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Abstract: Integration of stress-strain-time relationship is a key issue for the application of 12 

elasto-viscoplastic models to engineering practice. This paper presents a novel adaptive 13 

substepping cutting-plane time integration scheme for elasto-viscoplastic models keeping the 14 

advantage of original cutting-plane with only the first derivatives of loading surface required. 15 

The deficiency of original cutting-plane time integration algorithm is first discussed taking a 16 

simple overstress theory based elasto-viscoplastic model EVP-MCC as example. To 17 

overcome this, a new algorithm is developed with three features: (1) an evolution function for 18 

the hardening variable of dynamic loading surface is innovatively deduced for the Taylor 19 

series approximation, (2) the elastic predictor is modified to account for the initial 20 

viscoplastic strain rate with more accuracy, and (3) a new adaptive substepping technique for 21 

restricting simultaneously both strain and time incremental sizes based on the overstress 22 

distance is proposed. For easy understanding, the proposed algorithm is first presented for 23 

one-dimensional condition, and then extended to three-dimensional condition. The new 24 

integrated EVP-MCC model using the proposed algorithm is examined by simulating 25 

laboratory tests at both levels of integration point and finite element with a good performance 26 

in terms of accuracy and convergence. 27 

Keywords: viscoplasticity; geomaterials; numerical integration; implicit algorithm; 28 

substepping; finite element method 29 

30 
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1 Introduction 31 

Numerous experimental studies have revealed the time-dependency of stress-strain 32 

behaviours for soils, e.g. creep under constant stress state, stress relaxation under constant 33 

strain state, and rate-dependency of strength.1-7 These time-dependent phenomena of soils 34 

lead to many engineering problems, such as long-term settlement and instability of 35 

geotechnical structures.8-11 To consider the time effects in design, elasto-viscoplastic models 36 

have been proposed and implemented into finite element codes.11-19 37 

The Perzyna’s overstress theory20,21 has been commonly adopted for developing elasto-38 

viscoplastic models. In the overstress approach, the magnitude of a viscoplastic strain-rate is 39 

determined by a given overstress function, regarded as an explicit plastic multiplier, 40 

representing the distance between a dynamic loading surface and a reference surface. The 41 

consistency condition is thus not applied, which is totally different from the plasticity with 42 

implied plastic multiplier. Due to this difference, various time integration schemes have been 43 

proposed for elasto-viscoplastic models during last decades. For instance, Katona12 proposed 44 

a numerical algorithm employing one-parameter time integration scheme for a viscoplastic 45 

cap model and adopted by many researchers.11,15 His scheme provides an option for explicit 46 

or implicit method, in which a Newton-Raphson iteration procedure is applied. Besides, the 47 

scheme of Borja and Lee22 for plasticity was extended by Stolle et al.14 for an elasto-48 

viscoplastic model, in which the implicit algorithm was realized by a first-order truncated 49 

Taylor expansion of the incremental viscoplastic strain rate. However, these algorithms 50 

require the secondary derivatives of the yield surface and plastic potential functions for 51 
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iteration processes, which lead to tedious numerical implementations. 52 

To seek a simple numerical implementation, the cutting-plane algorithm originally 53 

proposed by Ortiz and Simo13 was extended for an elasto-viscoplastic model of sand by 54 

Higgins et al..16 The integration process of cutting-plane scheme is constituted of an elastic 55 

prediction followed by an iterative inelastic correction loop, which is the same as that of other 56 

implicit algorithms. Only the first derivatives of yield surface or potential functions are 57 

required for iterative inelastic correction loop, which much simplifies the implementation of 58 

models. However, the calculation accuracy and convergence of the current cutting-plane 59 

algorithm for an elasto-viscoplastic model are poorer than those of other numerical 60 

algorithms.19 The poor performance could be attributed to the fact that the viscoplastic 61 

formulation has not been appropriately implemented in this cutting-plane algorithm. 62 

In order to improve the performance of algorithms, the substepping technique can be 63 

applied, that is, a given calculation step is divided into several sub-steps with certain 64 

criterions. For instance, Bushnell23 suggested using the value of effective strain increment to 65 

determine the number of sub-step. Schreyer24 proposed a procedure to determine the number 66 

of sub-step for an explicit integration algorithm based on the angle between the beginning-of-67 

step and the trial-state unit normal of deviatoric stresses for an isotropic elastic-perfectly 68 

plastic von Mises model, which was further extended by Wang et al.25. Sloan26 and Sloan et 69 

al.27 proposed an automatic substepping method, which subdivides the calculation step 70 

according to the nonlinear extent of the stress-strain relationship. However, current methods 71 

are not applicable for elasto-viscoplastic models which have not only the strain increment but 72 
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also time increment with different frameworks from time-independent models. 73 

To keep the advantage of the cutting-plane algorithm with only the first derivatives of 74 

loading surface, this paper aims to develop a novel time integration scheme for elasto-75 

viscoplastic models. First, the deficiency of original cutting-plane time integration algorithm 76 

is discussed taking a simple elasto-viscoplastic model EVP-MCC as example. Then the first 77 

modification is made by deducing an evolution equation of the hardening variable of dynamic 78 

loading surface, and a new adaptive substepping procedure for restricting simultaneously 79 

both strain and time incremental sizes is proposed to enhance the accuracy and convergence 80 

of the algorithm as the second modification. The proposed algorithm is developed and 81 

presented from one-dimensional to three-dimensional condition using the EVP-MCC model. 82 

The performance of the new algorithm is finally examined by simulating laboratory tests at 83 

both integration point and finite element levels. 84 

2 Original cutting-plane time integration algorithm 85 

2.1. General overstress model 86 

According to Perzyna’s overstress theory,20,21 the total strain rate   is assumed to be 87 

consisted of elastic and viscoplastic parts, i.e., 88 

e vp                                                                                                                                    (1) 89 

where the superscripts e and vp represent the elastic and the viscoplastic components. The 90 

elastic strain rate 
e  follows the linear or nonlinear elastic behaviour depending on the 91 

material which is generally introduced via elastic modulus. The viscoplastic strain rate 
vp  92 

obeys an associated flow rule with respect to the dynamic loading surface df . 
e  and 

vp  93 
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could be expressed by: 94 

-1 :e  D                                                                                                                                (2) 95 

vp df 








                                                                                                                         (3) 96 

where D  is the elastic matrix;   is stress tensor; is the fluidity parameter;   is the 97 

overstress function representing the distance between the dynamic loading surface and the 98 

static yield or reference surface. In soil mechanics, the effective stress tensor defined by 99 

wu      (where wu  is the pore water pressure and   is the Kronecker’s delta) is 100 

normally used instead of  . In elasto-viscoplastic models based on Perzyna’s overstress 101 

theory, only elastic strain occur when the stress state is inside of the static yield surface9,28,29. 102 

The static surface can also be replaced by reference surface, due to which viscoplastic strains 103 

may occur even though the stress state is inside of the reference surface10,15,30. 104 

The elapsed time increment for each loading step is assumed to be enough for rate-105 

independent plasticity, which guarantees that the stress state locates on the yield surface 106 

during loading process. Therefore, the value of plastic strain increment should be determined 107 

by the consistency condition, and the position of the stress state relative to the yield surface 108 

should be checked as the completed condition of iterative plastic correction loop. For elasto-109 

viscoplastic models of overstress theory, the elapsed time increment for each loading step is a 110 

physical one. Therefore, the determination method of viscoplastic strain rate is different from 111 

that of plastic strain increment. According to Eq. (3), the viscoplastic strain rate is obtained 112 

by using the overstress function and the first-order derivative of dynamic loading surface as 113 

potential surface. Therefore, it is unnecessary for stress state to be located on the static yield 114 
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or reference surface, and thus the completed condition of iterative plastic correction loop is 115 

totally different from that of rate-independent models.  116 

2.2. Overview of original cutting-plane algorithm 117 

The cutting-plane time integration algorithm extended by Higgins et al.16 is called 118 

original cutting-plane (OCP) algorithm to distinguish the new proposed one in the following 119 

sections. The OCP algorithm consists of two basic sequences, i.e. the elastic prediction and 120 

the plastic corrector. For easier understanding, a simple elasto-viscoplastic modified Cam-121 

Clay model (EVP-MCC, see Yin et al.19 and Appendix A) is adopted as example for the 122 

presentation. The reference surface is applied for EVP-MCC, which implies the occurring of 123 

viscoplastic strains even though the stress state is inside of the reference surface. 124 

A detailed introduction of the original cutting plane algorithm for EVP-MCC could refer 125 

to the work by Yin et al.19. The flow chart of the OCP is presented in Fig. 1. In the OCP 126 

algorithm, the elastic trial stress 
tr  is calculated firstly, where the viscoplastic strain rate is 127 

assumed to be zero. Then the inelastic correction loop is carried out. The incremental 128 

viscoplastic multiplier 
i  is calculated according to the value of overstress function, the 129 

first-order derivatives of overstress function and dynamic loading surface (see Fig. 1 where 130 

0( / )   with  [(1 ) / ( )]( )r r

p m m dK p h h p e f p           ). 131 

d
p

f
K





 




   
D

                                                                                                         (4) 132 

Subsequently, the stresses and the hardening variable are updated, and the incremental 133 

time elapsed within the ith iteration of correction loop is determined, where t  is the 134 
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instantaneous time defined by 1{ [( / ) ( / ) ]}d pt f K         D . Then the summation 135 

of the total elapsed time increments 
it  is compared with the given time increment t  as 136 

the judgement condition of iterative plastic correction loop with TTOL representing the time 137 

error tolerance. 138 

 139 

Figure 1 Flow chart of original cutting-plane algorithm with application to EVP-MCC model 140 

2.3. Evaluation of original cutting-plane algorithm under one-dimensional condition 141 

To evaluate the performance of the OCP algorithm, a group of one-dimensional strain-142 

controlled tests, i.e., a compression test and a stress relaxation test, were simulated. For easier 143 

understanding, the EVP-MCC model is reduced to one-dimensional condition as presented in 144 

Appendix B, and its parameters are summarised in Table 1.  145 
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Table 1. Values of initial state parameters and constants of soils 146 

Parameter 0p  or 0

r

mp /kPa 
0e        cM  eC  

Soil for 1D model 50 1.5 0.25 0.01 0.1 - 0.001 

Saint-Herblain clay 39 2.26 0.2 0.038 0.48 1.2 0.034 

The initial stress is 1 kPa for both tests. For the compression test, the specimen was 147 

compressed to a strain of 2 % at a strain rate of 1 %/h, and then an additional calculation step 148 

with the strain increment   of 0.1 % and t  of 0.1 h keeping same strain rate was followed 149 

to investigate the performance of OCP. For the stress relaxation test, the specimen was firstly 150 

compressed to a strain of 1 % at a strain rate of 1 %/h, and then the strain is maintained 151 

constant for 100 h. An additional calculation step with the time increment t  of 1 h was 152 

further carried out for stress relaxation to investigate the performance of OCP. To determine 153 

the relative error of calculated stress, an ‘‘exact’’ solution ex   is required which could be 154 

obtained using the enough small strain and time step sizes (10-4 % and 10-4 h) for the 155 

compression stage and small time step size (10-2 h) for the relaxation stage. The relative error 156 

of stress is computed by ( )/ex exEr       . 157 

For the additional calculation step of the compression test, the initial stress 
0   is 162.52 158 

kPa at the strain of 2 %, with the initial hardening parameter 
r

p  of 150.34 kPa. The elastic 159 

trial stress tr   is firstly calculated using   of 0.1 % and t  of 0.1 h. Then, the viscoplastic 160 

correction is carried out, during which the stress    and total accumulated time increment 161 

it  vary with iteration numbers as illustrated in Fig. 2. The total iteration number is 122 for 162 

this strain step. The calculated stress decreases from trial value at the beginning of 163 

viscoplastic correction procedure, and the total time increment slowly accumulates. Then the 164 

calculated stress fluctuates around target stress due to seeking the target total accumulated 165 
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time increment. The final updated stress is 167.60 kPa, which has a relative error of 4.34 %. 166 

167 

 168 

Figure 2 Simulations the one-dimensional compression test by original cutting-plane algorithm: (a) the 169 

whole and (b) the partly relationship between stress and iteration number, (c) the relationship between 170 

accumulated time increment and iteration number 171 

For the additional calculation step of the stress relaxation test, the initial stress 
0   is 172 

68.71 kPa after 100 h of relaxation, with the initial hardening parameter 
r

p  of 71.89 kPa. 173 

Because   is equal to zero during relaxation stage, the elastic trial stress tr   is equal to the 174 

initial one. Then, the viscoplastic correction is carried out for a relaxation of 1 h, during 175 

which the stress    and total accumulated time increment it  vary with iteration numbers 176 

as illustrated in Fig. 3. The total iteration number is 132 for this step. During the later 177 

iterations of stress relaxation stage, the variation of stress is slight. The calculated stress after 178 

iteration is 68.71 kPa, which has a slight error. In this case, there is no monotonous reduction 179 
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of stress, but significant fluctuation of stress observed towards target stress.  180 

Overall, the above verification shows the performance of OCP algorithm is unsatisfied. 181 

182 

 183 

Figure 3 Simulations the one-dimensional stress relaxation test by original cutting-plane algorithm: (a) 184 

the relationship between stress and iteration number, (b) the whole and (c) the partly relationship 185 

between accumulated time increment and iteration number 186 

2.4. Deficiency of original cutting-plane algorithm 187 

The unsatisfied performance of OCP in terms of calculation accuracy and convergence 188 

speed could be ascribed to that the original scheme proposed for plasticity is not appropriate 189 

for viscoplasticity. For a cutting-plane algorithm of plasticity, a Taylor series approximation 190 

of the yield function 
1if 
 around the current values of yield function 

if  is required to 191 

calculate the change of plastic multiplier of the ith iterative plastic correction loop. The target 192 
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value of the yield function 
1if 
 could be assumed to be zero. Since the OCP algorithm of 193 

viscoplasticity follows the same logic of plasticity, the Taylor series approximation of the 194 

overstress function 
1i 
 is required to calculate the change of viscoplastic multiplier of the ith 195 

iterative viscoplastic correction loop, and thus 
1i 
 is assumed to be zero as target. However, 196 

for a given time increment, the target value of the overstress function 
1i 
 is generally not 197 

zero depending on the magnitude of time increment. This unrealistic forecast value of 198 

overstress function 
1i 
 leads to recurrent fluctuations of the calculated stress around target 199 

stress up to attaining the target total accumulated time increment (shown in Figs. 2 and 3), 200 

due to which the updated stress is inaccurate or/and the convergence is slow. 201 

The above discussion shows that choosing an appropriate function for the Taylor series 202 

approximation is vital for the cutting-plane algorithm of viscoplasticity. An appropriate 203 

function should have two features: (1) Its target value is known. In viscoplasticity the target 204 

value of reference surface function 
1i

rf


 is unknown during iterative viscoplastic correction 205 

loop, and thus rf  is inappropriate. (2) The variables in the function are independent. In the 206 

OCP algorithm both    and 
d

p  are variables in the dynamic loading function df . 
d

p  is 207 

directly solved from the stress state according to 0df  , and thus it is not independent. 208 

Therefore, df  seems to be inappropriate either. 209 

3 New time integration scheme for one-dimensional condition 210 

3.1. Modification of cutting-plane algorithm 211 

As discussed above, it is important to find a function with known target value and 212 

independent variables for the correct cutting-plane time integration algorithm. In elasto-213 
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viscoplastic models of overstress theory, the overstress function is adopted to calculate the 214 

viscoplastic multiplier rate, i.e., Eq. (3). Taking the one-dimensional model of EVP-MCC 215 

(see Appendix B) as example, the viscoplastic multiplier rate could be expressed by: 216 

d

p

r

p




   



 
    

 

                                                                                                           (5) 217 

Using Eq. (5), d

p  could be expressed by: 218 

1/

d r

p p




 



 
  

 
                                                                                                                    (6) 219 

Then, Eq. (6) indicates that the 
d

p  could be calculated independently without using the 220 

stress   . In this case, the df  becomes a function with known target value ( 0df  ) and 221 

having independent variables ( d

p  not directly from   ).  222 

The increment of 
d

p  could be calculated by: 223 

d d d d d

d d d d r

p p p p pd r d
p pr r vp

p p

f    
    

     

     
   

     
                                                     (7) 224 

where d  is viscoplastic multiplier rate increment, d  is viscoplastic multiplier increment, 225 

and 226 

d dt                                                                                                                                 (8) 227 

Then the consistency condition for the dynamic loading surface is given by: 228 

d d d

d d d d 0

dd d
d pd

p

d d r

p p pd d d d d

d d r vp

p p p

f f
f

f f f f f
E t t

 
 

  
   

       

 
 

 

       
               

                           (9) 229 

and then d  could be obtained, expressed by: 230 
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1/

0

d d

d

(1 )
d d

    

d r

p pd d d d d

d r vp

p p

d

pd

d

p

r

p

d

p

f f f f f
E E t

f

e
E E t



 
 

      




 


 

  





      
             



 

  
   

   


             (10) 231 

Eq. (10) implies that the value of d  is dependent not only on the strain increment d  but 232 

also on the time increment dt . 233 

3.2. Modification of elastic predictor 234 

Based on the above re-arranged elasto-viscoplastic formulations, a modified cutting-235 

plane (MCP) algorithm could be proposed. In finite element analysis, the initial stress and 236 

hardening variables are known for each Gauss point, and the new stress and hardening 237 

variables require to be updated by the integration for given increments of strain and time. The 238 

algorithm herein follows this logic, which is similar to other implicit schemes, the MCP uses 239 

predictor with an iterative correction loop for given increments of strain and time. 240 

For implicit schemes of elastoplasticity or the OCP scheme of viscoplasticity, the total 241 

strain increment is assumed to be completely elastic as predictor (so-called “elastic 242 

predictor”), and the inelastic strain increment or the viscoplastic multiplier increment (Eq. (4)243 

) is determined during the correction iteration. Different from this, in the MCP scheme of 244 

viscoplasticity the viscoplastic multiplier rate increment (Eq. (10)) is determined during the 245 

correction iteration. Furthermore, different from elastoplasticity, at any step before loading 246 

(i.e. initial state) in viscoplasticity it exists a viscoplastic strain-rate (see Eq. (3)) which 247 
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should be considered in the elastic predictor to be more accurate and more consistent with the 248 

viscoplastic multiplier rate increment.  249 

Thus, for a given t , the initial values of viscoplastic multiplier rate 
0  and 250 

viscoplastic multiplier increment 
0d  are given by: 251 

,0

0

,0

d

p

r

p




 



 
   

 

                                                                                                                      (11) 252 

0 0d t                                                                                                                               (12) 253 

where ,0d

p  and ,0r

p  are initial values before loading. 254 

Different from elastic trial stress, the more accurate trial stress 
tr   is then expressed by: 255 

0 0 0 0d ( d )tr dfE E      


 
           

                                                          (13) 256 

Similar to the modification logic of trial stress, the hardening variables ,d tr

p  and ,r tr

p  257 

should also account for the initial viscoplastic strain-rate, and are expressed by: 258 

1/

0, ,0 0 ,0 0
(1 )

d d

d r r

p p pd tr d dd
p p pr vp

p

ef


  
    

     

   
     

    
                                            (14) 259 

0, ,0 0 ,0 0
(1 )

d d

r r

p pr tr r rd
p p pvp

ef 
    

   

 
   

  
                                                                (15) 260 

The position of the stress state relative to the dynamic loading surface is determined by 261 

calculating the dynamic loading surface function tr

df  using updated values of Eqs. (13) and 262 

(14). The value of the function tr

df  is checked against the dynamic loading surface error 263 

tolerance FTOL, where FTOL is a small positive number. If the stress state sufficiently close 264 

to the dynamic loading surface such as | |tr

df  FTOL, the calculated stress and hardening 265 

variables are accepted and the calculation step is completed. Otherwise, the stress state is far 266 
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away from the dynamic loading surface ( | |tr

df >FTOL), and then the calculation enters into 267 

an iterative viscoplastic correction loop. 268 

3.3. Viscoplastic correction loop 269 

For a viscoplastic correction loop, the increment of viscoplastic multiplier rate d  could 270 

be calculated using a Taylor series approximation of the dynamic loading function: 271 

1 ,d d

d d d

ii

i i i d id d
d d pd

p

i ii i d d r

p p pi i i id d d d
d d r vp

p p

f f
f f

f f f f
f E t t

 
 

  
  

      


   

           

           
                              

                 (16) 272 

For each step, the stress state should return back to the dynamic loading surface. Thus, the 273 

target value of the dynamic loading function 1i

df
  is set to zero. Based on it, the value of d  274 

is computed by: 275 
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                                                       (17) 276 

Because d  is calculated by taking an approximation of df , the correction loop may 277 

take several iterations to bring the stress state back to the dynamic loading surface which is 278 

simultaneously developing with d

p . With the new d , the stress and hardening variables are 279 

updated by: 280 

1 d di i i i idftE tE    


 
       


                                                                               (18) 281 
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                                               (20) 283 

During the iteration, the value of the dynamic loading function 1i

df
  is checked. If the 284 

stress state is far away from the dynamic loading surface ( 1| |i

df
 >FTOL), the correction loop 285 

will iterate again. If the stress state is on or nearby the dynamic loading surface 286 

( 1| |i

df
  FTOL), the iterative loop is completed, and the updated stress and hardening 287 

variables are recorded as the initial state of next loading step. 288 

For easier understanding, the integration process of the proposed MCP algorithm for one 289 

arbitrary loading step is illustrated as follows:  290 

(1) Calculate 
0  and 

0d  by Eqs. (11) and (12), and then update 
tr  , 

,d tr

p  and 
,r tr

p  by 

Eqs. (13)-(15). 

(2) Check tr

df , enter iterative viscoplastic correction loop if | |tr

df >FTOL, otherwise 

complete the loading step. 

(3) Calculate d i  by Eq. (17) if | |tr

df >FTOL, and then update 
1i  , 

, 1d i

p 
 and 

, 1r i

p 
 by 

Eqs. (18)-(20). 

(4) Check 
1i

df


, enter the next iterative viscoplastic correction loop if 1| |i

df
 >FTOL, 

otherwise complete the loading step. 

3.4. Adaptive substepping technique for viscoplasticity 291 

The stress-strain relationship is generally nonlinear for viscoplasticity. For a given initial 292 
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stress state, the unknown values of stress and hardening variables are highly dependent on 293 

increments of strain and time. This may lead to calculation error which could not be 294 

absolutely eliminated regardless of using explicit or implicit algorithms. In fact, this 295 

calculation error or non-convergence could be controlled by decreasing the loading step size 296 

for both explicit and implicit algorithms.23-27 Besides, an appropriate step size is also needed 297 

for implicit algorithm to guarantee convergence. In principle, the iteration process easily 298 

converges if a sufficiently good initial guess is supplied. But it can still fail to converge if 299 

putative root does not exist nearby. This problem of convergence could be efficiently solved 300 

by limiting the maximum loading step size. 301 

According to the above discussion, the performance of an algorithm, i.e., accuracy and 302 

convergence, gradually deteriorates with the increasing of loading step size. Therefore, it is 303 

necessary to conditionally limit the maximum loading step size. The substepping procedure 304 

for viscoplastic models was rarely mentioned in the literature. Different from elastoplasticity, 305 

the loading step size is controlled by not only   but also t  for the viscoplasticity, due to 306 

which a new substepping scheme should be proposed. According to the framework of 307 

overstress theory, the loading step size could be represented by the distance between the trial 308 

stress and dynamic loading surface adjusted on the prediction stage, where the positions of 309 

trial stress and dynamic loading surface shift with   and t , respectively. This distance 310 

could be expressed by: 311 

d =tr tr dtr

p                                                                                                                        (21) 312 

Comparing to the initial stress state, the ratio k’ representing how relatively small the current 313 
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step size can be estimated by: 314 

d   or   dtr tr tr trk k                                                                                                   (22) 315 

To control the substepping size, a substepping parameter k given by users is introduced. If 316 

k k   representing that the current step size is small enough as expected, no substepping is 317 

required. Otherwise, a substepping is needed for which j  representing the size ratio of 318 

substepping at current loading step with its range from 0 to 1 is introduced to calculate the 319 

sub-step sizes j   and j t  , where the subscript j counts the number of the substepping. 320 

In order to have an adoptive substepping, the value of j  is estimated by Eq.(23) to make 321 

sure that the new sub-step size is within that of expected maximum value, 322 

dtr tr

j j jk                                                                                                                      (23) 323 

An adaptive substepping procedure for one loading step is then proposed for a given 324 

substepping parameter k, shown as follows:  325 

(1) Set initial value of 1j   for j = 1. 

(2) Calculate 
tr

j  , 
,

,

d tr

p j  and 
,

,

r tr

p j  by using j   and j t  , then calculate d tr

j   by 
,

,

d tr

p j . 

(3) Compare d tr

j   and 
tr

j  . If d tr tr

j j k    , j  is adjusted by dtr tr

j j jk    , and 

return back to (2) to re-calculate trial stress and hardening variables. 

(4) Calculate j  , ,

d

p j  and ,

r

p j  by  viscoplastic correction. 

(5) Check =1j

j

 . If yes, the calculation is completed; otherwise, +1=1j j  , return 

to (2). 

To clarify the whole algorithm, the flow chart of the new MCP algorithm with the 326 

adaptive substepping procedure for one-dimensional condition is presented in Fig. 4. 327 
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 328 
Figure 4 Flow chart of modified cutting-plane algorithm for one-dimensional EVP-MCC model 329 

3.5. Performance of modified cutting-plane algorithm 330 

To investigate the performance of MCP algorithm, the same group of one-dimension 331 

strain-controlled tests, i.e., the compression test and the stress relaxation test, were simulated 332 

firstly by the one-dimensional EVP-MCC model using MCP without substepping procedure. 333 

Because the first derivatives of loading surface are constant for one-dimension condition, 334 

only one iteration is needed during viscoplastic correction stage for MCP. The relative errors 335 

for two selected calculation steps are 0.267 % and less than 0.0001 %, respectively, for the 336 

compression test and the stress relaxation test. This illustrates that the performance of the 337 

MCP algorithm is better than that of the OCP algorithm. 338 
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Moreover, a series of one-dimensional compression tests with large changes of strain 339 

rate was simulated by the MCP algorithm without substepping. The test scheme is the same 340 

as the former one, except that the additional calculation step of   of 0.1 %  was conducted 341 

at different strain rates   (i.e., 0.01 %/h, 0.1 %/h, 1 %/h, 10 %/h and 100 %/h) implying 342 

different time increments. The variation of calculated stress error Er with strain rate   is 343 

illustrated in Fig. 5, which shows a decrease followed by an increase of  Er with the increase 344 

of strain rate. The large error of stress is attributed to that the value of initial viscoplastic 345 

strain rate determined by the initial stress state deviates from the actual value of the loading 346 

step even through the time increment is small. 347 

Two one-dimensional compression tests with two largest changes of strain rate (i.e., 348 

0.01 %/h and 100 %/h) were simulated by the MCP algorithm with different substepping 349 

parameters (i.e., k = 0.05, 0.1, 0.2 and 0.5) to investigate the ability of the proposed 350 

substepping technique. The variations of iteration number N and relative error of calculated 351 

stress Er with substepping parameter k are illustrated in Fig. 6. The iteration number N 352 

slightly decreases with the increasing of k for the situation of changing   from 1 %/h to 353 

0.01 %/h, while N increases with the increasing of k for the situation of changing   from 354 

1 %/h to 100 %/h. The relative errors of stress Er increase with the increasing of k for both 355 

cases. Moreover, the values of Er for both cases are similar when k = 0.05 and 0.1, however, 356 

the value of Er for the case of changing   from 1 %/h to 100 %/h is significantly greater than 357 

that of changing   from 1 %/h to 0.01 %/h when k = 0.5. 358 

For the case of changing   from 1 %/h to 0.01 %/h, the strain rate reduces by 100 times; 359 
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for the case of changing   from 1 %/h to 100 %/h, the strain rate increases by 100 times. The 360 

viscoplastic strain increment for the former case is significantly smaller than that for the latter 361 

with the same strain increment   but different time increment t . According to the 362 

variations of N and Er with k, it is found that the performance of accuracy is much improved 363 

by the substepping technique for simulations with large change of strain rate. The effects of 364 

the substepping parameter k on the iteration number N and the relative error of stress Er are 365 

significant indicating that the value of k should be carefully selected.  366 

 367 

Figure 5 Variation of relative error of stress with strain rate of tested calculation step for one-dimensional 368 

compression test. 369 

 370 

Figure 6 Variation of (a) iteration number and (b) relative error of stress with substepping parameter for 371 

one-dimensional compression test at strain rates of 0.01 %/h and 100 %/h of tested step. 372 
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4 New time integration scheme for three-dimensional condition 373 

The proposed MCP algorithm is further applied to the three-dimensional EVP-MCC 374 

(Appendix A). The scheme of MCP algorithm for three-dimensional model is same as that for 375 

one-dimensional model. Only the difference of MCP application between three-dimensional 376 

and one-dimensional conditions is presented in this section. 377 

The consistency condition for the dynamic loading surface of three-dimensional EVP-378 

MCC is given by: 379 

d : d d
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and d  could be obtained, expressed by: 381 
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During the predictor stage at the beginning of calculation step, the trial stress 
tr  could 385 

be expressed by: 386 

0 0: dtr df
 

      
  


D                                                                                           (27) 387 

The hardening variables ,d tr

mp  and ,r tr

mp  could be expressed by: 388 
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For the correction loop, the Taylor series approximation of the dynamic loading function 391 

is expressed by: 392 
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Based on it, the value of d  is computed by: 394 
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After calculating d , the stresses and hardening variables are updated by: 396 
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The integration process of the proposed MCP algorithm for one arbitrary loading step is 400 
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illustrated as follows:  401 

(1) Calculate 0 ,0 ,0( )d r

m mp p    and 
0 0d t   , and then update 

tr  , ,d tr

mp  and ,r tr

mp  

by Eqs. (27)-(29). 

(2) Check tr

df , enter iterative viscoplastic correction loop if | |tr

df >FTOL, otherwise 

complete the loading step. 

(3) Calculate d i  by Eq. (31) if | |tr

df >FTOL, and then update 
1i  , , 1d i

mp   and , 1r i

mp   by 

Eqs. (32)-(34). 

(4) Check 
1i

df


, enter the next iterative viscoplastic correction loop if 1| |i

df
 >FTOL, 

otherwise complete the loading step. 

For three-dimensional model, the flow direction of viscoplastic strain rate according to 402 

the first-order derivative of dynamic loading surface is not constant. The extent of the flow 403 

direction’s change for a loading step should affect the performance of algorithm. For the 404 

substepping procedure, therefore, the expression of distance between the trial stress and 405 

dynamic loading surface adjusted on the predictor stage in one-dimensional condition is 406 

modified to consider the change of flow direction, which is expressed by: 407 

d =tr tr                                                                                                                          (35) 408 

where   presents the image stress state defined by projecting the radial line that connects 409 

the origin of coordinate and the initial stress state onto the dynamic loading surface adjusted 410 

by predictor. According to this principle, the image stress could be determined by: 411 

,
0

,0
=

d tr

m

d

m

p

p
                                                                                                                             (36) 412 

The adaptive substepping procedure for one loading step is then proposed for a given 413 
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substepping parameter k, shown as follows:  414 

(1) Set initial value of 1j   for j = 1. 

(2) Calculate 
tr

j
 , 

,

,

d tr

m jp  and 
,

,

r tr

m jp  by using j   and j t  , then calculate  

, ,0 0

, ,=( )d tr d

j m j m j jp p   . 

(3) Compare d tr

j
  and 

tr

j
 . If d tr tr

j j k    , j  is adjusted by 

dtr tr

j j jk     , and return back to (2) to re-calculate trial stresses and hardening 

variables. 

(4) Calculate j
 , ,

d

m jp  and ,

r

m jp   by  viscoplastic correction. 

(5) Check =1j

j

 . If yes, the calculation is completed; otherwise, +1=1j j  , return 

to (2). 

To clarify the whole algorithm, the flow chart of the new MCP algorithm with the 415 

adaptive substepping technique for the three-dimensional condition is presented in Fig. 7. 416 
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 417 
Figure 7 Flow chart of modified cutting-plane algorithm for three-dimensional EVP-MCC model 418 

5 Numerical validations at integration point level 419 

To analyse the accuracy and convergence of the proposed MCP time integration 420 

algorithm, a series of step-changed tests on Saint-Herblain clay15,28 was simulated by the new 421 

integrated EVP-MCC model with all simulation results marked as “MCP” in figures. The 422 

EVP-MCC model by the new algorithm without substepping procedure (marked as “MCP-423 

w/o”) and by the original cutting-plane algorithm (marked as “OCP”) were also used to 424 

simulate same tests for comparisons. This group of step-changed tests were well depicted by 425 

Yin et al..15 The EVP-MCC model parameters are summarised in Table 1. To determine the 426 

relative error of calculated stress, the ‘‘exact’’ solution is obtained using the enough small 427 



28 

 

loading step size (e.g., 10-4 %). The relative error of stress is computed by: 428 

2 2( ) / 2p qEr E E                                                                                                                   (37) 429 

with 430 

2 2
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where exp  and exq  are the “exact’’ solutions; cN  represents the number of compared stress 432 

points. 433 

5.1. Simulation of oedometer test 434 

For the step-changed oedometer test, the initial vertical and radial stresses are 10 kPa 435 

and 4.9 kPa, respectively. The specimen was compressed to axial strains of 12 %, 15.5 % and 436 

25 % in sequence with strain rates of 0.02 %/min, 0.004 %/min and 0.02 %/min, respectively. 437 

The step size of vertical strain 
z  is in the range of 0.01 % to 1 %. The calculation results 438 

using MCP, MCP-w/o (i.e. MCP without substepping) and OCP are shown in Fig. 8. The 439 

substepping parameter k is set to 0.1, 0.2 and 0.5 respectively to examine the performance of 440 

the adaptive substepping technique. 441 

Figs. 8(a)-(c) show good performance of MCP based on all calculations, except for the 442 

case of k=0.5 (Fig. 8(c)) with observing a calculation point at 
z =1 % deviating from the 443 

exact solution during the abrupt decreasing of strain rate. This is because, according to the 444 

overstress theory, a significant viscoplastic strain could be generated for a given loading step 445 

size under the specific loading path, which leads to a reduction of accuracy and even failure 446 

of convergence. 447 

Besides, Fig. 8(d) shows that the calculation by MCP-w/o cannot converge when 
z  is 448 



29 

 

equal to 0.25 %. For this loading step size, the calculation results are far away from the exact 449 

solution, even a negative vertical stress is obtained (which cannot be illustrated in the semi-450 

logarithmic coordinate) during the abrupt decreasing of strain rate due to the significant 451 

viscoplastic strain rate. Fig. 8(e) shows that the calculation by OCP cannot converge when 452 

z  is equal to 0.5 %. The upper limit for loading step size to ensure the convergence of 453 

OCP is larger than that of MCP-w/o. For this loading step size, the calculation cannot 454 

converge due to large viscoplastic strain when the stress state is close to the normal 455 

consolidation line. 456 

The total iteration number N and the relative error of stress Er using MCP, MCP-w/o and 457 

OCP are further compared in Fig. 9. The total iteration number of inelastic correction is the 458 

sum of all sub-steps for all loading steps. For the model coded by MCP, the total iteration 459 

number N decreases with the increasing of loading step size 
z . It is mainly due to the 460 

decreasing of total loading steps with the increasing of 
z . The total iteration number N 461 

with different k is similar when 
z  is lower than or equal to 0.1 %. This is because the 462 

substepping procedure is almost not activated. However, the total iteration number N 463 

decreases more than 20 % from the case of k=0.1 to k=0.5 when 
z  is larger than or equal to 464 

0.25%. These results indicate that the substepping parameter k controls the substepping size 465 

and affects the total iteration number. Besides, for the model coded by MCP, the relative error 466 

of stress Er increases with the increasing of 
z  and k. The relative error of stress Er 467 

increases more or less twice from the case of k=0.1 to k=0.5 when 
z  is larger than or equal 468 

to 0.1 %. 469 
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For the model coded by MCP-w/o or OCP, as shown in Fig. 9, the total iteration number 470 

N also decreases and the relative error of stress Er increases with the increasing of loading 471 

step size 
z . For the model coded by MCP-w/o, the total iteration number N is same as that 472 

by MCP with k=0.5 within the convergent range of 
z . The relative error of stress Er 473 

calculated by MCP-w/o is also same as that by MCP with k=0.5. Both the comparisons of 474 

total iteration number N and relative error of stress Er between MCP-w/o and MCP with 475 

k=0.5 imply that the substepping procedure does not active for the case with low 
z , which 476 

is reasonable since the low 
z  implies a small incremental step. 477 

The total iteration number N and the relative error of stress Er calculated by OCP are 478 

one order of magnitude larger than that by MCP for each 
z . The poor performance of OCP 479 

is due to the inappropriate selecting of overstress stress function for Taylor series 480 

approximation. In this case, adopting an unreasonable target value of overstress function 481 

during viscoplastic correction loop leads to an abundant iteration process and an unacceptable 482 

calculated error, as discussed in section 2. 483 

484 
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 485 

 486 

 487 

Figure 8 Simulations the step-changed oedometer test by MCP with (a) k=0.1, (b) k=0.2, and (c) k=0.5, (d) 488 

by MCP-w/o and (e) by OCP with different loading step size 489 
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 490 

Figure 9 Comparison of (a) total iteration number and (b) relative error of stress using different 491 

integration methods with varied loading step size for the step-changed oedometer test 492 

5.2. Simulation of undrained triaxial test 493 

For the step-changed undrained triaxial test, the initial stress state of the specimen is 494 

same as that of oedometer test. The specimen was firstly compressed to the vertical stress of 495 

86 kPa and the radial stress of 77 kPa within 24 hours. Then the specimen was sheared to 496 

axial strains of 2 %, 2.5 %, 4.7 % and 6.3 % in sequence with strain rates of 1 %/h, 0.1 %/h, 497 

10 %/h and 0.1 %/h, respectively. The step size of axial strain 
a  is in the range of 0.01 % 498 

to 1 %, and the substepping parameter k is set to 0.05, 0.1 and 0.15 respectively.  499 

The calculation results using MCP and OCP are presented in Fig. 10. In this part the 500 

“MCP-w/o” is not included since the previous section has already identified the effective 501 

improvement due to the adaptive substepping. The calculations can converge for MCP with 502 

k=0.05, k=0.1 and k=0.15. However, the calculation cannot converge for MCP with k=0.2 at 503 

the abrupt decreasing of strain rate from 10 %/h to 0.1 %/h, even though the minimum strain 504 

step size, i.e. a =0.01 %, is applied. Besides, the calculation by OCP cannot converge when 505 

a  is equal to 1.0 %. For the case of a =0.25 %, negative deviatoric stresses are 506 

calculated at the abrupt decreasing of strain rate from 10 %/h to 0.1 %/h; and for the case of 507 
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a =0.5 %, negative deviatoric stresses are calculated at the abrupt decreasing of strain rate 508 

from 1 %/h to 0.1 %/h and from 10 %/h to 0.1 %/h. This phenomenon of non-convergence 509 

and calculation errors at the abrupt decreasing of strain rate could be attributed to a 510 

significant viscoplastic strain increment occurred. 511 

The total iteration number N and the relative error of stress Er using MCP and OCP are 512 

compared. Fig. 11(a) shows that the total iteration number N calculated by MCP decreases 513 

with the increasing of a  and k under triaxial stress path. The total iteration number N 514 

decreases more than 30 % from the case of k=0.05 to k=0.15 when the a  is larger than or 515 

equal to 0.25%. Fig. 11(b) shows that the relative error of stress Er calculated by MCP 516 

increases with the increasing of a  and k. The relative error of stress Er increases more than 517 

twice from the case of k=0.05 to k=0.15 for all the calculated range of a . 518 

As shown in Fig. 11, using the model coded by OCP, the total iteration number N 519 

decreases and the relative error of stress Er increases with the increasing of a , which are 520 

generally larger than that calculated by MCP. The difference between the total iteration 521 

number N calculated by OCP and that calculated by MCP decreases with the increasing of 522 

a , but the difference in stress error Er increases with the increasing of a . 523 

These comparisons for both oedometer and triaxial tests illustrate that the accuracy and 524 

convergence rate of the MCP algorithms are dramatically enhanced, and the adaptive 525 

substepping technique guarantees good performance despite large loading step size. 526 
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 528 

 529 

 530 

Figure 10 Simulations the step-changed undrained triaxial test by MCP with k=0.05 for (a) q and (b) u, 531 

k=0.1 for (c) q and (d) u, k=0.15 for (e) q and (f) u, and OCP for (g) q and (h) u with different loading step 532 

size 533 
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 534 

Figure 11 Comparison of (a) total iteration number and (b) relative error of stress using different 535 

integration methods with varied loading step size for the step-changed undrained triaxial test 536 

6 Numerical validations at finite element level 537 

A User Defined Soil Model (UDSM) for the EVP-MCC model has been developed 538 

using the proposed MCP algorithm via the commercial finite element code PLAXIS 2D. The 539 

model implementation followed the PLAXIS material models manual31 for implementing 540 

user-defined constitutive models. 541 

In order to purely examine the performance of the MCP, a series of numerical plane 542 

strain biaxial shear tests was simulated using MCP-integrated model in PLAXIS to illustrate 543 

the variations of global iteration number and global calculation time with effects of mesh 544 

density and substepping parameter k. Note that the OCP-integrated model was also 545 

implemented into PLAXIS and used to simulate tests, but all simulations cannot converge. 546 

Parameters of EVP-MCC model are the same as that used in previous numerical validations 547 

at integration point level. 548 

In the plane strain test, the size of the sample is 0.3 m long and 0.6 m high. The bottom 549 

boundary displacement is restrained in both the vertical and horizontal directions, and the top 550 
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boundary displacement is restrained only in the horizontal direction. On the lateral boundary 551 

the displacement is not restrained in both the vertical and horizontal directions. The 6-noded 552 

triangular element was selected to generate meshes. 553 

The plane strain biaxial shear tests of normally consolidated soil (over-consolidation 554 

ratio OCR = 1) and over-consolidated soil (OCR = 8) were simulated. For the shear test of 555 

normally consolidated soil, the simulation was conducted in two stages. The sample was first 556 

isotropically compressed to a target stress of 50 kPa within one hour, followed by a creep 557 

stage of 24 hours. Then, the top side of the sample was loaded to a vertical displacement of 558 

0.09 m by displacement control at a global vertical strain rate of 0.1 %/h. For the shear test of 559 

over-consolidated soil, the simulation was conducted in six stages. The sample was 560 

incrementally compressed to target stresses of 50, 100, 200 and 400 kPa, within one hour for 561 

each and followed by a creep stage of 24 hours for each. Then, the sample was unloaded to a 562 

target stress of 50 kPa within 24 hours. Finally, the top side of the sample was loaded to a 563 

vertical displacement of 0.09 m by displacement control at a global vertical strain rate of 564 

0.1 %/h. All simulations were conducted up to a global strain of 15% with a total step number 565 

around 30. 566 

6.1. Effect of mesh density 567 

Fine, middle and coarse densities of finite element mesh were chosen to examine the 568 

performance of MCP in terms of mesh-dependency by simulating plane strain tests. The 569 

corresponding numbers of elements are 592, 268 and 98, respectively for different mesh 570 

densities. The value of substepping parameter k is set to 0.1 according to above studies to 571 
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guarantee the convergence. 572 

The comparisons of total number of iteration and CPU time for test simulations of 573 

normally consolidated and over-consolidated soils with different mesh densities by the MCP-574 

integrated model are summarised in Table 2. The variation of global iteration number is slight 575 

for both soils. The global iteration number slightly decreases with the decreasing of the 576 

element number for the normally consolidated soil, however, the variation of global iteration 577 

number is non-monotonic with the element number for the over-consolidated soil. The CPU 578 

time decreases with the decreasing of mesh density, and the CPU time with fine mesh density 579 

is almost two or three times than that with middle and coarse densities for both soils. 580 

Table 2. Total number of iteration and CPU time for different mesh densities 581 

 582 

 583 

The simulated results of MCP for both soils are illustrated in Fig. 12, which shows a 584 

mesh-independent curve of global y y   (y defined as the total vertical displacement of 585 

top surface over initial height of the sample; y defined as the total forces at top surface over 586 

the area of top surface). The deviatoric strain fields for fine, middle and coarse mesh densities 587 

are shown in Fig. 13 for normally consolidated soil and Fig. 14 for over-consolidated soil, 588 

which also reveals mesh-independency of the simulation when using elasto-viscoplastic 589 

models in finite element analysis.  590 

OCR Comparison items 
Total element number  

of 592 (fine) of 268 (middle) of 98 (coarse) 

1 
Number of iteration 598 579 559 

CPU time (s) 7.23 3.65 3.12 

8 
Number of iteration 1666 1533 1606 

CPU time (s) 16.47 6.75 4.95 
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 591 

Figure 12 Comparison of simulated results with different mesh densities for biaxial shear test of (a) 592 

normally consolidated soil and (b) over-consolidated soil 593 

 594 

Figure 13 Comparison of deviatoric strain fields simulated with (a) fine (b) middle and (c) coarse mesh 595 

densities for biaxial shear test of normally consolidated soil 596 

 597 

Figure 14 Comparison of deviatoric strain fields simulated with (a) fine (b) middle and (c) coarse mesh 598 

densities for biaxial shear test of over-consolidated soil 599 
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6.2. Effect of substepping parameter k 600 

The results of numerical validations at integration point level illustrated that the 601 

performance of the proposed MCP algorithm becomes worse with the increasing of 602 

substepping parameter which controls the substepping size. To analyse the effect of 603 

substepping parameter k at finite element level, simulations of the plane strain tests by the 604 

MCP-integrated model with different k (0.1, 0.2 and 0.5, respectively) were carried out. Only 605 

the fine mesh was selected to highlight the impact of substepping parameter. 606 

The comparisons of total number of iteration and CPU time for all test simulations of 607 

normally consolidated soil and over-consolidated soil by the MCP-integrated model with 608 

different k are summarised in Table 3. The global iteration number and the CPU time slightly 609 

increase with the increasing of substepping parameter k for both soils except that the CPU 610 

time for the simulations over-consolidated soil with k = 0.2 is slightly larger than that with k 611 

= 0.5. 612 

Table 3. Total number of iteration and CPU time for different values of k 613 

 614 

 615 

 616 

 617 

 618 

The simulated results of global y y   response by MCP for both soils are illustrated in 619 

Fig. 15. Fig. 15(a) illustrates that the simulated curves of normally consolidated soil are 620 

consistent each other. As shown in Fig. 15(b), the y y   curve of the over-consolidated soil 621 

OCR Comparison items 
Substepping parameter k 

of 0.1 of 0.2 of 0.5 

1 
Number of iteration 598 633 682 

CPU time (s) 7.23 7.78 8.31 

8 
Number of iteration 1666 1888 1898 

CPU time (s) 16.47 18.06 17.86 
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simulated by MCP with k =0.5 are lower than those calculated by MCP with k =0.1 and 0.2 622 

when the value of vertical strain exceeds 10%. It implies that the softening phenomenon was 623 

overestimated due to the calculated stress errors for the case simulated by MCP with k =0.5, 624 

since a higher value of k corresponding to a bigger sub-step size may result in a higher error 625 

which agrees with the previous results at the level of integration point (simulated results for 626 

oedometer and triaxial tests). 627 

For normally consolidated soil, the deviatoric strain field for k = 0.2 is examined the 628 

same as that of k = 0.1, shown in Fig. 16(a) and (b). However, as shown in Fig. 16(c), the 629 

field of deviatoric strain, calculated by MCP with k = 0.5, there is one gauss point at the 630 

lower left-hand of the soil sample with higher strain level (d = 35%) than those (d = 21%) 631 

calculated by MCP with k = 0.1 and 0.2, which could be attributed to the calculated error of 632 

stress at this stress integrated point by k = 0.5 significantly higher than that by k = 0.1 and 0.2. 633 

However, the global stress-strain response is not influenced since only one gauss point has 634 

different results. 635 

For over-consolidated soil as shown in Fig. 17, the field of deviatoric strain, calculated 636 

by MCP with k =0.5, is globally greater than those calculated by MCP with k =0.1 and 0.2 637 

along the shear band of the soil sample, which also could be attributed to the higher 638 

calculated error of stress at stress integrated points when using k = 0.5 compared to k = 0.1 639 

and 0.2. It can be concluded that the simulation with k =0.5 can get convergence but not 640 

accuracy. 641 
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 642 

Figure 15 Comparison of simulations with different mesh densities for biaxial shear test of (a) normally 643 

consolidated soil and (b) over-consolidated soil 644 

 645 

Figure 16 Comparison of deviatoric strain fields simulated with (a) k=0.1 (b) k=0.2 and (c) k=0.5 for 646 

biaxial shear test of normally consolidated soil 647 

 648 

Figure 17 Comparison of deviatoric strain fields simulated with (a) k=0.1 (b) k=0.2 and (c) k=0.5 for 649 

biaxial shear test of over-consolidated soil 650 
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7 Conclusions 651 

A novel adaptive substepping cutting-plane time integration scheme (MCP) keeping the 652 

advantage of original cutting-plane algorithm (OCP) with only the first derivatives of loading 653 

surface required was proposed for elasto-viscoplastic models. The performance of the 654 

original cutting-plane algorithm (OCP) for the elasto-viscoplastic model EVP-MCC was first 655 

identified poor due to the particularity of viscoplastic formulation. To overcome this, an 656 

evolution function for the hardening variable of dynamic loading surface is innovatively 657 

deduced for the Taylor series approximation, the elastic predictor is modified to account for 658 

the initial viscoplastic strain rate with more accuracy, and a new adaptive substepping 659 

technique for restricting simultaneously both strain and time incremental sizes based on the 660 

overstress distance is proposed. For easy understanding, the proposed algorithm is first 661 

presented for one-dimensional condition, and then extended to three-dimensional condition.  662 

The new integrated EVP-MCC model using the proposed algorithm is examined by 663 

simulating laboratory tests at both levels of integration point and finite element method. At 664 

the integration point level, a group of step-changed tests was selected to examine the 665 

performance of MCP. The total iteration number decreases with the decreasing of loading 666 

step size and the increasing of substepping parameter k. The relative error of stress increases 667 

with the increasing of the loading step size and the substepping parameter k. All of them are 668 

remarkably lower than that using OCP because of an unreasonable target value of overstress 669 

function during plastic correction loop adopted in OCP. At the finite element level, the MCP 670 

was validated by simulating a numerical plane strain biaxial shear test of normally 671 
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consolidated soil and over-consolidated soil. The variation of global iteration number with 672 

mesh densities is slight. However, the CPU time decreases with the decreasing of element 673 

number. Moreover, the variations of global iteration number and CPU time with substepping 674 

parameter k are slight. However, the simulation using k = 0.5 for both soils can get 675 

convergence but not accuracy, which could be attributed to the calculated error of stress at 676 

some stress integrated points. 677 

All comparisons comprehensively demonstrate that the performance of MCP with 678 

substepping technique is good for both the integration point level and the finite element level. 679 

The MCP should be thus applicable and recommended for elasto-viscoplastic models in finite 680 

element analysis. 681 
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Appendix A: brief introduction of three-dimensional EVP-MCC model 689 

The EVP-MCC model is based on the overstress theory20,21 and the modified Cam-Clay 690 

model32. According to the section 2.1, complementary equations are summarized as follows:  691 
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where d

mp  and r

mp  are the sizes of the dynamic loading surface and the reference surface, 697 

respectively (see Fig. A.1);   is the strain-rate coefficient;  is the slope of the normal 698 

compression line;  is the slope of the swelling line; Cαe is the secondary compression 699 

coefficient; r is the duration of incremental loading used in the conventional oedometer test 700 

with a common value of 24 h; e0 is the initial void ratio; K0 is the stress ratio under the 701 

condition of K0-consolidation with 2

0 ( 9 4 3) 2K cM     according to the stress-dilatancy 702 

relationship of the modified Cam-Clay model; M is the slope of CSL in the p’-q plane, i.e., 703 

mean effective stress – deviatoric stress plane; c=Me/Mc with the slope of CSL in triaxial 704 

compression and extension, i.e., Mc and Me, respectively;   is lode angle, and 705 

1 3/2

3 26 (1 3)sin ( 3 3 2 ) 6J J        with the second and third invariants of deviator stress 706 

tensor, i.e., J2 and J3, respectively; d
  is the deviatoric stress tensor expressed by 707 

[ , , , 2 , 2 , 2 ]T

d x y z xy yz zxp p p               ; the effective stress tensor   is 708 

expressed by [ , , , , , ]T

x y z xy yz zx          and the mean effective stress p  is defined by 709 

( ) / 3x y zp         ; vp

v  is the volumetric viscoplastic strain. The determination methods 710 

for all these parameters of EVP-MCC model are summarised in Table A.1. 711 
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 712 
Figure A.1 Principle of EVP-MCC model 713 

Table A.1 State parameters and constants of EVP-MCC model 714 

Type Parameter Definition Determination 

Modified 

Cam-Clay 

parameters 

0

r

mp  
Initial size of reference 

surface 

From a oedometer test corresponding to a given 

reference strain-rate or reference time 

0e  Initial void ratio From physical properties of the soil 

  Poisson’s ratio From initial part of stress-strain curve 

  Swelling index From oedometer test or consolidation test 

  Compression index From oedometer test or consolidation test 

cM  
Slope of CSL in triaxial 

compression 
From triaxial shear test 

Viscosity 

parameter 
eC  

Secondary compression 

coefficient 
From conventional oedometer test 

Appendix B: EVP-MCC induced one-dimensional model 715 

The EVP-MCC model is reduced for one-dimensional condition, for which 716 

complementary equations are summarized as follows:  717 
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where d

p  and r

p  are the sizes of the dynamic loading surface and the reference surface, 721 

respectively, for one-dimensional condition;    is the effective stress; 
vp  is the viscoplastic 722 

strain. 723 

724 
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