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A B S T R A C T   

This study presents a novel transfer learning (TL)-based multi-fidelity modeling approach for a set 
of granular material-filled particle dampers (PDs) with varying cavity height and particle filling 
ratio, targeting to realize vibration/noise mitigation across a broad frequency band. The dynamic 
characteristics of this kind of dampers are highly nonlinear and depend on a number of features 
such as particle material and size, cavity configuration, filling ratio, excitation frequency and 
amplitude, etc. While deep neural network (DNN) has demonstrated success in a variety of fields 
including nonlinear dynamics, DNN is a data-hungry modeling approach and tends to yield 
inaccurate or inadequate models for high-dimensional nonlinear problems when data are scarce 
or expensive to collect. In this paper, we propose a multi-fidelity approach for characterizing the 
dynamics of granular material-filled PDs by combining low-fidelity data from an approximate 
governing/constitutive equation and high-fidelity experimental data in the context of deep TL. 
Making use of the low-fidelity data, a DNN is first trained to represent a mapping between input 
parameters (cavity height, particle filling ratio, excitation frequency and amplitude) and output 
parameter (damper energy loss factor). Then, in compliance with the deep TL philosophy, the 
weights and biases in all layers of the pre-trained DNN except a few outermost layers will be 
frozen, while those in the outermost layers are re-trained using the experimental data to 
formulate a multi-fidelity DNN. The modeling capability of this multi-fidelity DNN model 
developed by the deep TL strategy is compared with a DNN model with the same architecture but 
trained using only the experimental data. Results show that the multi-fidelity DNN model offers 
much better performance than the DNN model trained using only the experimental data for 
characterizing the PD dynamics across a broad frequency band from 100 to 2000 Hz. Since the 
formulated model is versatile to varying cavity height and particle filling ratio and accommodates 
different excitation frequencies and amplitudes, it is amenable to use in the optimal design of PDs.   

1. Introduction 

Particle damping promises a simple yet effective vibration/noise mitigation strategy. In particle damper (PD), a certain number of 
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particles are filled inside the enclosures of the PD’s cavity. When it is attached to a vibrating structure, the vibration energy can be 
dissipated through the inelastic collision and friction effects between particles and particle-to-wall [1]. The PD takes the advantages of 
low cost, high effectiveness, and ability to operate in harsh working conditions. It has high potential for noise and vibration control in a 
broad frequency range [2], especially for granular material-filled PD. Particle damping has been investigated during the past decades 
[3,4], and has attained applications in machine racks [5], combustion engines [6], printed circuit boards [7], railways [8], and 
spacecraft [9]. Since the inception of PD, developing concise and precise phenomenological models that can reliably describe the 
complex behavior of this kind of dampers has been an unremitting effort [10]. The intricate motion of particles inside damper cavity 
during vibration is susceptible to the working condition and significantly affected by various factors such as the particle material, 
particle size, particle filling ratio, cavity configuration, excitation frequency and amplitude, etc. These factors make PDs highly 
nonlinear [11], and deservedly make it extremely difficult to develop a universal phenomenological or mechanistical model for PDs. In 
some endeavors, researchers simplified the motion of particles in the entire particle bed as an equivalent single impact ball inside the 
damper’s cavity [12–14]. In other studies, the discrete element method (DEM) [15–24] was adopted for the dynamic modeling of PDs 
and PD-equipped structures that transforms the complex modeling task into a highly demanding computational problem. 

None of the current modeling approaches has demonstrated the effectiveness to work under all operating conditions. Instead, the 
modeling of PDs can be well conducted in a preset and limited regime of interest [25]. It is feasible to build one or a set of continuous 
multi-parameter equations to link various input features of a PD with its target output as a representation of physical mechanism. Data- 
driven modeling approaches have advanced rapidly in recent years, among which deep learning models including deep/convolu
tional/recurrent neural networks have shown strong capability to accurately formulate a nonlinear mapping between observed input 
and output pairs, providing an appealing alternative to skip the challenge in modeling from physical mechanism [26–28]. The latest 
scientific deep learning, such as physics-informed neural network [29], further leverages the formidable regression ability of the state- 
of-the-art deep learning techniques to tackle the forward and inverse problems of nonlinear systems when their physical laws are 
explicitly available in terms of ordinary or partial differential equations. This paradigm sheds light on system modeling in the presence 
of an understanding about the underlying physical laws. 

In the modeling of PDs, the relevant input parameters that influence damper performance include three categories: particle 
properties, damper cavity properties, and external excitation properties. The output index that describes the performance of the 
damper can be defined freely as needed. Veeramuthuvel et al. [30] were the first to use the neural network approach to model a PD by 
using experimental data and predict the vibration suppression efficiency of the damper on print circuit boards. To identify an accurate 
phenomenological model, high fidelity of the observed datasets must be guaranteed. However, acquisition of high-fidelity experi
mental data is often expensive and time-consuming, and thus only a limited amount of high-fidelity data is obtained. The commonly 
used deep neural network (DNN) methods for modeling are very data-hungry during training, and the resulting models from the 
limited amount of data may not be versatile enough to portray the physics mechanism under different working conditions, especially 
for highly nonlinear dynamic systems. In the model-based optimal design of PDs, a model which can accommodate varying damper 
cavity properties (e.g., different cavity height) and varying particle properties (e.g., different particle filling ratio) is preferred, but 
experiment data available for formulating such a model are always scarce since it is highly expensive to fabricate and test a series of 
PDs with various cavity and particle properties. 

One possible solution to insufficient learning resources is that, once a computationally efficient approximate governing/consti
tutive equation is available, it can provide supplemental information by generating extra training data from the governing/constitutive 
equation. However, the data generated by an approximate governing/constitutive equation can only reflect the damper behavior in an 
approximate manner, that is to say, they are low-fidelity data compared with high-fidelity experimental data. Simply merging the low- 
fidelity data and high-fidelity data is naïve and not substantially helpful to enhance the model accuracy. Instead, the deep transfer 
learning (TL) technique, which enables hierarchical neural network training using multi-fidelity data [31], is more promising for 
leveraging low-fidelity and high-fidelity data in deep learning. The deep TL can be built on DNN. For a DNN model consisting of several 
hidden layers, each layer receives the output of the preceding layer and processes it with an activation function. This execution ab
stracts the information and outputs it to the next layer afterward. It is known that the lower the level of a layer is, the lesser task-specific 
the layer is [32–34]. This property inspires the application of TL in deep learning to enhance learning efficiency and lower the risk of 
over-fitting. 

In this study, a TL-based multi-fidelity modeling approach in the context of DNN will be developed for characterizing the dynamic 
performance of a set of granular material-filled PDs with varying cavity height and particle filling ratio. With the aid of an approximate 
governing/constitutive equation depicting the dynamics of granular material-filled PDs, a physics-guided DNN is first trained using the 
numerical train data generated from the governing/constitutive equation. This pre-trained DNN model captures the basis of complex 
physics mechanisms of the granular material-filled PDs yet without promising a high accuracy. Afterwards, deep TL is pursued to re- 
train the DNN with the use of high-fidelity experimental data, where the network parameters (weights and biases) in all layers of the 
pre-trained DNN except a few outermost layers are frozen, while those in the outermost layers are released for re-training using the 
experimental data in compliance with the deep TL philosophy, thus yielding a data-refined multi-fidelity DNN model. The proposed 
TL-based multi-fidelity approach enables to encode useful information about the physics of the problem from the approximate gov
erning/constitutive equation and hence, enhance the ability to reflect the underlying physical mechanisms of the experimental results. 
To facilitate the optimal design of damper, the input variables considered in the DNN model include cavity height, particle filling ratio, 
excitation amplitude and frequency, while the output variable is the energy loss factor of damper, which is defined as the ratio between 
the energy dissipated by particle damping and the maximum kinetic energy of the vibrating system. In the case study, a two-phase flow 
equivalent viscosity physical model is considered as the approximate governing/constitutive equation to generate low-fidelity nu
merical data, while acceleration-controlled experiments on granular material-filled PDs with different cavity heights and particle 
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filling ratios are carried out to generate high-fidelity experimental data. The efficiency and accuracy of the formulated multi-fidelity 
DNN model are compared with those of a DNN model which is trained using only the experimental data, under a wide range of particle 
filling ratio (from 10% to 70%) and excitation frequency (from 100 to 2000 Hz). In particular, the modeling capability of the 
formulated multi-fidelity model in high-frequency and micro-displacement vibrations is evaluated. 

The rest of the paper is organized as follows. Sec. 2 introduces the deep TL-based multi-fidelity modeling framework after a briefing 
of the common data-driven DNN method. Sec. 3 aims to select an appropriate governing/constitutive equation for granular material- 
filled PDs. Through comparing the attributes of two typical models, a two-phase flow equivalent viscosity model is chosen as the 
approximate governing/constitutive equation to generate low-fidelity data. Sec. 4 describes dynamic experiments on cylindrical-cavity 
PDs under various scenarios to generate high-fidelity data. Sec. 5 provides the development of the TL-based multi-fidelity DNN model 
and its comparison with the DNN model trained using only the experimental data, and the evaluation of the effect of various system 
parameters on the energy-dissipating capacity of PDs. Conclusions are summarized in Sec. 6. 

2. Deep TL-based multi-fidelity modeling method for PDs 

2.1. Data-driven DNN 

The data-driven DNN explored in this study aims to train a transfer learning paradigm by utilizing the hierarchy structure of DNN to 
settle the conflict between the scarceness of experimental data and the data-hungry nature of deep learning methods. In our study, the 
energy loss factor η will be defined as a performance indicator of PDs, i.e., the output variable of the DNN. Let X = [X 1,X 2,⋯,X N] :

Ω → RN be N input parameters of the DNN which represent damper cavity properties, particle properties, and excitation properties. Yet 
the expression of η about the input parameters is unknown, the nonlinear function of the energy loss factor η in terms of the input 
parameters can be expressed in the following general form. 

η(X )+N [η; λ] = 0,X ∈ Ω (1)  

where η(X ) is the latent solution for the energy loss factor; N [∙; λ] is a nonlinear operator parameterized by λ. In general, such a 
nonlinear ordinary/partial differential equation is built on the spatio-temporal domain; for the energy loss factor function, however, a 
high dimensional domain is considered to encapsulate the entire parameter space in which all parameters that influence the dynamic 
performance of PD are included. Suppose a series of observations in the parameter space are obtained as D h = [X h; ηh], where the 
subscript h denotes the observed input and output pairs. In this setting, the goal of modeling becomes to discover the parameters λ in 
Eq. (1) that reflect the unknown latent state η(X ) via smoothing, filtering, or data-driven solution. 

Consider a DNN architecture with L hidden layers that is represented by a sequence of activation functions and linear trans
formations as follows: 

N(⋅; θ) =
(
σ[L]◦W[L+1] )◦⋯◦

(
σ[0]◦W[1] ) (2)  

where σ[l] : R → R and W[l] denote the activation function output of the lth layer and the weight matrix connecting the lth and (l + 1)th 
layers; the symbol ‘◦’ denotes the operator composition. For brevity, the bias of each layer has been absorbed into the weight matrix, 

and all the weight and bias parameters 
{

W[l]}L+1
l=1 are concisely represented by θ. In this study, the 0th layer σ[0] represents the input 

vector X which includes various parameters (particle properties, cavity properties, and excitation properties) affecting the dynamic 
performance of PDs, while the (L + 1)th layer is the DNN output η which is the energy loss factor of PDs. With a set of labeled 
experimental data D h = [X h; ηh], the model parameters θ can be trained by minimizing the loss function (L d): 

θ* = argmin
θ

L d(θ) (3) 

As aforementioned, the DNN-based modeling approach is data-hungry. When a data-driven DNN model for PDs involves a lot of 
input parameters (particle, cavity, and excitation features), it is highly expensive and time-consuming to acquire complete experi
mental data by exploring different particle, cavity, and excitation features associated with the whole parameter space. A DNN model 
formulated using insufficient data is usually incompetent to accurately describe the dynamic performance of PDs under various 
working conditions. The solution to this challenge is described in the next sub-section. 

2.2. Multi-fidelity modeling by deep TL 

A variety of models in terms of governing or constitutive equations have been proposed in the past decade to characterize the 
physics mechanism of PDs. While being capable of capturing the basic physics law of PDs, all these governing/constitutive equations 
can only depict the intrinsic physics phenomenon in an approximate manner. For example, when a PD vibrates in a very high frequency 
and with micro-displacement, the friction effect between particles is the main mechanism of energy dissipation and this damping 
mechanism is hard to be portrayed credibly by the existing models. In this connection, we propose a deep TL-based multi-fidelity 
modeling approach which leverages the low-fidelity knowledge from the approximate governing/constitutive equations and high- 
fidelity experimental data of PDs. 

TL aims to improve learning in a new task (target task) through the transfer and leverage of knowledge from a related task (source 
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task) that has already been learned. It has been proven [33–36] that DNNs trained with sufficient data tend to learn feature repre
sentations at the low-level layers of a DNN with generality, which are common to similar (related) tasks, and learn feature repre
sentations at the high-level layers with specificity, which depend heavily on the underlying task which the training data stem from. As 
such, one can transfer the knowledge across domains by freezing the weights and biases in the low-level layers of a pre-trained DNN 
using plentiful data from the source domain and fine-tuning the high-level layers using possibly scarce new data from the target 
domain. In the TL framework, given a dataset {X,Y}, X = {x1, x2,⋯, xn} ∈ X consists of n samples and Y =

{
y1, y2,⋯, yn

}
∈ Y 

represents the corresponding label of the samples. The supervised learning is to map the samples X to their label Y. The pairs X and Y 

constitute the domain D = {X ,Y } of the task which is denoted as T . The TL in the context of DNN, i.e. deep TL, is pursued to 
accomplish the source task T s first, which aims to learn a DNN using labeled data from the source domain D s = {X s,Y s}. Since the 
labeled data in the source domain are generated from approximate governing/constitutive equations in the present study, they are 
abundant yet low-fidelity, and hence the resulting DNN (referred to as pre-trained DNN) is only an approximate model without 
promising a high accuracy. The deep TL is then to leverage this knowledge to facilitate the target task T T targeting a multi-fidelity 
DNN with the use of fewer new labeled data with high fidelity from the target domain D T = {X T,Y T}. In this study, the high- 
fidelity data in the target domain are directly obtained by experiments on actual PDs. The pre-trained DNN that was trained in the 
source domain D s with a large amount of labeled data from an approximate governing/constitutive equation of PDs extracts and 
retains some underlying physics features in the low-level layers of the DNN; these learned features are general and are not specific to 
T s. Thus, in compliance with the deep TL philosophy, the multi-fidelity DNN can be elicited by re-training the DNN using high-fidelity 
yet possibly scarce experimental data in the target domain D T, where the parameters (weights and biases) in the low-level layers of the 
network are frozen while those in the high-level layers (outermost layers) are fine-tuned with the experimental data. 

The implementation flowchart of the proposed TL-based multi-fidelity modeling method for PDs in the context of DNN is shown in 
Fig. 1, where the input features include various parameters that would influence the energy loss factor of PDs and the output is the 
predicted energy loss factor. Although the target task T T differs from the source task T s in multi-fidelity learning, they share the same 
input feature space. As a result, only inductive TL is needed. Since the model includes the damper cavity properties and particle 
properties as input variables, it is suitable for optimal parameter design of PDs. 

3. Approximate governing/constitutive equation of PDs 

Most of the current analytical models for PDs in terms of governing/constitutive equations are incapable of accurately describing 

Fig. 1. Flowchart of the TL-based multi-fidelity DNN modeling method for PDs.  

Table 1 
Attributes of single-ball impact model and two-phase flow equivalent viscosity model.  

Single-ball impact model Two-phase flow equivalent viscosity model  

• Contact force occurs during particle-cavity interaction;  
• Intergranular interaction ignored and only particle–wall collision considered;  
• Applicative to small-quantity, large-size particles and low-level excitations when 

particle bed moves as an entity.  

• Continuous drag force generated and applied on target 
structure;  

• Intergranular interaction considered in both collision 
and friction effects;  

• Applicative to granular material particles and high- 
level excitations.  
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the particle motion in damper cavity. The most popular modeling approach is approximating the motion of particles in the entire 
particle bed as an equivalent single impact ball inside the damper cavity. With this simplified model, Masri and Caffrey [37] studied 
the PD’s motion pattern and optimum operation condition. This model has also facilitated a great deal of studies exploring the 
structural vibration attenuation effectiveness of PDs [38]. Recently, a novel PD modeling approach adopting two-phase or multi-phase 
flow theory has been proposed [9,39–41] where particle motion inside the damper cavity is interpreted from the perspective of 
effective viscosity, and models developed under this philosophy have been adopted to evaluate the vibration characteristics of target 
structures mounted with grain (tungsten powder)-filled PDs. A comparison of the attributes of the single-ball impact model and the 
two-phase flow equivalent viscosity model is given in Table 1. 

The research addressed in this study focuses on granular material-filled PDs. Since this kind of PDs involves constant interaction 
between particles, the single-ball impact model is apparently inapplicable. We are also interested in noise reduction using PDs, which 
inevitably involves high frequency and vibration amplitude in micro-displacement level. In such scenarios, the damping of PDs is 
mainly contributed by the friction effect inside the cavity, and the multi-phase flow theory is more appropriate to interpret the 
damping mechanism. In view of this, a two-phase flow equivalent viscosity model proposed in [42–44] will be used as the approximate 
governing/constitutive equation to generate numerical low-fidelity data for the pre-training of a DNN. 

The two-phase flow equivalent viscosity model was inspired by the solid–gas flow theory that describes particle–particle and 
particle-gas interactions [42,43], which can predict the damping effect of granular material-filled non-obstructive PDs. In general, the 
mixture of gas and granular particle inside the vibrating cavity can be regarded as low Reynolds solid–gas flow where there are highly 
concentrated particles, namely a dense multi-phase flow. Under this assumption, pseudo-shear stress and equivalent viscosity can be 
introduced to describe the momentum exchange between particles. In this formation, all components inside a cavity can be treated as a 
united entity, rather than treating every particle discretely, thus avoiding the computational obstacle of the latter approach where the 
computational complexity is exponentially increasing when there is a large number of particles, such as in the case of granular 
material-filled particles in PDs. 

In the two-phase flow equivalent viscosity model, instead of addressing interparticle collision traversal, it exploits the kinetic 
theory of dense multi-phase flow [45] to derive the equivalent viscosity μc induced by particle–particle collision. The equivalent 
viscosity is defined as [44]: 

μc =
6
5
(1 + ep)

̅̅̅̅
Θ
π

√

αp
2gpρpdp (4)  

where ep denotes the coefficient of restitution which is set as 0.6 [44]; αp is the volume fraction of filling particles; ρp and dp are 
respectively the density and diameter of particles; Θ represents the particle fluctuation rate, and in harmonic motions, it is defined as 

Θ =
|ẋ|2

6 . The parameter gp represents the radial distribution function which is expressed as: 

gp =
1

1 − αp
+

3αp

2(1 − αp)
2 +

αp
2

2(1 − αp)
3 (5) 

Substituting the particle fluctuation rate expression into Eq. (4) yields: 

μc = K1|ẋ| (6)  

in which |ẋ| denotes the absolute velocity of PD, and the parameter K1 is: 

K1 =
1
5
(1 + ep)

̅̅̅
6
π

√

αp
2gpρpdp (7) 

The equivalent shear viscosity μf generated due to the effect of interparticle friction can be expressed as [44]: 

μf =
ppsinϕ
2

̅̅̅̅̅̅
I2D

√ (8)  

where ϕ is the inner friction angle of particle determined by its material; I2D represents quadratic invariants of deviatoric stresses; pp is 
the solid phase pressure which is a sum of kinetic term and collision term and is written as: 

pp = αpρpΘ+ 2ρp(1 + ep)gpαp
2Θ (9) 

Similar to the equivalent collision viscosity μc, the equivalent shear viscosity μf can be re-expressed as: 

μf = K2|ẋ|2 (10)  

where 

K2 =
(αpρp + 2ρp(1 + ep)gpαp

2)sinϕ
12

̅̅̅̅̅̅
I2D

√ (11) 

With Eqs. (6) and (10), the total equivalent viscosity of particle flow, μp, can be obtained with considering both collision and friction 
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effects as: 

μp = μc + μf = K1|ẋ| + K2|ẋ|2 (12) 

It is apparent that the viscosity of gas is ignorable in regard to the particle laminar flow. Thus, the mixture solid–gas flow viscosity 
μm is approximately equal to the particle laminar flow μp. Furthermore, the effective viscous damping force is formulated as: 

Fd = −
1
2

ρmSCd|ẋ|ẋ = − ceqẋ (13)  

where ceq is the equivalent viscous damping coefficient; S represents the cross-section area of damper cavity; ρm is the overall density of 
the mixture flow, which is expressed as: 

ρm =
(
1 − αp

)
ρg + αpρp (14) 

According to Sarpkaya [46], the drag coefficient Cd in Eq. (13) can be expressed as: 

Cd =
fdπ3

|ẋ|
(
3
2
β− 1/2 +

3
2

β− 1 −
3
8
β− 3/2) (15)  

where β = πd2fρm/μm; d represents the diameter of the cavity; and f is the fundamental frequency of the target structure. Thus, the 
equivalent viscous damping coefficient ceq can be derived as: 

ceq = c1|ẋ|1/2
+ c2|ẋ| − c3|ẋ|3/2

+ c11|ẋ| + c21|ẋ|2 − c31|ẋ|3 (16)  

where 

c1 = 4cα1/2f 1/2; c2 = 4cα; c3 = cα3/2f − 1/2 (17)  

c11 = 4cα1
1/2f 1/2; c21 = 4cα1; c31 = cα1

3/2f − 1/2 (18)  

c = (3/16)π3d2hρm; K3 = πd2ρm (19)  

α = K1/K3; α1 = K2/K3 (20) 

In this study, the damping performance of granular material-filled PDs is characterized by the energy loss factor η, which is 
expressed as: 

η =
Edissipated

Ekinetic
(21)  

where Edissipated is the energy dissipated by the drag force generated from particle damping, Ekinetic indicates the total maximum kinetic 
energy for a steady-state harmonic vibration. The condition for the simulation case to obtain the low-fidelity energy loss factor ηl 
(subscript l denotes low-fidelity) is kept the same as in the experiment, i.e., the PD is connected rigidly to a dynamic exciter without any 
relative displacement, thus the system force of PD can be calculated by: 

F = mẍ+ ceqẋ (22) 

Here, the dynamic exciter is vibrating in given frequency f and acceleration amplitude am. The PD’s force would contain multi- 
frequency components due to its nonlinearity. 

The energy loss factor can be determined by the power input method [47], where the expression of average power flow is: 

P =
1
2
FpkV*

pk (23) 

This quantity is calculated by the inner product of system force and system velocity in the frequency domain. For a single-harmonic 
signal, the root-mean-square (RMS) value is 1/

̅̅̅
2

√
of its peak value. In the acceleration-controlled harmonic tests, since the velocity has 

value only at frequency f in the frequency domain, the average power flow can be concerned only with the frequency f , and the average 
power flow can alternatively be written as: 

P = FrmsV*
rms (24)  

where Frms is the RMS of force (F) which is a complex number, and V*
rms is the RMS of V*, which is the complex conjugate of the velocity. 

The real part of P is the value of active power, or “dissipated power”, which is dissipated during vibration; the imaginary part of P is the 
value of reactive power or “trapped power”, which is stored in the vibrating system by means of potential energy. 

Since power is the time derivative of energy, Eq. (21) can be rewritten as: 
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η =
Real(P)/ω

Ekinetic
(25)  

where Real(P) is the real part of the average power flow P, and ω is the angular frequency. 

4. Dynamic experiments of PDs 

This section describes dynamic experiments on a number of granular material-filled PDs. The energy loss factor of the PDs is 
obtained based on the experimental results under various damper configurations and excitation conditions. 

4.1. Experiment preparation 

For the PDs used in this study, tungsten powder with a diameter of 0.2 mm was chosen as the grain to be filled in the damper cavity. 
The apparent density, instead of material density, is used to calculate the filling weight of the powder in the damper cavity according to 
the volume fraction. The apparent density of tungsten powder is 8.9 g/cm3, which is obtained by measuring the mass of the sample 
with the pile by a precise digital scale (Fig. 2(a)). 

A cylindrically shaped cavity is selected as the damper body to reduce the side-effect from lateral contact between the particle bed 
and cavity wall since the vibration generated in the test is limited in vertical direction. To realize a customized PD cavity, the cavity is 
designed to be an assembly of several modules which are aluminum pipes with identical diameter and height. This assemblage design 
facilitates the fabrication of PDs with different cavity heights. In the experiments, three PDs were tested with the cavity height equal to 
30 mm, 55 mm, and 80 mm (Fig. 2(b)), respectively. The number of assembled modules in the three configurations is one (mode-1), 
two (mode-2), and three (mode-3). 

Before the experiments, all the damper cavity pieces under three cavity assembly modes were weighed. The weight of the damper 
cavity was later used to calculate the inertial force under acceleration excitation during the acceleration-controlled experiments. The 
weight and cavity dimension are listed in Table 2. 

The volume of particles to be filled in each cavity mode is determined according to the given filling volume fraction, and then the 
weight of required particles for each filling volume fraction is obtained from particle apparent density. Except for the empty cavity case 
that was tested for calibration, four particle volume fractions, namely 10%, 30%, 50%, and 70%, were considered in the test for each 
cavity mode. The weight of particles for different filling volume fractions is given in Table 3. The weight of the accelerometer placed on 
top of the cavity for the measurement of acceleration in the acceleration-controlled experiments is 3.0 g. 

Fig. 2. (a) Weighing of filling particles; (b) schematic diagram of three cavity modes.  

Table 2 
Weight and cavity dimension in three modes.   

Mode-1 Mode-2 Mode-3 

Weight (g)  275.4  321.3  367.2 
Cavity height (cm)  3.0  5.0  8.0 
Cavity volume (cm3)  48.11  88.20  128.29  

Table 3 
Weight of tungsten powder for different filling volume fractions (g).  

Volume fraction Mode-1 Mode-2 Mode-3 

10%  42.8  78.5  114.1 
30%  128.5  235.6  342.6 
50%  214.1  392.5  570.9 
70%  299.7  549.4  799.2  
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Fig. 3. Experimental apparatus: (a) assembly of impedance head and shaker; (b) setup of cylindrical PD; (c) particles filling in damper cavity; and 
(d) damper assembly components. 

Fig. 4. Schematic diagram of experimental setup.  
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4.2. Experimental apparatus and setup 

The B&K LDS V-650 vibration shaker was used in the dynamic experiments, which can apply sinusoidal force up to 2.2 kN with the 
operation frequency ranging between 5 Hz and 4 kHz. The shaker is equipped with a built-in pneumatic support system that can 
accommodate payloads of up to 50 kg with full relative displacement. The damper was mounted on the shaker with an impedance head 
KD3001B, which acquires the force signal. The force limitation of the impedance head is 2.5 kN in association with the acceleration 
limitation of 100 g and working frequency ranging from 0.5 Hz to 6 kHz. The damper cavity was connected to the impedance head with 
an M5 screw. The accelerometer Dytran 3273 with its measurement range up to 100 g is mounted on the damper cavity top to monitor 
the vibration of the damper. The experimental apparatus is shown in Fig. 3. 

Fig. 4 illustrates the experimental setup. In the experiment, the PD is bolted onto the impedance head through an M5 screw. As the 
KD3001B impedance head has M5 thread at both ends, a stainless-steel connector is used to bolt the impedance head onto the shaker 
head as well. The electrical signal output from the signal generator is amplified by a power amplifier and then exerted to the vibration 
shaker. The shaker head motivated by an electromagnet coil thereby vibrates in accordance with the input signal. The amplitude of the 
vibration signal can be adjusted by switching the electrical power in the power amplifier. The acceleration signal from the acceler
ometer and force signal from the impedance head were collected by the DEWEsoft DAQ system. Sinusoidal signals were selected as 
input exerted to the shaker, with the excitation frequency varying from 100 to 2000 Hz with an interval of 100 Hz. The excitation level 
is controlled by acceleration amplitude to facilitate analysis and comparison. The peak acceleration level is set as 5 g to 25 g with an 
interval of 5 g. It is worth noting that since the peak acceleration value is manually controlled with the shaker’s gain, it is impossible to 
control the peak acceleration value to a precise value. In view of this, excitation levels 1 to 5 will be used later to denote the five levels 

Fig. 5. (a) Acceleration in time- and frequency-domains at f = 100 Hz; (b) Force in time- and frequency-domains at f = 100 Hz; (c) Acceleration in 
time- and frequency-domains at f = 1000 Hz; and (d) Force in time- and frequency-domains at f = 1000 Hz. 

Fig. 6. Diagram of force versus acceleration: (a) f = 100 Hz; (b) f = 1000 Hz.  
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of acceleration amplitude around 5 g, 10 g, 15 g, 20 g, and 25 g, respectively. In each case, five seconds of the force and acceleration 
signals were recorded, but only the middle three seconds of the signals after removing the transient portions are used in the subsequent 
analysis. 

Fig. 5 illustrates the acceleration and force signals in both time and frequency domains when the acceleration amplitude is 
controlled around 10 g and the excitation frequency is 100 Hz and 1000 Hz, respectively, and Fig. 6 shows the diagrams of force versus 
acceleration at the same excitation level and the same excitation frequencies. It is seen that while a sinusoidal signal was generated by 
the signal generator as input to the shaker, the actual force signals contain multi-frequency components, especially in the case of high 
excitation frequency, due to the strong nonlinearity of the PD. However, the acceleration signals keep almost single-harmonic in the 
acceleration-controlled experiments. In the experiments, the PD was bolted directly to the shaker head without it mounting on any 
target structure. This test arrangement helps to understand the effects of PD’s design parameters straightforwardly, but the conven
tional damping indicator, e.g., damping ratio, is inapplicable. In this regard, the energy loss factor η, which is also easy to be derived 
from the two-phase flow model, is used to represent the damper performance of the tested PDs from the measured acceleration and 
force signals by using Eqs. (23) to (25). 

5. Multi-fidelity model of PDs 

5.1. Pre-training of DNN using two-phase flow model 

The first step in implementing the proposed TL-based multi-fidelity modeling method is to pre-train a DNN using low-fidelity data 
generated from an approximate governing/constitutive equation. In this study, the two-phase flow equivalent viscosity model is used 
to generate such training data. To comply with the experimental data, the input vector of the DNN is set as X = {αp,ρp,γ,am,f}, where 
αp is the particle filling ratio, ρp is the particle apparent density, γ is the cavity height, am is the excitation (acceleration) amplitude, and 
f is the excitation frequency (Hz). The output parameter of the DNN is the energy loss factor η of PD. 

Before training the DNN, its architecture (the number of hidden layers, F , the size of each hidden layer, C , and the activation 
functions) and optimization algorithm for DNN training should be selected. A DNN with deep layers and large neuron numbers would 
gain vigorous regression ability but tends to be over-fitting, especially when the size of the training dataset is small. To be fair in 
comparison with the DNN model that is trained using only the experimental data, we determine these hyper-parameters using the 
experimental data. In the experiments, αp was taken as 10%, 30%, 50% and 70%, respectively (4 settings in total); ρp was constant (8.9 
g/cm3) since only tungsten powder was used as the filling particles (1 setting in total); γ was equal to 30 mm, 55 mm and 80 mm, 
respectively (3 settings in total); am was ranging from 5 g to 25 g with an interval of 5 g (5 settings in total); and f was ranging from to 
100 to 2000 Hz with an interval of 100 Hz (20 settings in total). As a result, the size of the experimental dataset is 1200. We apply the K- 
fold cross-validation [48] to determine the hyper-parameters. It first divides the training dataset into K parts with equal size. One part 
is used as the validation dataset, and the remaining K − 1 parts are used for training. By taking each part to be the validation dataset in 
turn, an average prediction error could be obtained to evaluate the model. In this study, the K-fold cross-validation is applied to the 
experimental dataset with K = 5. With the total size of experimental dataset being 1200, 80% of the experiment dataset with a size of 
960 is used for training and validation while 20% of the data with a size of 240 is used for testing. The candidate number of hidden 
layers F is {3,4, 5}, and the size of hidden layer C is kept the same for all hidden layers and is selected from {5,10,15}. By 
temporarily setting the activation functions for all layers as “ReLU” function, the average predicted mean squared error (MSE) after 50 
training epochs for each selection is given in Table 4. The hyper-parameters {F = 3,C = 10} give rise to the minimum MSE; 
therefore, the DNN architecture is set as 3 hidden layers with 10 neurons in each hidden layer. 

After determining the number of hidden layers (F ) and the size of each hidden layer (C ), we proceed to the selection of activation 
functions and optimization algorithm. We try the commonly used activation functions “Sigmoid”, “tanh”, and “ReLU” in different 
combinations (the activation function for the output layer is fixed as “ReLU” since the energy loss factor as output is always non- 
negative). In this study, the mini-batch technique [49] will be used in the training of DNN. It divides the entire dataset into small 
batches, ensuring the stability of gradient descent and enhancing the calculation efficiency. One of the most commonly used opti
mization algorithms is the stochastic gradient descent (SGD) [50,51], which achieves enhanced training efficiency compared to the 
batch gradient descent (BGD). In combination with the mini-batch technique, the SGD can ensure high accuracy in gradient 
computation. Another well-known optimization algorithm is the adaptive moment estimation (Adam) [52]. This algorithm combines 
the ability to deal with sparse gradients and non-stationary objectives and has been proven to work well in practice. We compare SGD 
and Adam algorithms along with different combinations of the three activation functions. The comparison is made in terms of two 
indices: MSE loss and model accuracy. The latter is defined as the ratio between the amount of successful prediction and the total size of 
the testing dataset. Here, successful prediction implies that the predicted energy loss factor error is less than 10% of the true value. The 
performance of each setting after 50 training epochs is shown in Table 5. It is concluded that the activation functions of “tanh-tanh- 

Table 4 
Average MSE under different DNN architectures after 50 training epochs.  

Number of hidden layers C = 5 C = 10 C = 15 

F = 3 3.7 × 10− 5 2.4 £ 10¡5 2.9 × 10− 5 

F = 4 4.5 × 10− 5 4.3 × 10− 5 3.4 × 10− 5 

F = 5 4.3 × 10− 5 3.7 × 10− 5 3.6 × 10− 5  

X. Ye et al.                                                                                                                                                                                                              



Mechanical Systems and Signal Processing 180 (2022) 109437

11

ReLU” for the three hidden layers together with Adam algorithm achieves the best performance. This configuration in conjunction with 
the specified hyper-parameters {F = 3,C = 10} constitutes the architecture of the DNN (Fig. 7). 

Again, to be fair in comparison with the DNN model that is trained using only the experimental data, the numerical low-fidelity data 
used to train the physics-guided DNN will be generated from the two-phase flow equivalent viscosity model with the values of all input 

Table 5 
Comparison of different activation functions and optimization algorithms.  

Hidden layer 1 (10 neurons) Hidden layer 2 (10 neurons) Hidden layer 3 (10 neurons) Optimization algorithm MSE (10− 4) Model accuracy (%) 

Sigmoid Sigmoid ReLU Adam 57  87.2 
tanh tanh ReLU Adam 24  94.4 
ReLU ReLU ReLU Adam 27  93.9 
tanh tanh tanh Adam 30  92.6 
Sigmoid Sigmoid ReLU SGD 50  90.5 
tanh tanh ReLU SGD 59  86.4 
ReLU ReLU ReLU SGD 81  82.8 
tanh tanh tanh SGD 50  89.6  

Fig. 7. Architecture of DNN model.  

Fig. 8. Calculated values of the energy loss factor η of PD using the two-phase flow equivalent viscosity model: (a) η versus peak acceleration under 
various excitation frequencies; (b) η versus excitation frequency under various peak accelerations. 
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parameters not exceeding their corresponding ranges explored in the experiments, but sampled with a higher resolution because these 
training data can be cheaply generated by numerical computation. 

Specifically, in generating the numerical training data, αp is taken from 10% to 70% at intervals of 5% (13 settings in total); ρp is still 
taken as a single value equal to 8.9 g/cm3 (1 setting in total); γ is taken as 30 mm, 55 mm, and 80 mm same as in the experiments (3 
settings in total); am is taken from 5 g to 25 g at intervals of 1 g (21 settings in total); and f is taken from 100 to 2000 Hz at intervals of 
50 Hz (39 settings in total). As a result, the size of the numerical dataset is 31941, of which 3000 is used for training and the rest is used 
for validation. For each set of given input parameters, the energy loss factor is calculated from the two-phase flow equivalent viscosity 
model by using an explicit Runge-Kutta numerical method. Fig. 8 shows the calculated values of energy loss factor under different 
acceleration levels and excitation frequencies. To eliminate the scale difference among different parameter features, the input dataset 
is normalized by the Z-score method [53] before being presented to train the physics-guided DNN. The dataset after normalization will 
have a mean value of 0 and a standard deviation of 1. After completing the training of the DNN, all the weights and biases in this pre- 
trained DNN model (Fig. 7) are specified. 

Fig. 9. Comparison of training process between the DNN models with TL and W/O TL in terms of (a) mean squared error (MSE); (b) model accuracy.  

Fig. 10. Prediction of energy loss factor by (a) TL approach, and (b) W/O TL approach; R2 score of the prediction results from (c) TL approach, and 
(d) W/O TL approach. 
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5.2. Formulation of multi-fidelity model using deep TL 

The pre-trained DNN, which was trained using ample numerical data (source dataset D s) from the two-phase flow equivalent 
viscosity model, is now refined using actual experimental data (target dataset D T) to formulate a multi-fidelity DNN model with the 
same architecture as the pre-trained DNN. In compliance with the deep TL philosophy, all low-level layers of the DNN are frozen with 
fixed weights and biases same as in the pre-trained DNN, while the last hidden layer and the output layer are released with their 
weights and biases to be re-trained using the experimental data. Recall that the size of the experimental dataset is 1200 (of which 80% 

Fig. 11. Comparison of average mean squared error (MSE) generated by the two models in different frequency ranges.  

Fig. 12. Energy loss factor versus excitation level (acceleration amplitude) for mode-1 cavity under filling ratio of: (a) 10%; (b) 30%; (c) 50%; (d) 
70%. Here ER stands for experimental results, and PR stands for predicted results. 
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is used for training and validation and 20% for testing). For verification of the formulated multi-fidelity DNN model, a new single- 
fidelity DNN model with the same architecture is also trained using only the experimental dataset. The former capitalizes on TL, 
while the latter does not. Fig. 9 provides a comparison of training process between the two DNN models in terms of MSE and model 
accuracy. It is observed that the initial MSE loss of the DNN with TL (multi-fidelity DNN model) is already lower than that of the DNN 
without TL (single-fidelity DNN model) at the beginning of the network training. Moreover, the DNN with TL converges much faster 
than the DNN without TL. For any number of training epochs, the model accuracy achieved by the DNN with TL is much better than 
that achieved by the DNN without TL. What is more, the DNN with TL can reach stable model accuracy after a small number of training 
epochs, and the model accuracy finally achieved by the DNN with TL after convergence is much higher than that achieved by the DNN 
without TL. As shown in Fig. 9, the model accuracy of the DNN with TL after 50 training epochs reaches 94.4%, while the model 
accuracy of the DNN without TL is only about 75%. 

After formulating the two models, all 1200 input features explored in the experiments are fed into the models to obtain the pre
dicted values of the energy loss factor. Fig. 10 shows a comparison between the experimentally obtained energy loss factors and the 
prediction results obtained by the DNN model with TL and the DNN model without TL, respectively. The R2 score, which indicates the 
total variance explained by a model, reaches 0.9885 for the DNN model with TL and 0.9675 for the DNN model without TL. A 
comparison of average MSE on the predicted energy loss factor generated by the two models within different frequency ranges is given 
in Fig. 11. It is seen that in all frequency ranges of interest, the average MSE generated by the DNN model with TL is largely less than 
that generated by the DNN model without TL. In particular, the former achieves only about one tenth of the MSE generated by the latter 
in the high frequency region of 1600 to 2000 Hz (the average MSE decrement ratio for the entire frequency range from 100 to 2000 Hz 
is 19.4%). In summary, the DNN model with TL is much superior to the DNN model without TL. 

5.3. Effect of damper parameters on damping performance 

With the formulated multi-fidelity DNN model of high accuracy, we investigate the effect of damper parameters on the damping 
performance in this section, where the prediction results are also compared with the experimentally obtained values. Fig. 12 illustrates 
the energy loss factor versus excitation level (acceleration amplitude) for mode-1 cavity under different excitation frequencies and 
particle filling ratios. From the results under different filling ratios, it is seen that the PD with more filling particles in a cavity with 
fixed volume leads to a larger energy loss factor. This is quite reasonable since, with the increase of filling particles, the friction effect of 

Fig. 13. Energy loss factor versus excitation frequency for mode-1 cavity under filling ratio of: (a) 10%; (b) 30%; (c) 50%; (d) 70%. Here ER stands 
for experimental results, PR stands for predicted results, and EL is the abbreviation of excitation level. 
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the particle bed would increase. Furthermore, it is discovered that the energy loss factor decreases with the excitation frequency. This 
can be explained by the fact that in high-frequency vibration, the velocity and displacement amplitudes are lower than those in low- 
frequency vibration for the same acceleration level in acceleration-controlled tests. Hence, even though the acceleration level is 
identical, the motion of the cavity that induces the friction effect is lower in a higher frequency scenario. 

Excitation frequency is a factor significantly affecting the damping performance of PDs. The energy loss factor obtained under a 
broad frequency band from 100 to 2000 Hz is compared under the same acceleration level. Since it is difficult to maintain the ac
celeration amplitude to be exactly the same under different excitation frequencies in the experiments (the acceleration level was 
controlled by manually adjusting the shaker’s gain to the nearest level), we adopt the term “excitation level” instead of providing the 
exact acceleration amplitudes. Fig. 13 shows the energy loss factor versus excitation frequency for mode-1 cavity under different 
excitation levels and particle filling ratios. With the filling ratio from 10% to 70%, different excitation levels lead to distinct values of 
the energy loss factor. The relationship between the energy loss factor and the excitation frequency is nonlinear. It can be found that 
the energy dissipated by high-frequency vibration is less than that by low-frequency vibration at the same excitation level (acceleration 
amplitude). At higher frequencies, the difference of the energy loss factor induced by different excitation levels is reduced. 

A comparison of the damping performance of the three cavity modes, i.e., the cavity mode-1 with a height of 30 mm, cavity mode-2 
with a height of 55 mm, and cavity mode-3 with a height of 80 mm, is explored. We have obtained the energy loss factor versus 
excitation level for the three cavity modes under excitation frequency from 100 to 2000 Hz, and Figs. 14 and 15 show the results when 
the excitation frequency is 500 and 1500 Hz, respectively. Overall, the energy loss factor decreases with the cavity height. However, 
since the volume of cavity is larger for the taller cavity, more particles are filled in the PD under the same volume fraction so that the 
particle bed has a larger mass, and in this sense, the net energy dissipated in the taller cavity is larger. The reason why damper with a 
higher cavity height produces lesser energy loss factor can be explained by the observation that the particle bed with large mass is not 
easy to be excited under the same excitation level, thus resulting in a reduced friction effect. 

6. Conclusions and future work 

In this paper, a novel transfer learning (TL)-based multi-fidelity modeling method in the framework of deep neural network (DNN) 
was proposed for characterizing the dynamic performance of a set of granular material-filled particle dampers (PDs) with strong 
nonlinearity. The proposed method leverages the knowledge from an approximate governing/constitutive equation characterizing the 
PDs and that from experiments on the PDs. On account of the data-hungry nature of DNNs, the approximate governing/constitutive 
equation generates low-fidelity numerical data which supplement high-fidelity experimental data in compliance with the deep TL 

Fig. 14. Energy loss factor versus excitation level for three cavity modes under excitation frequency of 500 Hz and filling ratio of: (a) 10%; (b) 30%; 
(c) 50%; (d) 70%. Here ER stands for experimental results, PR stands for predicted results, and CM is the abbreviation of cavity mode. 
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philosophy. A physics-guided DNN is first trained by using the low-fidelity yet plentiful data generated from the approximate gov
erning/ constitutive equation, which inherits common underlying physics features in its low-level layers. Then the DNN is refined 
using the high-fidelity yet possibly scarce experimental data by freezing the low-level layers and fine-tunning the hyper-parameters in 
the high-level layers (outermost layers), resulting in a multi-fidelity DNN model. 

The proposed multi-fidelity modeling method was applied to develop a model for a set of granular material-filled PDs with the use 
of a two-phase flow equivalent viscosity model and experimental data. The model establishes a nonlinear mapping between the 
characteristic features (including particle, cavity, and excitation properties) and the damper performance in terms of energy loss 
factor. The performance and capability of the formulated multi-fidelity DNN model were verified by comparison with the experimental 
data and with a single-fidelity DNN model that was trained using only the experimental data. The investigation comes to the following 
conclusions:  

(1) The multi-fidelity model can accurately characterize the damping performance of the PDs across a broad frequency band from 
100 to 2000 Hz and for a range of vibration amplitudes. The multi-fidelity model predicts the PD performance with 94.4% 
accuracy and 2.3 × 10− 5 MSE, while the single-fidelity DNN model trained using the same experimental data can only achieve 
75.0% accuracy and 1.3 × 10− 4 MSE. In particular, in the high frequency range of 1600 to 2000 Hz (it corresponds to micro- 
displacements in the acceleration-controlled case), the MSE arising from the multi-fidelity model is only one tenth of that 
generated by the single-fidelity model. The deep TL strategy benefits a lot to the enhancement of performance;  

(2) The two-phase flow equivalent viscosity model is appropriate to generate low-fidelity data for multi-fidelity modeling of the 
granular material-filled particle dampers (PDs) under various particle, cavity, and excitation properties. Incorporating the low- 
fidelity data generated by this approximate model can significantly improve the accuracy of modeling and prediction;  

(3) The formulated multi-fidelity model can accommodate continuously varying particle, cavity, and excitation features in the 
input parameter space; in particular, it enables both damper properties (particle and cavity features) and excitation properties 
to be cast into the input vector. As a result, the developed model is amenable to the optimal design of PD’s parameters. 

In this study, the behavior of PDs subjected to single-frequency harmonic excitations under a broad frequency band was investi
gated. Whilst in other situations, especially in practical problems, such ideal excitation mode seldom appears. Dynamic loads 
encountered in actual applications often contain multiple frequency components. The principle of linear combination on the response 
spectra of single-frequency modes is not applicable to PDs because of their highly nonlinear nature. However, to progressively evaluate 
and interpret the intricate highly nonlinear effects, the findings documented in this paper can serve as an intermediate step towards 

Fig. 15. Energy loss factor versus excitation level for three cavity modes under excitation frequency of 1500 Hz and filling ratio of: (a) 10%; (b) 
30%; (c) 50%; (d) 70%. Here ER stands for experimental results, PR stands for predicted results, and CM is the abbreviation of cavity mode. 
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addressing the PD design problem under arbitrary excitation conditions. The particle damping characteristics under harmonic exci
tations can be considered as low-fidelity knowledge to other complex problems, with which TL or other multi-fidelity approaches can 
be executed to elicit high-fidelity models for the complex situations without needing much extra experiment data, e.g., adding a 
compensating DNN to explore the linear/nonlinear relationship between the multi-fidelity results. 
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