
1 

Analytical and Semi-analytical Solutions for Describing Tunneling-induced 1 

Transverse and Longitudinal Settlement Troughs 2 

Pin ZHANG1, Zhen-Yu YIN1, Ren-Peng CHEN M. ASCE2* 3 

1. Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hung4 

Hom, Kowloon, Hong Kong, China; 5 

2. College of Civil Engineering, Hunan University, Changsha 410082, China6 

Corresponding author: Ren-Peng CHEN; Email: chenrp@hnu.edu.cn 7 
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Abstract: It is still an open problem to develop a solution to predict ground deformation induced by shallow 9 

tunnels construction in dry soils. This study proposes a closed-form elastic analytical solution and a plastic 10 

analytical solution for calculating longitudinal settlement trough. Meanwhile a semi-analytical solution is 11 

further developed for better fitting tunneling-induced ground deformation, in which the metaheuristics 12 

optimization algorithm particle swarm optimization (PSO) is employed to identify the empirical parameters 13 

of the proposed semi-analytical solution. A uniform formulation with the combination of analytical and 14 

semi-analytical solutions that accounts for tunnel uniform convergence and ovalization deformation modes 15 

is ultimately proposed. A 3-dimension numerical modelling and centrifuge test results are used to validate 16 

the prediction capability of the proposed solutions in predicting longitudinal and transverse settlement 17 

troughs, respectively. The results indicate proposed semi-analytical solution can overcome the deficiency 18 

of analytical solutions, and the predicted results show great agreement with actual tunneling-induced 19 

transverse and longitudinal settlement troughs. A simple linear relationship is discovered between 20 

coefficients of the proposed semi-analytical solution identified by PSO and their influential factors, which 21 

assigns physical meaning to these empirical coefficients and also provides a straightforward method to 22 
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estimate coefficients in an effective way. 23 

Keywords: Tunnel; Settlement; Analytical solution; Optimization; Numerical modelling; Centrifuge 24 

modelling 25 

 26 

Introduction 27 

Shallow metro tunnels are rapidly constructing in large cities of China for mitigating increasingly traffic 28 

congestion arising from urbanization (Lü et al. 2017; Zhang et al. 2020; Zhang and Huang 2014). Ground 29 

deformation inevitably occurs during the tunneling process due to the stress relief, over-excavation and tail 30 

void, which occasionally poses a threat to surrounding structures and infrastructures, especially in the 31 

densely populated area (Chen et al. 2018; Zheng et al. 2017; Zheng et al. 2018). Numerous researchers have 32 

thus been preoccupied with the development of approaches, i.e. empirical methods (Peck 1969; Vorster et 33 

al. 2005), analytical and semi-analytical solutions (Bobet 2001; Loganathan and Poulos 1998; Sagaseta 34 

1987; Verruijt 1997; Verruijt and Booker 1996; Yang et al. 2004), numerical and physical modelling (Fang 35 

et al. 2019; Hu et al. 2019; Ng et al. 2013), and advanced machine learning-based models (Chen et al. 2019; 36 

Chen et al. 2019; Zhang 2019; Zhang et al. 2019) to predict tunneling-induced settlement for avoiding risks.  37 

In spite of the complex soil-tunnel interaction taking place around the tunnel, numerous field and 38 

laboratory experiments indicate the soil deformation pattern at some distance from tunnel centerline areis 39 

relatively smooth. This motivates the development of a general approach, in which the tunneling process is 40 

not reproduced by themselves, but represented by their overall effects on the ground deformation, i.e. 41 

ground volume loss (González and Sagaseta 2001). Hence, most empirical, analytical, semi-analytical, 42 

numerical and physical modelling methods were developed based on this conception. Tunneling-induced 43 

ground settlement has been extensively described by empirical formulations in engineering practice due to 44 
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theirs simplicity and well description of settlement trough shape (Peck 1969; Suwansawat and Einstein 45 

2007; Wang et al. 2018). Nevertheless, empirical methods such as Gaussian curve are merely applicable for 46 

limited cases, e.g. tunneling-induced settlement in normally consolidated clays, and tend to be misleading 47 

in the granular medium and overconsolidated clays (New and O’Reilly 1991). Therefore, accurate and user-48 

friendly closed-form analytical and semi-analytical solutions that can account for soil-tunnel interaction 49 

mechanism instead of such phenomenological methods deserve to be developed. 50 

Regarding tunneling-induced transverse settlement trough, Sagaseta (1987) first utilized point sink 51 

and virtual image methods to calculate uniform ground volume loss induced displacement of isotropic and 52 

homogeneous incompressible soils in an elastic half-space. Verruijt and Booker (1996) further extended 53 

Sagaseta (1987)’s solution to account for ground compressibility and the tunnel ovalization deformation 54 

mode. González and Sagaseta (2001) modified Verruijt and Booker (1996)’s solution to account for plastic 55 

volumetric strain of incompressible soils (v = 0.5). Such three analytical solutions provide a basis for the 56 

future development of closed-form analytical and semi-analytical solutions (Franza and Marshall 2015; 57 

Franza and Marshall 2015; Fu et al. 2016; Park 2004; Yuan et al. 2018). Relatively few closed-form 58 

analytical solutions have been made to predict tunneling-induced longitudinal settlement trough. Based on 59 

3-dimension deformation field induced by the nucleus of elastic strain (Sen 1951), Sagaseta (1987) and 60 

Pinto and Whittle (2014) have proposed closed-form analytical solutions to calculate longitudinal 61 

settlement trough induced by the uniform ground volume loss, but this solution exists some deficiencies, 62 

e.g. cannot account for complicated ground deformation mode and 50% of the total settlement always 63 

completes when the tunnel face reaches the monitoring section. Therefore, current published analytical and 64 

semi-analytical solutions for transverse settlement trough are miscellaneous and some of them are not 65 

practical for engineering practice, meanwhile the development of solutions for longitudinal settlement 66 
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trough are not sufficient enough. 67 

This study aims to develop novel closed-form analytical and semi-analytical solutions to predict 68 

transverse and longitudinal settlement troughs induced by shallow tunnel construction. The first part of this 69 

study presents a very comprehensive literature review regarding experimental empirical, analytical and 70 

semi-analytical approaches for calculating ground deformation. Thereafter, an elastic analytical solution 71 

and a plastic analytical solution for incompressible medium with the integration of tunnel ovalization 72 

deformation mode are proposed. Due to the limitation of analytical solutions, a semi-analytical solution 73 

modified by corrective terms is further developed for better fitting transverse and longitudinal settlement 74 

troughs. Herein, a metaheuristics optimization algorithm particle swarm optimization (PSO) is employed 75 

to identify the coefficients of corrective terms and investigate the relationships between such coefficients 76 

and their influential factors. A uniform formulation is ultimately proposed with the integration of currently 77 

prevailing and proposed analytical and semi-analytical solutions for comparing the applicability of various 78 

solutions. Consequently, a 3-dimension numerical model is established to compare and validate the 79 

performance of various solutions in predicting longitudinal settlement trough, and centrifuge test results 80 

from a published research is utilized to compare the prediction capability in transverse settlement trough. 81 

 82 

Literature review 83 

Transversal settlement trough 84 

Empirical methods 85 

In the greenfield condition, Peck (1969) has pointed out that the tunneling-induced transverse settlement 86 

trough is well described using a standard Gaussian curve: 87 
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where μz = vertical settlement; μz, max = maximum settlement; x = horizontal distance from the tunnel 89 

centerline; i = horizontal distance from the tunnel centerline to the inflection point of settlement curve. 90 

By integrating Eq. [1], the volume of ground surface settlement trough Vs can be obtained by: 91 

 
,max2s zV i 

 (2) 92 

The ground volume loss Vt refers to the volume loss in the vicinity of the tunnel. Vt is generally not 93 

equal to Vs because of soil dilation or contraction during tunneling process, and Vt = Vs merely occurs if the 94 

soils are incompressible (constant volume). The volume of ground surface settlement Vs and ground volume 95 

loss Vt is expressed as a percentage of the area of tunnel cross-section: 96 

 2

,s l sV V R 
 (3) 97 

 2

,t l tV V R 
 (4) 98 

where R = radius of tunnel; Vl,s and Vl,t hereafter donate the volume loss of ground surface and ground 99 

volume loss around tunnel. Integration of Eqs. [1]–[3] gives: 100 
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Therefore, numerous empirical methods have been developed to calculate i at various depth (Chakeri 102 

et al. 2014; Mair et al. 1993), whereas Vl,s is generally summarized based on different soil types, tunnel 103 

construction methods, etc (Dindarloo and Siami-Irdemoosa 2015). Because of the failure to accurately 104 

describe the tunneling-induced transverse settlement trough in many cases such as in drained soils, some 105 

substituted formulations for describing transverse settlement trough were proposed by Celestino et al. 106 

(2000), Jacobsz et al. (2004) and Vorster et al. (2005), respectively, as shown in following:  107 
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 (8) 110 

where a = length dimension parameter; b = dimensionless parameter; n = shape parameter for controlling 111 

the width of the settlement trough; m = parameter for ensuring that horizontal distance from the tunnel 112 

centerline to the inflection point of settlement curve remains constant with the change in the m.  113 

Herein, Eq. [6] uses a yield-density curve for describing settlement trough, and Eq. [7] is a slightly 114 

different version of the Gaussian curve. Eq. [8] is a modified Gaussian curve with an additional parameters 115 

m. For the case of n = 1, the Vorster et al. (2005)’s modified Gaussian curve is the same as a standard 116 

Gaussian curve. It can be seen from Fig. 1 that the shape of settlement trough narrows with the increase in 117 

n, meanwhile the settlement trough width i maintains constant. Herein, the settlement has been normalized 118 

for clearly comparing the effect of studied parameters on the settlement trough shape. Therefore, this 119 

method is more appropriate to describe tunneling-induced transverse settlement trough, because it can 120 

flexibly adjust the shape of transverse settlement trough with a constant i. Nevertheless, the parameter m 121 

lacks a physical meaning. Marshall et al. (2012) suggested to characterize the shape of settlement trough 122 

using two points of any empirical curves (Eqs. [1], [6]–[8]), that is, (x*, 0.606μz, max) and (x**, 0.303μz, max). 123 

The corresponding values of trough width parameters are represented by K* and K**. Thereafter a 124 

correlation between (m, i, μz, max) and (K*, K**, Vl,s) can be obtained by: 125 
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 (9) 126 

where h = depth of tunnel axis. The detailed deduction can refer to Franza and Marshall (2019). This method 127 

assigns the physical meaning of each parameters of Eq. [8], but it is certainly less user-friendly than the 128 

conventional formulations. 129 

Analytical solutions 130 

Closed-form analytical solutions for describing tunneling-induced settlement trough depend on simplified 131 

assumptions regarding the constitutive behavior of soil, meanwhile fulfill the principles of continuum 132 

mechanics and boundary conditions. The most fundamental assumptions of current analytical methods 133 

involve the deformation mode of tunnel cavity and soil volumetric behavior. The deformation of tunnel 134 

cavity is now acceptably categorized into three modes: (i) uniform convergence, με; (ii) ovalization, μδ,max; 135 

(iii) vertical translation, Δμz (see Fig. 2) (González and Sagaseta 2001). Both elastic and plastic volumetric 136 

behavior of soils are taken into account (González and Sagaseta 2001; Sagaseta 1987; Verruijt and Booker 137 

1996). 138 

The analytical solutions for tunneling-induced settlement can be regarded as a displacement–139 

displacement problem, in which displacement is imposed around the tunnel and only the resulting 140 

displacement field is obtained. Sagaseta (1987) first utilized point sink method to calculate uniform ground 141 

volume loss induced displacement of isotropic and homogeneous incompressible soils in an elastic infinite 142 

half-space, and a virtual image technique was employed to satisfy the boundary condition of the top surface 143 
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(see Fig. 3). The horizontal and vertical deformations of ground surface under 2-dimension plain strain 144 

condition are obtained: 145 
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where ε = normalized convergence deformation, με/R. 148 

Verruijt and Booker (1996) further extended the method proposed by Sagaseta (1987) to account for 149 

ground compressibility and the tunnel ovalization deformation mode, and both uniform convergence and 150 

tunnel ovalization can generate vertical translation deformation (Pinto and Whittle 2014). The 151 

corresponding ground deformation under 2-dimension plain strain condition can be expressed by: 152 
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The horizontal and vertical settlement at the ground surface z = 0 is: 155 
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where v = Poisson’s ratio, which is used to account for ground compressibility; k = v/(1–v); δ = normalized 158 

tunnel ovalization deformation, μδ,max/R. z1 = z – h; z2 = z + h; r
2 

1  = x2 + z
2 

1 ; r
2 

2  = x2+ z
2 

2 . The first term 159 
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donates the horizontal and vertical settlement caused by tunnel uniform convergence, and the second term 160 

is caused by tunnel ovalization. For the case of v = 0.5, which donates soils are incompressible, the first 161 

term is the same as the solutions proposed by Sagaseta (1987). The relative distortion of tunnel, ρ = δ/ε, 162 

could be an alternative way for describing the tunnel ovalization. It can be seen from Fig. 4(a) that the 163 

tunnel overlization obviously decreases the width of settlement trough, and the width of settlement trough 164 

decreases with the increase in ρ. It can be observed that the increase in the Poisson’s ratio can slightly 165 

decreases the width of settlement trough, but this effect is not discernable, compared with the tunnel 166 

ovalization. Therefore, the predicted width of settlement trough using Verruijt and Booker (1996)’s method 167 

is narrower than that predicted by Sagaseta (1987)’s solution. 168 

González and Sagaseta (2001) modified Verruijt and Booker (1996)’s solution to account for the plastic 169 

volumetric strain of incompressible soils (v = 0.5). The displacements in the plastic zone for non-elastic 170 

medium attenuate with a power of the distance, O(1/rα) is the basic assumption of this solution. The 171 

corresponding ground deformation under 2-dimension plain strain condition can be expressed by: 172 
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The horizontal and vertical settlement at the ground surface z = 0 is: 175 
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where α = average value of ground compressibility parameter, generally in the range of 1.0–2.0. González 178 

and Sagaseta (2001)’s solutions for the case of α = 1 is the same as the Verruijt and Booker (1996)’s 179 

solutions. It can be seen from Fig. 4(b) that the increase in α can decrease the width of settlement trough, 180 

which complies with the results observed in engineering practice. Overall, regarding analytical solutions 181 

for calculating transverse settlement trough, the tunnel deformation mode is the primary parameter affecting 182 

the shape of settlement trough, compared with soils properties. Without consideration of the tunnel 183 

ovalization, the predicted settlement trough may be much wider than measured results.  184 

Semi-analytical solutions 185 

Loganathan and Poulos (1998) pointed out that ground volume loss was affected by tunneling methods, 186 

tunnel configuration, soil types, etc, and a gap parameter g was able to be employed to represent ground 187 

volume loss for comprehensively accounting for these influential factors. Meanwhile only a non-uniform 188 

convergence deformation mode around tunnel was considered, and its distribution was empirically defined 189 

as: 190 
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By combination with the Verruijt and Booker (1996)’s analytical solution, Loganathan and Poulos 192 

(1998) proposed a semi-analytical solution, in which they merely considered a non-uniform convergence 193 

deformation mode. Therefore, this semi-analytical solution was easily derived with the integration of Eqs. 194 

[10] and [15]. The horizontal and vertical settlement at the ground surface z = 0 are:  195 
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Another semi-analytical solution based on Verruijt and Booker (1996)’s analytical solution was 198 

proposed by Franza and Marshall (2019). This semi-analytical solution involved two basic assumptions: (i) 199 

soils are incompressible (v = 0.5); (ii) ρ = 1 (ε = δ) deprived from the centrifuge results in which the 200 

horizontal movements measured at the tunnel springline are negligible across the range of volume losses 201 

considered (Vl,t = 0−5%). Meanwhile, two corrective terms: ξx and ξz are applied in the horizontal and 202 

vertical deformation, respectively, as shown following: 203 
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Empirical correlations between coefficients ξx, ξz and ground volume loss, cover-to-diameter ratio, soil 206 

relative density were established by Franza and Marshall (2019) based on the centrifuge experimental 207 

results. 208 

Longitudinal settlement trough 209 

Empirical methods 210 

A cumulative probability function was proposed by New and O’Reilly (1991) for describing tunneling-211 

induced longitudinal settlement trough. The vertical settlement of ground surface along the tunnel advance 212 

direction can be determined by: 213 
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where yi = initial position of tunnel; yf = position of current tunnel face; The value of G(x) can be determined 215 

from a standard probability table.  216 
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Analytical solutions 217 

The integration of point sink and virtual image methods can also be employed to calculate 3-dimension 218 

ground deformation for a spherical cavity point embedded at depth h in an elastic half-space. For the case 219 

of ground volume loss uniformly distributed along the tunnel axis, Vl,t = 2επR2 (see Fig. 5(a)), the ground 220 

surface settlement for incompressible soils along the tunnel axis can be obtained by Sagaseta (1987):  221 
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 (19) 222 

The 3-dimension ground deformation contour for h/R = 3 calculated by Eq. [19] can be seen in Fig. 223 

5(b). The corresponding longitudinal settlement trough at the tunnel axis, x = 0, is presented in Fig. 5(c). It 224 

can be seen from Eq. [19] that settlement increases linearly with the tunnel uniform convergence. Regarding 225 

the tunnel depth, it can be observed in Fig. 5(c) that the settlement is limited to a zone around the tunnel 226 

face with the y/h in the range of –4 to 4, and the evolution of settlement is similar to the tunnel buried at 227 

various depth. For any case, 50% of the total settlement completes when the tunnel face reaches monitoring 228 

section.  229 

 230 

Proposed semi-analytical solutions 231 

Analytical solution for longitudinal ground deformation 232 

The published research works primarily focused on developing solutions for describing transverse 233 

settlement trough, whereas relatively few solutions are proposed for calculating longitudinal settlement. In 234 

reality, 3-dimension deformation field induced by the nucleus of elastic strain at (0, 0, h) in the isotropic 235 

semi-infinite elastic space has earlier been derived by Sen (1951).  236 
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where, VL = volumetric loss at (0, 0, h);  
22 2

1R x y z h    ;  
22 2

2 +R x y z h   . Based on Sen 240 

(1951)’s solution, tunneling-induced 3-dimension deformation field resulting from the prescribed 241 

distributions of ground volume loss can be obtained. Sagaseta (1987) and Pinto and Whittle (2014) have 242 

thus proposed Eq. [19] for calculating 3-dimension deformation field induced by the uniform ground 243 

volume loss, i.e., the ground volume loss is uniformly distributed along the tunnel axis. This study further 244 

develops this solution based on Sen (1951)’s solution with the integration of tunnel ovalization deformation 245 

mode for better describing tunneling-induced longitudinal settlement trough. The proposed elastic 246 

analytical solution and plastic analytical solution for incompressible medium to calculate longitudinal 247 

settlement trough at the ground surface are shown in Appendix I. 248 

Corrective term 249 

Analytical solutions are limited to simple soil deformation modes, i.e. elastic and plastic (with a fixed 250 

attenuation rule) deformation. They tend to mislead certain settlement characteristics, e.g. 50% of the total 251 

settlement always completes when the tunnel face reaches the monitoring section, as shown in Fig. 5(c). 252 

Therefore, semi-analytical solution combined with corrective terms is proposed for improving its accuracy 253 

and applicability. The two corrective terms ξx and ξz (see Eq. [21]), which are motivated by Franza and 254 

Marshall (2019), are proposed for refining the vertical and horizontal ground deformation. Franza and 255 

Marshall (2019)’s corrective terms were able to refine ground deformation in a 2-dimension plain. Such 256 

two corrective terms are further extended by adding an additional coefficient in the y direction to describe 257 

tunneling-induced settlement in a 3-dimension space with a simpler formulation. 258 
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where corrective terms ξ
p 

x  and ξ
p 

z  consist of two Gaussian functions. Herein, cA and cB are the amplitude 261 

coefficient, whereas c1–c7 are the attenuation factors. Higher Vl,t can cause an additional deformation peak 262 

in the proximity of the tunnel crown (Franza and Marshall 2015), thereby a second Gaussian function with 263 

the center of (x, y, c7h) is used in the corrective terms. Considering the evolution of deformation along the 264 

y direction is asymmetric, thereby the square term is not adopted for y/h.  265 

Herein, the values of coefficients ci (i = A, B, 1, 2, 3, 4, 5, 6, 7) need to be calibrated for eliminating 266 

errors between actual and analytical solution-based results. A metaheuristic optimization algorithm particle 267 

swarm optimization (PSO), which has been extensively used in parameters identification (Yagiz and 268 

Karahan 2015; Yin et al. 2017), is employed to identify the values of ci in this study. The introduction of 269 

PSO is presented in the Appendix III, and the flowchart of the PSO-based identification of corrective terms 270 

is presented in Fig. 6. The position vector of the PSO algorithm is represented by the coefficients ci. 271 

Therefore, the objective of the PSO algorithm is to identify the optimum position vector (ci) to minimize 272 

difference between the ground deformation calculated by analytical solutions and the actual deformation 273 

obtained by numerical or experimental modelling. The objective function of PSO is defined as the sum of 274 

squared errors (SSE) between actual (yi) and predicted (μ
p 

i ) ground deformation: 275 
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   (22) 276 

In reality, the values of ci are affected by tunnel geometric factors such as cover to diameter ratio, C/D, 277 

soil properties such as soil relative density, Id, and ground deformation status such as ground volume loss, 278 
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Vl,t. Therefore, after the values of ci are determined and the primary influential factors to coefficients ci are 279 

selected, the correlations between coefficients ci and these factors deserve to be investigated.  280 

Uniform formulation 281 

From the perspective of published studies, it can be observed that the currently prevailing analytical and 282 

semi-analytical solutions for calculating tunneling-induced settlement were developed upon Verruijt and 283 

Booker (1996)’s solution, because it can comprehensively account for ground deformation modes. This 284 

study first integrates these prevailing analytical, semi-analytical solutions and proposed solutions using a 285 

uniform formulation, which can be obtained by: 286 
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 (23b) 288 

where, 
v

x , x

 , x

 , 
p

x  = horizontal deformation calculated by Verruijt and Booker (1996), González 289 

and Sagaseta (2001), Franza and Marshall (2019), and proposed semi-analytical solution in this study, 290 

respectively; 
v

z , z

 , z

 , 
p

z  = vertical deformation calculated by the corresponding solutions. ε, δ 291 

= normalized uniform convergence and tunnel ovalization deformation. 
ij

xt , 
ij

zt  (i = 1, 2, 3, 4; j = 1, 2) = 292 

termed as deformation coefficients in this study, and they form a deformation matrix. This uniform 293 

formulation is able to calculate tunneling-induced settlement such as transverse and longitudinal settlement 294 

troughs under various conditions (plain strain or 3-dimension) by changing the values of coefficients in the 295 

deformation matrix. Appendix I and II present the deformation matrix for calculating ground deformation 296 
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in the x-y plane (z = 0) and x-z plane (y = 0), respectively. Therefore, both of tunneling-induced transverse 297 

and longitudinal settlement troughs can be predicted using this uniform formulation, and the difference 298 

among various solutions can be comprehensively compared. 299 

 300 

Case study 301 

Longitudinal settlement trough 302 

Numerical investigation 303 

To validate the applicability of proposed analytical and semi-analytical solutions for predicting tunneling-304 

induced settlement. A 3-dimension numerical model based on finite element method (FEM) software 305 

PLAXIS3D is established to generate a series of data. As the 3-dimension FE model in Fig. 7, half section 306 

of the tunneling area is modelled since tunnel excavation is a symmetry problem. The tunnel axis runs along 307 

the y-direction (from 0 to 100 m). The model laterally extends to a distance of 50 m from the tunnel 308 

centerline and vertically extends to a distance of 50 m from the ground surface. The outer and inner 309 

diameters of tunnel are 6 and 5.4 m, respectively. The displacement perpendicular to lateral boundaries is 310 

restrained while the vertical displacement is allowable. There is no vertical or horizontal displacement along 311 

the bottom boundary. The top boundary and the tunnel face boundary are free to move.  312 

Note that this model merely simulates tunneling-induced ground surface deformation in the dry sand. 313 

The parameters of the soil constitutive model that is hardening soil (HS) model refers to Zhao et al. (2019), 314 

as shown in Table 1. The shield machine and concrete lining are modeled as an isotropic linear elastic 315 

material and the continuous concrete lining is simulated. The values of parameters are presented in Table 316 

2. In FE model, the tunnel is excavated at 2 m per step, and the shield machine is 8 m. The face pressure 317 

and tail grouting pressure are equal to 1 and 1.2 times horizontal earth pressure, respectively. The tunneling-318 
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induced ground volume loss is also simulated by the contraction ratio in PLAXIS3D. It can be seen from 319 

Fig. 7 that the contraction ratio along the former 6 m of shield machine increases linearly from zero to the 320 

prescribed value, successfully simulating the conicity of shield machine.  321 

The tunneling process consists of following steps: (1) K0 consolidation, achieving the equilibrium of 322 

ground stress; (2) activating the EPB shield, face pressure and grouting pressure; (3) activating excavation 323 

step, including freezing face pressure and grouting pressure at current step, excavating 2 m span of soil 324 

along the tunnel alignment, installing concrete lining at the rear of the shield machine, moving shield 325 

machine, face pressure and grouting pressure to the next position; (4) repeating steps (3) until the 326 

completion of tunnel. A total of nine numerical models including C/D of 1, 2, and 3, and Vl,t of 1%, 2% and 327 

3% are established for validating proposed analytical and semi-analytical solutions. Tests are labelled 328 

according to their C/D ratio and Vl,t (i.e. a test with C/D = 1 and Vl,t = 1% is labelled CD1V1).  329 

 330 

Corrective terms identification 331 

Tunneling-induced longitudinal settlement trough along the tunnel alignment at the ground surface is vitally 332 

significant in engineering practice, it is thus investigated in this study. Based on the uniform formulation 333 

presented in Appendix I for 3-dimension ground deformation at the ground surface, the deformation matrix 334 

for the longitudinal settlement trough along the tunnel alignment at the ground surface can be expressed by: 335 
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The normalized uniform convergence, ε, and tunnel ovalization deformation, δ are the input parameters 345 

for the analytical and semi-analytical solutions. Considering the correlation between Vl,t and ε: 346 

 , 2

2
= 2l t

R R
V

R

 





  (25) 347 

Hence, the value of ε can be determined based on the value of Vl,t. Fig. 8 illustrates the deformation 348 

contour at a cross-section for C/D = 3, where the tunneling-induced ground deformation has maintained 349 

steadily. It can be observed that the maximum deformation occurs at the tunnel crown with the values of 350 

approximately 20 mm for Vl,t = 1%, 30 mm for Vl,t = 2% and 45 mm for the Vl,t = 3%, respectively, and the 351 

corresponding uniform convergence values εR are 15, 30 and 45 mm, respectively. The consistence between 352 

the FE results and the uniform convergence values indicates that the uniform convergence deformation 353 

dominates the primary responsibility of tunneling-induced ground deformation and the tunnel ovalization 354 

deformation is not discernable. This actually complies with engineering practice, where only the long-term 355 

tunnel ovalization deformation is considered (Loganathan and Poulos 1998; Zhao et al. 2019). Therefore, ε 356 
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= 0.5Vl,t and δ = 0 are employed for the analytical and semi-analytical solutions to compare with numerical 357 

results. Note that the ground deformation at the remaining section of tunnel periphery is actually less than 358 

that at the tunnel crown, which means that the uniform convergence with ε = 0.5Vl,t slightly overestimates 359 

ground deformation. Because soils behavior is modelled by the HS constitutive model instead of a linear 360 

elastic constitutive model, the unloading cannot induce the same magnitude of deformation as the 361 

deformation at the tunnel crown. Meanwhile the weight of shield body and lining also result in a smaller 362 

heave at the invert. This slight error in the uniform convergence is neglected for user-friendly calculation 363 

and the resulting prediction error actually can be modified by the corrective terms. Meanwhile, Poisson’s 364 

ratio and compressibility parameter in the uniform formulation are 0.2 and 1, respectively, as same as the 365 

value in the FEM. 366 

It can be seen from Eq. [24a] that three additional parameters need to be identified in the semi-367 

analytical solutions, which are determined by the PSO algorithm as mentioned in the section 3.2. Although 368 

the number of iterations is set as 10000 in PSO, the SSE value virtually maintains at zero as the number of 369 

generation reaches 1000 iteration, as shown in Fig. 9. It is interesting to note that the convergence rate 370 

decreases with the increase in Vl,t for the same C/D ratio. It reflects the error between numerical and 371 

analytical results increase with the increase in the Vl,t, and the details will be revealed in the next section.  372 

The optimum coefficients ci are obtained when the SSE values reach the minimum values, and they 373 

will be used to modify corrective terms ξ
p 

x  and ξ
p 

z . As mentioned in the section 3.2, the values of ci are 374 

related to numerous factors. C/D ratio and Vl,t are the only variables in the numerical models, an obvious 375 

linear relationship between ci and Vl,t for various C/D ratio is observed, which can be expressed by:  376 

 ,=i i l t ic p V q   (26) 377 

where pi and qi = fitted parameters, and the corresponding values are presented in Table 3. This relationship 378 
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is important, because it provides a straightforward method to estimate coefficients ci based on the tunnel 379 

geometric and ground deformation factors, and further better predict tunneling-induced settlement. It should 380 

be noted that the values of coefficients presented in Table 3 based on numerical results, thereby they have 381 

limited application scopes. However, the method proposed in this study is recommended to investigate the 382 

relationships between empirical coefficients and influential factors in various problems, thereby assigns 383 

physical meaning to these empirical coefficients and extends their application scope. 384 

Validation results 385 

Fig. 10 presents the results of predicted longitudinal settlement troughs by the uniform formulation 386 

including analytical and semi-analytical solutions, compared with results of nine FE models. Franza and 387 

Marshall (2019)’s semi-analytical solution z

  cannot be used to calculated longitudinal settlement trough. 388 

Therefore, Fig. 10 only presents the predicted results using proposed two analytical and one semi-analytical 389 

solutions.  390 

The settlement is normalized by the tunnel radius for comparing the settlement characteristics in 391 

various cases. The maximum error is generated by the plastic solution, z

 , because the compressibility 392 

parameter α of 1 cannot account for plastic deformation and the default incompressible medium (v = 0) in 393 

this solution further increases the prediction error. As mentioned above, elastic solution 
v

z  with the 394 

uniform convergence of ε = 0.5Vl,t overestimates ground deformation, thereby the predicted settlement is 395 

larger than the FEM results for very shallow tunnel with C/D = 1, and the prediction error increases with 396 

the increase in the Vl,t. Nevertheless, with the increase in the C/D ratio, the tunneling-induced settlement 397 

area gradually expands and the magnitude of maximum settlement also increases in the numerical results, 398 

but the ground surface settlement calculated by the elastic analytical solutions decreases with the increasing 399 

C/D ratio. Therefore, the increasing C/D ratio leads to the increasing error between analytical and numerical 400 
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results. Note that the increasing settlement for C/D ratio increasing from 1 to 2 is larger than that for C/D 401 

ratio increasing from 2 to 3. The large C/D ratio intensifies the contribution of arching effect on the 402 

settlement, the ground surface settlement away from the loosened and soil arching zone thus progressively 403 

holds at a steady value (Lin et al. 2019). Regarding the semi-analytical solution, 
p

z , the predicted 404 

settlement shows great agreement with the numerical results, which indicates the feasibility and reliability 405 

of proposed semi-analytical solution for predicting tunneling-induced longitudinal settlement trough.  406 

Transverse settlement trough 407 

Centrifuge data 408 

Tunneling-induced transverse settlement data from the centrifuge tests of plain-strain tunneling are utilized 409 

in this section (Franza and Marshall 2019). The model tunnel comprised a metallic cylinder with enlarged 410 

ends which was covered by a latex sleeve and filled with water. The ground volume loss Vl,t was controlled 411 

by extracting water from the model tunnel using a volume control system. The surface and subsurface soil 412 

displacements were measured by an image-based displacement measurement technique geoPIV. Tests 413 

included C/D of 1.3, 2.4, 4.4, and 6.3, Id of 30% (loose), 50% (medium-dense), and 90% (dense), and 414 

ground Vl,t of 2% and 5%. All tests used a dry silica sand known as Leighton Buzzard Fraction E. These 415 

tests were performed in the 10 m diameter geotechnical centrifuge at the University of Cambridge, and 416 

more details can refer to Marshall (2009). Tests are labelled according to their C/D ratio, Id and Vl,t (i.e. a 417 

test with C/D = 1.3, Id = 0.3 and Vl,t = 2% is labelled CD6.3ID90V2). Four tests results including 418 

CD1.3ID30V2, CD1.3ID30V5, CD1.3ID90V2 and CD2.5ID30V2 are selected and used for validating 419 

proposed solutions in this study. 420 

Validation results 421 

The plain-strain centrifuge test merely focused on the tunneling-induced transverse settlement trough, and 422 
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only the ground surface settlement is investigated in this study. Therefore, based on the results in the 423 

Appendix II, the coefficients in the deformation matrix can be expressed by: 424 
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where v = 0.5; the value of α is related to soil dilatancy, thereby the values for sand with Id = 0.3 and 0.9 434 

are equal to 1 and 1.05, respectively. The process of determining the values of coefficients for the 435 

determination of proposed corrective terms ξ
p 

x  and ξ
p 

z  is similar to the former section, thereby it is not 436 

presented for brevity. Table 4 presents the values of these coefficients, which is roughly identical to Franza 437 

and Marshall (2019)’s results, thereby indicates the reliability of PSO-based parameters identification. 438 

Franza and Marshall (2015) pointed out the horizontal movements measured at the tunnel springline 439 

in the centrifuge tests can be neglected when the value of Vl,t ranges from 0 to 5%. The assumed ovalization 440 
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term δ is thus equal to ε. Fig. 11 presents the results of four tests calculated by the proposed uniform 441 

formulation. The settlement is also normalized by the tunnel radius. It can be seen from Figs. 11(a) and (d) 442 

that analytical solutions broadly deviate from the measured data in the loose sand with low ground volume 443 

loss, but this difference is mitigated in the dense sand or the loose sand with large ground volume loss (see 444 

Figs. 11(b) and (c)). Tunneling process can induce large plastic deformation around the tunnel due to the 445 

stress relief and tail void, and chimney-like displacement is more prominent for the relatively large and 446 

shallow tunnel with low value of C/D ratio (Marshall et al. 2012), thereby elastic analytical solutions 447 

obviously underestimate settlement in the vicinity of tunnel crown in the loose sand with low ground 448 

volume loss. Nevertheless, in the dense sand and the loose sand with large ground volume loss, the 449 

contribution of arching effect to the settlement is more pronounced. Compared with Figs. 11(a) and (b), the 450 

settlement calculated by analytical solutions increase linearly with the increase in the Vl,t, but the increase 451 

in the measured settlement is lower than that calculated by analytical solutions, which is attributed to the 452 

contribution of arching effect. Similar condition can be also observed in the dense sand in Fig. 11(c), in 453 

which the measured settlement lowers in comparison with the loose sand in Fig. 11(a). Therefore, the 454 

predicted maximum settlement shows great agreement with measured results in the dense sand or the loose 455 

sand with large ground volume loss. It can be observed from Fig. 11 that all predicted settlement trough 456 

width using analytical solutions is wider than measured results, because the chimney-like displacement 457 

mechanism in the sands is responsible for the decrease of the settlement trough width and it is not 458 

considered in the elastic analytical solutions. Fig. 11(c) indicates the increase in the compressibility 459 

parameter α can effectively decrease the settlement trough width in accordance with the results presented 460 

in Fig. 4(b), because this parameter can take the ground plastic deformation into consideration. The 461 

predicted settlement using the proposed semi-analytical solution exists great agreement with measured 462 
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results. The modification of corrective terms in this study effectively improve the accuracy in predicting 463 

ground surface settlement with a simpler formulation, compared with Franza and Marshall (2019)’s semi-464 

analytical solution. 465 

 466 

Conclusions 467 

This study proposed novel closed-form analytical and semi-analytical solutions for describing tunneling-468 

induced ground deformation induced by the construction of shallow tunnels in dry soils. A comprehensive 469 

literature review regarding the empirical, analytical and semi-analytical methods for calculating transverse 470 

and longitudinal settlement troughs induced by shallow tunnels construction was first conducted. Thereafter, 471 

an elastic analytical solution and a plastic analytical solution with the integration of tunnel ovalization 472 

deformation mode for describing tunneling-induced longitudinal settlement trough of the incompressible 473 

medium were proposed. Due to the limitation of analytical solutions, a semi-analytical solution based on 474 

two corrective terms ξx and ξz was further developed for refining the vertical and horizontal ground 475 

deformation. A uniform formulation was ultimately proposed with the integration of currently prevailing 476 

and proposed analytical and semi-analytical solutions. This uniform formulation was convenient to 477 

compare the difference among various analytical and semi-analytical solutions. Therefore, a 3-dimension 478 

numerical model was established to compare the performance of various solutions in predicting longitudinal 479 

settlement trough, and centrifuge test results from a published research was utilized to compare the 480 

performance in predicting transverse settlement trough. Both numerical and centrifuge modelling results 481 

revealed the deficiency of analytical solutions in predicting tunneling-induced settlement, especially for the 482 

prediction of longitudinal settlement trough, and the proposed semi-analytical solution can accurately 483 

predict tunneling-induced transverse and longitudinal settlement troughs. 484 
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A metaheuristics optimization algorithm particle swarm optimization (PSO) was employed to identify 485 

the coefficients of corrective terms ξx and ξz used in semi-analytical solutions. It is quite interesting that a 486 

linear relationship was obtained between these coefficients and their influential factors, i.e. cover-to-487 

diameter ratio and ground volume loss, which provides a straightforward and effective method to estimate 488 

coefficients in practice engineering based on the tunnel geometric, soils properties and ground deformation 489 

conditions. This method is genetic and reusable, which means that it is able to investigate the relationships 490 

between empirical coefficients and influential factors in various issues, thereby assigns physical meaning 491 

to these empirical coefficients and improve their applicability scope. 492 

 493 

Appendix I. Matrix for ground deformation in the x-y plane (z = 0) 494 
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Appendix II. Matrix for ground deformation in the x-z plane (y = 0) 516 
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Matrix for horizontal deformation 519 
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 537 

Appendix III. Brief introduction of particle swarm optimization 538 

Particle swarm optimization (PSO) is a metaheuristic optimization algorithm (Kennedy and Eberhart 1995) 539 

developed upon simulating search behaviour and social interaction of animals such as fish school and bird 540 

flock. PSO algorithm consists of several populations of particles and each particle is represented by its 541 

position vector X
k 

i , velocity vector V
k 

i , where k is the current generation and i is the ith particle. The 542 

predominant objective of PSO algorithm is to search for the optimum fitness value and the corresponding 543 

location. The PSO algorithm starts from defining the objective function, and initializing PSO parameters 544 

including the size of population, generations, initial velocity vectors and position vectors. Thereafter the 545 

position and velocity of each particle are updated with the guidance of its local best position in the search-546 

space and the global best position until the global best fitness value of all population satisfies the termination 547 

criteria. Herein, the velocity and position of each particle are updated using the following equations: 548 

    1

1 1 2 2

k k k k k k

i i i i ic r c r gBest          V V pBest X X  (III. 1) 549 

 1 1k k k

i i i

  X X V  (III. 2) 550 

where ω = inertia weight; c1 = cognitive acceleration coefficient; c2 = social acceleration coefficient; r1, r2 551 

= random numbers within the range [0, 1] complying with uniform distribution; pBesti = the local best 552 

location of the ith particle; gBest = the global best location among all particles. 553 

 554 
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1 

Table 

Table 1 Parameters of hardening soil constitutive model 

Parameter Description Value Unit 

Φ' Friction angle 25 ° 

ψ' Dilatancy angle 0 ° 

c' Cohesion 0 kPa 

Eref 

50  Secant stiffness in triaxial test 1E4 kPa 

Eref 

oed Tangent stiffness for oedometer loading 1E4 kPa 

Eref 

ur  Elastic unloading-reloading stiffness 3E4 kPa 

pref Reference stress 100 kPa 

m Exponent power 1  

v Poisson’s ratio 0.2  

γ Soil unit weight 17 kPa 

K0 Coefficient of lateral earth pressure 0.57  

 

 

Table 2 Parameters of shield machine and concrete lining 

Parameter Description Shield machine Concrete lining 

E Elastic stiffness 23E7 31E6 

v Poisson’s ratio 0.2 0.2 

γ Unit weight 49.5 25 

 

 

Table 3 Values of coefficients in corrective terms for refining longitudinal settlement trough 

C/D pA,z qA,z pB,z qB,z p2,z q2,z p5,z q5,z 

1 –0.164 1.880 0.267 –1.704 0.007 0.102 0.072 0.352 

2 0.408 1. 633 –0.40 –1.735 –0.021 0.078 –0.034 0.414 

3 –0.519 4.090 0.371 –2.142 –0.006 0.047 0.033 0.286 

 

 

Table 4 Values of coefficients in corrective terms for refining transverse settlement trough 

C/D Id pA,z qA,z pB,z qB,z p1,z q1,z p4,z q4,z p6,z q6,z p7,z q7,z 

1.3 0.3 –0.098 1.56 0.12 0 0.36 1 3.1 0 1.3 0 0 0.73 

1.3 0.9 –0.085 0.09 0.3 0 0.59 0.87 5.5 0 1.6 0 0 0.73 

2.5 0.3 –0.13 2.2 0.1 0 0.12 1.1 3.5 0 0.26 0 0 0.83 
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Figure caption 

 

Fig. 1 Relationship between settlement trough shape predicted by the modified Gaussian curve and n 

Fig. 2 Deformation mode for shallow tunnel (González and Sagaseta (2001)) 

Fig. 3 Superposition of point sink and its image sink 

Fig. 4 Settlement trough shape predicted by analytical solutions: (a) effects of tunnel ovalization ρ and 

Poisson’s ratio v on the settlement trough shape; (b) effect of compressibility parameter α on the settlement 

trough shape 

Fig. 5 Longitudinal settlement trough: (a) 3-dimensional coordinate; (b) 3-dimensional settlement trough 

at the ground surface; (c) 2-dimensional longitudinal settlement trough 

Fig. 6 Flowchart of PSO-based identification of corrective terms 

Fig. 7 Schematic view of 3-dimension finite element model 

Fig. 8 Deformation contour at a cross-section for C/D = 3 

Fig. 9 Evolution of SSE values in nine cases 

Fig. 10 Comparison between FEM-based longitudinal settlement troughs and predicted settlement troughs 

using uniform formulation: (a) CD1V1; (b) CD1V2; (c) CD1V3; (d) CD2V1; (e) CD2V2; (f) CD2V3; (g) 

CD3V1; (h) CD3V2; (i) CD3V3 

Fig. 11 Comparison between measured transverse settlement troughs and predicted settlement troughs using 

uniform formulation: (a) CD1.3ID30V2; (b) CD1.3ID30V5; (c) CD1.3ID90V2; (d) CD2.5ID30V2 

 




