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Abstract: This paper presents the development of a three-dimensional discrete element model 

using flat-joint and smooth-joint contact models to investigate the effect of anisotropy on the 

tensile behaviour of slate, a transversely isotropic rock, under Brazilian testing from both 

macro and micro scales. The effect of anisotropy is further realised by exploring the influence 

of foliation orientations (β and ψ) on the tensile strength, fracture pattern, micro-cracking and 

stress distribution of the transversely isotropic rock. The variation of tensile strength with 

foliation orientation is presented. The cross-weak-plane fracture growth observed in 

laboratory is reproduced, and the criterion for which to form is also given from the aspect of 

foliation orientation. Furthermore, the proportional variations of micro-cracks well account for 

the effects of foliation orientation on the tensile strength and failure pattern. Finally, it is found 

that the existence of weak planes increases both the heterogeneity and the anisotropy of stress 

distributions within the transversely isotropic rock, with the degree of influence varying with 

the foliation orientation. 
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1. Introduction 

Natural rocks are more or less anisotropic. The anisotropy in rocks is reflected by the 

different physical and mechanical properties in different directions. Typical anisotropic rocks 

include sedimentary rocks (shale, siltstone, claystone, sandstone, etc.) and metamorphic rocks 

(slate, phyllite, schist, gneiss, etc.). Because of their stratified or foliated structures, these 

rocks can further be treated as transversely isotropic material, in which one privileged 

direction exists and material behaviour has rotational symmetry with regard to that direction 

[1, 2]. Although the earth’s crust is composed of approximately 95% igneous rocks and 5% 

sedimentary and metamorphic rocks, sedimentary and metamorphic rocks make up around 75% 

of the earth’s surface [3]. As a result, transversely isotropic rocks are widely encountered in 

civil, mining, petroleum, geothermal, geo-environmental and radioactive waste disposal 

engineering [4-9]. 

The effect of anisotropy on the tensile behaviour of transversely isotropic rocks has been 

extensively studied for decades using analytical, experimental and numerical approaches [8, 

10-21]. The published results have shown that the tensile behaviour of transversely isotropic 

rocks depends largely on the orientation of weakness planes (e.g., bedding plane and foliation 

plane) with respect to the loading direction. The Brazilian test is a most commonly used 

method of investigating the tensile strength and failure pattern of transversely isotropic rocks. 

Moreover, in most research, the sample is cored parallel to the orientation of weakness planes 

and the failure pattern under the Brazilian test is regarded as two-dimensional (2D). In fact, 

even though the strike of weakness planes coincides with the sample axis, the 

cross-weak-plane fracture is likely to be observed as illustrated in Figure 1. The results 

observed in slate indicate that failure patterns after Brazilian testing on both sides of the 

specimen are distinctly different and that the fracture section presents a cross-weak-plane 

structure when the loading-foliation angle is high. The likely reasons for the 

cross-weak-plane fracture growth are deviation of the strike direction of weakness planes 

from the sample axis, the ripple arrangement of the weakness planes, pyrite inclusion or other 
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imperfections [22]. The anisotropy is further demonstrated by the results of Brazilian tests 

observed in sandstone, gneiss and slate [23-25]. The Brazilian tensile strength and energy 

storage capacity were found to be associated with the orientation of weakness planes with 

respect to the directions of loading and sample axis. However, in these tests, some key 

information such as microcrack initiation, evolution and distribution in three-dimension is 

difficult to be obtained. The underlying failure mechanism of the transversely isotropic rock 

under Brazilian tests also remains poorly constrained. 

Recently, many studies have focused on investigating the strength and deformation behaviour 

of transversely isotropic rocks by 2D numerical models combining bonded-particle and 

smooth-joint contact models [12, 18, 20, 26-31]. These studies revealed that the behaviour of 

weakness planes can be well reproduced by persistent [12, 27, 29, 30], non-persistent [18, 26, 

31] or a mix of persistent with non-persistent smooth-joint contacts [20], depending on 

different microstructures of weakness planes embedded in rocks. Nevertheless, 2D modelling 

is incapable of analysing many practical anisotropic problems, including borehole instability in 

oblique wells excavated in anisotropic formations [5, 32], estimation of elastic properties for 

transversely isotropic rocks [33] and reproduction of cross-weak-plane fracture growth in 

transversely isotropic rocks of interest in this current study. To the authors' knowledge, there 

have been few reports on the three-dimensional (3D) modelling of tensile behaviour of the 

transversely isotropic rock in a Brazilian test, particularly considering the space orientation of 

weak planes. 

To address the foregoing gaps, a three-dimensional DEM (Discrete Element Method) model of 

transversely isotropic rock was developed, with the main objective of exploring the effect of 

foliation orientation on rupture characteristics of slate during Brazilian tests. The 

particle-based DEM enables the tracking of crack initiation and propagation and rock failure 

at both the macro and micro scales [34-37]. The foliation orientation system is characterised 

by the foliation angle (ψ), which is the angle between the sample axis and foliation planes, 

and the loading-foliation angle (β), which is the angle between the loading direction and 
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foliation planes. Foliation planes with different ψ and β in the range of 0° to 90° at intervals 

of 15° were considered in the numerical modelling to cover a full spectrum of potential 

orientations. 

2. Numerical approach 

To simulate a transversely isotropic rock, two consecutive stages should be carried out: (1) 

modelling of the isotropic rock matrix and (2) modelling of the transversely isotropic weak 

planes [20, 27]. In the particle-based DEM, the rock matrix is represented by an assembly of 

rigid bonded particles, such as blocks or spheres, in three dimensions [38]. Based on the 

principles laid out in Li et al. [39], the flat-joint contact (FJC) model is adopted to simulate the 

rock matrix in this study, because it overcomes the three intrinsic problems: (a) low ratio of 

uniaxial compressive strength to tensile strength, (b) low internal friction angle and (c) linear 

strength envelope [40] in simulation of the hard rock when using the contact-bond or 

parallel-bond contact model. The behaviour of weak planes is modelled using the smooth-joint 

contact (SJC) model developed by Cundall [41]. A brief introduction to FJC and SJC models is 

presented in this section. 

2.1 Flat-joint contact model 

A flat-joint contact, which can be installed between grains with a gap less than the installation 

gap, and its corresponding flat-jointed material is presented in Figure 2. The installation gap is 

defined as 

 1 2min( , )ratiog g R R    (1) 

where g  is the installation gap; ratiog  is the installation gap ratio, which satisfies 

min max0 /ratiog R R   to prevent grains from being embedded in connecting pairs [42]; 1R  

and 2R  are radii of the two interacting grains. 
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A flat-joint contact is consisted of a connecting interface and two rigid grains with skirted faces. 

The interface is discretized into rN N  elements ( rN  and N  are the number of elements 

in radial and circumferential directions respectively), each of which is bonded or unbonded. 

Combined the contributions of all elements, the interface presents an emergent behaviour 

evolving from a linear elastic and fully bonded to a partially damaged and finally to fully 

unbonded state. The strength envelopes of bonded and unbonded elements are shown in Figure 

3a. The bonded element follows the Coulomb criterion with tension cutoff according to  

 ( )e

b    (2) 

 ( ) ( )- tan( )e e

b bc     (3) 

where ( )e  and ( )e  are the applied normal and shear stresses on the element, respectively; 

( ) 0e   represents tension; b , bc  and 
b  are the bond tensile-strength, cohesion and 

friction angle, respectively. The bonded element breaks in either tensile or shear mode into the 

unbonded element when the corresponding strength limit is exceeded. The unbonded element 

can only bear a frictional force, 

 ( ) ( )-e e    (4)  

Each element sustaining a force ( ( )e
F ) and moment ( ( )e

M ) at its centroid obeys the 

force-displacement law (see Fig. 3b) to update the force, moment and bond state. The force and 

moment are calculated as follows 

 ( ) ( ) ( )=-e e e

nF 
c s

F n F   (5) 

 ( ) ( ) ( )=e e e

tM 
c b

M n M   (6) 

where ( )e

nF  represents the normal force and ( ) 0e

nF   denotes tension; c
n  is the contact 
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unit-normal vector; ( )e

s
F  represents the shear force vector; ( )e

b
M  represents the bending 

moment vector, and ( )e

tM  is the twisting moment and assumed to be zero for simplification 

based on the assumption that shear stress caused by relative twist rotation keeps constant in 

the whole element so that the induced twisting moment at the element centroid is zero. The 

inaccuracy resulted from this simplification can be reduced by increasing the number of 

elements owned by individual FJC, while this increase will reduce the calculation efficiency 

[39]. 

Furthermore, the initial fraction of bonded contact (type B) and unbonded contact, including 

gapped (type G) and slit contacts (type S), within a synthetic rock matrix can be defined by 

varying parameters B , G  and S  ( 1B G S     ). The previous parametric study 

demonstrated that the increase of ratiog  or/and B  strengthens the integrity of rock matrix 

[40]. Even after the FJC is broken, it can still resist the relative rotation due to its faced 

microstructure, which provides adequate interlocking that cannot be provided by spherical 

grains. 

2.2 Smooth-joint contact model 

A smooth-joint contact is installed between grains lying on opposite sides of the joint (weak 

plane), as shown in Figure 2. Grains joined by SJC move across instead of around each other by 

sliding along the weak plane with dilation. The strength envelope and force-displacement law 

of the SJC and the element of FJC follow a similar pattern as illustrated in Figure 3, but the 

macroscopic behaviours modelled by SJC and FJC are very different. The FJC presents a 

progressive failure, while the SJC presents a catastrophic failure. Moreover, the SJC does not 

resist the relative rotation. The force and displacement of SJC are updated as follows 

 =- n j s jF FF n t   (7) 
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 =- n j s jU UU n t   (8) 

where F , nF  and sF  denote the force vector, normal and shear forces, respectively; U , nU  

and sU  denote the displacement vector, normal and shear displacements, respectively; 
jn  

and 
jt  are the unit-vector normal and tangential to the weak plane, respectively. 

For a bonded contact, if n cF A , the bond breaks in tension ( c  and A  are the tensile 

strength and area of bond, respectively); if  tans bF c A   , the bond breaks in shear ( bc  

and   are the cohesion and friction angle of bond, respectively); otherwise, the bond remains 

intact. For an unbonded contact, if -s cF A  , =-s c nF F  ( c  is the friction coefficient of 

SJC); otherwise, slip tends to occur ( =s sF F  ) with an increase in normal force according to 

  tans c
n n c

s

F A
F k

k

 


  
   

 
 

  (9) 

where 
nk , 

sk  and c  are the normal stiffness, shear stiffness and dilation angle of SJC, 

respectively.  

2.3 Generation of numerical specimen 

A disk-shaped specimen (diameter = 50 mm and thickness = 25 mm) and a cylindrical 

specimen (diameter = 50 mm and length = 100 mm) were generated, comprising 29,290 and 

116,029 particles connected by FJCs, respectively. The porosity of both specimens was fixed at 

a same value of 39.2 % using the particle deletion method [39, 43] to eliminate the influence of 

porosity, which produces substantial variations in strength and elasticity [44]. The particle size 

distributions of the two specimens were also identical, with a maximum to minimum particle 

diameter ratio of 1.5. The model resolution, defined as the average number of particles across 

the minimum diameter or length of specimen, was controlled by the disk-shaped specimen at 
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20 based on our previous study [39]. As seen in Figure 4 [45], the foliation planes in slate are 

persistent and parallel, so the behaviour of transversely isotropic slate was modelled by 

inserting a set of persistent and parallel weak planes into the isotropic rock matrix. The 

construction of the transversely isotropic rock model (FJC-SJC model) and the definitions of β 

and ψ are illustrated in Figure 2. For the disk-shaped specimen under Brazilian tests, β and ψ 

varied from 0° to 90° at intervals of 15°. Meanwhile, for the cylindrical specimen, with the 

loading direction coinciding with the sample axis under uniaxial compression tests (β = ψ), β 

was chosen to be 0°, 15°, 30°, 45°, 60° and 90°, in line with the experiment in the reference 

[46]. 

3. Numerical test 

In this section, those micro-properties of FJC and SJC relevant for simulating the slate were 

calibrated against the experimental results obtained from uniaxial compression and Brazilian 

tests on samples having a diameter of 50 mm. In previous 2D modelling, the specimen at ψ  

= 90° was treated as isotropic, neglecting the influence of weak planes [12, 20, 26]. However, 

as shown in Figure 5, the experimental observation indicated the specimen at ψ = 90° after 

Brazilian testing split along the loading axis with additional failure planes developed in the 

direction of weak planes, which is very different from that for isotropic rocks. Accordingly, 

development of an appropriate calibration method for the 3D model is necessary. 

3.1 Calibration procedure 

The influence of micro-parameters of FJC and SJC on the macro behaviour of DEM models 

has been studied by Xu et al. [12, 30] from a 2D viewpoint. These studies can be important 

references with which to develop an appropriate calibration procedure for 3D DEM models of 

the transversely isotropic rock. As shown by the experimental results [46], the minimum 

uniaxial compressive strength (UCS) occurs at β = 30°–45°, and the cohesion and friction 

angle of the foliation plane are taken as their averages: 23 MPa and 35°, respectively. Hence 
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the first approximations of cohesion ( c ) and friction coefficient ( c ) of SJC are 23 MPa and 

0.7, respectively. A new calibration procedure is proposed, as shown in flowchart form in 

Figure 6, that can be described by the following steps: 

Step 1: The stiffness of SJC has little effect on the Young’s modulus ( 0E ) of specimen when β 

= 0° under uniaxial compression. Thus the deformation parameters ( , , , , ,n s n s

c cE E k k k k ) of 

both particle and FJC were adjusted to match 0E  through uniaxial compression tests. 

Step 2: When β = 90°, the Young’s modulus ( 90E ) of specimen depends primarily on the 

stiffness of SJC and the uniaxial compressive strength ( 90UCS ) of specimen is well correlated 

to the cohesion of FJC. Hence both 90E  and 90UCS  of the specimen were calibrated through 

adjustment of the deformation parameters (
nk , 

sk ) of SJC and the cohesion ( bc ) of FJC, 

respectively, by conducting uniaxial compression tests. 

Step 3: Because the strength of SJC has little effect on the tensile failure strength (
_ =90t 

 ) of 

specimen at ψ = 90°, the tensile strength ( b ) of FJC was iteratively adjusted to match 
_ =90t 

  

by Brazilian tests. 

Step 4: The tensile failure strength (
_ =0 , =0t  

 ) of specimen at ψ = 0° and β = 0° is largely 

determined by the tensile strength ( c ) of SJC, whereas that (
_ =0 , =90t  

 ) at ψ = 0° and β = 90° 

is closely related to the cohesion ( bc ) of SJC. Accordingly, two separate series of Brazilian 

tests on specimens at ψ = 0°, β = 0° and ψ = 0°, β = 90° were performed to calibrate c  and bc , 

respectively. 
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3.2 Calibration results 

Following the flowchart shown in Figure 6, the micro-parameters of FJC and SJC for 

simulating the slate were calibrated as listed in Table 1 and 2. Notably, the slit element fraction 

( 1S B G     ), regarded as the quantification of crack density [40], was chosen to be 0.1 so 

as to take into account the randomly distributed pre-existing cracks in the slate. The 

combination of 1 4rN N    has been validated to be best suited for calculation efficiency 

[39]. For simplicity, the normal stiffness and shear stiffness of SJC are set to be equal, as in 

previous studies [12, 18, 19, 28, 30, 31]. The value of the micro-tensile strength of SJC (3.5 

MPa) is lower than the macro-tensile strength (6.0 MPa as shown in Figure 7c) of the 

disk-shaped specimen at ψ = 0°, β = 0°, because the micro-tensile cracks along the SJC were 

initiated prior to the peak of the macro-tensile strength of the specimen, consistent with the 

findings in Park and Min [27] and Park et al. [47]. 

The conventional formula for calculating the indirect tensile strength ( t ) based on Brazilian 

tests is 

 
2

t

F

Dt



   (10) 

where F  is the force at failure, and D  and t  are the diameter and thickness of the 

disk-shaped specimen, respectively. Two prerequisites for this formula are that (1) the material 

be isotropic and (2) the fracture be initiated by tensile crack from the centre of the disk-shaped 

specimen. For the transversely isotropic rock of interest in this research, the strength obtained 

from this formula cannot represent the true tensile strength for most cases. Accordingly, the 

phrase Brazilian failure strength (BFS) rather than Brazilian tensile strength (BTS) will be used 

to describe the result of Eq. (10). The UCS and apparent Young’s modulus of slate specimens 

at β = ψ in the range of 0°~90° under uniaxial compressive condition and BFS of slate 

specimens at ψ =  0°, β = 0°~90° under Brazilian tensile condition obtained from the 
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experimental and numerical tests are comparable as illustrated in Figure 7. Additionally, the 

influence of foliation spacing on BFS, associated with the loading-foliation angle, is shown in 

Figure 7d. The foliation spacing of 5.0 mm is adopted due to the good agreement between 

numerical and experimental results. Consequently, these results indicate that the proposed 3D 

DEM model is well calibrated to capture the mechanical behaviour of the transversely isotropic 

slate. 

3.3 Parametric study 

Based on the calibrated micro-parameters, the numerical specimen having different foliation 

orientations (β and ψ) were created and subjected to Brazilian tests. ψ and β covered a range of 

0° to 90° at intervals of 15°. The loading velocity for the Brazilian test simulation was 

controlled at 0.015 m/s – slow enough to ensure the specimen being in a quasi-static 

equilibrium for each step. 57 measurement spheres with diameter l = 2.5 mm, containing 

approximately 5 particles apiece, were installed along the loading plane of the disk-shaped 

specimen. As shown in Figure 8, these measurement spheres were arranged in three columns, 

located in the middle plane, near the front and rear surfaces. It should be noted that stress is a 

physical quantity in continuum mechanics and does not actually exist anywhere in the 

particle assembly owing to the discreteness of DEM model [34]. To bridge this gap between 

the microscale and a continuum, an averaging procedure is adopted [48]. The stress at one 

point is taken as the average in a measurement region, a measurement sphere in this study, 

with a volume V according to 

 
( ) ( )1

c

c c

NV
   F L   (11) 

where cN  is the number of contacts within the measurement region; ( )c
F  and ( )c

L  denote 

the contact vector and the branch vector connecting the centroids of the two contact ends, 

respectively. Accordingly, the diameter of measurement spheres cannot be too large to 

accurately reproduce the stress at one particular point. In this way, stresses and strains along 
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the loaded diameter on end surfaces and middle plane of the disk-shaped specimen were 

monitored throughout the test. 

4. Results and discussion 

4.1 Tensile strength 

Considering the elastic constants, Claesson and Bohloli [15] proposed a reasonably accurate 

approximate formula for calculating the tensile strength of transversely isotropic rocks, 

 

( cos2 )42 cos 4
( / ) ( 1)

4

1 2
( )

2

t

P
E E b

Dt

EE
b

G E

 






 
   

 

 
 

 

  (12) 

where E  and E  are the elastic moduli parallel to and normal to the transversely isotropic 

plane, respectively, and G  and    represent the shear modulus and the Poisson’s ratio in 

the direction perpendicular to the plane of transverse isotropy, respectively. Because this 

formula only takes the loading-foliation angle into consideration by postulating the strike of 

weak planes parallel to the sample axis (ψ = 0°), its applicability to transversely isotropic rocks 

remains open to question when ψ ≠ 0° [25]. Accordingly, further research, that goes beyond the 

scope of this study, into this issue is needed. 

The tensile strength of slate samples at ψ = 0° was obtained by Eq. (12) based on experimental 

results [45]. The tensile stress ( xx ) at the centre of specimen at failure is usually regarded as 

the tensile strength of a specimen per Claesson and Bohloli [15] and Yu et al. [49], taking the 

average of xx  measured by three measurement spheres installed at the centre (see Figure 8) 

in numerical tests. Along with the distribution of lab results, numerical BFS and xx  at the 

centre as a function of β are compared as shown in Figure 9. The result indicates that both 

numerical BFS and xx  at the centre can reasonably accurately represent the tensile strength 
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of a specimen, but the numerical BFS seems more appropriate than xx  at the centre from the 

viewpoint of the overall trend. Consequently, BFS based on Eq. (10) is used hereinafter to 

study the influence of foliation orientation on the tensile strength. 

Figure 10 shows the influences of β and ψ on BFS of numerical specimen. When 0° ≤ ψ ≤ 30°, 

as shown in Figure 10a, values of BFS at each β are very similar, implying that the BFS of 

numerical specimen depends primarily on β rather than on ψ, and they increase gradually with 

β. When 45° ≤ ψ ≤ 90°, the variation of BFS is insensitive to β, and values of BFS increase with 

ψ, as illustrated in Figure 10b. Furthermore, the effects of β and ψ on the anisotropy of BFS is 

investigated by normalizing the results to 1 at ψ = 0° and β = 0°. As seen in Figure 11, at 45° ≤ 

ψ ≤ 90°, the variation of anisotropy ratio with β and ψ obtained by this study is similar to those 

obtained by Ding et al. [25] and Dan et al. [23], which exhibits an ascending trend with ψ and is 

nearly independent of β. However, the results are different at 0° ≤ ψ < 45° in these three studies. 

For instance, in our research, the anisotropy ratio of BFS generally increases with β at 0° ≤ ψ ≤ 

30°, and the coupling effect of β and ψ is evident at 30° ≤ ψ < 45°. For results of Ding et al., the 

coupling effect of β and ψ on the anisotropy ratio of BFS is dominant at this range. In relation 

to results of Ding et al., the anisotropy ratio of BFS grows as ψ increases at 0° ≤ ψ < 45° and 0° 

≤ β ≤ 30°, and the coupling effect plays a role in the rest of β and ψ. Overall, the BFS of slate 

samples presents evident anisotropic variation, with the values of anisotropy ratio of BFS 

reaching 3.58, 2.85 and 5.24 for this study, Ding et al. [25] and Dan et al. [23], respectively.  

Tavallali and Vervoort [16] found that the micro-scale properties of one layered sandstone 

collected from different locations can be very different. Furthermore, the difference of 

micro-scale properties (e.g. mineral content, grain size and thickness of layer boundaries) in 

the transversely isotropic rock results in different macro-scale behaviours, including tensile 

strength and failure pattern, of samples under Brazilian tests [16]. Therefore, it can be inferred 

that the above-mentioned difference in anisotropy ratio of BFS is attributed to the different 

micro-scale properties of slate samples obtained from three different places. However, it seems 

a general rule to slate that the anisotropy ratio of BFS increases with ψ when 45° ≤ ψ ≤ 90°. 
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4.2 Fracture pattern 

In the particle-based DEM, micro-cracks can be monitored and counted during the fracture 

process to analyse the damage evolution. When the local stress acting on the contact exceeds 

the pre-setting strength, it breaks in a tensile or shear fashion and produces one micro-crack. In 

our transversely isotropic rock modelling, four types of micro-cracks are generated: tensile and 

shear cracks in the rock matrix and weak planes. Due to the page limit, Figure 12 shows only 

the stress and micro-crack evolution of specimens at foliation orientations (ψ–β) of 0°–0°, 0°–

45°, 0°–90°, 45°–0°, 45°–45°, 45°–90° and 90°–45° under Brazilian tests. Some critical points 

(a, b, c and d) and their corresponding damage location and degree are also displayed in Figure 

12. 

At ψ–β = 0°–0°, the tensile cracks in weak planes initiate at the centre (point a) and propagate 

towards the top and bottom loading points; after the peak stress of point b, secondary cracks 

appear near the loading points along the weak planes and grow towards the centre of the disk. 

The damage of numerical specimen is dominated by the tensile cracks in weak planes. 

At ψ–β = 0°–45°, at first, few sporadic micro-cracks are noticed (point a); and then the tensile 

cracks in the rock matrix and shear cracks in weak planes increase at the same level, 

concentrated at the loading points (point b); last, the tensile cracks in the rock matrix and weak 

planes increase rapidly and the number of tensile cracks in weak planes exceeds that of the 

shear cracks in weak planes. The fracture begins at the loading points and propagates along the 

weak planes (point c), then propagates across the weak planes in the rock matrix, forming an 

arc-shaped macro-fracture (point d). 

At ψ–β = 0°–90°, there exist stress fluctuations (point b) occurring, with tensile cracks in the 

rock matrix increasing at a high rate and shear cracks in weak planes increasing at a low rate; 

fracture of the numerical specimen starts from the top and bottom loading points and evolves 

towards the centre of the disk; ultimately the numerical specimen fails by the tensile cracks 

through the rock matrix, accompanying secondary cracks along the weak planes concentrated 
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at the loading points. 

When the strike of weak planes coincides with the sample axis (ψ = 0°), the fracture pattern of 

the numerical specimen is largely dependent of β and in line with the experimental results. 

The variation of fracture process with β is also consistent with the laboratory observations as 

shown in Figure 13, which depicts the stress-strain curves and failure patterns of slate 

specimens at different loading directions. The transverse strains (No. 4 to 8) along the loaded 

diameter of specimen were measured by a series of horizontal strain gages with a length of 20 

mm, long enough to capture the fracture initiation point within the specimen. Accordingly, 

based on the maximum extension strain criterion that the failure occurs if the extension 

(tensile) strain exceeds the allowable strain [50], the fracture process can be summarized as 

follows: the specimen at β = 0° tends to fail starting from the disk center, while at other values 

of β the specimen tends to fail starting from the loading points where the largest transverse 

strain first arrives. Moreover, the cross-weak-plane fracture growth is not common in 

numerical specimens at ψ = 0°. 

At ψ–β = 45°–0°, nearly no micro-cracks appear at first, and then the tensile cracks in weak 

planes increase rapidly in a stepped fashion and the tensile cracks in the rock matrix increase at 

a relatively low rate; last, the tensile cracks in weak planes increase at a relatively low rate but 

the tensile cracks in the rock matrix increase at a high rate, although both reach the same level 

by the point of ultimate stress. The fracture of the numerical specimen starts from the centre of 

the disk, along the weak planes, and propagates towards the loading points, accompanying 

cracks forming in the rock matrix near the loading points (point c), after which the cracks in the 

rock matrix grow from the two loading points to the centre of the disk. Seen from the bottom 

view, the fracture formed in the rock matrix is aligned with the direction of the sample axis, 

being inclined to the fracture induced in the weak planes (point d). Hence, the fractures formed 

in rock matrix and weak planes make up a cross-weak-plane fracture. 

At ψ–β = 45°–45°, at first, the tensile cracks in the rock matrix and shear cracks in weak 

planes increase at the same level; afterwards, the tensile cracks in the rock matrix, shear and 
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tensile cracks in weak planes grow at a higher rate. The fracture of numerical specimen begins 

at the loading points by simultaneous appearance of shear cracks along the weak planes and of 

tensile cracks in the rock matrix (point b), then propagates towards the centre of the disk (point 

c). At the ultimate stage, a cross-weak-plane fracture, that a shear fracture goes through the 

rock matrix and connects three tensile fractures formed in the weak planes, is formed (point d). 

At ψ–β = 45°–90°, the tensile cracks in the rock matrix, shear and tensile cracks in weak 

planes evolve in a pattern similar to that seen at ψ–β = 45°–45°. However, their fracture 

patterns are very different. At β = 90°, the fragments of numerical specimen formed by 

intersecting cracks along the weak planes with those in rock matrix at the loading points, are 

spalled from the specimen, leaving its centre part still intact after testing. 

Finally, at ψ = 90° is a special case in which the fracture pattern of the numerical specimen is 

independent of β because the loading direction is inherently parallel to the weak planes. 

Fracture of the numerical specimen begins simultaneously at the loading points by tensile 

cracks in the rock matrix and weak planes and propagates towards the centre of specimen 

until the crack coalescence. The cracks in the rock matrix and along weak planes intersect 

perpendicular to each other. 

Combining all the cases, it can be concluded that the fracture pattern of slate specimen in a 

Brazilian test primarily depends on ψ, while its fracture process is largely dependent on β. 

The cross-weak-plane fracture growth is significant in specimens at 30° ≤ ψ ≤ 60°, but in other 

cases (0° ≤ ψ ≤ 15° and 75° ≤ ψ ≤ 90°) it is slight. The fracture of specimen at 0° ≤ ψ ≤ 60° and 

0° ≤ β ≤ 15° initiates at the centre of the disk and then propagates towards the loading points, 

whereas the specimen presents an opposite fracture process in other cases. 

4.3 Micro-crack proportion 

To obtain a better understanding of the influence of micro-crack type on fracture pattern, the 

ratios of the tensile and shear cracks in the rock matrix and weak planes to all cracks are 
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calculated at failure. The proportional variations of micro-cracks at different ψ and β are 

shown in Figure 14. The proportional variations of micro-cracks at ψ = 0°–30° are similar, 

implying the absence of influence imposed by ψ. The portion of tensile cracks in the rock 

matrix increases continuously with increasing β, and the portion of shear cracks in the rock 

matrix is minimal irrespective of β. At 0° ≤ β ≤ 15°, the very high portion of tensile cracks in 

weak planes indicates that the numerical specimen fails by tension along the weak plane. With 

β increasing, the tensile cracks in weak planes tend to disappear. Meanwhile, at 30° ≤ β ≤ 90°, 

the portion of shear cracks in weak planes gradually decreases with β, with the tensile fracture 

in the rock matrix dominating at 75° ≤ β ≤ 90°. At 30° ≤ β ≤ 60°, the portions of tensile cracks 

in the rock matrix and shear cracks in weak planes are comparable, indicating that the 

numerical specimen fails by a mixed shear along the weak plane with tensile across the rock 

matrix fracture, consistent with laboratory observations (Figure 13). 

Additionally, at ψ = 45°–75°, the most distinct difference between proportional variations of 

micro-cracks from those at ψ = 0°–30° is that the portions of tensile cracks in the rock matrix 

are nearly constant at 30° ≤ β ≤ 90°. This can explain why the BFS of numerical specimen is 

insensitive to β in this range of ψ. Furthermore, the level of portion of tensile cracks in the rock 

matrix increases with ψ, which can be used to account for the increased BFS. At ψ = 90° is a 

special case in which the proportional variation of micro-cracks is independent of β, with 

tensile cracks in the rock matrix and weak planes dominating the failure of the numerical 

specimen. Although the portion of tensile cracks in the rock matrix at ψ = 90° is not the highest 

seen, the corresponding BFS is. This can be attributed to a special failure mode in which the 

numerical specimen fails by tensile splitting through the rock matrix along the loading 

direction, behaving like an intact specimen without weak planes. The effective portion of 

tensile cracks in the rock matrix is far higher when excluding the cracks in weak planes. Thus, 

the tensile strength of specimen correlates positively to the portion of tensile cracks formed in 

the rock matrix. 
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4.4 Principal stress distribution 

The effect of foliation orientation on principal stress distribution along the loaded diameter is 

further explored in this section. Based on the assumption that a material is homogeneous, 

isotropic and linear elastic, Hondros [51] proposed a 2D stress solution for the specimen under 

the diametric loading over finite arcs according to, 
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  (14) 

where   and rr  represent the principal stresses in the tangential and radial directions, 

respectively; P is the exerted force; R and t are the radius and thickness of the disk-shaped 

specimen, respectively; 2α is the arc over which the force is applied; and r is the distance 

from the centre of the disk. Notably, tensile stress is regarded as positive. This analytical 

solution is applicable to conditions of both plane stress and plane strain. 

First, through an example, the principal stresses of numerical specimen with ψ–β = 45°–45° at 

the crack-initiation stress (corresponding to the point a in Figure 12e) were obtained and 

compared with those based on the Hondros’ solution (2α = 12°) as shown in Figure 15. Along 

the loaded diameter, the tangential and radial stresses (   and rr ) in the Hondros’ solution 

coincide with the horizontal and vertical stresses ( xx  and 
yy ), respectively. It is 

demonstrated that: (1) the results of numerical modelling follow the overall trend of the 

theoretical solution that the vertical stresses (
yy ) are compressive and increase with the 

distance from the centre of the disk; and (2) the horizontal stresses ( xx ) are tensile in the 
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middle section (–0.8R < r < 0.8R) and compressive near the two loading points. However, 

values of xx  and 
yy  obtained from numerical modelling fluctuate greatly around those 

predicted by the Hondros’ solution due to the inherent heterogeneity of particle size 

distribution and bond strength and the anisotropy induced by weak planes. For example, the 

tensile stress or shear stress at the weak plane does not exceed the micro-tensile strength (3.5 

MPa) or cohesion (25 MPa) of SJC, respectively, while those at the rock matrix can be far 

higher owing to the higher strength of FJC.  

In addition, tensile principal stresses of slate specimens at ψ–β = 45°–45°, 0°–0° and 0°–90° 

obtained through the DEM, and those of isotropic rock specimen along the loaded diameter 

obtained by the continuum method [50] are compared in Figure 16. In general, the tensile stress 

distributions on end surfaces and the middle plane are different, particularly near two loading 

points, which is to some extent in agreement with that by the continuum method. As seen in 

Figure 16d, the tensile stresses on the surface are higher than those on the middle plane. This 

discrepancy is attributed to the shape effect of the disk specimen [49]. In the isotropic material, 

the stress distributions on the two end surfaces are symmetrical with respect to the middle plane 

and taken as identical [49, 50, 52]. However, in this transversely isotropic specimen, there 

exists a difference in stress distributions on the two end surfaces. This difference is most 

significant in the specimen at ψ–β = 0°–90°, less at ψ–β = 45°–45° and least at ψ–β = 0°–0°, 

which is dependent on the degree of influence imposed by the weak planes. 

5. Conclusions 

2D modelling is incapable of analysing many practical anisotropic problems, such as the 

borehole instability in oblique wells excavated in anisotropic formations, estimation of elastic 

properties and reproduction of cross-weak-plane fracture growth in transversely isotropic rocks. 

Thus, a 3D DEM model for slate, a transversely isotropic rock, was constructed combining FJC 

and SJC models to investigate the influence of foliation orientation on its tensile behaviour 

under indirect tensile conditions. A new calibration procedure was proposed for the DEM 
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modelling of transversely isotropic rock. Based on the numerical analysis in this paper, the 

following conclusions can be drawn: 

(1) At 0° ≤ ψ ≤ 30°, the tensile strength of slate sample is independent of ψ and increases 

with β, but at 45° ≤ ψ ≤ 90°, variations in its tensile strength are insensitive to β, with 

tensile strength increasing with ψ. The coupling effect of β and ψ is illustrated by the 

anisotropy ratio map of tensile strength, evident at 30° ≤ ψ < 45°. 

(2) The fracture pattern of slate sample under indirect tensile conditions is primarily 

dependent on ψ, while its fracture process primarily depends on β. The 

cross-weak-plane fracture growth is evident in specimens at 30° ≤ ψ ≤ 60°, but it is not 

evident in other cases. The fracture of specimen at 0° ≤ ψ ≤ 60° and 0° ≤ β ≤ 15° 

initiates at the center of disk and then propagates towards the loading points, whereas 

the specimen at the other foliation orientations presents an opposite fracture process. 

(3) The proportional variations of micro-cracks at failure with ψ and β well account for the 

effects of foliation orientation on the tensile strength and failure pattern. It is also 

found that the portion of tensile cracks formed in the rock matrix is responsible for the 

tensile strength of specimen. 

(4) The introduction of weak planes into isotropic rock model increases both heterogeneity 

and anisotropy of stress distributions. There exists a difference in principal stress 

distributions on the two end surfaces of the disk-shaped transversely isotropic specimen, 

which is dependent on the degree of influence imposed by the weak planes. Taking into 

full account the foliation orientation, a more reliable solution to the indirect tensile 

strength for transversely isotropic rocks should be derived in future work. 
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Tables 

Table 1 Calibrated micro-parameters of the FJC for simulating the rock matrix of slate. 

Micro-parameter Definition Value 

v   Bulk density (kg/m3) 2760 

minR   Minimum particle radius (mm) 0.5 

max min/R R   Ratio of maximum to minimum particle radius 1.5 

ratiog   Installation gap ratio 0.3 

rN   Number of elements in radial direction 1 

N   Number of elements in circumferential direction 4 

B   Bonded element fraction 0.9 

G   Gapped element fraction 0 

cE   Effective modulus of bond (GPa) 97 

/n sk k   Ratio of bond normal to shear stiffness 3.0 

b   Mean bond tensile-strength   SD (MPa) 60  12 

bc   Mean bond cohesion strength   SD (MPa) 180  36 

b   Friction angle of bond (degrees) 0 

   Friction coefficient of bond 0.1 

cE   Effective modulus of particle contact (GPa) 97 

/n sk k   Ratio of particle normal to shear stiffness 3.0 

p   Friction coefficient of particle 0.1 
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Table 2 Calibrated micro-parameters of the SJC for simulating the foliation plane of slate. 

Micro-parameter Definition Value 

nk   Normal stiffness (GPa/m) 5800 

sk   Shear stiffness (GPa/m) 5800 

c   Tensile strength (MPa) 3.5 

bc   Cohesion (MPa) 25 

c   Friction coefficient  0.7 
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Figure captions 

Figure 1 Fracture patterns after Brazilian testing: front surface (left), rear surface (middle) and 

fracture section (right) of slate samples at different β: (a) 60°; (b) 75° and (c) 90°. 

Figure 2 Construction of transversely isotropic rock model (ψ represents the angle between 

sample axis and weak plane, and β represents the angle between loading direction and 

weak plane). 

Figure 3 Smooth-joint contact and element of flat-joint contact with: (a) strength envelope and 

(b) force-displacement relationship.  

Figure 4 Structure of foliation planes embedded in slate [45]: (a) the appearance and (b) a thin 

section image. 

Figure 5 Fracture pattern of slate sample at ψ = 90° after Brazilian testing. 

Figure 6 Flowchart of calibration process for the three-dimensional FJC-SJC model. 

Figure 7 Comparisons between experimental and numerical results of specimens 50 mm in 

diameter: (a) UCS and (b) apparent Young’s modulus at β = ψ under uniaxial compression 

tests (c) BFS at ψ = 0° under Brazilian tests; and (d) the influence of specimen thickness 

on BFS at ψ = 0° under Brazilian tests. 

Figure 8 Arrangement of measurement spheres along the loading plane in the disk-shaped 

specimen under the Brazilian test. Diameter of measurement spheres l = 2.5 mm. 

Figure 9 Comparison among the distribution of experimental tensile strength, numerical BFS 

and xx  at the centre of disk. 

Figure 10 Influences of (a) β and (b) ψ on BFS of slate samples. 
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Figure 11 Normalized BFS of slate samples at different β and ψ obtained: (a) in this study; (b) 

by Ding et al. [25] and (c) by Dan et al. [23]. 

Figure 12 Stress and micro-crack evolution of slate samples at ψ–β: (a) 0°－0°; (b) 0°－45°; (c) 

0°－90°; (d) 45°－0°; (e) 45°－45°; (f) 45°－90° and (g) 90°-X (X can be any value in the 

range of 0°－90°) 

Figure 13 Stress-strain curves and failure patterns of slate specimens at ψ–β: (a) 0°－0°; (b) 0°

－45° and (c) 0°－90° observed in laboratory. The No. 4 to 8 transverse strains were 

measured with a series of horizontal strain gages glued along the loaded diameter of 

specimen in one of its faces. 

Figure 14 Variations of percentage of micro-cracks developed in slate samples with β at ψ: (a) 

0°; (b) 15°; (c) 30°; (d) 45°; (e) 60°; (f) 75° and (g) 90°. 

Figure 15 Principal stresses of slate specimen at ψ–β = 45°–45° along the loaded diameter 

obtained by the DEM and the Hondros’ solution at the crack-initiation stress (The green 

dashed circle denotes the disk-shaped specimen) 

Figure 16 Tensile principal stresses of slate specimens at ψ–β: (a) 45°–45°, (b) 0°–0° and (c) 

0°–90° along the loaded diameter; and (d) tensile principal stresses of isotropic rock 

specimen along the loaded diameter obtained by the continuum method [50] (The green 

dashed circle denotes the disk-shaped specimen) 
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Figure 3 
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Figure 5 
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Figure 6 
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Figure 10 
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Figure 12 
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Figure 13 
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Figure 14 
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Figure 15 
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Figure 16 
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