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Abstract: Modelling cyclic behaviour of granular soils under both drained and undrained conditions with 

a good performance is still a challenge. This study presents a new way of modelling the cyclic behaviour 

of granular materials using deep learning. To capture the continuous cyclic behaviour in time dimension, 

the long short-term-memory (LSTM) neural network is adopted, which is characterised by the prediction 

of sequential data, meaning that it provides a novel means of predicting the continuous behaviour of soils 

under various loading paths. Synthetic datasets of cyclic loading under drained and undrained conditions 

generated by an advanced soil constitutive model are first employed to explore an appropriate framework 

for the LSTM-based model. Then the LSTM-based model is used to estimate the cyclic behaviour of real 

sands, i.e., the Toyoura sand under the undrained condition and the Fontainebleau sand under both 

undrained and drained conditions. The estimates are compared with actual experimental results, which 

indicates that the LSTM-based model can simultaneously simulate the cyclic behaviour of sand under 

both drained and undrained conditions, i.e., (1) the cyclic mobility mechanism, the degradation of 

effective stress and large deformation under the undrained condition, and (2) shear strain accumulation 

and densification under the drained condition.
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1. Introduction

Sand, as a granular material, has been extensively used in engineering practice, such as in the foundations 

of offshore wind turbines 1,2, airport tracks 3 and high-speed railways 4. One common characteristic of 

these applications is that sand is subjected to various degrees of cyclic loading. The behaviour of sands 

under cyclic loading has been widely investigated by means of simple-shear, triaxial and resonant column 

tests under both drained and undrained conditions5-10.

Researchers have proposed numerous constitutive models to describe the complex behaviour of 

sand. These can be categorised into five groups: (1) nonlinear hypoelastic models11; (2) incrementally 

nonlinear models12,13; (3) hypoplastic models14,15; (4) elastoplastic models16-21; and (5) 

micromechanics-based models 22,23. However, conventional soil models are only applicable in limited 

cases because they depend heavily on a special mathematical formulation and certain assumptions. Up to 

now, modelling cyclic behaviour of soils under both drained and undrained conditions with a good 

performance is still a challenge. 

Nowadays, data-based soil-constitutive models developed by machine learning (ML) algorithms 

have been gradually proposed because these algorithms are not constrained by assumptions or model 

classes, and their application scope can be extended with the increase in the datasets24-26. Moreover, 

ML-based model has capacity of capturing the mechanical behaviour of materials with the input of raw 

experimental tests, thereby the cumbersome tasks to develop constitutive model and identify parameters 

are dismissed 27-30. Ghaboussi et al. 31 first proposed artificial neural network (ANN)-based constitutive 

models for simulating the behaviour of materials. Thereafter, numerous researchers have conducted 

works to develop ML-based soil-constitutive models 32-37. The focus of these models has mainly been on 

the stress-strain behaviour of various soils under monotonic loading. Nevertheless, only limited research 
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works have been devoted to developing ML-based constitutive models for simulating soil behaviour 

under cyclic loading. For example, Basheer 38 proposed several methodologies based on ANN for 

modelling the cyclic behaviour of clay soils. This model was tested using synthetic data and experimental 

results, but the prediction error obviously increased with the uptick in the number of loading cycles, and 

the ability to extrapolate beyond the limits of the training set was deficient. Overall, published research 

works only investigated the behaviour of materials under several loading cycles using the ML-based 

constitutive model39-41. Soil behaviour occurring under numerous loading cycles, such as cyclic mobility, 

liquefaction, shear stain accumulation and densification, has not been investigated by the ML-based 

constitutive model. Furthermore, no ML-based constitutive model exists that can simultaneously simulate 

soil behaviour under drained and undrained conditions, although such a power would be much more 

significant for a model’s generalisation ability. Therefore, the improvement in the prediction of soil 

behaviour under cyclic loading using the ML-based constitutive model is worthy of deep exploration. 

Compared general neural networks, connections between hidden units can be established in recurrent 

neural networks (RNNs), allowing the latter to retain memories of recent events. Conventional RNNs 

exist gradients vanishing and exploding42, a long short-term memory (LSTM) neural network as a 

variation of RNNs was thus developed to overcome this problem The LSTM algorithm has recently been 

used in practical engineering with time-series characteristics such as the prediction of long-term 

settlement of structures43,44, hydro-mechanical responses of multi-permeability porous media45 and 

structural seismic response46. Because soil behaviour under cyclic loading is a continuous process, the 

current stress-strain status depends on the soil behaviour at previous steps and also affects the soil 

behaviour at the later steps. The LSTM-based model may thus be far more appropriate than the current 

commonly used ANN-based constitutive model for simulating soil behaviour under cyclic loading.

Page 7 of 48

http://mc.manuscriptcentral.com/nag

International Journal for Numerical and Analytical Methods in Geomechanics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

4

In this study, an LSTM-based general-purpose constitutive model is developed for simultaneously 

simulating the cyclic behaviour of sand under drained and undrained conditions. Synthetic data, under 

both drained and undrained conditions generated by a traditional constitutive model, are first generated to 

explore an appropriate framework for the LSTM-based model. Thereafter, the LSTM-based model is 

employed to simulate the cyclic behaviour of Toyoura sand under the undrained condition and 

Fontainebleau sand under drained and undrained conditions, with comparisons drawn with the 

experimental data.

2. Modelling soil cyclic behaviour using LSTM

2.1 Long short-term memory neural networks

RNNs contain cyclic connections that make them powerful tools for modelling sequential data. In an 

RNN model, each unit is associated with the others in hidden layers at different time steps; the previous 

information stored at previous hidden layers is thus applied to the current output 47 (see Fig. 1(a)). 

However, traditional RNNs that are used to learn what to put in short-term memory take too much time 

and sometimes even do not work at all, especially when minimum time lags between inputs and 

corresponding signals are long 42. LSTM, as a variation of RNNs, has been first proposed to solve 

complex, long-time-span tasks that have never been solved by traditional RNNs. Based on this, LSTM 

and its variants such as GRU and bi-directional LSTM have been extensively used in engineering domain 

43,48,49. Herein, LSTM, as the standard algorithm of this class of algorithms, has been adopted in this study 

to investigate its feasibility in modelling soil cyclic behaviour.

To learn long-term dependence, a memory cell is added to LSTM (see Fig. 1(b)). The cell consists of 

three gates: forget, input and output gates, which are actually nonlinear functions. Herein, xi denotes the 
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input values at time t, and ht-1 denotes the hidden output at time t–1. The computation of the memory cell 

at time t starts from the forget gate ft, which decides whether to retain or forget the previous state ct−1 (Eq. 

[1]). The input gate it decides whether to update the state of the LSTM using the current input (Eq. [2]). 

 is the candidate of input to be stored (Eq. [3]). The output gate ot decides whether to pass on the hidden tc%

state ht to the next iteration (Eq. [4]). The new state ct stored in the LSTM is the sum of the new gated 

input  and the previous gated state ct−1 (Eq. [5]). Finally, the hidden output at time t can be obtained by tc%

Eq. [6].

(1) 1+t t t
j f f f jj j

            f W x U h b  1+t t t
f f f  f W x U h b

(2)  1+t t t
j i i i jj j

        i W x U h b  1+t t t
i i i  i W x U h b

(3)  1+t t t
j c c c jj j

tanh        c W x U h b%

(4)  1+t t t
j o o o jj j

        ο W x U h b  1+t t t
o o o  ο W x U h b

(5)

(6)

where σ and tanh are the= activation functions sigmoid and tanh.; Wf, Wi, Wc, Wo = weight matrix 

connecting input and hidden layers. Uf, Ui, Uc, Uo = weight matrix connecting adjacent hidden layers in 

the time sequence dimension; bf, bi, bc, bo = biases matrix;  = element-wise product. Note that this e

section merely introduces the principle of the LSTM algorithm. The actual activation functions used in 

this study need to be fine-tuned according to the practical issue. tanh and ReLU are two commonly used 

activation functions. Because the combination of two functions can overcome their own deficiencies50, 

they are thus adopted in this study with detailed introduced in Appendix A.
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2.2 Modelling strategy

Herein, a strategy is proposed for marking the cyclic loading process. As shown in Fig. 2, each cyclic 

loading process is divided into four segments. Fig. 2(a) presents the labels used in a typical strain-control 

cyclic loading mode. The first label number donates the number of cyclic loading. The second number 

donates strain direction, where 0 donates positive strain and 1 donates negative strain. The third number 

donates the evolution of strain, where 0 donates the increase and 1 donates the decrease in strain. The 

whole cyclic loading process can be clearly recorded in the database in this way; for example, 1, 0, 0 

donates the increase in the first positive strain, and 1, 0, 1 donates the decrease in the first positive strain. 

Fig. 2(b) presents the labels used in a typical stress-control cyclic loading mode. The meaning of each 

number is similar to those in the strain-control strategy except the second number, where 0 donates 

positive stress and 1 donates negative stress. Therefore 1, 0, 0 donates the increase in the first positive 

stress, and 1, 0, 1 donates the decrease in the first positive stress. 

Fig. 3 illustrates the framework of the proposed LSTM-based model in this study. Two LSTM-based 

models are developed for simulating strain-control and stress-control soil behaviour. Note that each 

model proposed in this study can simultaneously simulate soil cyclic behaviour under drained and 

undrained conditions and can also simulate the behaviour under each condition separately. An 

incremental simulation strategy is employed; that is, the output variables at the ith step are used as the 

input variables at the (i+1)th step. At the ith step, the output variables of two LSTM-based models are 

expressed by:

Strain control: (7)   1 1 +1 +1
1 0, , 1, 2, 3, , , , , ,i i i i i i i

v d vq p f L L L e m q p    

Stress control: (8)   1 +1 +1 1
2 0, , 1, 2, 3, , , , , ,i i i i i i i

v d v dp f L L L e m q p     

where qi+1, p'i+1, εi+1 v and εi+1 d = four output variables of model at the (i+1)th step: deviatoric stress, 
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effective mean stress, volumetric strain and axial strain; qi, p'i, εi v and εi d = output variables of model at 

the ith step, and they are also the input variables of the model at the (i+1)th step; for εi+1 d in Eq. [7] and 

qi+1 in Eq. [8], both control the strain-control and stress-control cyclic loading process and increase in a 

fixed interval. L1, L2, L3 = three labels for marking the cyclic loading process as mentioned earlier; e0 = 

initial void ratio; m = code for controlling experiment types, 1 represents drained condition and 0 

represents undrained condition; f1, f2, = formulations of LSTM-based models for describing strain-control 

and stress-control soil behaviour, respectively. Herein, the LSTM-based model for describing 

strain-control soil behaviour is introduced clearly to demonstrate the intrinsic mechanism of such models. 

For the strain-control soil behaviour, the p' holds constant under the drained condition, and εv holds 

constant under the undrained condition. Such constant variables can be deleted when training an 

LSTM-based model. Therefore, the output variables are qi+1 and εi+1 v under the drained condition, and 

the input variables are L1, L2, L3, e0, m (1), εi+1 d, qi and εi v. For the undrained condition, qi+1 and p'i+1 

are output variables, and L1, L2, L3, e0, m (0), εi+1 d, qi and p'i are input variables. Both drained and 

undrained data are integrated to train the LSTM-based model, and the number of input and output 

variables is eight and two, respectively. The first five fixed input variables are related to soil properties 

and the loading process, and the last three input variables need to be updated at each step. The 

LSTM-based model for describing stress-control soil behaviour remains similar as long as the output 

variables are replaced.

It should be noted that all datasets used in the LSTM-based model have been normalised into an 

interval (–1, 1) using Eq. [9] because doing so can eliminate the effect of different magnitudes of input 

variables on the model’s performance and can clearly reduce computational costs: 
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(9) min
max min min

max min
norm

x xx x x x
x x


  



where x = actual value of input variables, xmax, xmin = maximum and minimum values of input 

variables;xmin = –1;xmax = 1. As a consensus within the field of machine learning, it is very reasonable 

that 80% of datasets are used to train model and the remaining 20% are used to test model. Similarly, it is 

important to assign an appropriate proportion of experiments as the training and testing sets for modelling 

cyclic behaviour of granular materials. Therefore, to guarantee the generalization ability of the proposed 

LSTM based model, the proportion of testing sets is preferably not more than 20%.

The deep learning tool Keras, based on the Python programming language, which uses TensorFlow 

as a backend, was employed to establish the LSTM-based model. All results were acquired on a computer 

with Intel Core i7-7700K 4.2 GHz CPU and 16 GB memory.

2.3 Evaluation indicators

Two commonly used evaluation indicators – mean absolute error (MAE) and mean absolute percentage 

error (MAPE) – were used to evaluate the performance of ML models in this study. The combination of 

MAE and MAPE helps overcome the deficiencies of both, so that both can be used extensively to 

evaluate model performance 51,52. Low values of these two indicators show that a model has excellent 

performance. The expression of MAE and MAPE can be obtained by

(10)
1

1 n

i i
i

MAE r p
n 

 
(11)

1

1 100%
n

i i

i i

r pMAPE
n r


 

where r = actual output value; p = predicted output value; n = total number of datasets. 
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3. Performance of LSTM–based constitutive models on the synthetic data

3.1 Synthetic data generated by a conventional constitutive model

To investigate the performance of the LSTM-based models, a constitutive model proposed by Yin et al. 13 

for describing the cyclic behaviour of sand under drained and undrained conditions was used in this study 

(see Eq. [12]–[13]). The model was developed using a theoretical function rather than being directly 

based on the experimental data to eliminate the interference of experimental and measurement errors 

related to the mapping capability of LSTM. Moreover, the experimental data tend to be limited and 

insufficient for exploring the capability of LSTM, whereas the data can be generated infinitely by a 

theoretical function:

(12)

(13)

where = volumetric strain increment; = incremental deviatoric stress; = deviatoric stain 

increment; q = deviatoric stress; p' = mean effective stress; Mp = stress ratio; Mpt = phase-transformation 

stress ratio. The formulations for determining G, Mp and Mpt can be gained by referring to Yin et al. 13, 

taking the nonlinear elasticity, critical state and nonlinear stress dilatancy into consideration. The relevant 

parameters in this constitutive model are presented in Table 1.

The cyclic behaviour of sand under drained and undrained conditions was investigated in this study. 

Stress-control and strain-control loading modes were taken into consideration in both drained and 

undrained conditions. Therefore, four cases were conducted to validate the LSTM-based models: drained 

condition under stress-control and strain-control cyclic loading modes, and undrained condition under 
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stress-control and strain-control cyclic loading modes. In each case, a total of 16 simulation tests under 

cyclic loading were generated using Eq. [12]–[13] to develop the LSTM-based models. The researchers 

used 13 tests (e0 = 0.600, 0.625, 0.650, 0.675, 0.700, 0.725, 0.750, 0.800, 0.825, 0.850, 0.875, 0.900 and 

0.925) to train the LSTM-based models, and the remaining three tests (e0 = 0.575, 0.775 and 0.950) were 

used to test the models. Tests with e0 = 0.575 and 0.950 were used to test the extrapolation capability of 

the LSTM-based model, and the test with e0 = 0.775 was used to test the interpolation capability of the 

model.

3.2 Determination of parameters of LSTM model 

Hyper-parameters optimisation is a key part of deep learning. The optimum parameters in the 

LSTM-based models for describing two cyclic loading modes are summarised in Table 2. Other 

parameters that are not present in this table were set as the default values in Keras (learning rate, 

regularization and dropout). In this study, the architecture, epoch number and activation functions that 

control the topology and representational capacity of LSTM were hard to tune to find a fixed pattern for 

different problems; therefore these three parameters were determined based on the grid search method53. 

The batch size was identical to the number of datasets in each test, therefore LSTM was fed by a set of 

intact experimental test results at each training round, which was beneficial in terms of allowing LSTM to 

capture the relationships between input and output parameters. Ten-fold cross-validation (validation split 

= 0.1) was adopted to avoid the overfitting issue and enhance the robustness of the LSTM-based model. 

Meanwhile, the loss function curves of the training and testing sets were extracted as feedback 

information to examine the potential underfitting and overfitting problems. The optimiser Adaptive 

Moment Estimation (Adam) is the commonly used optimiser for training a deep and complex LSTM 

neural network54 based on its efficiency and effectiveness; therefore it was used in this study. The 
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learning rate that controls the magnitude of update of weights at each step is an important 

hyper-parameter in Adam55. It is generally set as the default value 0.001 and is reasonable for most 

problems to find the optimum weights of deep learning algorithms, but this parameter needs to be finely 

tuned for a complex problem with numerous saddle points56.

The training of LSTM based model consists of three phases: training, validation and testing, as 

presented in Fig. 4. The database is first divided into training and testing sets. The allocation of training 

and testing sets has a great impact on the model performance, because the model trained by different 

training sets exists great difference. k-fold cross-validation method is thus proposed to reduce the effect of 

random allocation on the model performance, among which the 10-fold cross-validation is widely used. It 

should be noted that the 10-fold cross-validation process only uses the training set, in which the training 

set is divided into 10 subsets. At each training epoch, nine subsets are randomly selected to train the 

model, and its performance is evaluated by the remaining one subset. In other words, at each training 

epoch, a total of 10 sub-models are trained and their prediction errors on the individually remaining 

subset are obtained. The current weighs and biases that represent the model performance are evaluated by 

the mean error on the remaining ten subsets (i.e. one subset for one sub-model). After the training process 

terminated, the optimum trained model with optimum weights and biases is obtained, and meanwhile the 

testing set is used to examine the performance of the trained model.

Mean square error (MSE) is defined as the loss function, as shown in Eq. [14]. Ten-fold 

cross-validation method is used to enhance the robustness of proposed model, in which the original 

training sets are divided into ten subsets. Nine subsets are used to train model and one remaining subset is 

used to validate the model’s performance. The values of weights and biases in LSTM are updated to 

eliminate the loss value on the validation sets. Meanwhile the loss values on both training and testing sets 
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can be obtained, as presented in Fig. 5, which are used to evaluate the training performance. If the loss 

values on both training and testing sets converge to low values and keep constant, the training process 

would be terminated. It can be seen from Fig. 5 that all loss values were virtually close to zero as the 

epoch number reaches to 300. The simultaneous decrease in the loss function values for the training and 

testing sets indicates that the underfitting problem did not exist in the LSTM-based model. Meanwhile, 

the unchangeable convergence values of the testing set with increasing epochs indicate that overfitting 

problems were effectively eliminated: 

(14) 
2

1

1MSE=
n

p a
i

y y
n 



where n = total number of datasets; yp = predicted values; ya = actual values.

3.3 Simulation results

This section presents the simulation results for the testing sets using the LSTM-based model. The 

predicted results for the training sets show perfect agreement with the actual results, which are therefore 

presented as supplementary information for brevity.

3.3.1 Strain-control drained and undrained triaxial tests

Fig. 6 presents the predicted strain-control results of drained triaxial tests, compared with the actual 

results. It can be observed that the predicted stress ratio–axial strain and volumetric strain–axial strain 

relationships showed excellent agreement with the actual relationships. The LSTM-based model exhibited 

great extrapolation (see Figs. 6(a) and 6(c)) and interpolation capability (see Fig. 6(b)) in predicting the 

stress ratio–axial strain relationship, whereas the interpolation performance (see Fig. 6(e)) outperformed 

the extrapolation performance (see Figs. 6(d) and 6(f)) in predicting the volumetric strain–axial strain 

relationship. It can be seen from Figs. 6(d–f) that the LSTM-based model can accurately capture the 
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contractive behaviour for loose soils and dilatant behaviour for dense soils.

Fig. 7 presents the predicted strain-control results of undrained triaxial tests, compared with the 

actual results. The initial confining pressure was 300 kPa, and the axial strain was maintained at a fixed 

amplitude (–1% ~ 1%). To eliminate the scale of input variables on the model performance, p' and q were 

divided by initial effective confining pressure during the model training phase. The predicted deviatoric 

stress–effective mean stress and deviatoric stress–axial strain relationships displayed great agreement 

with the actual relationships for the interpolated and extrapolated testing sets. For loose sand (see Figs. 

7(b-c)), the LSTM-based model can accurately capture the degradation of effective mean stress as the 

increase in the number of loading cycles. Meanwhile, a looser sand has great liquefaction potential and 

can also be identified by the LSTM-based model.

3.3.2 Stress-control drained and undrained triaxial tests

The predicted stress-control results of drained triaxial tests are presented in Fig. 8. The predicted stress 

ratio–axial strain and volumetric strain–axial strain relationships using the LSTM-based model showed 

excellent agreement with the actual relationships. This model can recognise the dilatant behaviour for 

dense soils (see Fig. 8(d)), contractive behaviour for loose soils (see Fig. 8(f)) and the phase 

transformation from soil dilation to contraction (see Fig. 8(e)).

The predicted stress-control results under the undrained condition are shown in Fig. 9. The initial 

effective confining pressure was 500 kPa, and the deviatoric stress was maintained at a fixed amplitude (–

20 ~ 120 kPa). Similar to the training strategy of the strain-control constitutive model, p' and q were also 

divided by initial effective confining pressure. The LSTM-based model could accurately capture the 

deviatoric stress–effective mean stress and deviatoric stress–axial strain relationships for the interpolated 

and extrapolated testing sets. Moreover, for dense sand, a cyclic mobility phenomenon could be observed 
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by the model (see Figs. 9(a) and 9(d)). Medium sand also exhibited a cyclic mobility with larger 

deformation (see Figs. 9(b) and 9(e)) and almost reached a liquefied state in fewer loading cycles than did 

the dense sand. Large deformation could be directly observed in fewer loading cycles for loose sand (see 

Figs. 9(c) and 9(f)). Therefore, the LSTM-based model is capable of predicting the dependence of large 

deformation and liquefaction potential on the relative density of sands.

4. Performance of LSTM–based constitutive models on experimental data

4.1 Undrained cyclic triaxial tests for Toyoura sand

4.1.1 Data source

To investigate the reliability of LSTM-based models in simulating actual sand behaviour, a series of 

stress-control undrained cyclic triaxial tests on Toyoura sand conducted by Ye et al. 57 were used to 

validate the models proposed in this study. These experimental results clearly described cyclic mobility 

under cyclic loading, and had sufficient data collected from the flow liquefaction process. The accurate 

description of cyclic mobility and flow liquefaction is vitally important in practical geotechnical 

engineering, such as in the evaluation of the shaft capacity of piles58,59. Researchers have perennially been 

preoccupied with developing advanced and constitutive models to describe the cyclic mobility effects and 

liquefaction of sands. Wichtmann et al. 10 recently comprehensively compared the performance of three 

constitutive models (hypoplasticity15 vs. SANISAND16 vs. ISA60) based on monotonic and cyclic tests on 

fine sand. The deviation between the predicted and experimental results could be clearly observed, and 

several predicted stress–strain relationships even differed entirely from the experimental results. In 

reality, the prediction accuracy of traditional soil models is limited, because they depend heavily on the 

special mathematical formulation types and prescribed assumptions. Therefore, it is worth investigating 
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the performance of the LSTM-based model in simulating the cyclic behaviour of sands.

Herein, five experimental tests with a total of 23,270 datasets from Ye et al. 57 were selected as the 

training sets, and one experimental test with a total of 3,839 datasets was selected as the testing set. The 

corresponding experimental test datasets are attached at Appendix B. The cyclic loading conditions and 

relevant parameters are presented in Table 3. Not that it is regret only undrained test data available on this 

sand.

4.1.2 Simulation strategy

The simulation strategy for Toyoura sand is similar to that in the framework presented in Fig. 3. Seven 

input variables are taken into consideration, and two output variables include mean effective stress and 

axial strain. The fixed parameters for each test, including the relative density Dr, the average deviatoric 

stress qave and the amplitude of the cyclic deviatoric stress qcyc are selected, because these three variables 

significantly affect the cyclic behaviour of sands. The remaining four input variables are updated at each 

step. The LSTM-based model for describing the cyclic behaviour of Toyoura sand under the undrained 

condition at the ith step is given by:

(15)   1 1 1 1
1 r ave cyc cyc 1, , , , , , ,i i i i i ip f D q q N q p     

where p'i+1, εi+1 1, Ni+1 cyc and qi+1 = mean effective stress, axial strain, the number of loading cycles 

and deviatoric stress at the (i+1)th step, where Ni+1 cyc is similar to the labels for classifying the loading 

stage in Eqs. [7]–[8]; qi+1 is selected as an input parameter, because these are stress-control cyclic triaxial 

tests. In each test, deviatoric stress q is imposed continuously until liquefaction occurs, and meanwhile 

the Ncyc reaches the maximum value. p'i and εi 1 = the predicted mean effective stress and axial strain at 

the (i–1)th step. f = the LSTM-based model for Toyoura sand. It should note that parameter m presented 

in Eqs. [7]–[8] for controlling experiment types is discarded, because only undrained results were 
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included in this experimental test.

To eliminate the effect of the scale of input variables on the model performance, qave, qcyc, q and p' 

are divided by the corresponding initial effective normal stress p' 0 in each test during the model training 

phase. Meanwhile all input and output variables are mapped into the same interval (–1, 1) using Eq. [9].

4.1.3 Results

Fig. 10 shows the predicted mean effective stress pi and axial strain ε1 using the LSTM-based model for 

the training and testing sets, compared with the actual results. The corresponding parameter values of the 

constitutive model are presented in Table 4, where the methods for determining these parameters are 

consistent with the results presented in section 3.2. For the training set, MAE and MAPE values were 

closer to zero, showing perfect agreement with the actual results. Predicted p' and ε1 for the testing sets 

using the LSTM-based model also showed great agreement with the experimental results, and all datasets 

were close to the line with the slope of 1. The largest error occurred when predicting the p' in the testing 

set, where the value of p' ranged from 50 to 70 kPa, and the LSTM model slightly underestimated the 

magnitude of mean effective stress degradation.

To clearly reveal the prediction performance of the LSTM-based model, the predicted evolution of 

effective normal stress pi and axial strain ε1 for testing set B2 is presented in Fig. 11. The simulated 

results for the training sets are presented as supplementary information for brevity. It can be observed 

from Fig. 10(a) that the mean effective stress decreased to 50 kPa and 70 kPa in the actual and predicted 

results, respectively, when liquefaction occurred. The ultimate mean effective stress in both actual and 

predicted results decreased to zero. As shown in Figs. 11(c) and (d), the predicted evolution of the axial 

strain and mean effective stress degradation exhibited perfect agreement with the experimental results. In 

particular, it can be seen from Fig. 11(b) that the largest axial strain caused by flow liquefaction could be 
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accurately captured by the LSTM-based model. Overall, the main sand behaviour under cyclic loading, 

including cyclic mobility (see Fig. 11(a)), large deformation induced by flow liquefaction (see Figs. 

11(b-c)) and effective normal stress degradation could be captured (see Fig. 11(d)) by the LSTM-based 

model. Such factors indicate the reliability of application of the LSTM model to simulate the cyclic 

behaviour of Toyoura sand.

4.2 Undrained and drained cyclic simple shear tests for Fontainebleau sand

4.2.1 Data source

To investigate the performance of LSTM-based models on the simultaneous simulation of soil cyclic 

behaviour under drained and undrained conditions, a series of stress-control drained and undrained simple 

shear experimental tests on Fontainebleau sand under cyclic loading, conducted by Wu et al. 61, were used 

to validate the proposed models.

Herein, 24 experimental tests (18 undrained tests and 6 drained tests) with a total of 283,726 datasets 

from Wu et al. 61 were selected as the training sets, and 2 experimental tests with a total of 15,000 datasets 

were selected as the testing sets. The corresponding experimental test datasets are attached at Appendix 

B. Detailed parameters of these experimental results are presented in Table 5.

4.2.2 Simulation strategy

Compared with the LSTM-based model for Toyoura sand, the corresponding model for Fontainebleau 

sand has an additional parameter m for controlling drained or undrained conditions. Therefore, the four 

fixed parameters for each test include the initial void ratio e0, the average sheer stress τave, the cyclic shear 

stress amplitude τcyc and the code m. The remaining input variables are updated at each step. The 

LSTM-based model for describing the cyclic behaviour of Fontainebleau sand under drained and 

undrained conditions at the ith step is given by:
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(16)   ' 1 1 1 1 1 '
0 ave cyc cyc, , , , , , , , , ,i i i i i i i i

n ne f e m N e          

where σ'i+1 n, γi+1, ei+1, τi+1 and Ni+1 cyc = the effective normal stress, shear strain, void ratio, number of 

loading cycles and shear stress at the (i+1)th step; σ'i n, γi and ei = the predicted effective normal stress, 

shear strain and void ratio at the (i–1)th step. f = the LSTM-based model for Fontainebleau sand. τave, τcyc, 

τ and σ'i n are also divided by the corresponding initial effective normal stress σ'i n in each test during the 

model training phase. Meanwhile all input and output variables are mapped into the same interval (–1, 1) 

using Eq. [9]. Note that the σ'i n holds constant under the drained condition, and e holds constant under 

the undrained condition. Such constant variables can be discarded when training the LSTM-based model. 

Therefore, the output variables are γi+1 and ei+1 under the drained condition, and the input variables are e0, 

τave, τcyc, m (1), τi+1, γi and ei. For the undrained condition, σ'i+1 n and γi+1 are the output variables, and e0, 

τave, τcyc, m (0), τi+1, σ'i n and γi are the input variables. Both drained and undrained data are integrated to 

train the LSTM-based model, and the number of input and output variables is eight and two, respectively.

4.2.3 Results

Fig. 12 shows the predicted effective normal stress σ' n, shear strain γ and void ratio e for the training and 

testing sets using the LSTM-based model, compared with the actual results. The corresponding values of 

parameters in said model are presented in Table 6, where the methods for determining these parameters 

are consistent with the results presented in section 3.2. In this study, considering the complexity of 

simultaneous simulation of soil cyclic behaviour under drained and undrained conditions, a cyclical 

learning rate for training a deep learning based model proposed by Smith 56 were used . The learning rate 

(the default value is 0.001) of the LSTM-based model first increased from 0.0002 to 0.002 within 10 

epochs and then decreased from 0.002 to 0.0002 within 10 epochs; thus each round included 20 epochs. 

Such a method effectively enhances the global optimization capability of the LSTM-based model. For the 
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training sets, unlike the predicted results of Toyoura sand, MAE and MAPE values were not equal to 

zero. This indicates that the simultaneous simulation of cyclic behaviour of sands under drained and 

undrained conditions is much more challenging than simulation under the single drained condition. 

Overall, the predicted σ' n, γ and e for the training and testing sets using the LSTM-based model were in 

great agreement with the experimental results. 

To clearly reveal the performance of the LSTM-based model in simultaneously modelling soil cyclic 

behaviour under drained and undrained conditions, the predicted evolution of shear strain γ and void ratio 

e for the testing set CD3 (drained) is presented in Fig. 13, and the predicted evolution of effective normal 

stress σ' n and shear strain γ for the testing set C34 (undrained) is presented in Fig. 14. Meanwhile, the 

simulated results for the training sets are presented as supplementary information for brevity. Comparing 

the predicted and measured results for the drained condition in Figs. 13(a–b), the shear accumulation and 

densification trends could be identified by the LSTM-based model. Meanwhile the predicted evolution of 

shear accumulation and densification as the loading cycles increased showed great agreement with the 

measured results, as presented in Figs. 13(c–d). The ultimate measured shear strain ranged from 0.01% to 

0.58%, and the predicted values ranged from 0.07% to 0.60%. The ultimate measured and predicted void 

ratios were 0.562 and 0.560, respectively. The excellent agreement between measured and predicted 

results indicates that the cyclic behaviour of Fontainebleau sand under the drained condition can be 

captured by the LSTM-based model.

It can be seen from Fig. 14 that the number of loading cycles reached 100 as the liquefaction 

occurred. It can be observed that the LSTM-based model could perfectly predict the change in the 

effective normal stress and shear strain at the first 80 loading cycles. Then, the predicted effective normal 

stress and shear strain slightly deviated from the measured results because of the development of 
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liquefaction. The measured effective normal stress ultimately reached a residual value of 52 kPa from the 

initial 416 kPa, and the shear strain reached 3.5%. The predicted residual effective normal stress and the 

shear strain using the LSTM-based model were 70 kPa and 2.7%, respectively. The deviation between 

predicted and measured residual effective normal stress and shear strain can be primarily attributed to 

inadequate datasets collected after liquefaction, which remarkably affect the performance of the 

LSTM-based model in predicting sand behaviour near to the liquefaction. Overall, the instability 

corresponding to a cyclic mobility mechanism and the degradation of effective normal stress could be 

captured by the LSTM-based model. All results indicate that the LSTM-based model is reliable for 

simultaneously modelling the cyclic behaviour of Fontainebleau sand under drained and undrained 

conditions. 

5. Conclusions

As pioneer, a LSTM-based general-purpose constitutive model was proposed for simultaneously 

describing the cyclic behaviour of sands under drained and undrained conditions. Synthetic data under 

both drained and undrained conditions, generated by an advanced constitutive model, were first generated 

to explore an appropriate framework for the LSTM-based model. The LSTM-based models were 

thereafter employed to simulate the cyclic behaviour of Toyoura sand under the undrained condition and 

Fontainebleau sand under undrained and drained conditions, compared with the experimental data. 

For building a LSTM-based model, the input variables can be generally categorized into four 

categories: fixed parameters related to soil properties and loading condition, labels for marking the 

number of loading cycles, stress or strain increment in stress or strain-control strategy and predicted 

outputs at the previous step. Then, an incremental strategy is used to train the LSTM-based model; that is, 
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the predicted outputs at the current step are used as the input variables at the next step.

Compared with the synthetic data, the LSTM-based model can simultaneously predict the cyclic 

behaviour of sand under drained and undrained conditions including the dilatant behaviour for dense 

soils, contractive behaviour for loose soils and the phase transformation from soil dilation to contraction. 

Compared with the actual experimental results, the instability corresponding to a cyclic mobility 

mechanism, the degradation of effective normal stress and flow liquefaction under the undrained 

condition, the shear strain accumulation, and densification under the drained condition can be accurately 

predicted by the LSTM-based model. Such results indicate that LSTM is a novel and effective means of 

exploring soil-constitutive models. As the increasing collection of datasets, future study will continuously 

enhance and explore the performance of the LSTM based model such as development a uniform model to 

capture the behaviour of different materials.
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Appendix A. Introduction of activation functions

(17) 
x x

x x
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
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(18)
 
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The activation function is an important part of neural networks. A neural network without an activation 

Page 25 of 48

http://mc.manuscriptcentral.com/nag

International Journal for Numerical and Analytical Methods in Geomechanics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

22

function is merely akin to a linear regression model. tanh and ReLU are commonly used activation 

functions in various neural networks (see Fig. 15). The saturated activation function tanh is a continuous 

function and maps the input variables into the range of (0, 1) and (–1, 1), but gradients of this activation 

function can vanish or explode, and the computational cost is huge. The non-saturated activation function 

ReLU effectively overcomes these two issues, but the issue with this activation function is that the neuron 

is not activated if the input variable is a large negative value. It should be noted that there is no direct rule 

for scenario-based activation function selection. The decision for selecting the most appropriate activation 

function is completely reliant on the properties of the problem.

Appendix B. Datasets used in this study

The datasets for Toyoura sand under the undrained condition, and Fontainebleau sand under undrained 

and drained conditions, can be downloaded from the following links, respectively: 

https://www.researchgate.net/publication/336606047_Data_for_Toyoura_sand_under_undrained_cyclic_loading?_sg=F

8zxKEOa3U-bjqUJViEuScrdyfnElRCB79xD-rtEK6Dx56tiVw7nFltb6pMUGG8laBihTSk-qHsu3aVjXQO55tNyLJGW

OkIfUUxlubM.2WrOaumOEzcRVbGAwx3Y49NOe2MRIz-ZOF1bytf6e1k2Y3zugitNk4JCudg0uneh0vthqDSaspFs7y1

0UT45GQ

https://www.researchgate.net/publication/336612973_Data_for_Fontainebleau_sand_under_undrained_and_drained_cyc

lic_loading?_sg=WJt9uvyvX26O0DlduF1rRcHBWVu1N-_NwoxeZ90ut9ECrshmxxMAJscmqK5_wPSuNOY0nSn0pO

B89aZbrXSiM93Hr9o1xSGxQ4iZxwUY.F8TAK83V00npgZhfaB4Ay9V_ZfF5V8zHMBW-mmrDwlzzCTabuSts0uT-d

62KmeTahN0RNt6y_ybr2rNVV4SZzQ
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Table

Table 1 Values of parameters in the model after Yin et al (2018)
Parameter G0/ kPa υ N φc/ ° ec0 Λ ξ d p'/ kPa
Value 3000 0.3 0.67 31.2 0.937 0.022 0.71 2 98

Table 2 Values of parameters in LSTM-based model
Parameter Strain-control Stress-control
Time_step 1 1
Architecture 90–40–2 90–30–2
Epoch 600 750
Batch_size 1111 400
Validation_split 0.1 0.1
Activation function ReLU, tanh, linear ReLU, tanh, linear
Optimizer Adam Adam

Remark: activation functions in each layer are as followings: 90(ReLU)–40(tanh)–2(linear); 90(ReLU)–60(tanh)–
70(tanh)–2(linear).

Table 3 Adopted laboratory tests on Toyoura sand
Test No. Loading type Dr p'

0 qave qcyc

B1 Symmetrical loading 10% 150 0 23
B3 Symmetrical loading 30% 150 0 32
B4 Non-symm stress reversal 10% 150 9 23
B5 Non-symm stress reversal 20% 150 9 27

Training 
sets

B6 Non-symm stress reversal 30% 150 9 32
Testing set B2 Symmetrical loading 20% 150 0 27

Remark: Initial void ratio corresponding to initial mean effective stress p'0.

Table 4 Values of parameters in LSTM-based model for Toyoura sand
Parameter Toyoura sand
Time_step 1
Architecture 80–80–80–2
Epoch 100
Batch_size 4500
Validation_split 0.1
Activation function tanh, ReLU, linear
Optimizer Adam

Remark: activation functions in each layer are as followings: 80(tanh)–80(ReLU)–80(ReLU)–2(linear) 
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Table 5 Adopted laboratory tests on Fontainebleau sand
Test No. e0 σ'

n0 τave τcyc NL

CU13 0.658 104 0 5.2 18
CU14 0.664 208 0 5.2 88
CU17 0.663 312 0 15.6 33
CU18 0.662 416 0 10.4 366
CU19 0.660 416 0 10.4 300
CU21 0.663 416 0 20.8 62
CU22 0.656 416 0 20.8 62
CU23 0.655 416 0 31.2 10
CU27 0.654 416 5.2 20.8 57
CU28 0.669 416 10.4 10.4 368
CU29 0.663 416 10.4 20.8 19
CU31 0.641 416 10.4 20.8 56
CU32 0.653 416 20.8 10.4 240
CU33 0.641 416 20.8 10.4 310
CU35 0.666 416 20.8 20.8 45
CU36 0.640 416 20.8 41.6 7
CU37 0.654 416 41.6 10.4 330
CU38 0.664 416 41.6 20.8 19
CD1 0.668 416 41.6 0 /
CD2 0.628 416 41.6 0 /
CD4 0.539 416 41.6 0 /
CD5 0.623 52 5.2 0 /
CD6 0.627 104 10.4 0 /

Training 
set

CD7 0.619 208 20.8 0 /
CU34 0.635 416 20.8 20.8 100Testing

set CD3 0.568 416 41.6 0 /

Remark: Initial void ratio corresponding to initial effective normal stress ; NL - number of cycles to liquefaction.σ'
n0

Table 6 Values of parameters in LSTM-based model for Fontainebleau sand
Parameter Value
Time_step 1
Architecture 60–50–2
Epoch 100
Batch_size 4000
Validation_split 0.1
Activation function tanh, linear
Optimizer Adam
Learning rate 0.0002–0.002

Remark: activation functions in each layer are as followings: 60(tanh)–50(tanh)–2(linear)
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Figure caption
Fig. 1 Schematic view of ML algorithm: (a) LSTM; (b) memory cell

Fig. 2 A hysteresis loop with labels used in classifying the loading stage: (a) strain-control cyclic loading; 
(b) stress-control cyclic loading

Fig. 3 Framework of LSTM-based model

Fig. 4 Framework of training LSTM-based model

Fig. 5 Convergence curve of LSTM-based model

Fig. 6 Comparison between predicted and actual strain-control results using LSTM-based model for 
drained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain

Fig. 7 Comparison between predicted and actual strain-control results using LSTM-based model for 
undrained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain

Fig. 8 Comparison between predicted and actual stress-control results using LSTM-based model for 
drained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain

Fig. 9 Comparison between predicted and actual stress-control results using LSTM-based model for 
undrained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain

Fig. 10 Comparison between predicted and experimental results of Toyoura sand under undrained 
condition: (a) mean effective stress p'; (b) axial strain ε1

Fig. 11 Cyclic response of Toyoura sand under undrained condition for the testing set: (a) p'–q; (b) ε1–q; 
(c) Ncyc–ε1; (d) Ncyc –p'

Fig. 12 Comparison between predicted and experimental results of Fontainebleau sand under undrained 
and drained conditions: (a) effective normal stress ; (b) shear strain γ; (c) void ratio eσ'

n

Fig. 13 Cyclic response of Fontainebleau sand under drained condition for the testing set: (a) τ–γ; (b) e–γ; 
(c) γ–Ncyc; (d) e–Ncyc

Fig. 14 Cyclic response of Fontainebleau sand under undrained condition for the testing set: (a) τ– ; (b) σ'
n

τ–γ; (c) γ–Ncyc; (d) –Ncycσ'
n

Fig. 15 Curves of five activation functions
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(a) (b)
Fig. 1 Schematic view of ML algorithm: (a) LSTM; (b) memory cell
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Fig. 2 A hysteresis loop with labels used in classifying the loading stage: (a) strain-control cyclic loading; 
(b) stress-control cyclic loading
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Fig. 3 Framework of LSTM-based model
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Fig. 4 Framework of training LSTM-based model
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Fig. 5 Convergence curve of LSTM-based model
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Fig. 6 Comparison between predicted and actual strain-control results using LSTM-based model for 
drained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain
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Fig. 7 Comparison between predicted and actual strain-control results using LSTM-based model for 
undrained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain
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Fig. 8 Comparison between predicted and actual stress-control results using LSTM-based model for 
drained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain
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Fig. 9 Comparison between predicted and actual stress-control results using LSTM-based model for 
undrained triaxial tests: (a–c) stress ratio; (d–f) volumetric strain
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Fig. 10 Comparison between predicted and experimental results of Toyoura sand under undrained 
condition: (a) mean effective stress p'; (b) axial strain ε1
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Fig. 11 Cyclic response of Toyoura sand under undrained condition for the testing set: (a) p'–q; (b) ε1–q; 
(c) Ncyc–ε1; (d) Ncyc –p'
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Fig.12 Comparison between predicted and experimental results of Fontainebleau sand under undrained 
and drained conditions: (a) effective normal stress ; (b) shear strain γ; (c) void ratio eσ'
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Fig. 13 Cyclic response of Fontainebleau sand under drained condition for the testing set: (a) τ–γ; (b) e–γ; 
(c) γ–Ncyc; (d) e–Ncyc
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Fig. 14 Cyclic response of Fontainebleau sand under undrained condition for the testing set: (a) τ– ; (b) σ'
n

τ–γ; (c) γ–Ncyc; (d) –Ncycσ'
n
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Fig. 15 Curves of two activation functions
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