are used to simulate

the undrained triaxial tests with different fines content.

Table 4 Values of model parameters for Foundry sand—silt mixtures

Elastic parameters Plastic parameters CSL-related parameters Fines parameters
GO 14 n kp Ad ¢u €he,cr €fe.cr0 A C a m fth
150 0.2 0.5 0.0033 1 30 0.795 0.86 0.03 0.68 -0.4 0.55 0.25

Figure 3 shows the comparison between the measured and the predicted results for the samples
subjected to undrained triaxial tests. Under undrained condition, the decrease of fines content
may lead to a static liquefaction. In the case of suffusion, the loss of fine particles affects the
interlocking, i.e., the density state (ey/e.), by changing simultaneously the void ratio e and the
critical void ratio e.. The specimen could reach static liquefaction when ey/e.>1. The unified
fe-dependent model is capable of describing the mechanical characteristics of soils under
suffusion by linking the soil’s density state (ey/e.) with the change of fines content (f.). More
discussions could be found in Yang et al. (2019b) and Yang et al. (2019a). The results
demonstrate that the model can reproduce, with relative success, both the effect of the fines on
the silty sand behavior and the effect of the coarse grains on the sandy silt behavior. However,
discrepancies were observed for samples subjected to static liquefaction. In that case, the model
was able to obtain correctly the maximum deviatoric strength, but the stress- strain behavior
after the peak was not well reproduced due to a more rapid decrease of the deviatoric stress in
the simulation compared to the experimental data. In fact, it is very hard to prepare identical

samples for sand with fines. Thus, in this case, comparing the trend of mechanical response
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2
z makes more sense than comparing absolute values. Besides, note that the fines and coarse
5 grains were from the same origin, with similar morphological characteristics for fine and coarse
6
7 grains. As a consequence, the critical friction angle was assumed to be independent of the fines
8 . . . . .
9 content. Otherwise, a more complicated bi-material composite approach, such as a
10 homogenization method using parallel modelling (or Voigt hypothesis) or series modelling (or
1
12 Reuss hypothesis), would have had to be applied.
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55 4. Hydraulic modelling of suffusion
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57 . . .
58 A numerical modelling approach has been formulated to describe the detachment, the transport,
Z g and the clogging of fine particles during suffusion. This approach treats the material as a
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continuous medium. According to Schaufler et al. (2013), it is possible to consider the saturated
porous medium as a material system composed of 4 constituents: the stable fabric of the solid
skeleton (ss), the erodible fines (se), the fluidized particles (fp) and the pure fluid phase (ff), as
shown in Figure 4. The fines can behave either as a fluid-like (described as fluidized particles)
or as a solid-like (described as erodible fines) material. The detachment of the fine particles,
i.e. the transformation of fine particles from solid-like fines to fluidized fines was described by
the mass exchange between the solid and the fluid phases. Filtration could be incorporated into
the mass exchange term to simulate the clogging. The transport of the fines particles was

described by the mass balance of the 4-constituents system.

nSS

ntf

(a) Micro-scale (b) 4 constituents
Figure 4 REV of a fully-saturated soil mixture and the four-constituent continuum model

4.1. Mass balances and transported particles

The balance equations were derived based on the porous medium theory (de Boer 2000; Steeb
and Diebels 2003; Uzuoka and Borja 2012). In a given Representative Elementary Volume
(REV), the volume balance of a constituent is deduced from the partial balance of mass
(Vardoulakis et al. 1996), given as:

G(ni ) o
o VY e (4)

ex __ _ ex A ex __ ex __
—ny, =ng =n,ng=0,n,; =0

with i ={ss,se, ff, fp} denoting the 4 constituents, n,,v, and »* denoting, respectively, the
volume fraction, the velocity and the volumetric mass exchange of the corresponding

constituent. 71 is the volumetric mass exchange for transformation of fine particles from solid-

like fines (se) to fluidized fines (fp).

A system of non-linear partial differential equations could be deduced from the mass balance

of the mixture system:

—%+div(vs)—div(¢vs)=ﬁ ............................................................................................... (5)
a(af’)—a(§;¢)+div(fcvs)—div(ﬁ,¢vs):fz ....................................................................... ©6)
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+div(cqw)+%=—ﬁ ......................................................................................... @)

AIV(Q,, ) FAIV(V, ) S0 s )

()
ot

where ¢(x,), f.(x,¢) and c(x,t) are the porosity, the fraction of erodible fines and the
concentration of the fluidized particles, respectively; v, is the velocity of the soil skeleton with
d(¢,)/or=—div(v,), &, is the volumetric strain; q, (x,¢) is the total discharge of the pore
fluid. For the sake of legibility, the time ¢ and the space x variables have been omitted in the

equations.

Eq.(5) describes the evolution of the solid phase (solid skeleton and erodible fines). Eq.(6)
represents the balance of volume of the erodible fines, whereas Eq.(7) is the balance of volume
of the fluidized particles describing the production and transport of fluidized fine particles. The
balance of the mass of the mixture, i.e., the continuity equation, is given by Eq.(8). Note that

the fraction of fines content f, can be obtained explicitly from the current porosity ¢ and the

volumetric strain ¢,, which indicates that Eq.(6) can be replaced by:

f=1- (”‘gv)(ll__‘ﬁ;)(l_ﬁ‘)) ............................................................................................... )

where ¢,(x) and f,(x) denote the initial value of ¢(x,7) and f, (x,), respectively.

4.2. Porous fluid flow

In this study, the flow in the porous medium was assumed to be governed by Darcy’s law:

k(..6)
=———8FAA( D, ) oo 10
o enad(p.) 10

w

where p, (x,t) is the pore fluid pressure; & ( f,,¢) is the intrinsic permeability of the medium;

1, is the kinematic viscosity of the fluid; p(c)is the density of the mixture defined as:

P =CP A (1) P oo (11)

with p, and p, denoting the density of the solid and the fluid. For a mixture, the intrinsic

permeability k& (x,7) of the porous medium depends on the current porosity ¢(x,7) and on the

fines content as (Revil and Cathles 1999):

I A (B S (12)
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where m, 1s the so-called “cementation exponent” and varies with the pore geometry. A high

value of the cementation exponent indicates a strong decoupling between the total

interconnected porosity and the effective porosity that controls the flow.

4.3. Erosion law: coupling of erosion and filtration

Egs.(5)-(12) could describe the evolution of ¢, f., ¢ and g, , however, for a boundary value

problem, the volumetric mass exchange term 7 needs to be defined. 7 corresponds to the rate

of the eroded mass volume ( 7, ) and the filtrated mass volume (7, ) at any time and any point:

U T0, 71, ootttk a et s ettt ettt b ettt et enens (13)

Different expressions for the erosion law proposed in the literature are summarized in Table 5.

Alternative choices for the erosion law can be made according to the analysis conditions.

Table 5 Summary of erosion laws for internal erosion problem

Erosion law Parameters References
P 1—¢)(f iy )q 4, » A, : material parameters
f; _ :0%(1 e )l»exp (ci‘qu)( 10% ) n alJ a,, a, : material parameters controlling the (U_zgokg etal. 2012)
® A o6 ultimate fines content (Cividini et al. 2009)
ny=4 & cla,| f : material parameters related to the (Yang et al. 2019¢)
heterogeneity of the soil mixture
n=-A 7(1 _¢)c‘q ‘ 4, » A, : material parameters
¢ ¢ v Vardoulakis et al.
©) - (1- ¢) 2 c,, : critical value of ¢ for which the erosion ( 111996)
=t kK ¢ v and deposition balance each other
k, , . : material parameters
©) A =k, ((Ah/L)«/ka/w/ ¢- r) Ak : hydraulic head dygp (Reddi et al. 2000)
L : seepage length
77 : dynamic viscosity of the fluid
@ i, ==2,(1-¢)cq, -q, A, : material parameter (Steeb et al. 2007)
® i, = /lfc‘qw‘ A : material parameter (Schazlz)f}e;r) et al.
® A, ==2f.]a,| A, : material parameter (Khalil et al. 2013)

4.4. Performance of the hydraulic model

The governing equations (5)-(8), coupled with the erosion-filtration law (Table 5), make up an
unsteady, coupled non-linear system of partial differential equations. This system of partial

differential equations could be solved through the classic difference procedure.

The erosion tests performed by Rochim et al. (2017) on gap-graded sand and gravel mixtures
were selected to examine the model performance. Three gap-graded sand-gravel mixtures with
different initial fines contents (20% for soil A, 25% for soil B and 29% for soil C) under two

different hydraulic loadings were simulated (named ‘a’ and ‘b’). The first multistage hydraulic
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gradient condition (named ‘a’) consisted of increasing the hydraulic gradient by steps of 0.1,
0.15, 0.2 and 0.25 up to 0.5, 0.8, 1 and 2, respectively, then by steps of 0.5 between 2 and 4
and by steps of 1 beyond 4. For the second kind of hydraulic loading (named ‘b’), the hydraulic
gradient increment was directly imposed equal to 1. For both hydraulic loadings, each stage of
the hydraulic gradient was kept constant for 10 min. Erosion law (1) (in Table 5) was adopted
where 5 model parameters are needed (4., A a1, o, f). 1 parameter (my) is needed for
permeability. The initial dry density for soil mixture A, B and C are 17.39, 18.74 and 18.74
kN/m3 respectively. C97-a and C97-b were used to calibrate the model parameters. The

determined parameters (summarized in Table 6) a used to simulate the other four tests.

Table 6 Model parameters for tested soil mixture

Erosion parameters Filtration parameters Permeability parameter
A, a a, A B m,
151.6 0.89 3.42 170.6 1.0 16

Figure 5 presents the comparison between experimental and numerical results of the erosion.
Rochim et al. (2017) characterized the evolution of the cumulative eroded mass with the

variation of the cumulative expended energy £,  , computed by the time integration of the

instantaneous flow power F, . Overall, the proposed model was able to reproduce, with

reasonable success, the evolution of erosion with different initial fines contents and hydraulic
loading histories. However, the predicted results were not totally in agreement with the
experimental data for tests A90-a and A90-b. The eroded masses for tests A90-a and A90-b
represent only 0.4% (test A90-a) and 1.2% (test A90-b) of their initial fines content, whereas
the hydraulic conductivity increased by a factor of 9 (test A90-a) and 4 (test A90-b) at the end
of the tests. Obviously, such small loss of mass should not in itself result in such a rapid increase
of the hydraulic conductivity. This discrepancy could be explained by the early presence of
preferential flows created by particle rearrangements in the case of a lower initial fines content
of the soil. In terms of the deviation of the hydraulic conductivity, Ke and Takahashi (2014a,
2014b) attributed it to the difference in homogeneity within the reconstituted soil specimens.
Another aspect which has not been taken into account is the unknown influence of the
saturation stage, which may also lead to the heterogeneity of the soil sample before erosion. In
Yang et al. (2019e), test A90-a was simulated with non-homogenously distributed initial fines
content and porosity, it was observed that the clogging at first restricted the water flow, leading
to the decrease of the hydraulic conductivity. It could then be blown away, accompanied by a
significant increase of the hydraulic conductivity. In Yang et al. (2019c), a random field theory

was applied to investigate soil suffusion with a randomly distributed initial porosity (¢, ) and
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fines content ( f,, ). It was confirmed that greater variability or lower spatial correlation of ¢,

and f, could facilitate the capture of the fine particles transported by the water flow. More

details could be found in Yang et al. (2019¢) and Yang et al. (2019c).

1o 15 x 10
- = =A9%-asim. O A90-a - = =A90-asim. O A90-a
——A90-bsim. @ A90-b —— A90-bsim. ® A90-b
10"t == =B97-asim. ¢ B97-a 4 _ - - -B97-asim. ¢ B97-a
——B97-bsim. ¢ B97-b g g ——B97-bsim. ¢ B97-b
— .l T =-C97-asim. A (C97-a = - = =C97-asim. A (C97-a
80107 F ——C97-bsim. A (97-b 2 1Ir ——(C97-bsim. A C97-b
£ 103 ¢ =
< s
_g Q
5] 4 L
M 107 T% 0.5¢
S
oy
107 ¢
10 - ‘ : 0 - : :
10 10” 10° 10° 0 50 100 150 200 250 300
(a) Cumulative expended energy [J] (b) Time [min]

Figure 5 Comparison between laboratory tests (symbols) and simulated data (continuous lines): (a)
cumulative eroded masses versus cumulative expended energy; (b) hydraulic conductivity versus time

5. Coupled hydro-mechanical modelling

5.1. Balance of linear momentum

O i = W, eteeeeeee et e et e et e e e —e e e —— e e —ee e a—eeeaabeeaatbeeetbeeaaaeeataeeabaeeabteeatraeeasreeeanseeanrreeanns (14)

if,i i
do; =do + Bdp,6; = Dpd e, + BAP O ..., (15)

f

where o is the component of the total stress tensor, o;; is the component of the effective stress
tensor, p, is the pore pressure, B is the Biot effective stress coefficient, &, is the Kronecker

Delta, w, is the body force per unit volume. D;}, is the stiffness matrix component of the

mechanical model. An f -dependent constitutive model (see Table 2 and Eqgs.(2) and (3)) was

adopted in this study as an example.

5.2. Hydro-mechanical coupling during internal erosion

The hydro-mechanical coupling for internal erosion has been treated as a two-part process. In
the first part, the internal erosion leads to an evolution of the porosity and fines content, which
in turn leads to the change of the permeability (defined by Eq.(12)). As a consequence, the pore
pressure and the effective stresses will change. At the same time, the loss of fine particles due
to the seepage flow affects (1) the void ratio and (2) the location of the critical state line,

obtained by combining Eqgs. (2) and (3) for a sand-silt mixture.
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The influence of mechanical process on the hydraulic process, is considered implicitly. The

deformation of soil skeleton induced by the mechanical process is considered in the mass

balance equations Eqs.(5)-(8) by considering the velocity of the soil skeleton v, . Therefore,
the evolution of ¢, f., ¢ and g, is the result of combined action of the deformation of soil
skeleton (v,) and the mass exchange between solid-like fine particles and fluidized fine

particles (7). Consequently, the permeability as well as the erosion rate evolves according to
Eq. (12) and (13). Moreover, the mass exchange term 7 for the mass balance equations could

be formulated to be directly dependent on the stress state according to the experimental results.

5.3. Finite element approach

For the Initial Boundary Value Problem (IBVP) of internal erosion, the following governing

equations are formulated:

O W0 s (16)

AIV(V, ) HFAIV(G,, ) T 0 oo (17)

—%f)eriV(vs)—div(ms)—ﬁ:O ...................................................................................... (18)

@+div(0qw)+div(c¢vs)+ﬁ=0 .................................................................................. (19)

q, +L_grad( D) T 0 e (20)
P

It is a system of 5 equations with 5 unknowns (u, pw,¢, c,qw) was obtained: the soil skeleton
displacement (u(x,t) ), the pore pressure ( p,, (X, t) ), the porosity (¢( X,t) ), the concentration

of fluidized particles (C(X,t )) and the flow rate ¢, (X,t ) . For the sake of legibility, the time ¢
and the space x variables have been omitted in the equations.

This coupled mechanical-erosion process is a non-linear transient problem. Weak forms of the
governing partial differential equations were implemented into the finite element code
ABAQUS (Hibbitt et al. 2001). ABAQUS provides a user subroutine option (UEL) that allows
users to define a new type of element with the user’s governing equations and degrees of
freedom (DOFs). The global calculate-flow of ABAQUS with the call of UEL subroutine is
shown in Figure 6 where the part “Call UEL” was developed in this study. In general,

Abaqus/UEL solves the overall system of non-linear equations by Newton's method:

URL: http://mc.manuscriptcentral.com/tece TECE-peerreview@journals.tandf.co.uk



oNOYTULT D WN =

European Journal of Environmental and Civil Engineering

AMATRX -d,, = RHS .t (21)
where AMATRX and RHS are the Jacobian matrix and the residual nodal fluxes or forces
needed to be defined corresponding to Eqgs. (16)-(20); d,, is the nodal vector of the DOFs
(u,p,.4.c,q,). A new isoparametric element has been developed and implemented into

ABAQUS via the UEL subroutine. The detailed vector of residual and the Jacobian matrix can
be found in Yang et al. (2019a). Note that the systems of governing equations can also be

solved by finite difference method.

( Beginning of Analysis )
!

Define the mesh and
initial/boundary conditions

1
( Start of iteration ><—
l
Call UEL
OAc
Calculate Ae and updateAc, ——

OAg
[Update Jacobian matrix AMATRX

Define loads and update RHS

)

Solve AMATRX-d, = RHS
: N

( Converged ? >—O
l Yes

( End of iteration )

Figure 6 Global calculate-flow chart in ABAQUS with the call of the UEL subroutine

5.4. Performance of the hydro-mechanical model

To illustrate the capacity of the numerical model in treating real scale engineering problems,
the developed approach was applied to analyze a typical dike-on-foundation problem. The
geometry of this numerical example is shown in Figure 7. The dike was built on an alluvium
formation over a limestone bedrock. The dike retains water on the left upstream side, where
the water level was located at the top of the dike (i.e. 10.5 m), representing an extreme
configuration of the flooding condition. The water level at the downstream face was supposed

to be located at the bottom of the alluvium layer, below the toe of the dike. The phreatic surface

was calculated accordingly (where p, = 0kPa ). Above the phreatic surface, the soil is partially

saturated. The van Genuchten model (Van Genuchten 1980) was adopted to estimate the

relationship between the relative permeability and the degree of water saturation. Furthermore,
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it has been reported that, in some cases, karst collapses underneath the foundation might lead
to a leakage cavity through which underground water and fine particles could flow out
(Gombert et al. 2015). In the simulation, the pore water pressure at the leakage cavity was set
to zero. The computations aimed to show how internal erosion may weaken the dike. The

alluvium and the dike were considered to be made of the same soil: a mixture of sand and silt.

The material parameters (summarized in Table 7, n, =n, =1) corresponded to the Ottawa

50/200 sand-silt (Yin et al. 2016) with ¢, =0.6, ¢, =0.01 and f,,=0.4. Due to the lack of

experimental data, the filtration was not considered, the ultimate fines content was

artificially fixed equal to 0.05, a simple erosion law was adopted (Erosion law (6) in Table 5

with A, artificially fixed equal to 0.02).

Table 7 Model parameters of Ottawa sand-silt mixture

. Plastic CSL-related Fines Erosion
Elastic parameters
parameters parameters parameters parameters
Gy/MPa v n kp Aq ¢u €he,cr0 Cfecr /: A a m fth /Ie
150 0.2 0.5 0.0017 1 32 0.805 1.03 0.196 0.081 0 07 03 0.02

Only 3 representative results are presented in Figure 8 and Figure 9. Figure 8(a) and Figure
9(a) show the displacement and the deviatoric plastic strain fields within the dike at the end of
erosion (time =30 days). Figure 8(b) show the time evolution the maximum settlement at the
top of dike. Figure 9(b) shows the distribution of the fines content at the end of erosion. An
area with significant settlement was found at the top of the dike, indicating the inception of a
sinkhole as the result of internal erosion. The fine particles close to the leakage cavity were
washed out due to high local hydraulic gradients. The sinkhole was formed due to the
volumetric settlements induced by a loosened soil matrix. It was noted that an eroded zone also
developed near the phreatic surface at the downstream side due to the difference in water
pressure at the upstream and downstream faces of the dike. More discussions about the
influence of the water level, the size and location of the leakage cavity and the initial value of

the fines content could be found in (Yang et al. (2019a); Yang et al. (2020a))

Plane of symmetry
6.0m Dike
45m| | Alluvium D=0.2m, p,=0 : o
1. P S 774
[l l l l l — |
"6m ' 12m " 10m ! 12m " 6m !

Figure 7 Illustration of the dike-on-foundation with a cavity located at the bottom (1/2 model)
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Figure 8 (a) Displacement magnitude field after erosion (Unit: m); (b) Time evolution of the maximum
settlement at the top of the dike
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Figure 9 Results of simulation for (a) deviatoric plastic strain field after erosion (1/2 and 1/4 models) and
(b) spatial distribution of fines content after erosion (1/2 and 1/4 models)

6. A practical simulation tool for triaxial erosion test

6.1. Model formulation

Under the framework of continuum mechanics, the erosion process is uniform under the
assumption of an initially uniform homogeneous specimen. A well-controlled erosion coupled
with the mechanical loading triaxial tests on reconstructed specimens can be seen as a case of
a representative elementary volume with the hydraulic gradient across the specimen as an input
boundary condition. Hence, a simple simulation model for the triaxial tests with internal
erosion and mechanical loading can be formulated, which should be useful in evaluating the

eroded mass as well as the induced deformation of the soil element.

The hydraulic process of internal erosion could be described by Egs.(5)-(12), in which the

volumetric mass exchange term is given as :

=2 (1= ) (= S Q| oo (22)
=1 % g, | x10 R 23
fe =l o) ol )+exp(ﬂf7/Mp) >

where f, is the ultimate fines content; f, is the initial fines content; 77 is the stress ratio;

a, ,, B and A, are material parameters. The expression of £, is modified from that proposed

by Uzuoka et al. (2012) (shown in Table 5) to account for the influence of stress ratio.
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The mechanical behaviors the porous solid is described by an exponential function based
incrementally nonlinear constitutive model (Yin et al. 2018). The constitutive equations under

axisymmetric triaxial condition are briefly summarized as follows:

Sp'= K{&‘V — 4, (Mpt —i,j Se, | 1- exp(—dn)]} ............................................................. (24)
p

BT e I (25)
pM,| p

where the shear and bulk modules G and K, and the stress ratios M, and M,, are defined in

Table 2. n=¢q / p' is defined as the ratio between the deviatoric stress ¢ and the mean effective

stress p'; d¢, and Je, are the increment of deviatoric and volumetric strain; the location of

CSL is determined by Eq. (3).

6.2. Simulation schemes

During an internal erosion test, the soil specimen is subjected to constant boundary stresses

while the amount of eroded fine particles increases progressively. Therefore, the stress ratio 7

is kept constant while the peak strength ratio M, and the initial stiffness G, = 3G/p" evolve

as a function of the density state of the soil. The shear strain can be incrementally expressed as

follows:
A 77(1‘) MU 77(1_1)
_ _ p _
o€, = =0 In| 1 0 + i In|1 T R SNSRI (26)
n n 2

with the superscript (i) representing the current loading step and (i —1) the previous loading

step. The volumetric strain increment can then be computed as:

v

S, = —1%51( +4, [Mpt —%j S¢, [1 — exp(—dn)] ............................................................ (27)

The incremental modification of the void ratio induced by the body deformation is added to

the void ratio change caused by erosion:

(), = (), + 08, (14:€) ot (28)
Under triaxial condition, the axial and radial strain increments (d¢, and J¢, ) are functions of

the shear and volumetric strain increments as follows:
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1 1

1
OE = O0E, +—0E,, OE. = =08, ——O0E, eeeeereererrersrsrsrsrssssssssssssnsssssnsssssnsssssssssnsssssssnsssnsssnnnnnnns 29
ga gd 3 gv 8’ 3 gv 2 gd ( )

Thus, dg,and J¢, can be used alternatively instead of d¢, and os, .

The numerical modelling scheme can be summarized in Figure 10 for granular media under
constant stresses subjected to internal erosion. The set of partial differential equations were

solved explicitly in time and by the finite difference method in space, the primary unknowns

being (u, pw,¢, c, fL) . Other unknowns, such as the total discharge rate q, , the density of the

mixture p, and the intrinsic permeability &, could be explicitly determined by Eq.(10)-(12).

[ p,.8. finc] " <

div(q,,)+div(v,)=0

—2—?+div(v‘q)—div(¢v‘v) =

o(f.) o(f. . . .
(5];”) _7(6f;¢) +d1v(f(,v5)—dlv(f‘¢vy):

o(<p)
ot

+div(cq, )+ 0

1yt
[P, 1]
I

MY (i) M (i-1)
¢, =— (’:) In 1—’7—([) + (’;71) In 1—%
G’] Mﬁ Mp

G,
pV
5g=—K26K+Ad[M pJ§5d[1 exp dr]}

v

[w.]”.(5¢),, (56) J+ae)) (1+e)
Figure 10 Computation flowchart for internal erosion under constant stresses

In conventional drained triaxial test simulations, the confining stress was maintained constant
before and after erosion. Thus, the ratio between the incremental deviatoric stress and the
incremental mean effective stress was equal to 3. From Egs. (24) and (25), the deviatoric stress

and the volumetric strain could be obtained by imposing an incremental deviatoric strain as

follows:
q q
0q=3Gog, | 1-—, (1— ,j .................................................................................... (30)
( PMJ/ 3p
5p'=% .............................................................................................................................. 31)
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v

op' q
o€ :?+Ad [Mp, _?J&d [l—exp(—dn)] .................................................................... (32)

Note that the above conventional drained triaxial test simulations were performed on a
representative elementary volume, thus the time ¢ and space x were not considered in the
simulations. Moreover, the mechanical part could be replaced by any critical state based

phenomenological model.

6.3. Performance of the simple practical simulation model

Chang and Zhang (2011) performed several hydraulic-gradient controlled downward erosion
tests on gap-graded HK-CDG mixtures under different stress states with a newly developed
stress-controlled erosion apparatus. The tested soil was obtained by mixing the commercial
washed Leighton Buzzard sand (fraction E) and the completely decomposed granite (CDG)

extracted from a construction site on Beacon Hill, Hong Kong. The initial fines content was

f,=035.

The tests selected for simulations were summarized in Table 9. BM-C-1, BM-C-2, and BM-
C-3 were conventional drained triaxial tests on isotropically consolidated samples without
erosion. GS-C-1, GS-C-2, and GS-C-3 were erosion tests under isotropic stress states. GS-C-
4, GS-C-5 and GS-C-6 were erosion tests under anisotropic stress states. The hydraulic gradient,
i, was increased in stages to the final value (i.e., 0.15 per 10 min for i <1.0, 0.25 per 10 min
for 1.0<i<2.0, and 0.50 per 10 min for i>2.0). For 10 min, the hydraulic gradient was
increased within the first 2 min and then kept constant for the following 8 min. Once the soil
erosion was initiated, the hydraulic gradient was kept constant until no further soil loss was
observed (i.e. < 25.0g/m? per 10 min). Then, the hydraulic gradient was increased to another
level. Drained triaxial tests were carried out on the eroded samples, starting at the stress state

applied during the erosion tests.

The elastic parameters (Gy, v, n), the dilatancy parameters (d, 4;) and the CSL related
parameters (A, {) were calibrated basted on a isotropic compression test and three drained
triaxial tests (BM-C-1, BM-C-2, and BM-C-3); the erosion parameters (4., &;, o, s, m;) were
calibrated by fitting the time evolution of the hydraulic conductivity and the cumulative loss

of dry mass in tests GS-C-1 and GS-C-5; due to the lack of data, the values of the other

parameters (€,,..> €, .0> @, m and f,) were assumed based on published data on other

similar materials (Yin et al. 2014; Yin et al. 2016). The determined parameters (summarized in
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Table 8, n, =n, =1) were used to simulate the erosion tests and the drained triaxial tests. Note

that a detailed discussion about the parameter calibration using optimization methods is

provided in Yang et al. (2020b).

Table 8 Model parameters of HK-CDG mixture

Elastic Dilatancy CSL-related Fines .
Erosion parameters
parameters parameters parameters parameters
GO |4 n d Ad Che.cr0 | €fecr0 é A ¢u a m fth /’Le (7] [2%) oz | My
16.7 | 0.3 | 0.95 | 18 0.35 0.8 | 0.86 | 0.45 | 0.03 | 32 1079 |1 046 | 028 | 40 | 092 | 11 | 3 | 4

Figure 11 and Figure 12 show the comparison between predicted and experimental results of
the erosion tests and the triaxial tests. The proposed numerical approach was able to reproduce
the general trend of the soil behaviors up to the peak strength which corresponded in the
experiments to the development of strain localization within the specimens. In some cases,
discrepancies between experimental and numerical results could be seen, possibly due to the
difficulty of measuring accurately certain material properties, such as the elastic stiffness or
the friction angle, as a function of the fines content. Another aspect which was not taken into
account in the simulations was that heterogeneity within the specimen could be produced by
the combined effects of transport and filtration of the fine particles. Not enough detail of this
particular aspect was given by Chang (2012). The results demonstrate that the developed model
can be practically useful in evaluating the eroded mass, the deformation of the soil during

erosion, as well as the degradation of the mechanical properties after erosion.

Table 9 Testing program

Applied stress state
Confining Pressure (kPa)  Effective Mean Stress (kPa)  Deviatoric Stress (kPa)  Stress ratio

Specimen identity

(DBM-C-1 50 50 0 0
(2BM-C-2 100 100 0 0
(3BM-C-3 200 200 0 0
(@)GS-C-1 50 50 0 0
(5)GSs-C-2 100 100 0 0
(6)GS-C-3 200 200 0 0
(DGS-C-4 50 67 50 0.75
(8)GS-C-5 50 83 100 1.2
(9)GS-C-6 50 100 150 1.5
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Figure 11 Comparisons between predicted and experimental results of erosion tests (a) Cumulative
eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) radial strain
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Figure 12 Comparisons between predicted and experimental results of triaxial tests (a,c) deviatoric stress
versus axial strain and (b,d) void ratio versus axial strain. Hollow points indicate triaxial compression of
the initial specimen, and solid points indicate triaxial compression of eroded samples.

In this paper, the hydro-mechanical continuous modelling of granular soils considering
suffusion was systematically reviewed. One of the necessary features in constitutive modelling
of soil behaviors is the critical state concept with an interlocking effect. A unified formulation

was adopted to determine the position of the critical state line of sand-silt mixtures as a function
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of the fines content. Then, based on the porous medium theory, a four-constituent numerical
model was adopted to describe the internal erosion. The model consisted of modelling the
erosion of the soil skeleton, the transport by the water flow and the filtration of the fine particles
through the mass exchange between the solid and fluid phases. The terms of mass exchange
were introduced into the mass balance equations complemented by a filtration term in order to
simulate the filling of the initial voids due to the filtration of the transported fines from the

suspension to the solid fraction.

In order to perform analyses at the scale of an entire engineering structure, a more general
elastoplastic sand-silt mixture model was introduced within the four-constituent model of
suffusion. The hydro-mechanical model was first implemented into the commercial finite
element code ABAQUS and used to assess how internal erosion could impact the stability of
earthen structures. Meanwhile, a simple simulation model for the triaxial tests with internal
erosion and mechanical loading was developed. The four-constituent model was enhanced by
including an exponential function based incrementally nonlinear constitutive model to account
for the effects of the evolution of the fines content on the behaviors of the soil. A practical
numerical platform was then developed to simulate the downward erosion tests under triaxial
mechanical loading with a special emphasis on the evolution of the eroded mass, the hydraulic

conductivity and the deformation of the specimen during and after erosion.

The performance of the numerical model was verified by simulating laboratory tests as well as
an example of the dike-on-foundation problem. For each component of the model (mechanical

model, f.-dependency and erosion law), alternative choices can be made.

These results should provide some inspiration for the design of future experiments and improve
the understanding of the origin of damages or failures induced by internal erosion within
earthen structures. They should also serve as a reference to update the specifications for design,

construction, and adaptation in order to mitigate and prevent the highest risks.
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Figure captions

Figure 1 Comparison between experiments and simulations for drained (a-b) and undrained
triaxial tests (c-d) on Toyoura sand: (a,c) deviatoric stress versus axial strain, (b) void
ratio versus axial strain

Figure 2 (a) Initial void ratios and initial critical void ratios and (b) initial density state (e(/ec)
of selected tests

Figure 3 Comparison of experimental results and simulations for Foundry sand subjected to
undrained triaxial tests, with fines content varying from 0 to 100%

Figure 4 REV of a fully-saturated soil mixture and the four-constituent continuum model

Figure 5 Comparison between laboratory tests (symbols) and simulated data (continuous lines):
(a) cumulative eroded masses versus cumulative expended energy; (b) hydraulic
conductivity

Figure 6 Global calculate-flow chart in ABAQUS with the call of the UEL subroutine
Figure 7 Illustration of the dike-on-foundation with a cavity located at the bottom
Figure 8 (a) Displacement magnitude field after erosion (Unit: m)

Figure 9 Results of simulation for spatial distribution of fines content after erosion (1/2 and 1/4
models)

Figure 10 Computation flowchart for internal erosion under constant stresses

Figure 11 Comparisons between predicted and experimental results of erosion tests (a)
Cumulative eroded soil mass; (b) hydraulic conductivity; (c) axial strain and (d) radial
strain

Figure 12 Comparisons between predicted and experimental results of triaxial tests (a,c)
deviatoric stress versus axial strain and (b,d) void ratio versus axial strain. Hollow
points indicate triaxial compression of the initial specimen, and solid points indicate
triaxial compression of eroded samples.
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