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A B S T R A C T   

Current Optimal Sensor Placement (OSP) strategies for bridges mostly rely on data from a finite element model 
rather than from the real structure due to high cost in placing massive sensors for data collection. For large-scale 
bridges, however, it is difficult to formulate a precise model and thus the OSP strategies building upon a finite 
element model inevitably suffer from modelling errors. Besides, the finite element model cannot account for real 
measurement noise. Premised on the fact that it is not expensive to make in-situ trial measurements with a few 
sensors on a target bridge before deploying a structural health monitoring (SHM) system on it, a data-driven OSP 
strategy is proposed in this study which aims at accurately reconstructing mode shapes (to facilitate vibration- 
based structural damage detection) by using only a few vibration sensors to be included in the SHM system. 
The proposed OSP strategy is also applicable for the upgrade of a long-term SHM system currently deployed on a 
bridge, by using historical data collected from the current SHM system. To precisely reconstruct mode shapes, a 
two-stage OSP strategy in terms of Recurrent Gaussian Process Regression (RGPR) is developed, and its per
formance is validated on a simulation model and a real bridge. In the first stage, the greedy algorithm is 
leveraged to temporarily deploy sensors on the structure and train accurate RGPR models using the collected 
data, which are used to afford spatially complete mode shape data for optimization later. Starting from a few 
sensors temporarily deployed on the bridge, a one-by-one sensor adding procedure is performed to configure 
increasing sensors until the target is achieved. In the second stage, Cuckoo Search (CS) algorithm is pursued to 
obtain the globally optimal sensor placement solution, from which the temporarily deployed sensors can be re- 
configured to the optimum positions. Both the best sensor quantity and positions are obtained by the proposed 
OSP strategy.   

1. Introduction 

Bridges are important civil infrastructure across rivers, valleys, and 
seas, which are commonly designed with long lifespan and high per
formance. Due to the traffic loads and environmental effects during the 
long service life, bridges will inevitably suffer from damage, and the 
accumulated damage may have a fatal impact to the normal operation of 
a bridge. To be acquainted with the structural condition in due time, 
Structural Health Monitoring (SHM) system has been installed on 
various bridges in the past decades targeting condition monitoring. A 
typical SHM system generally consists of four subsystems including 
sensor and data acquisition subsystem, maintenance management sub
system, forewarning and safety evaluation subsystem, and centralized 
database subsystem [1]. Apparently, the sensor subsystem is the 

foundation of an SHM system to collect structural responses and envi
ronmental effects [2]. Even though this subsystem is crucial, it is 
impractical to densely deploy sensors on a bridge due to the cost limi
tation on sensors and hardware and computational limitation in pro
cessing massive data [3]. Therefore, the Optimal Sensor Placement 
(OSP) problem has attracted extensive attention, which aims at 
deploying a limited number of sensors on proper positions of a bridge to 
achieve the targets of interest, such as damage detection. 

In fact, the OSP problem exists not only in bridges but also in other 
types of structures, which is essentially a mathematical optimization 
problem. By building an objective function in alignment with the target 
of interest, the OSP problem can be transferred into an optimization 
problem, and then proper optimization algorithms can be performed to 
solve it. In the previous studies, the target of OSP has been on collecting 
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structural information as much as possible with limited measurement 
points, and a variety of strategies towards this target were proposed 
[4–18]. For example, Kammer presented the Effective Independence (EI) 
method for OSP on large space structures [5]. The author proposed to 
attain a sensor configuration that can collect the largest independent 
information of the modal coordinates in a structure. Afterwards, the EI 
method and several improved EI methods were applied to bridge 
structures for optimal placement of accelerometers [6–10]. The Modal 
Assurance Criterion (MAC) is a widely used index to identify the 
orthogonality between the mode shapes of two vibration modes [11], 
thus it could evaluate the information comprehensiveness on mode 
shapes perceived from the deployed sensors. The maximum value of the 
non-diagonal MAC elements was extensively adopted as the optimiza
tion target in OSP [12–14]. Besides, the information entropy, which was 
originated from information theory, was another widely used index in 
the OSP strategy with a view to reduce the estimation uncertainty of 
structural parameters [15–18], thereby the configured sensors can help 
identify the structural properties more accurately. In addition to the 
purpose of collecting comprehensive structural information, the strate
gies aiming at damage detection have received great attention as well, 
since the final target of an SHM system is to identify structural anomalies 
and to evaluate structural condition [19–22]. The principle of the 
damage detection-oriented OSP strategy is that the damage information 
could be included as much as possible in the measured data from the 
arranged sensors [23–26]. Cobb and Liebst first proposed to employ the 
concept of damage sensitivity in sensor arrangement strategy [20]. The 
first order derivatives of structural responses with respect to structural 
stiffness change were explored as the sensitivity indices [23,27], and 
sensors were placed at the positions with large sensitivity index values. 
Some damage-related properties/responses, i.e., modal frequency and 
mode shapes, and indices such as modal strain energy and flexible 
curvature [28,29], were also employed to formulate damage sensitive 
indices for sensor placement. The OSP methods mentioned above were 
developed mainly for configuring accelerometers, where the modal data 
was used. Besides accelerometers, other types of sensors such as strain 
gauges and displacement transducers also need configurations [30,31]. 
To make the best use of data from different sensors, the OSP strategies 
for placing multiple types of sensors concurrently became a research 
hotspot [31–34]. For example, Zhang et al. utilized the relationship 
between the strain and displacement measurements of a beam structure 
and fused them for prediction of unobserved structural responses [31]. 
The minimal prediction error of the structural response was set as the 
objective function for the arrangement of these two types of sensors. Zhu 
et al. addressed the problem of placing three types of sensors, i.e., 
displacement transducers, strain gauges and accelerometers, on a bridge 
for best reconstruction of structural responses [33]. 

With the formulated objective function, a proper optimization al
gorithm is then required to find the sensor configuration with the 
optimal (maximum/minimum) objective value under a given number of 
sensors. Therefore, identifying the best sensor configuration and deter
mining the best sensor quantity are two important issues, yet most of the 
previous studies focused on the first one. The greedy algorithm, or called 
Forward Sequential Sensor Placement (FSSP) method, is one of the al
gorithms used to address the OSP problem, which has been applied to 
numerous practical problems on account of its simple algorithm struc
ture and low calculation burdens [35–38]; moreover, the best sensor 
quantity can be automatically identified by this algorithm. However, the 
solution obtained by this algorithm is generally near-optimal rather than 
optimal [37]. To attain globally optimal solutions of OSP, the heuristic 
searching algorithms, such as the genetic algorithm, simulated anneal
ing algorithm, particle swarm optimization algorithm and others 
[12,39–45], were commonly used. The random searching strategy 
employed in the heuristic algorithms is appealing in addressing such 
optimization problems, with which the optimal sensor configuration can 
be obtained with acceptable computational cost. In this method, how
ever, the sensor quantity should be given before the optimization 

process. 
To summarize, in a standard OSP problem, an objective function is 

first formulated according to the target of interest. Then, the objective 
function is calculated for each feasible sensor configuration by using the 
data at the sensor locations. Finally, an optimization algorithm is 
employed to find the sensor configuration with optimal objective value. 
Obviously, the structural responses under each feasible sensor configu
ration are necessary in OSP. In general, such structural responses are 
obtained from a finite element model. However, using a finite element 
model inevitably brings about the modelling error problem; meanwhile, 
the measurement noise, which influences sensor configuration results as 
well, cannot be properly interpreted from such a model. In a recent study 
[46], Murugan Jaya et al. aimed to make the expanded mode shapes 
close to the real mode shapes by considering modelling error and 
measurement noise. With assumed modelling error and measurement 
noise, the sensors were deployed at the locations where the observations 
could help reconstruct the mode shapes accurately. Lin et al. suggested 
placing sensors at the locations where the vibration signal energy is 
strong [47]. Such arrangement could improve the signal-to-noise ratio 
and provide modal parameter estimation with high accuracy. In the 
above studies, even though the modelling error and measurement noise 
were assumed, simulation data rather than real measurement data was 
used [48]. Data-driven methods on addressing the OSP problem have 
recently attracted attention in various areas such as image recovery, 
temperature field estimation, mobile sensor navigation [38,49,50]. To 
the authors’ best knowledge, there is a paucity of research on data- 
driven methods for the OSP problem in structural engineering, 
partially because of the high cost and low practicability in pre-installing 
massive sensors for collection of measurement data. In reality, the OSP 
problem is demanded not only for new bridges but also for the upgrade 
of SHM systems that have been already deployed on existing bridges for 
years [51]. How to place sensors on a bridge for trial measurements to 
facilitate data-driven OSP design of a new SHM system to be deployed on 
the bridge and how to leverage data collected from an existing SHM 
system for the upgrade of the system constitute a big challenge. 

To address the above, a two-stage data-driven OSP strategy is pro
posed in this study, in which the target is to accurately reconstruct mode 
shapes (to facilitate vibration-based damage detection) while requiring 
only a small number of sensors. The idea is to train a precise surrogate 
model of the real structure in the first stage using data collected from a 
few temporarily deployed sensors. Then, by utilizing data generated 
from the surrogate model, the temporarily deployed sensors can be re- 
arranged to the optimum positions in the second stage. If the bridge 
has been instrumented with an SHM system which needs to be upgraded, 
the required quantity of temporarily deployed sensors can be largely 
reduced so that the cost of trial measurements is saved. To realize the 
two-stage OSP strategy, a novel Recurrent Gaussian Process Regression 
(RGPR) approach is first proposed to build the surrogate model. In this 
approach, the mode shape data extracted from the time-domain signals 
is leveraged to enable the estimation of measurement noise, thereby the 
mode shape components in the spatial domain can be more accurately 
regressed even if the sensors are sparsely deployed. In line with this 
approach, the greedy algorithm is pursued in the first stage to instruct 
the placement of temporary sensors. Embarking on few sensors on the 
bridge, a one-by-one sensor adding procedure is performed to configure 
more sensors until precise RGPR models are achieved. These models will 
be used as surrogate models to the real structure for generating 
comprehensive response data. In the second stage, the Cuckoo Search 
(CS) algorithm is executed to find the optimal sensor configuration with 
data generated by the RGPR models, and the temporarily deployed 
sensors in the first stage will be re-configured to the optimum positions. 
Finally, the performance of the proposed RGPR approach is validated on 
a simulation model and the Ting Kau bridge, and the two-stage OSP 
strategy is verified on the simulation model. 

The rest of this paper is organized as follows. In Section 2, the RGPR 
approach is proposed, which is followed by validation on a numerical 

B.-Y. Zhang and Y.-Q. Ni                                                                                                                                                                                                                     



Engineering Structures 284 (2023) 115998

3

model and the Ting Kau bridge in Section 3. In Section 4 the data-driven 
two-stage OSP strategy is presented, and the performance of this strat
egy is verified on the numerical model in Section 5. Finally, conclusions 
are drawn in Section 6. 

2. Recurrent Gaussian process regression (RGPR) 

2.1. Gaussian process regression (GPR) and information theory 

2.1.1. GPR 
Gaussian Process Regression (GPR) is a Bayesian modelling approach 

to formulating potentially unknown relationship inherent in data, where 
no specific function expression needs to be prescribed [52]. The general 
form of a GPR model is given as: 

y = f (x)+ ε (1)  

where f(x) is an unknown function about the independent variable x; ε is 
a Gaussian white noise term with zero mean ε N(0,σn

2); y is the obser
vation. An assumption made here is that any finite subset of data points 
f(x) corresponding to the different independent variable values fulfils a 
joint Gaussian distribution. Following this assumption, a prior could be 
given to the unknown function f(x): 

f (x) ∼ N(0,K(x, x’) ) (2)  

here the mean function is set to 0 for simplicity of calculation; K(x, x′

) is 
a covariance function, or called kernel function, which describes the 
potential relations in data points. There are various forms of kernel 
functions that could be used in different circumstances, in which the 
square exponential kernel function is most commonly used to represent 
stationary smooth functions. Given a set of training points X =

{x1,⋯, xN}
T in the input space and the corresponding observations y =

{y1,⋯, yN}
T, the likelihood function can be formulated, and then 

Bayesian inference is performed to obtain the posterior distribution of 
f(x) [52]: 

p(y|f (x),X,ϑ) =
∏N

i=1
N
(
yi|f (x), xi, σn

2 ) (3)  

p(f (x)|X, y,ϑ ) =
p(y|f (x),X,ϑ )p(f (x)|X,ϑ )

p(y|X,ϑ)
(4)  

where ϑ represents a cluster of hyperparameters in f(x), which can be 
optimized by maximizing the marginal likelihood function p(y|X,ϑ) or 
instead minimizing its negative logarithm form. To make predictions at 
new positions, the conditional probability can be calculated from the 
joint distribution between the new positions x* and training data points 
X: 

p(fx, f*|x*,X) ∼ N
(

0,
[

K(X, X) K(X, x*)

K(x*,X) K(x*, x*)

])

(5)  

p(f*|x*,X, fx) ∼ N
(
K(x*,X)K(X,X)

− 1fx,K(x*, x*)

− K(x*,X)K(X,X)
− 1K(X, x*)

)
(6) 

in which fx represents f(x) for the sake of brevity. Thus, the distri
bution of predictions becomes 

p(f*|x*,X, y, ϑ) =
∫

p(f*|x*,X, fx)p(fx|X, y, ϑ)dfx ∼ N(f*|μ, Σ) (7)  

{
μ = K(x*,X)

(
K(X, X) + σn

2I
)− 1y

Σ = K(x*, x*) − K(x*,X)
(
K(X, X) + σn

2I
)− 1K(X, x*)

The prediction model p(f*|x*,X, y,ϑ) is a Gaussian process. Its mean 
function μ denotes the best estimation of the data relationship, and the 
variance function Σ provides a confidence interval about the predicted 

mean function given the training dataset. Owing to the property of 
providing prediction uncertainty, GPR has been a popular choice in 
addressing the OSP problem [36–38,50]. This property enables the 
improvement of modelling accuracy by adding more spatial data 
without knowing the true modelling errors at these positions. In view of 
this, GPR is adopted in the present study. With Equation (7), the pre
dicted observation can be expressed with accounting for measurement 
noise as: 

p(y*|x*,X, y, ϑ) ∼ N
(
y*|μ, Σ+σn

2I*
)

(8) 

For the specific problem addressed in this study, the independent 
variable X represents the spatial coordinates of a bridge. The observa
tions y stand for the modal shape components at different coordinates, 
and f(x) describes the true functional relationship of mode shape. As a 
consequence, the complete mode shape information of the bridge could 
be inferred from the prediction model obtained by the GPR method. 

2.1.2. Information theory for sensor arrangement 
In alignment with Bayesian inference, information theory can help 

determine the best sensor locations [15,16,37]. The underlying principle 
is that sensors will be deployed at the locations where the information 
gain about the target model can be maximized. Thus, the observations 
collected from the deployed sensors will provide more information for 
building more accurate Bayesian regression model. A noticeable metric 
to quantify information is the information entropy, which was originally 
designed for discrete variables. For a continuous variable, the differen
tial entropy can be used [53]: 

HZ = −

∫

p(z)lnp(z)dz (9)  

where Z is a random variable with its probability density function p(z). 
This index indicates the confidence we have about the true value of the 
random variable. A large entropy value means low confidence or large 
uncertainty we know about the true value of this variable. In this study, 
we integrate information theory with the GPR method. With a set of 
deployed sensors, a GPR prediction model can be trained by using the 
collected data, and the uncertainty of predictions at the unsensed posi
tions can be evaluated through the differential entropy. If more sensors 
are required to train a more precise GPR model, the positions which 
have large entropy values are preferable to deploy sensors. Thus, 
through the combination of the differential entropy and GPR method, 
the OSP problem can be addressed in a data-driven way. In GPR 
formulation, the predictions at unsensed places are all Gaussian distri
butions, the differential entropy of the prediction model is a function of 
the coordinate x*, which can be inferred from Equations (7) and (9) as 

H(x*) = −

∫

p(f*)lnp(f*)df* =
1
2
(1+ ln2π + ln|Σ(x*) | ) (10)  

2.2. Homoscedastic RGPR 

As explored in the previous section, the GPR method is appealing in 
demonstrating the potential functional relation within dataset, such as 
the spatial relation of a mode shape in this study. Sufficient spatial 
training data is necessary for the GPR method to discover the functional 
relation in data. However, sensors are in general sparsely deployed on a 
bridge. The spatial observations are probably insufficient for training a 
precise GPR model. To surmount this problem, a recurrent updating 
strategy is introduced to the GPR method by leveraging the data in time 
domain to increase the modelling accuracy. We refer to this approach as 
Recurrent GPR (RGPR) method. 

Assume that a mode shape has a function relation f(x) in the spatial 
domain, and this relation does not change in a time period without the 
occurrence of structural damage. N sensors are deployed on the struc
ture to collect the mode shape values at different positions, and the 
spatial observations from D time slots are considered as training data. 
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yd =
{
y1

d,⋯, yN
d}T represents the observations obtained from N sensors 

at time d, in which 1 ≤ d ≤ D. By assuming the observation error as a 
two-dimensional Gaussian white noise in spatial and time domains, the 
likelihood function at time d can be formulated as follows: 

p
(
yd
⃒
⃒fx,X, ϑ

)
=

∏N

i=1
p
(
yi

d
⃒
⃒fx, xi, ϑ

)
∼ N

(
f (x), σn

2I
)

(11) 

With the prior assumption about f(x), the posterior of f(x) given the 
data y1 collected during the first time slot can be derived by Bayes’ 
theorem as 

p
(
fx|X,y1, ϑ

)
=

p(y1|fx,X, ϑ)p(fx|ϑ)
p(y1|X,ϑ)

(12) 

If data during a new time slot is available, the posterior function 
obtained in the previous time slot is regarded as the prior and it can be 
updated. For example, the posterior distribution in time slot d+1 can be 
derived with the likelihood function in time slot d+1 and the posterior 
distribution in time slot d: 

p
(
fx|X,y1:(d+1), ϑ

)
=

p(yd+1|fx,X, ϑ)p(fx|X,y1:d,ϑ)
p(yd+1|X, ϑ)

(13)  

where y1:(d+1) represents the assembly of observations from time slots 1 
to d + 1. By combining D − 1 updating steps, the final posterior distri
bution can be expressed as 

p
(
fx|X,y1:D, ϑ

)
=

p(y1:D|fx, X, ϑ)p(fx|ϑ)
p(y1:D|X, ϑ)

(14)  

where 

p
(
y1:D|fx, X, ϑ

)
=

∏D

i=1
p
(
yi|fx, X,ϑ

) ∏D

i=1
N
(
yi|f (x), σn

2I
)

(15) 

Similar to the derivation of the prediction model in GPR, the pre
diction on an unsensed place x* can be obtained as 

p
(
f*
⃒
⃒x*,X, y1:D,ϑ

)
∼ N(f*|μr,Σr) (16)  

{
μr = K(X*,X)

(
K(X, X) + σn

2I
)− 1y1:D

Σr = K(X*,X*) − K(X*,X)
(
K(X,X) + σn

2I
)− 1K(X,X*)

whereX =

[

X,X, ⋅⋅⋅X
⏟̅̅̅̅̅ ⏞⏞̅̅̅̅̅⏟

D

]

. To leverage the information inherent in data 

acquired from different time slots, the hyperparameter ϑ is optimized by 
using all the training data at once instead of step-by-step, which is 
realized by maximizing the marginal likelihood p(y1:D

⃒
⃒X, ϑ). It is worth 

noting that there is no requirement on the number of samples in the time 
domain. More samples are recommended for training if the computa
tional burden in the modelling process is accepted. 

2.3. Heteroscedastic RGPR 

As given in the GPR assumption in Equation (1), the observation is 
generally regarded as a linear addition of a true model term and a 
measurement noise term with a constant variance, which implies that 
the variance of measurement noise keeps invariant everywhere. How
ever, according to the observations made during modal and vibration 
tests on bridge structures, the measurement noise may have a functional 
relationship to the modal shape values [54]. Larger mode shape com
ponents are likely to be contaminated with higher noise values. There
fore, the heteroscedastic noise should be considered with a view to 
achieve more accurate modelling results. As such, the assumption of the 
data model in Equation (1) should be modified as: 

y = f (x)(1 + ε) = f (x)(1 + a⋅∊) = f (x) + af (x)⋅∊ (17)  

where ∊ is a standard Gaussian distribution with zero mean and unit 
variance; af(x) is the standard deviation of noise which varies with the 
spatial coordinate x; f(x) here is termed Noise-Related Function (NRF); a 
is a hyperparameter. The noise standard deviation is assumed here to be 
linear to the mode shape value. However, it is found in recent studies 
that such regularity may not be true [46,54]. For modelling flexibility, a 
nonlinear relationship can also be applied by changing NRF to nonlinear 
form in the proposed heteroscedastic RGPR method. Equation (17) im
plies that the standard deviation of measurement noise varies with the 
change of spatial coordinate. The prior distribution of the latent function 
f(x) is still assumed as given in Equation (2). With a group of training 
data 

(
X, yd) from N sensors in time slot d, the likelihood function can be 

obtained as 

p
(
yd
⃒
⃒fx,X, ϑ

)
=

∏N

i=1
p
(
yd

i

⃒
⃒fx, xi, ϑ

)
∼ N

(
yd|f (x), a2diag

(
f 2(x)

) )
(18)  

wherediag
(

f2(x)
)

= diag
(

f2(x), f2(x),⋯, f2(x)
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

N

)

. Then the posterior 

distribution can be obtained through Bayesian inference. However, the 
derivation of posterior distribution is analytically intractable due to the 
existence of NRF in the noise term. Therefore, an iterative strategy is 
proposed to use a known function fp(x) to replace f(x) in NRF: 

y = f (x)(1 + a⋅∊) = f (x) + af (x)⋅∊ ≈ f (x) + afp(x)⋅∊ (19) 

Then the likelihood function in time slot d (d ∈ [1,D]) is 

p
(
yd
⃒
⃒fx,X, ϑ

)
=

∏N

i=1
p
(
yd

i

⃒
⃒fx, xi,ϑ

)
∼ N

(
f (x), a2diag

(
f 2
p (x)

))
(20) 

Thus, the posterior distribution can be derived via Bayesian infer
ence. With observations obtained from D time slots, the posterior dis
tribution of f(x) can be elicited as 

p
(
fx|X,y1:D,ϑ

)
=

p(y1:D|fx,X,ϑ)p(fx|ϑ)
p(y1:D|X,ϑ)

(21) 

in which 

p
(
y1:D

⃒
⃒fx, X, ϑ

)
∼

∏D

i=1
N
(

yi|f (x), a2diag
(

f 2
p (X)

))
(22) 

Clearly, if the presumed function fp(x) is in alignment with the pre
dicted mean function f(x), i.e., discrepancy between the two functions is 
very small, the regressed result in Equation (21) can be deemed as the 
true outcome. We find that the predicted mean function of hetero
scedastic RGPR model generally has very tiny discrepancy with fp(x)
when the predicted mean function of homoscedastic RGPR model is 
employed as fp(x). Therefore, the homoscedastic RGPR method will be 
applied to obtain fp(x) before using the heteroscedastic RGPR method. 
As a result, the prediction model of heteroscedastic RGPR is expressed 
as: 

p
(
f*
⃒
⃒x*,X, y1:D, ϑ

)
∼ N(f*|μh, Σh) (23)  

⎧
⎪⎪⎨

⎪⎪⎩

μh = K(x*,X)
(

K(X, X) + a2diag
(

f 2
p (X)

))− 1
y1:D

Σh = K(x*, x*) − K(x*,X)
(

K(X,X) + a2diag
(

f 2
p (X)

))− 1
K(X, x*)

It should be noted that the above RGPR formulation is working for 
single output only. For multi-output problem, i.e., modelling multiple 
mode shapes in this study, an individual RGPR model needs to be 
formulated for each mode shape, and the relationship among the mul
tiple outputs is not able to be described. Even though the proposed RGPR 
method is available only for modelling single-output problem, it has the 
potential to be combined with multiple output Gaussian processes that 
can transfer the knowledge across related outputs to enhance prediction 
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accuracy globally. This issue needs further studies in the future. 
In fact, many machine learning methods can be employed to train 

surrogate models, such as polynomial regression, neural network, rele
vant vector machine (RVM) and so on. In these methods, the Bayesian 
regression approaches (i.e., RVM) are preferred in addressing the OSP 
problem since the prediction uncertainty could help instruct the 
configuration process. Compared with the existing Bayesian regression 
approaches, the proposed RGPR yields an explicit functional form, 
which would facilitate practical application (e.g., for modal-based 
damage detection); and the time domain data can be leveraged to 
enhance the spatial modelling results, thus the required sensor quantity 
can be largely reduced to save on costs. 

3. Reconstruction of mode shapes by RGPR 

3.1. A numerical three-span continuous beam bridge model 

To validate the proposed homoscedastic and heteroscedastic RGPR 
methods, a numerical three-span continuous beam bridge model is first 
explored. The layout of the bridge and its cross-section properties are 
shown in Fig. 1. The mass density and elastic modulus of the material are 
2.55 × 103 kg/m3 and 3.45 × 104 MPa, respectively. To conduct modal 
analysis, a finite element model is built with 60 equal length segments, 
in which each segment is represented by 6 degree-of-freedoms (DOFs) 
Euler-Bernoulli beam element with 1 m length. Under this mesh size, the 
mode shapes can be portrayed smoothly, and the model can provide 
enough candidate sensor positions for the subsequent sensor arrange
ment problem. For GPR and RGPR modelling, the first three vertical 
mode shapes are of interest. The mode shape components are first 
normalized by mass and then scaled up by multiplying a constant to 
avoid pathological calculation in GPR. As an example, 6 accelerometers 
are deployed on the bridge by experience to obtain the mode shape data, 
which is shown in Fig. 1(a). 

In the simulation study, a Gaussian white noise is added to the mode 
shape components to simulate the measurement noise with a changing 
standard deviation at different positions. The noise standard deviation is 
assumed to be 10 % of the mode shape magnitude. It is worth 
mentioning that the mode shape values at supports are zero. These 
values can also be included for GPR modelling. 

The mode shapes reconstructed by the GPR method are shown in 
Fig. 2(a-c), where 6 sensors are considered. To demonstrate that data 
sufficiency will affect the modelling accuracy of GPR, the results are also 
obtained by the GPR method when 61 sensors are considered, which are 
illustrated in Fig. 2(d-f). Results obtained by the homoscedastic and 
heteroscedastic RGPR methods are depicted in Fig. 2(g-i) and (j-l), 
respectively. 

In Fig. 2, the grey areas denote the 3σ range of the prediction model 
of observations y*; the dash lines denote the 3σ range of estimated noise. 
If the variance of the predicted observations favorably matches the noise 
variance, it indicates that the uncertainty of the prediction model is all 
generated by the measurement noise. When the two variances have large 
discrepancy to each other, it can be inferred that data in spatial domain 
are insufficient to train a prediction model with low uncertainty. In the 
results obtained by GPR with 6 sensors, the estimated noise is too small 
to be depicted. It can be seen that, by the use of GPR, the prediction 

models trained with data from 61 positions outperform those trained 
with data from 6 positions. GPR models trained with more spatial data 
can get more accurate predicted mean function, and measurement noise 
can also be well estimated. The prediction models obtained by the ho
moscedastic and heteroscedastic RGPR methods both have good per
formance with only 6 sensors. They have similar precision to the GPR 
models trained using sufficient spatial data, and the predicted mean 
functions agree well with the true values. Meanwhile, the measurement 
noise estimated by the heteroscedastic RGPR method is closer to the 
assumption. 

To gain an intuitive insight into modelling accuracy for the scaled 
mode shapes, the maximum Absolute Error Percentage (AEP) is intro
duced: 

AEPi = |μ(x*i) − true(x*i) |/max(|true| ) (24)  

maximum AEP = max
i∈[1,61]

(AEPi) (25) 

in which i represents the node number in the finite element model; 
μ(x*i) is the predicted mean function value at position x*i; true(x*i) is the 
true mode shape value at position x*i; and max(|true| ) denotes the 
maximum value of |true| among all the nodes. The maximum AEPs from 
different methods are depicted in Fig. 3(a), and the estimated standard 
deviations of measurement noise are shown in Fig. 3(b). For brevity, 
only the modelling results with 6 sensors are shown. 

In Fig. 3, GPR (min) and GPR (max) represent the minimum and 
maximum values in the modelling results from 30 time slots, respec
tively. To summarize, the proposed homoscedastic and heteroscedastic 
RGPR methods can reconstruct the mode shape components with high 
accuracy, while the GPR models are largely contingent on the quality of 
training data. In addition, the measurement noise estimated by the 
heteroscedastic RGPR method is more precise than the homoscedastic 
RGPR and GPR methods. 

3.2. Ting Kau bridge 

The second case study uses real-world data collected from the Ting 
Kau bridge. The Ting Kau bridge is a four-span cable-stayed bridge with 
two main spans of 448 m and 475 m respectively, and two side spans of 
127 m each. More than 230 sensors have been permanently installed on 
the bridge to collect the structural responses [55]. In this case study, the 
vertical mode shape is of interest, so the data collected by the acceler
ometers which are deployed on the bridge deck is used. As shown in 
Fig. 4, sensors are placed at eight monitoring positions, and some of the 
acceleration data collected from these sensors are shown, which will be 
utilized to evaluate the proposed method. In this structure, supports at 
the two ends of the bridge constrain the vertical displacement, so the 
mode shape values at these two positions are equal to zero, which can be 
used as training data. 

To identify the mode shape from the structural responses under 
ambient vibration excitations, the Operational Modal Analysis (OMA) is 
employed. The data-driven stochastic subspace identification technique 
is a powerful OMA identification technique [56], which is adopted in the 
present study. This technique is to formulate a state-space model for the 
structure system with the collected time-domain acceleration signals. By 
assuming the observation noise as a zero mean Gaussian white noise, it 

Fig. 1. (a) Layout of sensors on the bridge; (b) Layout of the cross section.  
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can be estimated and eliminated from the extracted modal information, 
and the modal parameters can finally be determined by some robust 
numerical techniques such as QR factorization and singular value 
decomposition. It is worth noting that the first few modes can generally 
be identified with satisfactory accuracy by OMA in real applications, so 
we suggest using the first several mode shapes in accordance with stably 
recognized frequencies in the sensor placement problem. Modes in high 
order are recommended only if they can be identified with high fidelity. 
Since temperature distribution may affect the identification results, 24 
sets of time-domain acceleration signals, each lasting for one hour in 
nights, are selected. As was studied in [56], the 1st and 7th modes of this 
bridge are vertical vibration modes and show obvious difference in their 
curve shapes, so these two modes are tested in this study. Thus, 24 mode 

shape vectors from different time slots are obtained for each mode. The 
Guyan-reduced mass normalization method is employed to normalize 
the mode shape vectors [57,58]. Then the normalized mode shape 
components are scaled up to avoid pathologic calculation in GPR. 

One of the 24 prediction models obtained by GPR and the prediction 
models obtained by homoscedastic and heteroscedastic RGPR for the 
two modes are shown in Fig. 5(a-c) and Fig. 6(a-c), respectively. The red 
lines in the detail drawings represent the 3σ range of true measurement 
noise, where the standard deviation is the unbiased estimation using 24 
observations. Clearly, the noise standard deviation estimated by GPR for 
the 1st mode has a very small value which is hard to show in a visible 
way in Fig. 5(a), while the noise standard deviation estimated for the 7th 
mode has a quite large value. The reason is that the data quantity is too 

Fig. 2. (a-c) Results by GPR with 6 sensors; (d-f) Results by GPR with 61 sensors; (g-i) Results by RGPR with homoscedastic noise; (j-l) Results by RGPR with 
heteroscedastic noise. 

Fig. 3. Results comparison of (a) maximum AEP; (b) maximum noise standard deviation.  
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small to support correct estimation of the noise in the modelling process. 
The noise variances estimated by homoscedastic RGPR do not match 
well with the true values at some of the sensed positions for both modes, 
and the noise standard deviation estimated by heteroscedastic RGPR has 

a large deviation from the true value. The reason might be that the 
standard deviation value of the noise is not in a linear relation with the 
mode shape value as assumed. In view of this, another assumption to 
NRF, fp1/4

(x), is tested. The results are shown in Fig. 5(d) and Fig. 6(d). 

Fig. 4. Layout of Ting Kau bridge and accelerometers.  

Fig. 5. Results of 1st mode by (a) GPR; (b) RGPR with homoscedastic noise; (c) RGPR with heteroscedastic noise (NRF = fp(x)); (d) RGPR with heteroscedastic noise 
(NRF = fp1/4

(x)). 

Fig. 6. Results of 7th mode by (a) GPR; (b) RGPR with homoscedastic noise; (c) RGPR with heteroscedastic noise (NRF = fp(x)); (d) RGPR with heteroscedastic noise 
(NRF = fp1/4

(x)). 
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As is shown, the noise estimation results are much better now. 
The maximum noise standard deviation values at the eight moni

toring positions from different methods are compared with the true 
values calculated from real observations, as shown in Fig. 7. It can be 
observed that the maximum noise standard deviations estimated by the 
heteroscedastic RGPR model with NRF fp1/4

(x) are the closest to the real 
measurements. Even though GPR (min) shows a similar maximum noise 
standard deviation to the real measurements, the GPR method cannot 
provide stable estimations of the noise standard deviation (GPR (max) is 
much larger than the real measurements). In practical applications, we 
can modulate NRF according to the observations to improve modelling 
precision. 

4. Two-stage strategy for globally optimal sensor arrangement 

By using the heteroscedastic RGPR method, mode shape can be 
accurately reconstructed with a few deployed sensors, and information 
theory can be applied to instruct the sensor placement. As described in 
Section 1, it is preferred to directly use real observations to instruct the 
sensor placement so that the modelling error in using a finite element 
model can be avoided while measurement noise can be taken into ac
count. However, deploying massive sensors to collect comprehensive 
structural responses is too expensive. To overcome this difficulty, a two- 
stage sensor placement strategy is proposed. The target of interest here is 
to precisely reconstruct mode shapes with as few sensors as possible. In 
the first stage, a few sensors are firstly deployed to collect data for 
training an accurate RGPR model as an alternative to the structure. The 
RGPR model can provide comprehensive structural response which is 
necessary for global optimization of sensor placement. The sensors in 
this stage are temporarily deployed, and the quantity and positions can 
be roughly determined. In the second stage, the sensors will be globally 
optimized in terms of quantity and positions with the target of accurate 
reconstruction of mode shapes. The temporarily deployed sensors in the 
first stage will be re-arranged to the optimum positions. In this way, the 
mode shape components will be precisely reconstructed with the mini
mum number of sensors. 

In general, mode shapes of multiple modes are required for structural 
health monitoring, so the objective function in OSP should be designed 
for multiple modes. For example, the differential entropy values from 
multiple modes can be simply added to build the objective function, but 
the optimization balance among different modes couldn’t be achieved. 
In the present study, this is achieved by scaling the mode shapes of 
different modes to the same level (e.g., the difference between the 
maximum value and minimum value of each mode shape is scaled up to 
the same value). When the RGPR prediction models are obtained, they 
can be scaled according to the mean function so that the difference 
between the maximum value and minimum value of each mode shape 
will be identical. In this light, the objective function can be formulated 
by adding together the differential entropies from different modes, and 

the optimization balance among different modes is expected to be 
attained. 

4.1. The greedy algorithm for comprehensive information collection 

In the first stage, the greedy algorithm is employed for optimization 
on account of its computation efficiency and operation simplicity [59]. 
An iteration process is built to simply add sensors one-by-one in 
sequence up to the needed amount. The deployment process is without 
retrieval, so it is practical for deployment on a real structure. Moreover, 
this algorithm will automatically terminate if the target of interest is 
achieved, thereby providing an upper limit for the best sensor quantity. 
This property can reduce the computational burden in the second-stage 
optimization in determining the best sensor quantity. One drawback of 
this algorithm is that the solution is probably near-optimal instead of 
optimal. However, this problem is negligible in this stage since the 
sensors are temporarily deployed and our target in this stage is to build 
an accurate RGPR model rather than attaining the final OSP solution. 
The flowchart of the algorithm combining with heteroscedastic RGPR is 
illustrated in Fig. 8. 

A set of candidate points, which contains unsensed positions where 
sensors can be placed, will be defined before the optimization process. 
The initialized sensor scheme can be either newly deployed sensors for a 
bridge to be instrumented with an SHM system or the existing sensors 
already in a bridge where an SHM system has been installed but needs 
upgrade. They are suggested more than the number of target mode 
shapes so that these mode shapes can be distinguished from each other. 
We recommend that the initial sensor number is better to be larger than 
the target mode number by two to three. In each loop, the new RGPR 
prediction model is used to calculate the differential entropy at each 
candidate position. The position which has the largest entropy value will 
be deployed with a new sensor. Finally, the algorithm will be terminated 
if a predefined criterion is satisfied. In this study, the termination cri
terion is defined as 

TCi+1 =
∑Nc

j=1

(

Hi
f*(xj)

− Hi+1
f*(xj)

)/
∑Nc

j=1
Hi

ε(xj)
(26) 

in which i represents the number of iterations; j is the index of po
sitions in the candidate set and Nc is the number of candidate positions; ε 
represents the measurement noise estimated by RGPR. This criterion 
calculates the ratio of uncertainty change of the prediction model during 
the iteration process to the uncertainty caused by the measurement 
noise. A small TCi+1 value implies that the uncertainty reduction in the 
(i+1)th iteration due to the newly added sensor is negligible compared 
to uncertainty caused by the measurement noise, and placing more 
sensors does not contribute to a reduction in uncertainty of the predic
tion model. Thus, when the change of the criterion between two 
consecutive loops is smaller than a given threshold, the iteration is 

Fig. 7. Results comparison of maximum noise standard deviation: (a) 1st mode; (b) 7th mode.  
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terminated. The detailed sensor configuration procedures are summa
rized as follows:  

Algorithm 1. Greedy algorithm with heteroscedastic RGPR 

Input: Candidate points X N; selection set S; observation set Y; initial sensor number 
N0 .

Initialization: Uniformly deploy initial sensors on a bridge and collect observations 
Y = y(S); For a bridge already instrumented with an SHM system, directly collect 
observations from the sensor system. 

In ith iteration: 
1. Homoscedastic RGPR method to elicit prediction model and use the mean function 

as fp; 
2. Heteroscedastic RGPR method to derive the prediction model f*; 
3. Adjust NRF to make the estimated noise closer to the real observations; 
4. If the termination criterion is satisfied, terminate the iteration; otherwise go to step 

5; 
5. Calculate the differential entropy at each point of the candidate set and choose the 

point that has the largest objective function value adding to the selection set S =

S ∪ x(i); deploy sensor at this point and get observations Y = Y ∪ yx(i) ; 
6. Update the candidate set by deleting the selected point X N = X N\x(i).  

With the proposed algorithm, only a small number of sensors are needed 
to attain precise RGPR prediction models while information from a 
structural model is not required. 

4.2. Cuckoo search algorithm for global optimization of sensor 
arrangement 

With the precise RGPR prediction models formulated in the first 
stage, we can sample from the prediction models to obtain structural 

responses at unsensed locations according to the predicted mean func
tion and the estimated noise. Such data, termed pseudo-observations, 
will be used to obtain the globally optimal sensor placement solution. 
A prominent heuristic algorithm, Cuckoo Search (CS), is employed as the 
optimization algorithm in this stage for sensor placement. 

Like other heuristic algorithms, the CS algorithm is a random 
searching algorithm, which was proposed based on the parasitic brood 
behavior of some cuckoo species [60]. These kinds of cuckoos do not 
know how to build nest and brood for next generation, so they lay their 
eggs in the nests of other birds. Some of the host birds may bring them 
up. In an optimization view, the cuckoo’s egg or the nest it located in is a 
feasible solution. The process of cuckoo searching nests for laying eggs 
represents a process to search for better feasible solution, and the sur
vival of cuckoo means that the nest it located in is a good solution. 
Different from the traditional randomness in other heuristic algorithms, 
the CS algorithm adopts an advanced Lévy flight procedure, which has 
been demonstrated having good performance in global searching. As 
such, it affords high calculation efficiency and can prevent the algorithm 
from falling into local optimal solutions. Besides, it has a simple algo
rithm structure and is easy to implement compared with other heuristic 
algorithms. The details of the CS algorithm with Lévy flight can refer to 
[61]. 

In the CS algorithm, the objective function is defined different from 
what one uses in the greedy algorithm, which is the differential entropy 
of an individual point as shown in Equation (10). A Global Differential 
Entropy (GDE) is proposed, which is more suitable for global optimi
zation: 

Fig. 8. Flowchart of the greedy algorithm with RGPR.  
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GDE = −

∫ ∫

p(f*(x*) )lnp(f*(x*) )df*dx*

=

∫
1
2
(1+ ln2π + ln|Σ(x*) | )dx* (26) 

The GDE reflects the uncertainty of an obtained prediction model 
instead of an individual point. For a specific sensor scheme, a prediction 
model along with its GDE value will be obtained. The sensor scheme 
with the minimum GDE value denotes that the obtained prediction 
model has the minimum uncertainty. As such, our target is to choose a 
sensor scheme which minimizes the GDE. However, Equation (26) is 
analytically intractable. As an alternative, numerical approximation by 
calculating discrete differential entropy values at some representative 
points is adopted: 

GDE ≈
1
2
∑Nr

i=1
Δx*i(1+ ln2π + ln|Σ(x*i) | ) (27) 

in which i and Nr denote the index and total number of representative 
points, respectively; and Δx*i = x*i − x*(i− 1). The representative points 
are user-defined, which can be either the integer values of coordinate or 
the nodes in the finite element model. 

In the CS algorithm, the sensor number is one of the inputs, so it 
should be determined before the calculation. It can be approximately 
estimated by referring to the sensor quantity obtained in the first stage. 
Because the greedy algorithm searches for near-optimal solution, the 
sensors considered in the first stage would be redundant if they are 
optimally re-arranged. Hence, we can test different sensor numbers that 
are smaller than the sensor quantity elicited in the first stage. By 
comparing the results with different numbers of sensors, the best sensor 
quantity and configuration can be achieved. Moreover, several param
eters in the CS algorithm should be assigned proper values before pur
suing the algorithm, such as the discovery probability, nest number and 
maximum iterations. The values of these parameters are chosen in this 
study according to the recommendations given in [61]. 

5. Case study 

To evaluate the proposed two-stage sensor placement strategy, the 
numerical three-span continuous beam bridge model which has been 
introduced in Section 3.1 is explored. The mode shapes of the first three 
modes are concerned. 

Fig. 9. Prediction models of three mode shapes during iteration process.  
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5.1. First stage optimization 

As initialization, five accelerometers are uniformly deployed on the 
beam bridge model, which can either be those from an existing moni
toring system or the initialized scheme of a new monitoring system, and 
the mode shape values at these five positions are made available. Het
eroscedastic measurement noise, whose standard deviation is assumed 
as linear to the mode shape value, is artificially added. The noise stan
dard deviation is 10 % of the mode shape magnitude. The criterion 
threshold for iteration termination is set as 5 %. The obtained prediction 
models during the iteration process are illustrated in Fig. 9. 

As can be seen from the panels in this figure, when five sensors are 
deployed on the bridge, the first mode shape can be accurately 
modelled, but the second and third mode shapes have large prediction 
uncertainties at some positions. With the adding of sensors, the pre
diction uncertainties of the second and third mode shapes gradually 
decrease. Finally, the algorithm is terminated with 10 sensors, and the 
models for the three mode shapes all have low prediction uncertainties. 
Moreover, with the increase of sensors, the mean functions of the three 
prediction models are increasingly close to the true values. The change 
of the termination criterion value during the iteration process is depic
ted in Fig. 10, which becomes steady when the number of iterations 
exceeds five. The GDE values of the three mode shapes versus sensor 
quantity are displayed in Fig. 11, which illustrates the uncertainty of the 
prediction models. The maximum AEP with respect to sensor quantity is 
also depicted to show the accuracy of the predicted mean functions. 

As illustrated in Fig. 11, the maximum AEP values of the second and 
third mode shapes in general decrease with increasing number of sen
sors, demonstrating that the precision of the prediction models of the 
second and third mode shapes increases gradually with the adding of 
sensors. On the other hand, the maximum AEP values of the first mode 
shape always have the lowest values among the three mode shapes, so 
fewer sensors are required for accurate modelling of the first mode shape 
than the second and third mode shapes. Besides, it can be found that the 
GDE values show similar trends with the AEP values. This tallies with the 
observation made in Fig. 10 that the predicted mean functions will be 
closer to the system true values when the prediction uncertainty be
comes smaller. Therefore, GDE can be regarded as a reasonable alter
native of AEP to evaluate the RGPR model when applying the proposed 
method in real applications. The sensor placement results are shown in 
Fig. 12. 

By using the predicted mean function and estimated noise, we can 
obtain the values of the three mode shapes at any point on the structure. 
These pseudo-observations are regarded as alternatives to the real 
structural responses, which can be employed for global optimization of 
sensor arrangement in the next stage. 

5.2. Second stage optimization 

In the second stage, the sensor quantity as one of the inputs in the CS 
algorithm is first determined. As indicated by the results from the first 
stage, the best sensor quantity will not exceed 10. In view of this, we test 

three sensor quantities, 8, 9 and 10, and choose the best sensor quantity 
by comparing their optimization results. The evolution processes of the 
CS algorithm under three sensor quantities are plotted in Fig. 13. As can 
be seen, the algorithm finally converges at the end of the iteration 
process under three sensor quantities, which means that the best sensor 
configuration schemes are obtained. The GDE of the prediction models 
with 8 sensors finally converges to a value larger than those with 9 
sensors and 10 sensors. For clear comparison, the GDE values from the 
CS algorithm are compared with the results obtained by the greedy al
gorithm with 9 and 10 sensors, as depicted in Fig. 14. It can be observed 
that the sensor configuration schemes for 9 and 10 sensors optimized by 
the CS algorithm can help train the prediction models with GDE values 
similar to those obtained by the greedy algorithm with 10 sensors. 
Decreasing to 8 sensors will cause a big increase of prediction uncer
tainty of the RGPR models, especially the models for the first and third 
modes. Hence, it can be concluded that the RGPR models do not possess 
desired accuracy with data collected from 8 sensors. Besides, the GDE of 
9 sensors using the greedy algorithm is larger than that of 9 sensors using 
the CS algorithm, which demonstrates that the second-stage optimiza
tion can get better sensor configuration result than that from the first 
stage. Therefore, the best sensor quantity in this case is 9, and the cor
responding configuration scheme is the optimal result. 

To validate the accuracy of the obtained results, the AEPs of the 
prediction models obtained by the greedy algorithm and the CS algo
rithm are shown in Figs. 15 and 16, respectively. Through comparison, it 
is obvious that the results of 9 and 10 sensors optimized by the CS al
gorithm show similar accuracy to those of 10 sensors using the greedy 
algorithm while much better performance than those of 8 sensors. This 
observation in accordance with the GDE results demonstrates the 
effectiveness of using GDE in optimization. In addition, the AEP results 
of 9 sensors optimized by the CS algorithm are smaller than those from 9 
sensors using the greedy method, which validates that the second-stage 
optimization is effective. 

Finally, the prediction models with 9 sensors are portrayed in Fig. 17, 
and the sensor configuration under 9 sensors is shown in Fig. 18. By 
comparing the modelling results in Fig. 17 with those in Fig. 9(a), it is 
apparent that the optimized sensor scheme can provide much higher 
modelling accuracy than the original sensor scheme, especially the 
second and third modes. It is therefore demonstrated that the proposed 
two-stage strategy is effective in application to the existing monitoring 
system for upgrading. 

6. Conclusions 

This paper proposes a data-driven two-stage Optimal Sensor Place
ment (OSP) strategy aiming at the reconstruction of mode shapes for 
bridge structures. A novel Recurrent Gaussian Process Regression 
(RGPR) approach is presented for this purpose. By utilizing data from 
the time-domain signals to improve the estimation accuracy of mea
surement noise, the proposed RGPR approach can model the spatial 
mode shapes accurately with using only a small number of sensors. In 
line with this approach, the first-stage OSP deploys a few temporary 
sensors to collect data for training precise RGPR prediction models. 
These models can be regarded as alternatives to the real structure for 
generating structural responses at unsensed positions. Then the second- 
stage OSP employs the Cuckoo Search (CS) algorithm to attain the 
globally optimal sensor configuration, in which the required data is 
generated by the RGPR models. The temporarily deployed sensors are 
re-arranged to the optimum positions in the second stage. 

The proposed RGPR approach is validated on a simulated three-span 
continuous bridge model and the cable-stayed Ting Kau bridge. Results 
show that the RGPR approach can obtain more accurate prediction 
models than the GPR method. The efficiency of the two-stage OSP 
strategy is verified on the simulation model. It is demonstrated that the 
best sensor quantity and sensor placement configuration can both be 
obtained by the proposed strategy. In summary, the proposed two-stage Fig. 10. Termination criterion.  

B.-Y. Zhang and Y.-Q. Ni                                                                                                                                                                                                                     



Engineering Structures 284 (2023) 115998

12

OSP strategy with the RGPR method has the following advantages: First, 
comprehensive structural information can be obtained by deploying a 
few sensors on a bridge, so the test cost is low. Second, the sensor 
configuration process is fully data-driven, so the modelling error is 
eliminated. Third, the measurement noise can be modelled with either a 
homoscedastic or heteroscedastic model, and it can be taken into ac
count in the OSP process. Fourth, both sensor positions and sensor 
quantity can be optimized. 

The proposed OSP strategy does not rely on a finite element model, 
so the result is more feasible for real structures than the traditional OSP 

methods. In the future, the concept of data-driven OSP strategy will be 
combined with other sensor configuration approaches to achieve more 
practical sensor arrangement results. For example, the finite element 
model can be updated by using the reconstructed mode shapes in the 
first stage, and then various objective functions can be formulated in the 
second stage with the use of information from the refined finite element 
model. 

Fig. 11. (a) GDE and (b) Maximum AEP.  

Fig. 12. Sensor configurations during iteration process.  

Fig. 13. Evolution process under (a) 8 sensors; (b) 9 sensors; (c) 10 sensors.  
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[44] Sun H, Büyüköztürk O. Optimal sensor placement in structural health monitoring 
using discrete optimization. Smart Mater Struct 2015;24:125034. 

[45] Zhou GD, Xie MX, Yi TH, Li HN. Optimal wireless sensor network configuration for 
structural monitoring using automatic-learning firefly algorithm. Adv Struct Eng 
2019;22:907–18. 

[46] Murugan Jaya M, Ceravolo R, Zanotti Fragonara L, Matta E. An optimal sensor 
placement strategy for reliable expansion of mode shapes under measurement 
noise and modelling error. J Sound Vib 2020;487:115511. 

[47] Lin TY, Tao J, Huang HH. A multiobjective perspective to optimal sensor 
placement by using a decomposition-based evolutionary algorithm in structural 
health monitoring. Appl Sci 2020;10:7710. 
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