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Experiments on a two-dimensional dual-mode air/SF6 interface with controllable 
initial conditions are performed in a cylindrically convergent shock tube to examine 
the dependence of perturbation growth on the initial spectrum. The hydrodynamic 
instabilities, including the Richtmyer-Meshkov (RM) instability and the additional 
Rayleigh-Taylor (RT) effect, imposed by the convergent shock wave on the dual-
mode interface are focused. The mode-coupling between the two initially 
constituent modes before the reshock is highlighted. It is evident that the amplitude 
growths of all first-order modes and second-order harmonics and couplings depend 
on the variance of the interface radius and are influenced by the mode-coupling 
from the very beginning. It is confirmed that the mode-coupling mechanism is 
closely related to the initial spectrum, including azimuthal wavenumbers, relative 
phases and initial amplitudes of the constituent modes. By considering the geometry 
convergence, the mode-coupling effect, and other physical mechanisms, a series of 
second-order nonlinear solutions are adopted to predict the RM instability and the 
additional RT effect in the cylindrical geometry, reasonably quantifying the 
amplitude growth of each mode, harmonic and coupling. Numerical simulations 
further validate the nonlinear solutions considering various initial spectrums. Last, 
the conditions for suppressing the hydrodynamic instabilities of different frequency 
modes are summarised. 

Introduction 
Richtmyer-Meshkov (RM) instability  occurs when an interface separating two fluids 
with different densities is accelerated by a shock wave, then bubbles (lighter fluids 
penetrating heavier ones) and spikes (heavier fluids penetrating lighter ones) arise, 
and the turbulence might be finally induced . RM instability was first theoretically 
investigated by  and then experimentally confirmed by  in the planar geometry. RM 
instability is generally regarded as the special Rayleigh-Taylor (RT) instability  at an 
impulsive limitation. As reviewed by , RM instability plays an essential role in 
various industrial and scientific fields, including inertial confinement fusion (ICF), 
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supernova explosions, ejecta, material strength, chemical reactions, solar 
prominence, and ionospheric flows. The RM instability on a single-mode interface 
has been extensively studied due to its fundamental significance . Nevertheless, the 
initial perturbations on the surfaces in applications are essentially multi-mode with 
wavenumbers spanning many orders of magnitude . The relationship between the 
multi-mode RM instability and the initial spectrum remains unclear. Furthermore, 
the ICF and other applications care more about the hydrodynamic instabilities in the 
cylindrical and spherical geometries . Due to its significance, research on the multi-
mode RM instability induced by a convergent shock is urgently needed. 

Past studies on the planar multi-mode RM instability have shown that when the 
local perturbation on a multi-mode interface originated from the superposition of 
multiple modes becomes comparable to its wavelength, the mode-coupling between 
the multiple modes has an important influence on the instability development . The 
following theoretical, experimental, and numerical works on the planar multi-mode 
RM instability are introduced below. 

I) Theoretically,  first proposed a modal model with second-order accuracy to 
quantify the influence of the mode-coupling between the multiple modes on the RT 
instability. The modal model and its extended types have achieved a wide range of 
validation in the issues of RT instability  and RM instability . Assuming that the 
mode-coupling is absent before each bubble of a multi-mode RM unstable interface 
reaches its asymptotic growth,  proposed a statistical potential flow model to 
predict the eventual average bubble distribution and bubble amplitude growth rate. 
However, the potential flow model is invalid when the two fluids’ densities are 
similar. Subsequently,  proposed the vortex model to make up the bubble 
asymptotic growth rate when the density ratio of the two fluids approaches 1. Both 
the potential flow model  and the vortex model  acquire a self-similar growth of the 
bubble amplitude independent of the initial spectrum. Later, the perturbation 
expansion model  was extended by  to predict the early nonlinear amplitude 
growths of the constituted modes of a multi-mode RM unstable interface by 
retaining the terms with the highest power in time. Recently, the Group theory 
approach  has been proven to identify the connection between the symmetry 
properties of the interface morphology and the relative phases of the modes 
constituting the interface spectrum. 

II) Experimentally,  performed the first shock tube experiments to investigate the 
two-bubble competition and found that the bubbles with a larger size expand and 
rise faster, whereas the bubbles with a smaller size shrink and are swept 
downstream into the spikes of surviving bubbles.  conducted a series of three-
dimensional (3-D) linear electric motor experiments to investigate the multi-mode 
RT and RM instabilities. They found that the density ratio has a limited effect on the 
self-similar growth factor 𝜃𝜃 for the bubble. When the density ratio is large, the 𝜃𝜃 for 
the spike is larger than the bubble counterpart.  investigated the multi-mode RM 
instability of two liquids and found that the development of the multi-mode 
perturbation strongly depends on the amplitudes of the initially constituent modes.  
argued that the growth of the multi-mode perturbation created by a gas curtain 



shows a weak dependence on the initial spectrums.  performed the RM instability 
experiments of a dual-mode interface under high-Mach-number conditions. The 
results indicated that new harmonics are generated from the mode-coupling 
between the two initially constituent modes, and the perturbations of these modes 
grow and saturate over time. The dual-mode RM instability under weak shock 
conditions was considered by , from which the mode-coupling effect on the RM 
instability cannot be ignored when the wavenumber of one constituted mode is 
twice the wavenumber of the other constituted mode.  experimentally investigated 
the mixing of a multi-mode RM unstable interface using density and velocity 
statistics and found that the flow shows distinct memory of initial conditions. The 
long-wavelength perturbation has a strong influence on the interface development.  
examined the RM instability on four quasi-single-mode interfaces created by the 
soap film technique in the early nonlinear stage. The effect of initially constituent 
high-order modes on the multi-mode RM instability was highlighted to distinguish 
the multi-mode RM instability from the single-mode counterpart.  further confirmed 
that the RM instability of a quasi-single-mode interface still has memory on the 
initial spectrum even though the interface is shocked twice.  generated a near-
sinusoidal interface dominated by one mode with a novel membraneless technique 
where cross-flowing air is separated from SF6 by an oscillating splitter plate. Earlier 
mixing transitions for higher amplitude-wavelength ratio cases were noted from the 
experiments.  investigated the RM instability on a multi-mode air/SF6 interface 
initially dominated by three modes. It was revealed that the mode-coupling is 
closely related to the initial spectrum and plays an essential role in RM flows from 
the very beginning if the initial amplitudes of the constituent modes are large.  
examined the differences between the effects of bubble competition and spike 
competition on the multi-mode RM instability and concluded that the bubble 
competition suppresses instability of the small-wavelength perturbation more than 
the spike competition. 

III) Numerically, it is commonly realised that the phases of the constituted modes 
influence the multi-mode perturbation growth . Besides, the self-similar growth 
factor 𝜃𝜃 of the late-time RM instability depends on the scale of the initial spectrum. 
Although the values of 𝜃𝜃 in many high-fidelity simulations, including the extensive 
collaborations of the 𝜃𝜃-group , have not been unified, it is widely accepted that the 
broadband perturbation leads to a larger bubble growth factor than the narrowband 
counterpart . 

The convergent RM instability, involving initial conditions relevant to the ICF, has 
become increasingly attractive in recent years . Compared with the planar RM 
instability, the convergent RM instability involves more physical mechanisms. First, 
the unique geometric convergence inevitably influences the convergent RM 
instability. For example, in a high-gain ICF target, the ratio of the initial outer target 
radius to the final hot-spot radius is up to ∼ 30 − 40. Second, the additional RT 
effect induced by the acceleration or deceleration of the interface complicates the 
interface evolution and results in the interface being more unstable or stable. Third, 
the compressibility of the post-shock flow further influences the instability. The 



other theoretical, experimental, and numerical works on the convergent RM 
instability are introduced below. 

I) Theoretically, based on the small perturbation assumption,  and  separately 
derived the linear solutions for the convergent RM instability in the cylindrical and 
spherical geometries. It was found that the interface amplitude growth rate varies 
with the radius of the shocked interface, which is later called the Bell-Plesset effect.  
further considered the case where the densities of the two fluids change uniformly 
with time. Later,  deduced a compressible linear solution for the convergent RM 
instability accounting for the fluid compression.  examined the convergent RM 
instability of multiple interfaces in cylindrical and spherical geometries and 
proposed a numerical method to solve the eigenvalue problems of the convergent 
RM instability on the arbitrary number of stratified fluids. In the same order of the 
geometry convergence,  separately listed the linear solutions for the planar, 
cylindrically convergent, and spherically convergent RM instability using the 
impulsive acceleration assumption  as, 

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛0[1 + kAΔvt], 
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where 𝑎𝑎𝑛𝑛 and 𝑎𝑎𝑛𝑛0  are the time-varying amplitude and the initial amplitude of the 
single-mode perturbation with the azimuthal wavenumber 𝑛𝑛 (≡ 𝑘𝑘𝑅𝑅𝑖𝑖), respectively; 
𝑘𝑘 is the wavenumber of the single-mode perturbation; 𝑅𝑅𝑖𝑖 and 𝑅𝑅𝑖𝑖0 are the time-
varying radius and the initial radius of the interface, respectively; 𝛥𝛥𝛥𝛥 is the velocity 
jump of the interface induced by the shock; and 𝐴𝐴 (defined as (𝜌𝜌ex − 𝜌𝜌in)/(𝜌𝜌ex +
𝜌𝜌in), with 𝜌𝜌ex and 𝜌𝜌in being the density of the external fluid located at a radius 𝑟𝑟 of 
𝑟𝑟 > 𝑅𝑅𝑖𝑖 and the density of the inner fluid located at 𝑅𝑅𝑖𝑖 > 𝑟𝑟 > 0, respectively, as 
sketched in figure 1(d)) is the Atwood number. Assuming that the interface moves 
uniformly, i.e., 𝑅𝑅𝑖𝑖 = 𝑅𝑅𝑖𝑖0 + 𝛥𝛥𝛥𝛥𝛥𝛥 , equations ([cylindricalRMI]) and ([sphericalRMI]) 
separately for the cylindrically and spherically convergent RM instability reduce to 
equation ([planarRMI]) for the planar RM instability at a large 𝑅𝑅𝑖𝑖 . Recently, based on 
the perturbation expansion method,  derived a fourth-order weakly nonlinear 
solution for the RM instability of a single-mode interface at a fixed radial position in 
the cylindrical geometry, highlighting the cylindrical geometry effect on bubbles and 
spikes under different 𝐴𝐴 conditions. Subsequently,  extended the validity range of 
the weakly nonlinear solution  to the late nonlinear stage based on Pad𝑒́𝑒 
approximation, and which agrees well with the numerical results of .  proposed a 
weakly nonlinear solution for the cylindrically convergent RM instability of a 
uniformly imploding or exploding single-mode interface. The perturbation growths 
of the first three order harmonics and the high-order feedback to the fundamental 
mode were quantified. 



II) Experimentally,  used double exposure holographic interference technology to 
capture the interaction of a cylindrically convergent shock and a gas cylinder with 
various species in an annular vertical diaphragmless shock tube. The perturbation 
width growth rate of the reshocked interface in the cylindrical geometry was found 
to be larger than that in the planar geometry. Recently,  and  improved the interface 
formation and flow visualisation methods in the same kind shock tube. The 
interactions of a cylindrically convergent shock and various polygonal and 
sinusoidal air/SF6 interfaces were experimentally investigated. Based on the gas 
lens method  to convert a planar shock to a convergent shock, the cylindrically 
convergent RM instability on the single-mode SF6/air interface  and air/SF6 
interface  were separately investigated. The influence of the supports utilised to 
form the initial nitrocellulose interface on the RM flow was concerned . Recently,  
extended the gas lens method to generate a spherically convergent shock and 
showed the potential to perform spherically convergent RM instability experiments.  
designed a curved solid wall with a specific shape to directly convert a planar shock 
to a cylindrically convergent shock according to the shock dynamics in a horizontal 
shock tube. Subsequently, the interactions of a cylindrically convergent shock and 
various interfaces, including gas bubbles, gas cylinders, inclined interfaces and 
sinusoidal interfaces, were experimentally investigated in this shock tube . In these 
works,  studied the convergent RM instability on a 3-D air/SF6 single-mode interface 
with a minimum-surface feature. They observed the interface deceleration due to 
the high pressure near the geometric centre. It was proved that the interface 
deceleration leads to the additional RT effect superposed on the evolving interface, 
resulting in a rapid decrease in the interface amplitude, and even causing the phase 
reversal of the interface before the reshock. To eliminate the interface deceleration 
and the additional RT effect,  transferred the cylindrically convergent shock to a 
planar one when the transmitted shock is near the geometric centre, avoiding the 
high pressure near the geometric centre. Recently, the shock dynamics method has 
been extended to generate a spherically convergent shock  and a cylindrically 
divergent shock . Moreover,  designed a semi-annular horizontal shock tube to 
generate a cylindrically convergent shock and showed its great potential in studying 
the convergent RM instability due to the convenience of forming shape-controllable 
gaseous interfaces. Subsequently,  examined the time-varying interface 
displacement of a shocked unperturbed air/SF6  interface and the amplitude 
growths of a single-mode air/SF6 interface with various amplitude-wavelength-
ratios in this shock tube. Recently, a series of experimental studies on the 
hydrodynamic instabilities of a gas layer driven by a cylindrically convergent shock 
has been conducted in this shock tube . It was revealed that the mode-coupling 
between the two interfaces of the gas layer and the reverberating waves inside the 
gas layer have non-negligible influences on the gas layer evolution. 

III) Numerically,  discovered the scaling laws for the RM unstable interface driven 
by a strong cylindrically convergent shock. Later,  performed a series of simulations 
on the RM instability of a single-mode interface driven a cylindrically convergent or 
divergent shock and observed the complex instability development after the 
reshock.  numerically investigated the interface evolution using the vortex dynamics 



method in the cylindrical geometry. They analysed the curvatures of bubbles and 
spikes as well as the vorticity strength and circulation on the evolving interface.  
studied the linear evolution of the convergent RM instability and deduced a unified 
expression for the asymptotic growth rate of the planar, cylindrical and spherical 
RM instability, highlighting the influence of the geometric convergence on the 
perturbation growth rate.  performed the large-eddy simulation on the spherically 
convergent RM instability. It was found that the reshock mixing on an air/SF6 
interface is enhanced by the reverberating shocks between the interface and the 
geometric centre, which is different from the planar RM instability that is enhanced 
by the reverberating rarefaction waves between the interface and the reflection 
wall.  compared their simulations with the experiments of  using the direct 
numerical simulation method. They concluded that both qualitative and quantitative 
consistencies between simulations and experiments could be achieved before the 
reshock provided that the premixed width of the interface is taken into account.  
investigated the convergent RM instability in cylindrical and spherical geometries 
using the implicit large eddy simulation method, highlighting the differences in the 
statistical characteristics of turbulent mixing between the cylindrically and 
spherically convergent RM instability.  investigated the cylindrically convergent RM 
instability with and without chemical reactions using the direct numerical 
simulation method to explore the influence of chemical reactions on the statistical 
characteristics of transition and turbulent mixing. 

From the reviews of the multi-mode RM instability and the convergent RM 
instability, it is evident that the RM instability is related to the initial spectrum and 
the geometric domain. However, the quantitative relation between initial conditions 
and the multi-mode RM instability driven by a convergent shock is still unclear. On 
the one hand, elaborate convergent shock tube experiments on the multi-mode RM 
instability with controllable initial conditions are very limited. On the other hand, 
analytical models for predicting the multi-mode RM instability in cylindrical and 
spherical geometries are rare. In this work, a two-dimensional (2-D) multi-mode 
interface constituted of two dominant modes is first formed with the extended soap 
film technique. An elaborate experiment on an air/SF6 dual-mode interface is then 
conducted in the semi-annular horizontal shock tube. Numerical simulations are 
performed to provide quantitative data considering more initial conditions. Later, a 
series of analytical, nonlinear solutions with second-order accuracy are adopted to 
quantify the hydrodynamic instabilities, including the RM instability and the 
additional RT effect, imposed on the dual-mode interface before the reshock. Last, 
the connections between the hydrodynamic instabilities and initial spectrums are 
explored. 



Experimental and numerical methods 

Experimental setup 

 

Figure 1 (a) The sketch of the test section of the semi-annular shock tube, (b) the front 
view and (c) the side view of the interface formation device, and (d) the experimental 
configuration for a cylindrically convergent shock impacting a dual-mode air/SF6 
interface, where 𝑅𝑅𝑖𝑖0 denotes the radius of the balanced position of the initial dual-
mode interface; 𝑂𝑂 denotes the geometric centre; 𝜌𝜌𝑒𝑒𝑒𝑒 and 𝜌𝜌𝑖𝑖𝑖𝑖 denote the densities of the 
fluids located at a radius 𝑟𝑟 of 𝑟𝑟 > 𝑅𝑅𝑖𝑖 and 𝑅𝑅𝑖𝑖 > 𝑟𝑟 > 0, respectively. 

The experiment is carried out in a semi-annular convergent shock tube originally 
designed by , which has exhibited good feasibility and reliability in producing a 
cylindrically convergent shock . Benefiting from the open test section, as sketched in 
figure 1(a), a removable interface formation device can be efficiently designed in 
which a shape-controllable gaseous interface can be generated using the extended 
soap film technique. The soap film technique can essentially eliminate the additional 
short-wavelength perturbations, diffusion layer and three-dimensionality . As 
shown in figures 1(b) and (c), a device consisting of two semi-circular transparent 
acrylic sheets with a spacing of 5.0 mm is fixed on a rectangular base. Two micro-
channels (with a width of 0.50 mm and a depth of 0.20 mm) with a designed dual-
mode shape are precisely graved on the opposite surfaces of the two acrylic sheets. 
Two acrylic filaments (with a width of 0.45 mm and a height of 0.40 mm) with the 
same dual-mode shape are embedded separately in the micro-channels to introduce 



two small bulges on the plate surfaces to restrict the soap film. Subsequently, a soap 
bubble full of SF6 is blown within two plates until the soap film comes in contact 
with the bulges. After this, the whole device is immediately inserted into the test 
section and equipped tightly with optical windows, as shown in figure 1(a). 

The experimental configuration is sketched in figure 1(d), where a cylindrically 
convergent shock moves inward and later impacts the dual-mode interface. In a 
polar coordinate system, the initial interface can be parameterised as 

𝑟𝑟 = 𝑅𝑅𝑖𝑖0 + 𝑎𝑎𝑛𝑛1
0 cos(𝑛𝑛1𝜃𝜃) + 𝑎𝑎𝑛𝑛2

0 cos(𝑛𝑛2𝜃𝜃), 

where 𝑅𝑅𝑖𝑖0 equals 26.0 mm; 𝑛𝑛1 and 𝑛𝑛2 denote the azimuthal mode numbers of the 
two initially constituent modes and equal 6 and 12, respectively, in the experiment; 
and the initial amplitudes of mode 𝑛𝑛1 (𝑎𝑎𝑛𝑛1

0 ) and mode 𝑛𝑛2 (𝑎𝑎𝑛𝑛2
0 ) equal 1.0 mm. 

The ambient pressure and temperature are 101.33 kPa and 293.15 K, respectively. 
The ambient gas is air, and the test gas is a mixture of air and SF6. The mass fraction 
of SF6 is deduced as 91.1%. The Atwood number 𝐴𝐴 is -0.57 in this study. The flow 
field is illuminated by a DC-regulated light source (CEL-HXF300, the maximum 
power output is 249 W) and captured by schlieren photography combined with a 
high-speed camera (FASTCAM SA5, Photron Limited, full resolution of 1024×1024). 
The camera’s frame rate is 87,500, corresponding to a time interval of 11.43 
$\umu$s. The exposure time is 1 $\umu$s. The pixel resolution is 0.26 mm⋅pixel−1. 
In the experiment, the shock velocity at the time of the impact with the interface 
cannot be obtained precisely due to the limitation of temporal resolution. However, 
the Mach number of the incident shock at a radius of 34.0 mm, i.e., before the shock 
reaches the interface, can be measured to be 1.29 ± 0.01. The increment of the 
shock Mach number between that instant and when the shock reaches the interface 
is about 0.03, according to the Chester-Chiness-Whitham relations . As a result, the 
Mach number of the incident converging shock at the interface’s impact time is 
evaluated to be 1.32 ± 0.01. Based on the one-dimensional (1-D) gas dynamics 
theory , when the shock impacts the initial interface, the velocity of the incident 
shock (𝑣𝑣𝑠𝑠) is -457 m⋅s−1, the velocity of the transmitted shock (𝑣𝑣𝑡𝑡) is -236 m⋅s−1, the 
velocity of the reflected shock (𝑣𝑣𝑓𝑓) is 407 m⋅s−1, and the velocity jump of the 
interface (𝛥𝛥𝛥𝛥) is -123 m⋅s−1. 

Numerical scheme 

Numerical simulations are performed to obtain the detailed flow field required for 
an in-depth analysis of flow regimes. The process of a cylindrically convergent shock 
interacting with a gaseous interface examined in this study is described by 
compressible Euler equations, which coincide with the numerical studies focusing 
on the early to intermediate regimes of RM instability with or without the reshock . 
An upwind space-time conservation elements/solution elements (CE/SE) scheme is 
utilised with second-order accuracy in both space and time . A volume-fraction-
based five-equation model  is used to illustrate the different species residing on both 
sides of the inhomogeneous interface. The contact discontinuity restoring Harten-



Lax-van Leer-Contact Riemann solver  is used to determine the numerical fluxes 
between the conservation elements. The use of this scheme in capturing shocks and 
details of complex flow structures for the RM instability issues and shock-droplet 
interactions has been well validated . A comprehensive review of the numerical 
scheme and its extensive applications was recently reported by . 

 

Figure 2. (a) The schematic of the numerical setup, with w denoting the perturbation 
width of the dual-mode interface, and (b) comparisons of the dimensionless 
perturbation width of the dual-mode interface between the experimental results and 
numerical results at different mesh sizes. The red semi-circle in (a) at r = 34 mm 
indicates the initial imploding shock of Mach number 1.29. 

The initial settings of the 2-D simulation are presented in figure 3(a). Open 
boundary conditions, which apply a zeroth-order extrapolation of physical 
quantities to ghost points, are enforced on the left, right, and bottom boundaries 
(𝑥𝑥 = −100.0, 𝑥𝑥 = 100.0 and 𝑦𝑦 = 50.0 mm), respectively, to eliminate the waves 
reflected from the left, right and bottom boundaries . Reflection conditions are 
imposed at the top boundary (𝑦𝑦 = 0). The density and specific heat ratio of the 



ambient gas outside the perturbed gas cylinder are 1.20 kg⋅m−3  and 1.40, 
respectively; and the density and specific heat ratio of the test gas inside the 
perturbed gas cylinder are 4.46 kg⋅m−3 and 1.24, respectively. The initially incident 
shock wave is set to travel inward with a Mach number of 1.29 and a radius of 34.0 
mm, as sketched in figure 3(a). The initial post-shock flow is supposed to be uniform 
and calculated according to the Rankine-Hugoniot relation, which coincides with the 
recent numerical studies on the convergent RM instability . 

Code validation 

For the data obtained from numerical simulations, since the mass fraction of SF6 in 
the test gas is decided by the experiment as 91.1%, we choose the nodes with a mass 
fraction of SF6 between 1.0% and 90.0% as the interfacial contour. Then, the mean 
radius of these nodes on each azimuthal angle is taken as the average position of the 
local interface. The perturbation width of a dual-mode interface, 𝑤𝑤, is defined as the 
radial distance between the crest and trough of the dual-mode interface, as sketched 
in figure 3(a). 

The time-varying dimensionless perturbation width of the dual-mode interface is 
measured from our experiment, as shown with solid symbols in figure 3(b). The 
moment when the incident shock reaches the radius of 𝑅𝑅𝑖𝑖0 is defined as 𝑡𝑡 = 0. Time 
is scaled as 𝜏𝜏 = 𝑡𝑡𝑣𝑣𝑡𝑡/𝑅𝑅𝑖𝑖0, and perturbation width is scaled as 𝜔𝜔 = 𝑤𝑤/𝑤𝑤0, where 𝑤𝑤0 
denotes the initial perturbation width of the dual-mode interface and equals 3.12 
mm in the experiment. It can be found that the current numerical results, as shown 
with lines in figure 3(b), quantitatively agree well with the experimental results. 
Four mesh sizes of 0.20 mm, 0.10 mm, 0.05 mm and 0.025 mm are tested for the 
grid-convergence validation. The time-varying dimensionless perturbation widths 
of the dual-mode interface converge when the mesh size is reduced to 0.05 mm and 
0.025 mm in the numerical simulations. Therefore, an initial mesh size of 0.05 mm is 
adopted for all simulations to ensure accuracy and minimise the computational cost. 

Qualitative analysis 
The initial dual-mode interface (II) in the experiment has a short-wavelength spike 
(SS) in the middle with two long-wavelength spikes (LS) located on its two sides, as 
shown in figure 4. Before the shock impacts the interface (-7 $\umu$s), the initial 
interface in the schlieren image seems thick because the interface is covered by two 
dual-mode micro-channels (0.5 mm in width) engraved on the transparent acrylic 
sheets. First, when the incident shock (IS) passes across the interface, the shock 
bifurcates into an inward-moving transmitted shock (TS) and an outward-moving 
reflected shock (IRS). Subsequently, the shocked interface (SI) leaves its original 
location, and a density-gradient interface with a perfect dual-mode shape can be 
observed (16 $\umu$s). As time proceeds, the interface undergoes sustained 
deformation due to the deposition of baroclinic vorticity induced by the incident 
shock and the geometry convergence . Although the perturbation on the TS 



decreases as the TS converges, the ratio of the perturbation to the radius of the TS 
increases . As a result, the front of the convergent TS becomes polygonal , and the 
transverse waves (TW) behind the transmitted shock are prominent (see 85 
$\umu$s). 

 

Figure 3 Typical schlieren images obtained from the experiment (top half of each 
image) and simulation (bottom half), where IS denotes the incident convergent shock, 
II denotes the initial interface, LS denotes the long-wavelength spike, SS denotes the 
short-wavelength spike, LB denotes the long-wavelength bubble, SB denotes the short-
wavelength bubble, TS denotes the transmitted shock, IRS denotes the shock reflected 
from the initial interface, SI denotes the shocked interface, TW denotes the transverse 
waves, CRS denotes the shock reflected from the geometric centre, and TRS denotes the 
transmitted reflection shock. Curved white arrows represent the orientations that 
spikes skew towards, and numbers in the images indicate time in $\umu$s. 

After the transmitted shock focuses at the geometric centre around 108 $\umu$s, a 
central reflected shock (CRS) forms and moves outwards (131 $\umu$s). Later, the 
CRS impacts the evolving dual-mode interface (153 $\umu$s), leading to the phase 
reversal of the dual-mode interface . The perturbation on the dual-mode interface 
first decreases to a minimal value (176 $\umu$s) and then increases with an 
opposite phase to the initial interface perturbation (199 $\umu$s). The reshocked 
interface consists of a short-wavelength bubble (SB) in the middle with two long-
wavelength bubbles (LB) on its two sides. Last, shocks and rarefaction waves are 
reflected with decreasing strengths between the interface and the geometric centre. 



The competition and coalescence of large coherent structures drive the bubble-
merging  on the reshocked dual-mode interface, resulting in the spikes skewing 
toward the long-wavelength bubbles (see the white arrows in the 245 $\umu$s 
image). 

The magnitude of the density-gradient field in the simulation is calculated as , 

|∇𝜌𝜌| = �(
∂𝜌𝜌
∂𝑥𝑥

)2 + (
∂𝜌𝜌
∂𝑦𝑦

)2�
1
2

. 

The numerical results are shown in the bottom half of the images in figure 4. It can 
be observed that both waves and interfacial morphologies in simulations 
qualitatively agree well with the experimental results. 

Quantitative analysis 

Experimental and numerical results 

Due to the nonlinearity of the RM instability , the two initially constituent modes, 
i.e., modes 𝑛𝑛1 and 𝑛𝑛2, generate two harmonics with wavenumbers 2𝑛𝑛1 and 2𝑛𝑛2, 
respectively. Moreover, the mode-coupling between the two initially constituent 
modes generates two couplings with wavenumbers 𝑛𝑛2 + 𝑛𝑛1 and 𝑛𝑛2 − 𝑛𝑛1 . 

The captured interface morphology is distinct such that the interfacial contour in 
the experiment can be extracted by an image processing program , as indicated by 
the insets in figure 5. Spectrum analysis is then performed on the coordinate of the 
interfacial contour before the interface is reshocked. Notably, since 𝑛𝑛2 = 2𝑛𝑛1 and 
𝑛𝑛1 = 𝑛𝑛2 − 𝑛𝑛1 in the experiment, the amplitudes of the harmonic 2𝑛𝑛1 and coupling 
𝑛𝑛2 − 𝑛𝑛1 are superposed on the amplitudes of the mode 𝑛𝑛2 and mode 𝑛𝑛1, respectively. 
The time-varying amplitudes of modes 𝑛𝑛1 and 𝑛𝑛2 and the new harmonic 2𝑛𝑛2 and 
coupling 𝑛𝑛2 + 𝑛𝑛1  are then acquired, as shown with square symbols for the 
experiment and circle symbols for the simulation in figure 5. The amplitude of the 
mode, harmonic, and coupling with the azimuthal wavenumber 𝑛𝑛, i.e., 𝑎𝑎𝑛𝑛 , is 
normalised as 𝛼𝛼𝑛𝑛 = 𝑎𝑎𝑛𝑛/𝑎𝑎𝑛𝑛1

0 . It can be found that the numerical results quantitatively 
agrees well with the experimental results, further validating the code utilised in the 
present study. 



 

Figure 4 The time-varying dimensionless amplitudes of the two constituent modes 
(modes 𝑛𝑛1 and 𝑛𝑛2), and the generated harmonic 2𝑛𝑛1 and coupling 𝑛𝑛2 + 𝑛𝑛1 obtained 
from the dual-mode RM instability experiment (square symbols) and simulation (circle 
symbols). The single-mode RM instabilities of the two constituent modes are 
numerically calculated and shown with diamond symbols. The dashed lines represent 
the theoretical predictions in Stage . The dotted lines represent the theoretical 
predictions in Stage . The inset shows the interfacial contours in the experiment for 
spectrum analysis. 

The amplitude of the mode 𝑛𝑛2 is larger than the amplitude of the mode 𝑛𝑛1 for two 
reasons. First, according to the linear solution for the cylindrically convergent RM 
instability on a single-mode interface with a fixed initial amplitude (see 
equation ([cylindricalRMI])), the linear amplitude growth rate is larger as 𝑛𝑛 
increases. Second, the mode-coupling between modes 𝑛𝑛1 and 𝑛𝑛2 has a non-negligible 
influence on the RM instability of the two constituent modes. The amplitude 
growths of the single-mode RM instability of modes 𝑛𝑛1 and 𝑛𝑛2 with the same 𝑤𝑤0 (=
3.12 mm) are numerically calculated, as shown with diamond symbols in figure 5 
for comparisons. It is found that the mode-coupling promotes the RM instability of 
the higher frequency mode (i.e., mode 𝑛𝑛2), but suppresses the RM instability of the 
lower frequency mode (i.e., mode 𝑛𝑛1) in the experiment. 

This study intends to quantify the mode-coupling effect on the hydrodynamic 
instabilities of the dual-mode interface driven by a cylindrically convergent shock 
and evaluate the time-varying amplitude growths of all first-order modes and 
second-order harmonics and couplings. The linear solution for the single-mode RM 



instability (see equation ([cylindricalRMI])) indicates that the RM instability of each 
mode is related to the variance of the interface radius. Here, the time-varying 
interface radius 𝑅𝑅𝑖𝑖 and interface velocity 𝑣𝑣𝑖𝑖 are extracted from the 1-D simulation of 
an unperturbed interface driven by a cylindrically convergent shock using the same 
initial conditions as the experiment, as shown in figures 7(a) and (b), respectively. It 
is found that the interface movement can be divided into three stages: Stage . The 
interface moves inward uniformly with a speed of 𝛥𝛥𝛥𝛥 during 𝜏𝜏 < 0.36. Stage . The 
interface moves inward with a decreasing velocity during 0.68 > 𝜏𝜏 > 0.36. If we 
assume that the interface decelerates at a constant acceleration, then the average 
acceleration (𝑔𝑔‾) is about −1.16 × 106 m⋅ s−2. Stage . The interface is reshocked and 
moves outward when 𝜏𝜏 > 0.68. In this study, we focus on the hydrodynamic 
instabilities of the dual-mode interface in Stages and . 

 

Figure 5. The time-varying dimensionless (a) radius and (b) velocity of an unperturbed 
interface driven by a cylindrically convergent shock. 

Linear and weakly nonlinear solutions 

In Stage , the interface motion can be regarded as uniform, and, therefore, the 
interface radius can be written as 𝑅𝑅𝑖𝑖 = 𝑅𝑅𝑖𝑖0 + 𝛥𝛥𝛥𝛥𝛥𝛥. 

Each constituent mode develops linearly at the first-order solution of the RM 
instability. The first-order linear solutions for the amplitude growth rates of the 
mode 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛1

RM) and mode 𝑛𝑛2 (𝑎̇𝑎𝑛𝑛2
RM) can be separately written as, 

𝑎̇𝑎𝑛𝑛1
RM = 𝑎̇𝑎𝑛𝑛1

I 𝐶𝐶𝑟𝑟 ,  𝑎̇𝑎𝑛𝑛2
RM = 𝑎̇𝑎𝑛𝑛2

I 𝐶𝐶𝑟𝑟 , 

where 𝐶𝐶𝑟𝑟 (≡ 𝑅𝑅𝑖𝑖0/𝑅𝑅𝑖𝑖) represents the convergence ratio, and its maximum value in the 
experiment is 2.5; and 𝑎̇𝑎𝑛𝑛1

I  and 𝑎̇𝑎𝑛𝑛2
I  represent the initial amplitude growth rates of 

the mode 𝑛𝑛1 and mode 𝑛𝑛2 induced by the RM instability, respectively, and which can 
be calculated as , 



𝑎̇𝑎𝑛𝑛1
I =

𝑎𝑎𝑛𝑛1
+ 𝛥𝛥𝛥𝛥(1 − 𝑛𝑛1𝐴𝐴)

𝑅𝑅𝑖𝑖0
,  𝑎̇𝑎𝑛𝑛2

I =
𝑎𝑎𝑛𝑛2
+ 𝛥𝛥𝛥𝛥(1 − 𝑛𝑛2𝐴𝐴)

𝑅𝑅𝑖𝑖0
. 

in which 𝑎𝑎𝑛𝑛1
+  (= (1 − 𝛥𝛥𝛥𝛥/𝑣𝑣𝑠𝑠)𝑎𝑎𝑛𝑛1

0 ) and 𝑎𝑎𝑛𝑛2
+  (= (1 − 𝛥𝛥𝛥𝛥/𝑣𝑣𝑠𝑠)𝑎𝑎𝑛𝑛2

0 ) represent the post-
shock amplitudes of the mode 𝑛𝑛1 and mode 𝑛𝑛2, respectively. When the initial 
perturbation width of the interface 𝑤𝑤0 superposed by multiple modes is comparable 
to the wavelength of the interface or/and the shock intensity is large, the high-
amplitude effect or/and the high-Mach-number effect will inhibit the initial 
amplitude growth rates . Here, the high-amplitude effect and the high-Mach-number 
effect on the RM instability are considered independently. Moreover, the startup 
process before the interface amplitude growth rate reaches the asymptotic value is 
taken into account. According to , the characteristic times for the startup processes 
of the mode 𝑛𝑛1 (𝑡𝑡𝑛𝑛1

∗ ) and mode 𝑛𝑛2 (𝑡𝑡𝑛𝑛2
∗ ) can be evaluated as, 

𝑡𝑡𝑛𝑛1
∗ =

𝑅𝑅𝑖𝑖0

2𝑛𝑛1
(

1 + 𝐴𝐴
𝛥𝛥𝛥𝛥 + 𝑣𝑣𝑓𝑓

+
1 − 𝐴𝐴
𝛥𝛥𝛥𝛥 − 𝑣𝑣𝑡𝑡

),  𝑡𝑡𝑛𝑛2
∗ =

𝑅𝑅𝑖𝑖0

2𝑛𝑛2
(

1 + 𝐴𝐴
𝛥𝛥𝛥𝛥 + 𝑣𝑣𝑓𝑓

+
1 − 𝐴𝐴
𝛥𝛥𝛥𝛥 − 𝑣𝑣𝑡𝑡

). 

Here, we assume that the amplitude growth rates increase linearly from zero to 
asymptotic values during the startup process. 

With the consideration of the high-amplitude effect, the high-Mach-number effect 
and the startup process, the expressions of the modified initial amplitude growth 
rates of the mode 𝑛𝑛1 and mode 𝑛𝑛2 can be separately rewritten as, 

𝑎̇𝑎𝑛𝑛1
I =

𝐻𝐻𝐹𝐹𝑛𝑛1𝑎𝑎𝑛𝑛1
+ 𝛥𝛥𝛥𝛥(1 − 𝑛𝑛1𝐴𝐴)𝑓𝑓𝑛𝑛1(𝑡𝑡)

𝑅𝑅𝑖𝑖0
,  𝑎̇𝑎𝑛𝑛2

I =
𝐻𝐻𝐹𝐹𝑛𝑛2𝑎𝑎𝑛𝑛2

+ 𝛥𝛥𝛥𝛥(1 − 𝑛𝑛2𝐴𝐴)𝑓𝑓𝑛𝑛2(𝑡𝑡)
𝑅𝑅𝑖𝑖0

, 

in which 𝐻𝐻 (= 1/[1 + (𝑛𝑛gcd𝑤𝑤0/6𝑅𝑅𝑖𝑖0)(4/3)], with 𝑛𝑛gcd  being the greatest common 
divisor of 𝑛𝑛1 and 𝑛𝑛2) is the reduction factor proposed by  to quantify the high-
amplitude effect; 𝐹𝐹𝑛𝑛1  (= 1/[1 + 𝑎̇𝑎𝑛𝑛1

I /(𝛥𝛥𝛥𝛥 − 𝑣𝑣𝑡𝑡)]) and 𝐹𝐹𝑛𝑛2  (= 1/[1 + 𝑎̇𝑎𝑛𝑛2
I /(𝛥𝛥𝛥𝛥 − 𝑣𝑣𝑡𝑡)]) 

are the reduction factors proposed by  to quantify the high-Mach-number effect on 
the mode 𝑛𝑛1 and mode 𝑛𝑛2, respectively; and 𝑓𝑓𝑛𝑛1(𝑡𝑡) and 𝑓𝑓𝑛𝑛2(𝑡𝑡) quantify the startup 
processes of the mode 𝑛𝑛1 and mode 𝑛𝑛2, respectively, where 𝑓𝑓𝑛𝑛1(𝑡𝑡) = 𝑡𝑡/𝑡𝑡𝑛𝑛1

∗  if 𝑡𝑡 < 𝑡𝑡𝑛𝑛1
∗  

and 𝑓𝑓𝑛𝑛1(𝑡𝑡) = 1 if 𝑡𝑡 ≥ 𝑡𝑡𝑛𝑛1
∗ , and 𝑓𝑓𝑛𝑛2(𝑡𝑡) = 𝑡𝑡/𝑡𝑡𝑛𝑛2

∗  if 𝑡𝑡 < 𝑡𝑡𝑛𝑛2
∗  and 𝑓𝑓𝑛𝑛2(𝑡𝑡) = 1 if 𝑡𝑡 ≥ 𝑡𝑡𝑛𝑛2

∗ . 

Based on the perturbation expansion method,  and  separately derived a second-
order solution and a third-order solution for quantifying the nonlinearity of the RM 
instability by considering the uniform convergence of a single-mode interface. For 
simplicity, we write the second-order solutions for the amplitude growth rates of 
the harmonic 2𝑛𝑛1 (𝑎̇𝑎2𝑛𝑛1

RM ) and harmonic 2𝑛𝑛2 (𝑎̇𝑎2𝑛𝑛2
RM ) induced by the RM instability as, 

𝑎̇𝑎2𝑛𝑛1
RM =

𝑎𝑎𝑛𝑛1
+ 𝑎̇𝑎𝑛𝑛1

I

2𝑅𝑅𝑖𝑖
(2𝐴𝐴𝑛𝑛1 − 1)(𝐶𝐶𝑟𝑟 − 1) +

(𝑎̇𝑎𝑛𝑛1
I )2𝑡𝑡
6𝑅𝑅𝑖𝑖

[(2𝐴𝐴𝑛𝑛1 − 3)𝐶𝐶𝑟𝑟2 − 8𝐴𝐴𝑛𝑛1𝐶𝐶𝑟𝑟], 

𝑎̇𝑎2𝑛𝑛2
RM =

𝑎𝑎𝑛𝑛2
+ 𝑎̇𝑎𝑛𝑛2

I

2𝑅𝑅𝑖𝑖
(2𝐴𝐴𝑛𝑛2 − 1)(𝐶𝐶𝑟𝑟 − 1) +

(𝑎̇𝑎𝑛𝑛2
I )2𝑡𝑡
6𝑅𝑅𝑖𝑖

[(2𝐴𝐴𝑛𝑛2 − 3)𝐶𝐶𝑟𝑟2 − 8𝐴𝐴𝑛𝑛2𝐶𝐶𝑟𝑟]. 



Furthermore,  extended their previous work  and quantified the mode-coupling 
effect on the convergent RM instability of the mode 𝑛𝑛 at the second-order solution 
as, 

d2(𝑎𝑎𝑛𝑛𝑅𝑅𝑖𝑖)
d𝑡𝑡2

= (𝐴𝐴𝐴𝐴 − 3)
𝑅̇𝑅𝑖𝑖2

𝑅𝑅𝑖𝑖4
� (
𝑛𝑛′

𝑎𝑎𝑛𝑛′𝑅𝑅𝑖𝑖)(𝑎𝑎𝑛𝑛″𝑅𝑅𝑖𝑖) −

(𝐴𝐴𝐴𝐴 + 1)
1
𝑅𝑅𝑖𝑖2

�
d(𝑎𝑎𝑛𝑛′𝑅𝑅𝑖𝑖)

d𝑡𝑡
𝑛𝑛′

d(𝑎𝑎𝑛𝑛″𝑅𝑅𝑖𝑖)
d𝑡𝑡

−
1
𝑅𝑅𝑖𝑖2

� (
𝑛𝑛′

𝑎𝑎𝑛𝑛″𝑅𝑅𝑖𝑖)
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+
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where 𝑛𝑛″ = 𝑛𝑛 − 𝑛𝑛′. Then, based on equation ([secondorder23]), we can deduce the 
second-order solutions for the sum and difference couplings, i.e., the amplitude 
growth rates of the coupling 𝑛𝑛2 + 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛2+𝑛𝑛1

RM ) and coupling 𝑛𝑛2 − 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RM ) induced 

by the RM instability as, 

𝑎̇𝑎𝑛𝑛2+𝑛𝑛1
RM =

1
2𝑅𝑅𝑖𝑖

(𝑎𝑎𝑛𝑛2
+ 𝑎̇𝑎𝑛𝑛1

I + 𝑎𝑎𝑛𝑛1
+ 𝑎̇𝑎𝑛𝑛2

I )[𝐴𝐴(𝑛𝑛2 + 𝑛𝑛1) − 1](𝐶𝐶𝑟𝑟 − 1) +

𝑎̇𝑎𝑛𝑛1
I 𝑎̇𝑎𝑛𝑛2

I 𝑡𝑡
3𝑅𝑅𝑖𝑖

[𝐴𝐴(𝑛𝑛2 + 𝑛𝑛1)(𝐶𝐶𝑟𝑟2 − 4𝐶𝐶𝑟𝑟) − 3𝐶𝐶𝑟𝑟2],
 

𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RM =

1
2𝑅𝑅𝑖𝑖

�𝐴𝐴(𝑛𝑛2 − 𝑛𝑛1)(𝑎𝑎𝑛𝑛2
+ 𝑎̇𝑎𝑛𝑛1

I − 𝑎𝑎𝑛𝑛1
+ 𝑎̇𝑎𝑛𝑛2

I ) − (𝑎𝑎𝑛𝑛1
+ 𝑎̇𝑎𝑛𝑛2

I + 𝑎𝑎𝑛𝑛2
+ 𝑎̇𝑎𝑛𝑛1

I )�(𝐶𝐶𝑟𝑟 − 1) +

𝑎̇𝑎𝑛𝑛1
I 𝑎̇𝑎𝑛𝑛2

I 𝑡𝑡
3𝑅𝑅𝑖𝑖

[𝐴𝐴(𝑛𝑛2 − 𝑛𝑛1)(𝐶𝐶𝑟𝑟2 + 2𝐶𝐶𝑟𝑟) − 3𝐶𝐶𝑟𝑟2].
 

The first sum terms on the right hand of 
equations ([secondorder1]) ∼ ([secondorder2]) and 
([secondorder3])∼([secondorder4]) are the linear amplitude growth rates of 
harmonics 2𝑛𝑛1 and 2𝑛𝑛2 and couplings 𝑛𝑛2 + 𝑛𝑛1 and 𝑛𝑛2 − 𝑛𝑛1, respectively. The second 
sum terms on the right hand of equations ([secondorder1])∼([secondorder2]) and 
([secondorder3])∼([secondorder4]) are the weakly nonlinear modifications of 
harmonics 2𝑛𝑛1 and 2𝑛𝑛2 and couplings 𝑛𝑛2 + 𝑛𝑛1 and 𝑛𝑛2 − 𝑛𝑛1, respectively. The first 
sum terms indicate that the nonlinearity of the convergent RM instability and the 
mode-coupling between the two initially constituent modes separately generate 
new harmonics and couplings from the very beginning, especially when the 
amplitudes of constituent modes are large, which coincides with our previous study 
on the multi-mode RM instability in the planar geometry . 

Notably, the feedback of harmonics and couplings to the modes owning the same 
wavenumber influences the RM instability of the initially constituent modes. For 
example, since 𝑛𝑛2 = 2𝑛𝑛1 in the experiment, the RM instability of the mode 𝑛𝑛1 
consists of the amplitude of the mode 𝑛𝑛1 at the first-order solution and the 
amplitude of the coupling 𝑛𝑛2 − 𝑛𝑛1  at the second-order solution; and the RM 
instability of the mode 𝑛𝑛2 consists of the amplitude of the mode 𝑛𝑛2 at the first-order 



solution and the amplitude of the harmonics 2𝑛𝑛1 at the second-order solution. The 
theoretical predictions for the time-varying amplitudes of modes 𝑛𝑛1 and 𝑛𝑛2, the 
harmonic 2𝑛𝑛2 and the coupling 𝑛𝑛2 + 𝑛𝑛1 are calculated using equations ([1storder2]), 
([1storder4])∼([secondorder2]) and ([secondorder3])∼([secondorder4]), as shown 
with dashed lines in figure 5. It is found that the theoretical predictions agree well 
with the experimental and numerical results before the interface decelerates (𝜏𝜏 <
0.36). When the interface begins to decelerate, the additional RT effect is 
superimposed on the interface, and, therefore, the theoretical predictions deviate 
from the experimental and numerical results. For example, the theoretical 
predictions obviously overestimate the amplitudes of modes and harmonics with 
large wavenumbers (e.g. mode 𝑛𝑛2 and harmonics 2𝑛𝑛2). 

In Stage , the interface decelerates with an average acceleration 𝑔𝑔‾ and can be 
approximately written as 𝑅𝑅𝑖𝑖 = 𝑅𝑅𝑖𝑖0 + 𝛥𝛥𝛥𝛥𝛥𝛥 − 1

2
𝑔𝑔‾(𝑡𝑡 − 𝑡𝑡𝑑𝑑)2, with 𝑡𝑡𝑑𝑑 being the time when 

the interface begins to decelerate. We only consider the mode-coupling between the 
two initially modes since the amplitudes of modes 𝑛𝑛1 and 𝑛𝑛2 are much larger than 
the generated harmonics and couplings. Similarly, due to the nonlinearity of the RT 
instability , modes 𝑛𝑛1 and 𝑛𝑛2 also generate two harmonics with wavenumbers 2𝑛𝑛1 
and 2𝑛𝑛2, respectively. Moreover, the mode-coupling between modes 𝑛𝑛1 and 𝑛𝑛2 also 
generates two couplings with wavenumbers 𝑛𝑛2 + 𝑛𝑛1 and 𝑛𝑛2 − 𝑛𝑛1 . 

The first-order linear solutions for the amplitude growth rates of the mode 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛1
RT), 

mode 𝑛𝑛2 (𝑎̇𝑎𝑛𝑛2
RT), harmonic 2𝑛𝑛2 (𝑎̇𝑎2𝑛𝑛2

RT ) and coupling 𝑛𝑛2 − 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RT ) induced by the 

additional RT effect at a constant acceleration can be written as , 

𝑎̇𝑎𝑛𝑛1
RT = −𝛾𝛾𝑛𝑛1𝑎𝑎𝑛𝑛1

RM(𝑡𝑡𝑑𝑑)sinh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉),

𝑎̇𝑎𝑛𝑛2
RT = −𝛾𝛾𝑛𝑛2𝑎𝑎𝑛𝑛2

RM(𝑡𝑡𝑑𝑑)sinh(𝛾𝛾𝑛𝑛2𝑡𝑡
𝜉𝜉),

𝑎̇𝑎2𝑛𝑛2
RT = −𝛾𝛾2𝑛𝑛2𝑎𝑎2𝑛𝑛2

RM (𝑡𝑡𝑑𝑑)sinh(𝛾𝛾2𝑛𝑛2𝑡𝑡
𝜉𝜉),

𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RT = −𝛾𝛾𝑛𝑛2−𝑛𝑛1𝑎𝑎𝑛𝑛2−𝑛𝑛1

RM (𝑡𝑡𝑑𝑑)sinh(𝛾𝛾𝑛𝑛2−𝑛𝑛1𝑡𝑡
𝜉𝜉),

 

in which 𝑡𝑡𝜉𝜉 = 𝑡𝑡 − 𝑡𝑡𝑑𝑑 ; 𝛾𝛾𝑛𝑛1 = �𝐴𝐴𝑔𝑔‾𝑛𝑛1/𝑅𝑅𝑖𝑖 , 𝛾𝛾𝑛𝑛2 = �𝐴𝐴𝑔𝑔‾𝑛𝑛2/𝑅𝑅𝑖𝑖 , 𝛾𝛾2𝑛𝑛2 = �2𝐴𝐴𝑔𝑔‾𝑛𝑛2/𝑅𝑅𝑖𝑖  and 
𝛾𝛾𝑛𝑛2−𝑛𝑛1 = �𝐴𝐴𝑔𝑔‾(𝑛𝑛2 − 𝑛𝑛1)/𝑅𝑅𝑖𝑖 are the linear growth rates of the mode 𝑛𝑛1, mode 𝑛𝑛2, 
harmonic 2𝑛𝑛2 and coupling 𝑛𝑛2 − 𝑛𝑛1 caused by the additional RT effect, respectively; 
and 𝑎𝑎𝑛𝑛1

RM(𝑡𝑡𝑑𝑑), 𝑎𝑎𝑛𝑛2
RM(𝑡𝑡𝑑𝑑), 𝑎𝑎2𝑛𝑛2

RM (𝑡𝑡𝑑𝑑) and 𝑎𝑎𝑛𝑛2−𝑛𝑛1
RM (𝑡𝑡𝑑𝑑) are the amplitudes of the mode 𝑛𝑛1, 

mode 𝑛𝑛2, harmonic 2𝑛𝑛2 and coupling 𝑛𝑛2 − 𝑛𝑛1 at 𝑡𝑡𝑑𝑑, respectively, and which can be 
calculated by the nonlinear solutions in Stage . 

Based on the perturbation expansion method,  derived an analytical solution for the 
RT instability under a constant acceleration considering the geometry convergence 
effect. At the second-order solutions, the amplitude growth rates of the harmonic 
2𝑛𝑛1 (𝑎̇𝑎2𝑛𝑛1

RT ) and harmonic 2𝑛𝑛2 (𝑎̇𝑎2𝑛𝑛2
RT ) caused by the additional RT effect can be 

written as, 



𝑎̇𝑎2𝑛𝑛1
RT =

[𝑎𝑎𝑛𝑛1
RM(𝑡𝑡𝑑𝑑)]2

2𝑅𝑅𝑖𝑖
[4(𝐴𝐴𝑛𝑛1 + 1)𝛾𝛾1sinh(𝛾𝛾1𝑡𝑡𝜉𝜉)cosh(𝛾𝛾1𝑡𝑡𝜉𝜉) −

(2𝐴𝐴𝑛𝑛1 + 1)𝛾𝛾2𝑛𝑛1sinh(𝛾𝛾2𝑛𝑛1𝑡𝑡
𝜉𝜉)],

 

𝑎̇𝑎2𝑛𝑛2
RT =

[𝑎𝑎𝑛𝑛2
RM(𝑡𝑡𝑑𝑑)]2

2𝑅𝑅𝑖𝑖
[4(𝐴𝐴𝑛𝑛2 + 1)𝛾𝛾2sinh(𝛾𝛾2𝑡𝑡𝜉𝜉)cosh(𝛾𝛾2𝑡𝑡𝜉𝜉) −

(2𝐴𝐴𝑛𝑛2 + 1)𝛾𝛾2𝑛𝑛2sinh(𝛾𝛾2𝑛𝑛2𝑡𝑡
𝜉𝜉)].

 

Furthermore, the mode-coupling effect on the RT instability was considered by . The 
second-order solutions for the amplitude growth rates of the coupling 𝑛𝑛2 + 𝑛𝑛1 
(𝑎̇𝑎𝑛𝑛2+𝑛𝑛1

RT ) and coupling 𝑛𝑛2 − 𝑛𝑛1 (𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RT ) caused by the additional RT effect can be 

written as, 

𝑎̇𝑎𝑛𝑛2+𝑛𝑛1
RT =

[𝑎𝑎𝑛𝑛1
RM(𝑡𝑡𝑑𝑑)][𝑎𝑎𝑛𝑛2

RM(𝑡𝑡𝑑𝑑)]
2𝑅𝑅𝑖𝑖

{
𝑛𝑛2 + 𝑛𝑛1
2√𝑛𝑛1𝑛𝑛2

[𝛾𝛾𝑛𝑛1cosh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)sinh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉) +

𝛾𝛾𝑛𝑛2sinh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)cosh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉)] + [1 + 𝐴𝐴(𝑛𝑛2 + 𝑛𝑛1)][𝛾𝛾𝑛𝑛1sinh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)cosh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉) +
𝛾𝛾𝑛𝑛2cosh(𝛾𝛾𝑛𝑛1𝑡𝑡

𝜉𝜉)sinh(𝛾𝛾𝑛𝑛2𝑡𝑡
𝜉𝜉) − 𝛾𝛾𝑛𝑛2+𝑛𝑛1sinh(𝛾𝛾𝑛𝑛2+𝑛𝑛1𝑡𝑡

𝜉𝜉)]},

 

𝑎̇𝑎𝑛𝑛2−𝑛𝑛1
RT =

[𝑎𝑎𝑛𝑛1
RM(𝑡𝑡𝑑𝑑)][𝑎𝑎𝑛𝑛2

RM(𝑡𝑡𝑑𝑑)]
4𝑅𝑅𝑖𝑖

{�
𝑛𝑛2
𝑛𝑛1

[𝛾𝛾𝑛𝑛1cosh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)sinh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉) +

𝛾𝛾𝑛𝑛2sinh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)cosh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉)] + [1 − 2𝐴𝐴(𝑛𝑛2 − 𝑛𝑛1)][𝛾𝛾𝑛𝑛1sinh(𝛾𝛾𝑛𝑛1𝑡𝑡
𝜉𝜉)cosh(𝛾𝛾𝑛𝑛2𝑡𝑡

𝜉𝜉) +
𝛾𝛾𝑛𝑛2cosh(𝛾𝛾𝑛𝑛1𝑡𝑡

𝜉𝜉)sinh(𝛾𝛾𝑛𝑛2𝑡𝑡
𝜉𝜉) − 𝛾𝛾𝑛𝑛2−𝑛𝑛1sinh(𝛾𝛾𝑛𝑛2−𝑛𝑛1𝑡𝑡

𝜉𝜉)]}.

 

The theoretical predictions on the amplitude growths of modes, harmonics and 
couplings with the same wavenumbers in Stage are calculated by the nonlinear 
solutions of the RM instability (equations ([1storder2]), 
([1storder4])∼([secondorder2]) and ([secondorder3])∼([secondorder4])) plus the 
nonlinear solutions of the additional RT effect 
(equations ([RT1storder2])∼([RTsecondorder4])), as shown with dotted lines in 
figure 5. The theoretical predictions show a better agreement with the experimental 
and numerical results of the hydrodynamic instabilities of modes 𝑛𝑛1 and 𝑛𝑛2 and the 
coupling 𝑛𝑛2 + 𝑛𝑛1 than the instabilities of the harmonic 2𝑛𝑛2. There are two possible 
reasons for the poor prediction of the harmonic 2𝑛𝑛2. On the one hand, as the 
azimuthal wavenumber 𝑛𝑛 increases, the nonlinearity caused by high-order (third-
order and greater) harmonics more influences the instability, and, therefore, the 
predictions with second-accuracy on the additional RT effect gradually lose their 
accuracy. On the other hand, we simplify the interface movement in Stage with a 
constant acceleration, which is different from the actual interface motion with a 
time-varying acceleration. Since the geometry convergence plays a more important 
role in the additional RT effect as 𝑛𝑛 increases, the predictions assuming a constant 
acceleration gradually lose their accuracy. Nevertheless, the theoretical predictions 
capture the most significant features, i.e., the first-order instabilities of the two 
constituted modes and the second-order feedback from harmonics and couplings. 



Moreover, compared with the prediction that only considers the convergent RM 
instability, it is found that the additional RT effect suppresses the instabilities of the 
mode 𝑛𝑛2, harmonic 2𝑛𝑛2 and coupling 𝑛𝑛2 + 𝑛𝑛1, but promotes the instabilities of the 
mode 𝑛𝑛1. This conclusion is different from the convergent RM instability on a single-
mode air/SF6 interface that the additional RT effect always suppresses instability , 
indicating that the mode-coupling complicates the hydrodynamic instabilities of a 
multi-mode interface, even resulting in different outcomes of the additional RT 
effect on the multi-mode interface and single-mode interface. 

Parameter analysis 

In the second-order solutions for the convergent RM instability and additional RT 
effect, it is evident that when the wavenumber of one constituent mode of a dual-
mode interface is twice the wavenumber of the other constituent mode, the 
generated second-order harmonics and couplings influence the amplitude growth 
rates of the two constituent modes since the coupling 𝑛𝑛2 − 𝑛𝑛1 applies the feedback 
to the mode 𝑛𝑛1, and the harmonic 2𝑛𝑛1 imposes the feedback on the mode 𝑛𝑛2. In the 
experiment, we only consider a specific case where the perturbations on the two 
constituent modes are in-phase, and the ratio of the amplitude-wavelength-ratios of 
the two constituent modes 𝛿𝛿  (= 𝑛𝑛2𝑎𝑎20/𝑛𝑛1𝑎𝑎10) equals 2.0. However, the initial 
perturbations on the surfaces in applications are random. Therefore, the 
perturbations on the two constituent modes might be anti-phase, and 𝛿𝛿 should be 
various. Numerical simulations on a dual-mode air/SF6 interface owning the same 
gas physics parameters as the experiment, but different spectrums with the 
experiment, are performed to investigate the influences of relative phases and 𝛿𝛿 on 
the hydrodynamic instabilities of a dual-mode interface in the cylindrical geometry. 
The initial spectrum parameters in different cases are listed in table 1. 

Table 1 The initial spectrum parameters of the two constituent modes of a dual-mode 
interface in numerical simulations, where 𝑛𝑛1  and 𝑛𝑛2  denote the azimuthal 
wavenumbers of the two constituent modes; 𝑎𝑎10 and 𝑎𝑎20 denote the initial amplitudes of 
the mode 𝑛𝑛1 and mode 𝑛𝑛2, respectively; 𝑤𝑤0 denotes the initial perturbation width of 
the dual-mode interface; and 𝛿𝛿 (= 𝑛𝑛2𝑎𝑎20/𝑛𝑛1𝑎𝑎10) denotes the ratio of the amplitude-
wavelength-ratios of the two constituent modes. 

Case 𝑛𝑛1 𝑛𝑛2 𝑎𝑎10 
(mm) 

𝑎𝑎20 
(mm) 

𝑤𝑤0 
(mm) 

𝛿𝛿 

IP$\udelta$0.25 6 12 1.0 0.125 2.00 0.25 
IP$\udelta$1.0 6 12 1.0 0.50 2.25 1.0 
IP$\udelta$4.0 6 12 1.0 2.0 5.06 4.0 
AP$\udelta$-

0.25 
6 12 1.0 -0.125 2.00 -

0.25 
AP$\udelta$-1.0 6 12 1.0 -0.50 2.25 -1.0 
AP$\udelta$-4.0 6 12 1.0 -2.0 5.06 -4.0 



First, the influences of the phase difference between the two constituent modes on 
the hydrodynamic instabilities are explored by comparing cases IP$\udelta$2.0 and 
AP$\udelta$-2.0, as shown in figure 8. Compared with the amplitude growths of 
single-mode interfaces, the mode-coupling slightly promotes the lower frequency 
mode (i.e., mode 𝑛𝑛1) but slightly suppresses the higher frequency mode (i.e., mode 
𝑛𝑛2) in the AP$\udelta$-2.0 case, which is different from the IP$\udelta$2.0 case, 
indicating that the phase difference influences the mode-coupling. Moreover, it is 
found that the amplitude growth of the coupling 𝑛𝑛2 + 𝑛𝑛1 in the anti-phase case is 
larger than the in-phase case. In addition, the theoretical predictions of the two 
constituent modes and two generated harmonics in cases IP$\udelta$2.0 and 
AP$\udelta$-2.0 are shown with solid and dashed lines, which agree well with the 
numerical results, further validating the nonlinear solutions. 

 

Figure 6 Comparisons of the dimensionless amplitudes of the two constituent modes 
(modes 𝑛𝑛1 and 𝑛𝑛2) and the generated harmonic 2𝑛𝑛2 and coupling 𝑛𝑛2 + 𝑛𝑛1 obtained 
from the simulations in cases IP$\udelta$2.0 (square symbols) and AP$\udelta$-2.0 
(circle symbols), where the single-mode RM instabilities of the two constituent modes 
are shown with diamond symbols. The solid and dashed lines represent the theoretical 
predictions for cases IP$\udelta$2.0 and AP$\udelta$-2.0, respectively. 

The theoretical predictions for the RM instability and the additional RT effect of all 
modes, harmonics and couplings in cases IP$\udelta$2.0 and AP$\udelta$-2.0 are 
shown in figures 10(a) and (b), respectively. In Stage , the influence of phase 
difference on the RM instability is considered. It is evident that the RM unstable 
perturbation of the coupling 𝑛𝑛2 − 𝑛𝑛1 grows in the opposite (or same) direction to 
the RM unstable perturbation of the mode 𝑛𝑛1 in the IP$\udelta$2.0 (or AP$\udelta$-



2.0) case. Meanwhile, the RM unstable perturbation of the harmonic 2𝑛𝑛1 grows in 
the same (or opposite) direction with the RM unstable perturbation of the mode 𝑛𝑛2 
in the IP$\udelta$2.0 (or AP$\udelta$-2.0) case. Therefore, the generated coupling 
𝑛𝑛2 − 𝑛𝑛1 suppresses the instability of the mode 𝑛𝑛1 while the generated harmonic 2𝑛𝑛1 
promotes the instability of the mode 𝑛𝑛2 when the two constituent modes are in-
phase. Oppositely, the generated coupling 𝑛𝑛2 − 𝑛𝑛1 promotes the instability of the 
mode 𝑛𝑛1 while the generated harmonic 2𝑛𝑛1 suppresses the instability of the mode 
𝑛𝑛2 when the two constituent modes are anti-phase. 

 

 

Figure 7. Comparisons of the dimensionless amplitudes of modes, harmonics and 
couplings predicted by theories in cases (a) IP2.0 and (b) AP-2.0. Solid and dashed lines 

represent the theoretical predictions for the RM instability and the additional RT 
effect, respectively. 

In Stage , the influence of phase difference on the additional RT effect is considered. 
It is evident that the RT unstable perturbation of the coupling 𝑛𝑛2 − 𝑛𝑛1 grows in the 
same (or opposite) direction to the RT unstable perturbation of the mode 𝑛𝑛1 in the 



IP$\udelta$2.0 (or AP$\udelta$-2.0) case. Meanwhile, the RT unstable perturbation 
of the harmonic 2𝑛𝑛1 grows in the same (or opposite) direction with the RT unstable 
perturbation of the mode 𝑛𝑛2 in the IP$\udelta$2.0 (or AP$\udelta$-2.0) case. 
Therefore, the generated coupling 𝑛𝑛2 − 𝑛𝑛1 and harmonic 2𝑛𝑛1 separately promote 
the instabilities of the mode 𝑛𝑛1 and mode 𝑛𝑛2 when the two constituent modes are in-
phase. And the generated coupling 𝑛𝑛2 − 𝑛𝑛1 and harmonic 2𝑛𝑛1 separately suppress 
the instabilities of the mode 𝑛𝑛1 and mode 𝑛𝑛2 when the two constituent modes are 
anti-phase. However, in the IP$\udelta$2.0 case, the RT unstable perturbation of the 
coupling 𝑛𝑛2 − 𝑛𝑛1 is larger than that of the mode 𝑛𝑛1, therefore the instabilities of the 
mode 𝑛𝑛1 are promoted by the additional RT effect on comparing with the pure RM 
instability; whereas, the RT unstable perturbation of the harmonic 2𝑛𝑛1 is smaller 
than that of the mode 𝑛𝑛2, therefore the instabilities of the mode 𝑛𝑛2 are suppressed 
by the additional RT effect on comparing with the pure RM instability. 

Moreover, the sign of the perturbation of the coupling 𝑛𝑛2 + 𝑛𝑛1 induced by the 
additional RT effect is the same as that induced by the RM instability in the 
IP$\udelta$2.0 case. Differently, the sign of the perturbation of the coupling 𝑛𝑛2 + 𝑛𝑛1 
induced by the additional RT effect is opposite to that induced by the RM instability 
in the AP$\udelta$-2.0 case. Therefore, the amplitude growths of the coupling 𝑛𝑛2 +
𝑛𝑛1 in the anti-phase case are larger than the in-phase case. 

Overall, the phase difference influences the mode-coupling mechanism, resulting in 
different feedbacks of the generated second-order harmonics and couplings to the 
initially constituent modes, and leading to different outcomes of the RM instability 
and additional RT effect. 

Second, the influences of 𝛿𝛿 on the instability developments of the two constituent 
modes are numerically investigated. The initial amplitude of the mode 𝑛𝑛1 is fixed as 
1.0 mm. The initial amplitudes of the mode 𝑛𝑛2 vary from 0.125 mm to 2.0 mm in the 
five in-phase cases and -0.125 mm to -2.0 mm in the five anti-phase cases. The time-
varying dimensionless amplitudes of the two constituent modes in the five in-phase 
cases and five anti-phase cases are shown in figures 12(a) and (b), respectively. 



 

 

Figure 8. Comparisons of the dimensionless amplitudes of the mode n1 (square 
symbols) and mode n2 (circle symbols) obtained from numerical simulations in the (a) 

in-phase cases and (b) anti-phase cases. The solid and dashed lines with colours 
corresponding to the symbols represent the theoretical predictions for the mode n1 

and mode n2, respectively. 

In the five in-phase cases, as 𝛿𝛿 increases, due to the increasing negative feedback of 
the coupling 𝑛𝑛2 − 𝑛𝑛1  and the increasing suppression introduced by the high-
amplitude effect, the amplitude growth of the mode 𝑛𝑛1 is more suppressed. As 𝛿𝛿 
increases, due to the decreasing positive feedback of the harmonic 2𝑛𝑛1 and the 
increasing suppression introduced by the high-amplitude effect, the amplitude 
growth of the mode 𝑛𝑛1 is more suppressed. 

In the five anti-phase cases, as |𝛿𝛿| increases from 0.25 to 1.0 (or 1.0 to 4.0), the 
positive feedback of the coupling 𝑛𝑛2 − 𝑛𝑛1 is larger (or less) than the suppression 
introduced by the high-amplitude effect, and, therefore, the amplitude growth of the 



mode 𝑛𝑛1 is more promoted (or suppressed). Differently, as |𝛿𝛿| increases from 0.25 
to 1.0 (or 1.0 to 4.0), the decreasing negative feedback of the harmonic 2𝑛𝑛1 is more 
(or less) significant than the increasing high-amplitude effect, the amplitude growth 
of the mode 𝑛𝑛2 is more promoted (or suppressed). 

Overall, the competition between the mode-coupling effect and the high-amplitude 
effect varies as 𝛿𝛿 changes, resulting in different outcomes of the RM instability and 
additional RT effect. It is also noted that the lower frequency mode is largely 
suppressed when the two constituent modes are in-phase and 𝛿𝛿 is large, and the 
higher frequency mode is largely suppressed when the two constituent modes are 
anti-phase and |𝛿𝛿|  is small. In addition, the theoretical predictions of the 
hydrodynamic instabilities of the mode 𝑛𝑛1 and mode 𝑛𝑛2 are shown with solid and 
dashed lines with colours corresponding to symbols, which agree well with the 
numerical results, further validating the generality of the nonlinear solutions. 

Conclusions 
The hydrodynamic instabilities of a dual-mode air/SF6 interface driven by a 
cylindrically convergent shock is experimentally examined for the first time. The 
dual-mode interface is created by an extended soap-film technique in the semi-
annular shock tube facility. Precise interfacial morphologies and wave patterns are 
well captured by high-speed schlieren photography. The influences of the mode-
coupling on the RM instability and the additional RT effect of the constituent modes 
and generated harmonics and couplings from linear to nonlinear stages are 
theoretically quantified. Numerical simulations solving compressible Euler 
equations are performed considering various initial spectrums. 

The amplitude growths of the initially constituent modes and the second-order 
harmonics and couplings are obtained by a serial Fourier analysis of the interfacial 
contours extracted from the schlieren images. A noticeable difference between the 
growths of the constituent modes and the corresponding single-mode RM instability 
is observed, suggesting the evident mode-coupling effect on the convergent dual-
mode RM instability. A series of analytical, nonlinear solutions with second-order 
accuracy are adopted by considering the geometry convergence, the mode-coupling 
mechanism, the high-amplitude effect, the high-Mach-number effect and the startup 
process to quantify the RM instability and the additional RT effect on the dual-mode 
interface. The nonlinear solutions well predict the amplitude growths of the first-
order modes and the second-order harmonics and couplings before the reshock in 
the experiment and simulations. The mode-coupling complicates the hydrodynamic 
instabilities of a multi-mode interface, even resulting in different outcomes of the 
additional RT effect on the multi-mode interface and single-mode interface. 

Referring to the nonlinear solutions, it is evident that when the azimuthal 
wavenumber of one constituent mode is twice the azimuthal wavenumber of the 
other constituent mode of a dual-mode interface, the mode-coupling has a non-
negligible influence on the hydrodynamic instabilities of the two constituent modes. 



Based on the theory and simulations, it is proved that the phase difference and the 
ratio of the amplitude-wavelength-ratios of the two constituent modes 𝛿𝛿 greatly 
influence the mode-coupling mechanism. For a dual-mode interface consisting of in-
phase (or anti-phase) modes 𝑛𝑛 and 2𝑛𝑛, the mode-coupling suppresses (or promotes) 
the instability of the mode 𝑛𝑛 but promotes (or suppresses) the instability of the 
mode 2𝑛𝑛. Moreover, as 𝛿𝛿 varies, the competition between the mode-coupling effect 
and the high-amplitude effect complicates the hydrodynamic instabilities of the 
constituent modes. For a dual-mode interface, the lower frequency mode is largely 
suppressed when the two constituent modes are in-phase and 𝛿𝛿 is large, and the 
higher frequency mode is largely suppressed when the two constituent modes are 
anti-phase and |𝛿𝛿| is small. 

Overall, the hydrodynamic instabilities of a multi-mode interface driven by a 
convergent shock closely depend on the initial spectrums from the very beginning. 
The mode-coupling mechanism revealed in the convergent dual-mode RM 
instability and additional RT effect would be of great use for understanding and 
modelling the hydrodynamic instabilities of a multi-mode interface consisting of 
random waves. We believe it is an essential step toward the elaborate study of the 
turbulence driven by a convergent shock. 
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