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Abstract. Understanding the properties of charge dynamics is crucial to many practical appli-
cations, such as electrochemical energy devices and transmembrane ion channels. This work proposes
a Maxwell-Ampere Nernst—Planck (MANP) framework for the description of charge dynamics. The
MANP model with a curl-free condition on the electric displacement is shown to be energy dissi-
pative with respect to a convex free-energy functional, and demonstrated to be equivalent to the
Poisson—Nernst—Planck model. By the energy dissipation law, the steady state of the MANP model
reproduces the charge conserving Poisson-Boltzmann (PB) theory, providing an alternative energy
stable approach to study the PB theory. In order to achieve the curl-free condition, a companion
local curl-free relaxation algorithm, which is shown to naturally preserve the discrete Gauss’s law
and converge robustly with linear computational complexity, is developed for the MANP model.
One of the main advantages of our development is that it can efficiently deal with space-dependent
permittivity instead of solving the variable-coefficient Poisson’s equation. Many-body effects such as
ionic steric effects and Coulomb correlations can be incorporated within the MANP framework to
derive modified MANP models for problems in which the mean-field approximation fails. Numerical
results on the charge dynamics with such beyond mean-field effects in inhomogeneous dielectric en-
vironments are presented to demonstrate the performance of the MANP models in the description
of charge dynamics, illustrating that the proposed MANP model provides a general framework for
modeling charge dynamics.
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1. Introduction. Charge dynamics plays a fundamental role in various real-
world applications, e.g., electrochemical devices [3], semiconductors [35], microfluidics
[41], and biological ion channels [11]. At the continuum level, charge dynamics is of-
ten explored by the well-known Poisson—Nernst—Planck (PNP) theory. Based on the
mean-field approximation, the classical PNP theory treats ions as point charges, takes
the screening effect of background medium into account as a continuum of certain
dielectric coefficients, and neglects direct ion—ion interaction details, with ions inter-
acting only through the mean electrostatic potential. With such approximations, the
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Nernst—Planck equations are used to describe the diffusion and convection of ions un-
der the gradient of the electric potential which in turn is governed by the Poisson equa-
tion with charge sources arising from mobile ions and permanent charges in the system.

Despite its great success in various applications, the PNP theory fails in cases,
e.g., concentrated ionic solutions of high valences, where the mean-field approxima-
tions break down [2, 27]. To address these issues, ionic steric effects and Coulomb
correlations are often incorporated in the framework of PNP theory. For instance,
ionic steric effects can be included based on the lattice gas theory, by considering
the entropy of solvent [5, 19, 22, 23, 28]. Hard-sphere interactions between ions can
be modeled by the Lennard-Jones potential energy, which gives rise to a nonlocal
modified PNP model [17]. To get a computationally tractable model, the nonlocal
Lennard—Jones integrals are further approximated to obtain a type of local modified
PNP models [16, 25]. The ionic steric effects can also be described by the fundamen-
tal measure density functional theory [18, 38, 45], which gives rise to a complicated
model with modified nonlocal PNP equations. To account for Coulomb correlation
effects, the self energy of ions governed by the generalized Debye—Hiickel equation is
taken into account in a modified PNP theory [27]. Such a theory further with ionic
steric effects described by the fundamental measure density functional theory is able
to accurately reproduce molecular simulation results on ionic distributions next to
charged surfaces with dielectric mismatches [27, 31].

It is of interest to observe that the electric potential appears in the PNP equations
in the form of its gradient, i.e., the electric field. This inspires us to use ionic concen-
trations and the electric field, rather than the electric potential, to describe the charge
dynamics. The replacement of the Poisson equation by the Maxwell-Ampere equation
and further coupling with the Nernst—Planck equation to describe charge dynamics
have been first proposed in a series of works [12, 15] by Eisenberg and his collabora-
tors. Also, it has been shown that the formulation based on concentrations and the
electric field has several advantages [1, 40, 46]. For instance, the free-energy functional
of a charged system is convex with respect to ionic concentrations [33]. The convex-
ity is a valuable feature in the design of numerical methods for finding the steady
state of a charged system via minimization [1, 33, 37]. In this work, we propose a
Maxwell-Ampere Nernst—Planck (MANP) model in which the ionic concentrations
and electric displacement, i.e., dielectric coefficient times the electric field, are the
unknown variables. In order to overcome the drawbacks due to the mean-field approx-
imations, ionic steric effects and Coulomb correlations are taken into account in the
framework of the MANP model. We present modified MANP models with excess ener-
gies to account for steric effects, e.g., described by lattice-gas theories [5], and Coulomb
correlations modeled by dielectric self energy of ions and ion—ion correlations [27].

It is also derived that the MANP model is energy dissipative with respect to a
convex free-energy functional. By the energy dissipation law, the steady state of the
MANP model reproduces the charge conserving PB theory [20, 21, 43]. Therefore, our
MANP model provides an alternative energy-stable approach to study the charge con-
serving PB theory analytically and numerically. The electric displacement obtained
from the discretized Maxwell-Ampere equation is updated with a local relaxation
procedure to achieve the curl-free property. It is shown that the local curl-free relax-
ation algorithm is guaranteed to converge and is of linear computational complexity.
Such a local relaxation idea was first proposed in [32, 34] to devise a local molecular
simulation algorithm for the long-range Coulomb interactions. It is later coupled with
the Maxwell equations to obtain the Maxwell equation molecular dynamics (MEMD)
for dynamics simulations [36, 39, 40]. The algorithm has also been extended to deal
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with inhomogeneous dielectrics [13, 14] and solve the PB equations [1] as well as the
PB equations with steric effects [46].

The advantage of the MANP formulation is that it is a local formulation and
avoids solving the Poisson’s equation for which the dielectric coefficient could be inho-
mogeneous in cases of practical interests. In each time step, the electric displacement
can be explicitly updated by the discretized Maxwell-Ampere equation with the up-
dated ionic concentrations. Explicit formula for each local relaxation step is available
in the local curl-free relaxation algorithm. Also, numerical tests demonstrate that the
number of relaxation steps in the local relaxation algorithm is small and bounded.
Therefore, the update algorithm for the electric displacement in each time step is of
linear computational complexity. As aforementioned, the MANP model can efficiently
deal with space-dependent permittivity instead of solving the variable-coefficient Pois-
son equation. In addition, due to the local nature of the algorithm for the electric
displacement, the MANP model and corresponding numerical methods can be further
extended to the efficient coarse-grained simulations of charge dynamics with fluctua-
tions [8]. It also has great potential to apply the MANP model to other areas such as
the particle-in-cell simulation of plasma [7, 9]. For example, a Vlasov—Ampére model,
rather an earlier Vlasov—Poisson model, has been applied to particle-in-cell simula-
tions of plasma [7]. In contrast to the one-dimensional simulations performed in the
work [7], our MANP model with the local curl-free relaxation algorithm is promising
to deal with high-dimensional cases.

The rest of this paper is organized as follows. In section 2, we derive the MANP
model. In section 3, we present some properties and advantages of the MANP model.
Section 4 presents numerical methods for the MANP model and some results. The
paper ends with some conclusions in section 5.

2. Model. This section begins with an overview of the PNP equations, then
advances to a reformulated model, namely, the MANP equations, and finally shows
the equivalence of the two models. In spite of the mathematical equivalence, we
remark that the MANP framework has its advantages in the incorporation of many-
body effects and the design of numerical schemes.

2.1. PNP equations. Consider an electrolyte solution of M ionic species oc-
cupying a bounded and connected domain €2 with periodic boundary conditions. Let
c!(r,t) be the ionic concentration for the fth species (¢ = 1,...,M) at time ¢, and
¢(r,t) be the electric potential. The electrostatic free energy of the system is given by

(21) F[cl,...,cM]:/ coer| Vo[
Q

2
where gg is the vacuum permittivity, €, is the relative permittivity that can be
spatially dependent, kg7 is the thermal energy, and A is the thermal de Broglie
wavelength. The electrostatic free energy F consists of the electric field energy and
entropic contribution of ions. Here, the electric potential ¢ is determined by the
ionic concentrations through the Poisson equation

(2.2) —V g0, Vo =p,

where p = Zévil Zfect + pf is the total charge density, 2z’ is the valence, and
pf(r) : 2 — R is a given function representing the distribution of fixed charges. Ion
transport in the system is described by the conservation law

act

(2.3) =V J,

M
+ kBTZcZ (log(ABCZ) —1)|dr,
=1
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where the ionic flux J* is given by

,yé Cé

J=—
kT

v,

and 7% > 0 is the diffusion coefficient. The chemical potential is given by the variation
of the free energy, u‘ = 6F/dc’, which is

(2.4) pt = 2te¢ + kpTlog(A3ch).

It follows from periodic boundary conditions that the total ionic mass of each species

conserves in the domain
d
— / ctdr =0.
dt Jq

Therefore, we have [, c‘(r,t)dr = [, c*(r,0)dr = N*, where N* is the total ionic
mass of £th ionic species. Coupling (2.3) with the Poisson equation (2.2) leads to the
widely known PNP equations

C50), et

oct ’
(2.5) o =V (
—V - gpe.Vop=p.

We introduce characteristic concentration cg, diffusion constant ~y, and lengths

L and I. = [eokpT/(e*c)]'/2. Define # =r/L, tft’yo/(l L), V=LV, p! = pf /(eco),

=14/ (L), € = ,12/L?, A% = A3¢y & = /ey, ¢ =ed/(kpT), NZ N¢/(L3cy),

and F =F/(kpTcoL?). After rescaling, we have the nondimensionalized PNP equa-
tions

L _v.5 (vc +z¢cfv¢) 1,..., M,

(2.6) M

—V-eVo=) 2+l
4

and the electrostatic free energy

= - M M

Frrsl MY _ e|Vo|? Log | T A3 N4

(2.7) Fle,....e" = [ T+ E ¢ logét | dr + (log A® — 1) E N
@ =1 =1

with the second equation in (2.6) as the constraint. The last term in (2.7) is a
constant that will be ignored for simplicity. Also, we will drop all the tildes and use
the dimensionless equations for our discussion in the rest of the paper.

2.2. MANP equations. In the PNP equations, charge dynamics of the system
is described by the ionic concentrations and electric potential. Based on an observation
that the electric potential appears in the PNP equations in the form of its gradient, we
can alternatively work on ionic concentrations and the electric displacement D =¢FE

instead, where E = —V ¢ is the electric field. The charge continuity equation reads
0
(2.8) a—p +V-j=0,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/15/23 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

378 7. QIAO, Z. XU, Q. YIN, AND S. ZHOU

where the current density of charge is

M
(2.9) j=- Z 2ttt
=1

It follows from the Gauss law V - D = p that

(2.10) v- (681: +g>=0.

Such a derivation, combining the charge continuity equation and the Poisson equation,
was first presented in [15]. It then leads to the Maxwell-Ampere equation

oD

(2.11) o

+3=0,

where @ satisfies the Coulomb gauge condition V - ® = 0. Also, it is introduced
as a degree of freedom to enforce V x (D/e) = 0, which implies the existence of the
electric potential satisfying the Poisson equation in a connected spatial domain. With
the electric displacement D, the charge dynamics can be described by the MANP
equations

¢ 04
%Ct —v.fy‘(vCeZZD),@—l,...,M,
M
oD ', , 2'¢'D
2.12 S =27 <VC - +6,
( ) ot — €
V.@=0,
D
V x — =0,
€

with certain initial concentrations c‘(r,0) and electric displacement D(r,0).

It is not difficult to show that the PNP equations are equivalent to the MANP
equations (2.12). Taking divergence of both sides of the Maxwell-Ampere equation,
we obtain

M

oD\ ,0ct

Integrating it with respect to time results in the Gauss law

M
(2.14) V-D=Y 2 +a(r),
=1

where a(r) is a time-independent function. From the curl-free equation in (2.12),
there exists a scalar function ¢ such that D/e = —V¢, which can be combined with
the Gauss law to recover the Poisson equation

- (eV o) Zzéc +a(r
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If the initial electric displacement is prescribed by D(r,0) = —eV¢(r,0) with ¢(r,0)
determined by

M
=~V [Vo(r0)] =)= e (r,0)+ 7,
=1

then we can identify a(r) = p/(r) as the distribution function of permanent charges.
The Nernst—Planck equations can be readily recovered with D = —eV¢.

3. Properties of the MANP formulation.

3.1. Energy dissipation. It follows from (2.7) that the electrostatic free energy
can also be expressed as

M
1 My _ ‘D|2 f
(3.1)  Fle,...,c ]/Q< 5z —i—chogc)dr with V- D = ;zc +p’.
Obviously, Flc!,...,cM] is a convex energy functional and the proposed MANP model

can be shown to be energy dissipative.

THEOREM 3.1. The MANP equations (2.12) satisfy the energy dissipation law

dF[ct,...,cM]
2 — 1 = w<
(3.2) ar w <0,
where the energy dissipation functional
M Nt 9
(3.3) w= Z/ — |5V10gc€ - zeD| dr.
=/ €
Proof. Taking derivative of F with respect to time, we have
dF D 9D Ko
- = 1 1) | dr.
dt Q[e ot + x4 (loge” +1)

It follows from the MANP equations (2.12) that

dr

M
dF D , (e, 2D ,
e Q[~(®g)+g Vv <Vc . (logc" +1)

€ =1
M et
ol cD ‘
)2 (v v

/Q LX; 2y (vcé _

:—Z/ Ezce |6Vc —z c€D| dr
=179

:_WSO7

dr

where we have used the integration by parts, periodic boundary conditions, and the
equality fQ(D/a) - ®@dr = 0. The latter equality can be shown by the facts that
V x (D/e)=0, V-© =0, and periodic boundary conditions. d

Remark 3.1. When nonperiodic boundary conditions are considered, the energy
evolution of the MANP formulation becomes

d.F 30 M Y3 Za,ue
Y il I g
a ”*/89<¢at+;”“an &

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/15/23 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

380 7. QIAO, Z. XU, Q. YIN, AND S. ZHOU

where n denotes the unit exterior normal at the boundary and o = —D - n represents
the surface charge density at the boundary. Again, one can obtain energy dissipation
dF/dt <0, if zero normal ionic flux boundary conditions are imposed for a closed
system and time-independent surface charge density is prescribed as a boundary con-
dition for the electric displacement.

With such an energy dissipative law, it is desirable to design numerical methods
that are able to preserve energy dissipation at discrete level. Structure-preserving
numerical methods for the MANP model will be studied in future works.

3.2. Steady state. The convex free energy Flc!,...,c™] can be shown to be
bounded below by using the inequality zlogax > —1/e. Therefore, the existence of a
steady state of the MANP equations can be established by the energy dissipation law;
cf. Theorem 3.1. It follows from (3.2), (3.3), (2.12), and (2.14) that the steady state

is characterized by equations

eVel — 2 éD:O

(34) v-D= Z“*P’
D
Vx—=0.
9

Such a system is equivalent to the well-known PB equation. Indeed, from the curl-free
condition we have that the electrostatic potential satisfies D /e = —V¢. By the first
equation in (3.4), we obtain the Boltzmann distributions

et = cf\, e*zz‘b,
where ¢y =N/ [,e™* “¢dr is a normalization conbtant determined by the total ionic

mass N*. Substituting the expressions of D and ¢ into the second equation of system
(3.4), we obtain the charge conserving PB (ccPB) equation [20, 21, 43]

ZNE —zl¢ f
(3.5) (Vo) = Zf g R
Q

Note that, if an open system is connected to a bulk ionic solution reservoir, the
normalization constant can be determined with the bulk 10nlc concentrations ce R
leading to the classical Boltzmann distributions ¢t = ct>e~? ‘s, Then, we can obtaln
the classical PB equation.

As the governing equation for the steady state, the ccPB equation can be solved
from a variational perspective. The convex structure plays a crucial role in the design
of efficient numerical methods for finding steady states via minimization [1, 37]. In lit-
erature, the energy functional of the electrostatic potential is known to be nonconvex
[6]. In order to have a minimizing principle, rather a stationary principle, the Legendre
transform was used to formulate a local, convex dual functional [33]. Our MANP for-
mulation provides a promising approach to investigate the steady state. Energy dissi-
pating numerical schemes that allow large time step sizes can be used to find the steady
state robustly and efficiently, especially for the system with conserved total ionic mass.

3.3. Beyond mean field. In mean-field approximations, ions are treated as
point charges without direct ion—ion interactions, e.g., steric interactions of short range
and Coulombic correlations of long range. Therefore, the MANP theory proposed
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above does not work well for concentrated ionic solutions of high valences, where the
mean-field approximations break down. To overcome the defects, ionic steric effects
and Coulomb correlations can be included within our MANP framework. Consider a
free-energy functional

D &
(36) f[cl,--.,chz/ u—&-zcelogce dr + F*' + F°,
Q 2e —

where F*t describes the excess free energy due to steric effects of finite-size ions and
F€° represents the excess Coulomb interaction energy. Such two excess energies lead
to the corresponding excess chemical potentials defined by

0.5t 5Fst §Fce

_ L,co _
=G =

There are several models to describe the excess energy due to steric effects in
literature. One popular model is based on the statistical mechanics of ions and solvent
molecules on a cubic lattice of spacing in the continuum limit [2]. In such a model,
the entropy of solvent molecules, in addition to the entropy of ions, accounts for the
excess chemical potential [4, 5, 24, 28]

vy
pht = ——1n (voco) ,
Vo

where vy and vy are the volume of ions of the ¢th species and solvent molecule,
respectively, and c¢g = co(r,t) is the solvent concentration defined by

M
co(r,t) =vy* [1 - ngce(r,t)] .
=1

Alternatively, the steric effects due to hard-sphere interactions can be described by
the Lennard—Jones potential energy, which gives rise to a nonlocal model [17]. Local
approximations of nonlocal Lennard—Jones integrals can be employed to obtain local
models by Fourier analysis [16, 25]. The excess chemical potential is then given by

M
(3.7) pt = "wie;,
j=1

where (w;;)mxam is @ symmetric matrix to represent the cross-interactions between
different species and self-interactions between ions of the same species [10]. Also,
there are other complicated models to describe steric effects, such as the fundamental
measure density functional theory [18, 38, 45].

In addition to ion—ion correlation, the Coulomb correlation includes the dielectric
self energy of ions. The excess chemical potential due to Coulomb correlation is given
by [27, 29, 31, 44]
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9 = [ (1) b (00~ )]

where a’ is the radius for ions of the /th species, and G(r,7') is the Green function
satisfying the generalized Debye—Hiickel equation

(3.9) —V - e(r)VG (r,r')+21(r,t)G (r,7") =56 (r —7').

To consider boundary effects, we consider inhomogeneous dielectric permittivity and
the ionic strength profile given by

, r ¢ Q.

With the excess contributions from steric effects and Coulomb correlation, our
MANP model becomes

¢ Ll D
%:Vﬁe (ch—zcg+cZV//7St+cZV//7w>, (=1,....M,

(3.10) -

M

oD et D

e ZZZWZ (vcé _%cC _’_cévui,st +c£V;/’C°> +o,
=1

V-0 =0,

VXQ:().
€

Remark 3.2. Solving the generalized Debye—Hiickel equation (3.9) is challenging
due to the high-dimensional Green function G(r,r’). For channel problems which
are often studied in nanodevices, asymptotic solutions by using Wentzel-Kramers—
Brillouin approximation can be employed; see [30, 31] for the recent work. Moreover,
the Coulomb correlation (3.8) only requires the self-Green function. Numerically,
this corresponds to the diagonal of the inverse of the operator matrix and can be
calculated efficiently with linear scaling [42] by coupling the selective inversion with
the hierarchical interpolative factorization.

3.4. Local curl-free relaxation. One advantage of using the MANP model is
featured by a local relaxation algorithm that is Gauss-law satisfying, which can solve
the curl-free constraint in the MANP equations efficiently and robustly. The local
curl-free relaxation algorithm is derived by considering the minimization of a convex
electric field energy

2
= &dr

(3.11) FoalD)i= |

with D subject to the Gauss law. Define the Lagrangian

|DJ?
LID,A\:= | ——dr— [ X(V-D —p)dr,
o 2 Q

where A is the Lagrange multiplier. By the Lagrange multiplier method, the minimizer
of the constraint optimization problem satisfies

D=—-sVAand V-D=p.
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This implies that the Lagrange multiplier A is the electrostatic potential and
V x D/e = 0. Therefore, in order to achieve the curl-free condition, one can de-
sign an algorithm that can decrease the electric field energy most in each update step
for D

Another perspective is based on the general solution to the Gauss law: D/e =
—Vo¢+V x @, where Q is the rotational degrees of freedom. As such,

FoulDl= [ S[(V07 +(vx @)

Thus, the minimization corresponds to the elimination of the rotational degrees of
freedom in D, which is dominated by a torque [34].

Specifically, we consider spatial discretization in a rectangular domain Q =
[0, L1] x [0, Lo] with periodic boundary conditions. The domain is covered by a uni-
form grid with the grid spacing Az and Ay in the two coordinate directions. Denote
by AQ = AzAy the area of a unit cell. Let IV, and N, be the number of grid points
along each dimension Let D= (D,,D,). In partlcular ct j stands for the numerical
approximation of ¢/ on the grid point (iAz,jAy), and Diy1/2,; stands for the numer-
ical approximation of D, on the grid point ((i + 1/2)Axz,jAy) for i=1,..., N, and
Jj=1,...,N,. Analogously, D; ;.1 stands for the numerical approximation of D,
on the grid point (iAz, (j+ 1/2)Ay).

With central differencing, the electric field energy in the optimization problem
(3.11) is approximated with second-order accuracy by

2 2
AQ D2, D,
(3.12) Fpou="5"2 (6’+2’j+ Z’]“),

i \Citsd  Cigts

and the Gauss law is approximated by
Diyyj—Diy Di,j+1 -

1—3,]

(3.13) (VD j:= = N + Zz Cij +p”

Our relaxation starts from the solution to the discrete Maxwell-Ampere equation.
Successive local updates of the electric displacements in each cell are proposed to
minimize fgot [34]; see a schematic diagram shown in Figure 3.1. For instance,
consider a grid cell which has four nodes with indices (i,5), (i + 1,5), (4,7 + 1),
(i+1,7+1), and four respective edges. Denote by D; 125, Dit1 j11/2, Dig1/2,5+415
and Dj ;1 1/o the four electric displacement components defined on the four edges.
The arrows on the edges in Figure 3.1 indicate the predefined positive directions. In
the update, a flux 7 that rotates along four edges is introduced in such a way that the
discrete energy J h . is locally minimized. Specifically, the updates of displacements

are given by

L

D; 3.0 Ay

i+3.5 < Day

D, 14D 1+ ——
i+1,+% i+1,j+35
(3.14) ! 7 Aff

Ditgjrn < Diggjnn— Ky’

D.

i+t S Dijy1 —

n
Az’
It is remarkable that the Gauss law is still rigorously maintained at all four nodes with
such an update scheme, i.e., the constraint of the discrete Gauss law (3.13) is satisfied
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G5+1) | Pidsn—ay |G+1,j+1)

>

/ a

D, 11— .
Wity Az D1+ as

(i, 5) D1+ 4y (i+1,7)

Fic. 3.1. Update diagram of the electric displacements in a single cell.

for each update. The associated change in the energy after updates in displacements

reads
2| Az 1 1 A 1 1
SRl =" | Ay + Ay +
2 Ay \eiy1; €1 Az \eg; i1 €iy1j41
Az i - iy + Ay Disrjr} - Disey ;
Citdg Gkl Cit1,5+1 Cij+i

which is minimized with

(3.15)

+n

D. 1. D. 1. D. 1 D. . 1

2 it5,J it5,i+1 2 i+1,+5 Litg
Ay(AJf) 1. - 1. +A$(Ay) £. 1 e 1
it 5.7 itg. i+l i+1li+5 ity

(3.16) n=-—

A 2 1 1 A 2 1 1
(Az) <5i+§,g+€7ﬁ+;,j+1 +(4y) 571,.7‘+%+5i+1,.7‘+%

This gives an optimal flux for the displacement changes in terms of minimizing the
discrete energy. Such a local update loops over all the grid points for certain steps
until a stopping criterion e, is met. Since analytical expressions are available for
each update step, it is clear that the complexity of the algorithm is O(N), where
N =N, N,.

This local curl-free relaxation uses the intrinsic dynamics of the electric field, i.e.,
the propogation of a retarded and diffusive vector field. The equilibrium of the local
curl-free relaxation gives the electrostatic interactions essentially [32]. The whole
relaxation can be regarded as a projection of the electric displacement from the non—
curl-free space to the curl-free space, while maintaining in the Gauss law satisfying
surface at the same time.

Remark 3.3.

(1) The convergence of the local relaxation algorithm with respect to iteration
steps can be proved by the fact that fgot is nonnegative and 5.Fgot (n) <0
when 7 is given by (3.16).

(2) Taking the derivative of the updated electric field energy with respect to flux
1 gives the torque which drives the circulatory dynamics. It explains why
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the curl-free condition is satisfied when the relaxation converges. In 2D, the
discrete curl of D /e is approximated by

1 (Dip1j4y Dijig " 1 Dy Diggin
Ay '

(VX)h<2

€ )i+%,j+% Az

Sit15+%  Cij+id Ci+dy  Citdan

It follows from (3.15) and (3.16) that 0F),, = 0 is achieved if and only if
n =0, which is in turn equivalent to (Vx)n(D/€)it1/2,j+1/2 = 0. Therefore,
the curl-free constraint is achieved as the local relaxation algorithm converges.

(3) Starting from D*, the local curl-free relaxation gives rise to the updated
D"t ¢ D* +V, where the space V:= {v|(V-),v =0}.

(4) It is easy to extend this relaxation algorithm to nonuniform grids by consid-
ering the integration of the Gauss law.

(5) In each update step, an explicit expression for D is available. Numerical tests
in section 4.2 demonstrate that with a good guess for ® using an extrapola-
tion, the local curl-free relaxation only takes a few iteration steps. Thus, the
local curl-free relaxation algorithm is expected to have linear complexity.

4. Results. In this section, we shall present the whole numerical method for the
MANP model and simulation results to demonstrate the attractive features of the
model.

4.1. Numerical method. Let At be the time step size. Denote by ¢ and D"
the approximations to ¢! and D, respectively, at time ¢, := nAt for a nonnegative
integer n. An Euler discretization of the time derivative leads to a semi-implicit
scheme for the Nernst-Planck equations, ¢/t = ¢ — AtV - JO" with the flux
T = (Vb — 2ttt D™ /). Similarly, the Maxwell-Ampere equation is
discretized by

M
(4.1) D*=D" + At <— PR A @"> :

(=1

where D* is an intermediate approximation to D™ !, Then, D* is further corrected
to satisfy the curl-free constraint in (2.12). See section 3.4 for the details. Notice that
the numerical scheme (4.1) for the Maxwell-Ampere equation is explicit once ¢+ is
obtained. There are several options for ®", as long as it satisfies the divergence-free
condition. In our numerical simulations, we test the performance of the scheme by
comparing results with the following choices:

(42) ©"=0,
n D”_Dn_l < £ 7ln—1
(43) @2:T+;ZJ7 s
3 Dn—Dn71 M 1 D’nfl_D’rLfZ M
44 @77, — EJZ,TL*l _ lJ@,TL*Q .
(44) 372 ( At +;Z 2 At +;Z

Notice that an appropriate choice of ®™ can provide a better approximation D* to
D™ and reduce the relaxation steps needed in the correction from D* to D"
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Algorithm 1 Numerical method for the MANP equations.

Input: Final time T, stopping criterion &, for the local curl-free relaxation, initial

ionic distributions ¢9, and the corresponding displacement field D that satisfies

the Gauss law;

1: Solve the Nernst-Planck equations to get ¢®"* ¢=1,..., M;

2: Given a divergence-free ®" shown in (4.2)—(4.4), solve the Maxwell-Ampere
equation with the scheme (4.1) to obtain an intermediate displacement field D*;

3: Perform the local curl-free relaxation on D* to obtain D™,

4: If T <t"*! stops; Otherwise, go to step 1.

The effect of different choices of @™ on relaxation steps will be thoroughly studied
in next section. It follows from (4.1) that

V-D*—V.D" :Zzé(cé,n+l _Cﬁ,n).
£

Thus, it is straightforward to verify that D* given by (4.1) satisfies the Gauss law,
ie, V.-D* =3 2"+t 4 pf provided that D" satisfies the Gauss law.

Central differencing and upwinding schemes are employed to discretize the spatial
derivatives. Our numerical method equipped with the curl-free relaxation for the
MANP model is summarized in the following algorithm.

4.2. Effect of ®. We study the effect of different choices of ® on the local relax-
ation algorithm, and conduct a series of simulations to demonstrate the performance
of our MANP model in the description of charge dynamics.

In simulations, we consider binary electrolytes in a rescaled domain Q= (—1,1) x
(—1,1) with periodic boundary conditions. The charge dynamics is described by the
MANP equations

act 2tetD
— =V (Ve - ,0=1,2,
ot 7 ( ¢ € )
oD ¢ 0 , 2D
= Zz v | Ve — 5 +0,
=1
V-0=0,
D
Vx—=0.
€
We take the parameters v = 0.01, z! = 1, and 22 = —1. The permanent charge in the

system is given by the distribution function
_100[(m+%)2+(y+§)2] 76—100[(1+%)2+(y—%)2]

—100[(e=3) 4 (wr3)7] | m100](0=5) "+ (v-2)°]

pf(z,y)=e

We consider a rescaled dielectric coefficient given by

e(w,y) = % [tanh (100d — 25) + 1] + £,
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where ¢,, and &, are the dielectric constants for solvent and solute, respectively, and

1\? 1\?
z—=) +(y—-=).,0<z<10<y<1,
2 2
1)\ 1 0<z<1,-1<y<0
X 2 2 rs1, _y— 1)
ach1
2
1 1\?
<x+2> (+2 , ~1<2<0,-1<y<0.

The initial concentrations are given by

l\D\H

> —1<2<0,0<y<1,

(z,y,0)=0.1, £=1,2,

and the initial electric displacement is given by D(z,y,0) = —eV¢, where ¢ is obtained
by solving the Poisson equation

2
(V) Z 2 (2,y,0) + o/ (2,y).

=1

To understand the effect of different choices of ® on the convergence of our local
curl-free relaxation algorithm, we study the number of relaxation steps, denoted by
R, that are needed to meet the stopping criterion £, in each time step. Numerical
tests are performed with different choices of ©, i.e., ®F, ©F, and OF in (4.2)-(4.4).

From Figure 4.1, one can see that, with a stopping criterion ey,; = 1E—7, the
number of relaxation steps R behaves significantly differently for different ®. For
the trivial choice @F, R, grows rapidly in the first stage and levels off and oscillates
in the late stage about 10. For ©7%, it requires less steps, and R grows to the same
plateau value as that for ®7 in the late stage. It is of interest to find that Ry for
©F only takes less than 5 steps in first a few steps and quickly decreases to 1 step.
This can be explained by the fact that the first-order Euler discretization is used in
the numerical method and @Y is a first-order extrapolation of @. Overall, the study
on the number of relaxation steps R reveals that, a better estimate of the ® leads
to D* that is closer to curl free, lowering the relaxation steps in the local relaxation
algorithm. With ©%, the relaxation steps can be as low as 1, indicating that the local
relaxation algorithm is of linear computational complexity. It is expected that the
local relaxation algorithm will be more efficient than the standard Poisson solvers for
variable coefficients.

4.3. Charge dynamics. In this section, we perform a series of numerical exper-
iments to study the effects of inhomogeneous dielectrics, ionic sizes, and correlations
on charge dynamics. We use a uniform mesh with N, = IV, = 200 and a time step
At =0.1Az. To understand various effects, we conduct systematic numerical tests on
the following cases:

e Case 1: ¢, = ¢, = 2E—4;
e Case 2: ¢,, =&, = 2E—4 with steric effects;
e Case 3: ¢,,, =2E—4 and ¢, = 1.56E—2 with Coulomb correlations.
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Fic. 4.1. The number of relaxation steps Rs against time in the local curl-free relaxation
algorithm for different choices of ® with a stopping criterion €, = 1E—7.

e Case 4: ¢, =2E—4 and ¢,, = 1.56E—2 with both steric effects and Coulomb
correlations.
Solving the generalized Debye—Hiickel equation (3.9) numerically is rather challenging
in high dimensions. We here ignore the second term in (3.8) for simplicity when
considering Coulomb correlations.

In Case 1, we consider a spatially uniform dielectric coefficient with €, =€, =
2E—4. Figure 4.2 shows the snapshots of the electric displacement |D|, potential ¢,
and concentrations at time 7' = 0.05, 7' = 0.1, and T' = 2. One can see that the
concentration of ions accumulates at the permanent charges of opposite signs due to
the electrostatic attractions. Meanwhile, the magnitude of the electric displacement
first develops ring peaks close to the four permanent charges and later gets screened
quickly by the mobile ions as time evolves. Such results on the evolution of ¢, c!,
and ¢? agree well with previously reported results that are calculated with the PNP
equations [26]. To further understand ion dynamics, Figure 4.4(a) displays the evo-
lution snapshots of cation concentrations at a cross section with y = —0.5. Clearly,
the cations are attracted by electrostatic interactions to the negative fixed charges.
Also, it is interesting to find that the distribution of cations is radially nonmonotonic
in equilibrium, due to the charge conservation in the system.

In Case 2, we still study a uniform dielectric coefficient but with additional ionic
steric effects. The results are presented in Figures 4.3(b) and 4.4(b). Comparing
with the results of Case 1, one finds that the counterion concentration peaks at fixed
charges lower due to the steric repulsion between ions. With less accumulated ions,
the electric displacement is less screened and therefore its magnitude is much stronger
than Case 1.

To further assess the Coulomb correlation effects, we perform numerical simu-
lations with variable dielectric coefficients and Coulomb correlations, as shown in
Case 3 and 4. In contrast to previous cases, the dielectric coefficient away from
the four permanent charges is 78 times larger, enhancing the local screening ef-
fects, to mimic the big dielectric variation across sharp transition interfaces. The
results are displayed in Figures 4.3(c)—(d) and 4.4(c)—(d). A salient difference be-
tween the plots in upper and lower panels is the emergence of the ring structures in
both electric displacement and concentration distributions across the sharp dielectric
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FiG. 4.2. The snapshots of |D|, ¢, c*, and ¢ at time T =0.05, T=0.1, and T =2 for Case 1.

(a) (b)
o © o ©
o © o ©

T=0.05 T=0.1 T=2 T=0.05 T=0.1 T=2
(d)
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FiG. 4.3. The snapshots of |D| and c' at time T =0.05, T = 0.1, and T = 2. Panels (a)—(d)
correspond to Case 1-Case 4, respectively. The scales of colorbars are the same as Figure 4.2.
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Fic. 4.4. The snapshots of cation concentrations for Case 1-Case 4 at a cross section with
y=—0.5.

variations. Further detailed comparisons based on Figure 4.4 reveal that the Coulomb
correlation drives ions to regions with higher dielectric coefficients, forming a marked
depletion ring region. The cation concentration has an abrupt transition at the region
where the dielectric coefficient has a sharp variation. The concentration snapshots
at T'=0.01 and T'=0.02 also demonstrate that the Coulomb correlation comes into
effect earlier than electrostatic interactions in ion dynamics. Moreover, it is observed
from the snapshots that the system relaxes to the steady state faster with the inclusion
of Coulomb correlations. Comparing the plots in left and right panels in Figure 4.4,
one again can observe that the ionic steric effect lowers concentration peaks by ionic
steric repulsions. Overall, the exhibited rich ion dynamics results from the competi-
tion among electrostatic interactions, steric effects, and Coulomb correlations. The
magnitude of the electric displacement is relatively stronger with dielectric inhomo-
geneity. This can be ascribed to the less screening arising from the partly expelled
counterions by the additional steric effects and Coulomb correlations, especially in the
regions where counterions are almost depleted. This accounts for the eminent ring
structures both for the electric displacement and concentration distributions.

To further understand the impact of various effects on ion dynamics, we inves-
tigate the evolution of discrete energies Fj for Case 1 to Case 4. Figure 4.5 shows
the discrete energies which are normalized by the difference between the initial and
steady-state energies. From the curves, one can see that the free energy decreases
monotonically, as proved in Theorem 3.1. Also, it is easy to find that the steric effects
have minor impact on the evolution of the free energy. Nonetheless, the Coulomb cor-
relations and dielectric inhomogeneity have significant impact on ion dynamics. Being
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FiG. 4.5. The evolution of normalized discrete energies Fp, for Case 1 to Case 4.

TABLE 4.1
The minimum concentration for both cations and anions on the computational grid for the
whole time.

Case 1 Case 2 Case 3 Case 4
1.8139E—3 9.5848E—6 2.8764E—18 1.5079E—24

consistent with Figure 4.4, the system reaches the steady state much faster with ad-
ditional Coulomb correlations. In addition, we also pay attention to the positivity
of the numerical solutions to ionic concentrations. Table 4.1 lists the minimum ionic
concentration values on the computational grid for the whole time. One can observe
that the numerical concentrations remain positive all the time, and the cases with
Coulomb correlations and dielectric inhomogeneity have extremely small minimum
values due to strong convection caused by the Coulomb correlations and dielectric
inhomogeneity.

5. Conclusions. In this work, we have proposed an MANP framework, based
on the ionic concentrations and electric displacement, for the description of charge
dynamics. It has been shown that the MANP model with a curl-free condition on
the electric displacement is equivalent to the PNP theory. The MANP formulation is
proved to be energy dissipative with respect to a convex energy functional. According
to the energy dissipation law, the steady state of the MANP formulation has been
shown to be the charge conserving PB theory [20, 21, 43]. Thus, the MANP formula-
tion offers an energy stable approach to investigate the PB-type theories analytically
and numerically. To efficiently achieve the curl-free condition, the newly derived
MANP formulation has been equipped with a companion local curl-free relaxation
algorithm. It has been shown that the algorithm naturally preserves the discrete
Gauss law, has robust convergence, and is of linear computational complexity. Our
MANP formulation also provides a versatile modeling framework to derive models for
charge dynamics. Modified MANP models beyond the mean-field theory have been
presented to describe cases in which ionic steric effects and Coulomb correlations are
not negligible. Results on the ion dynamics with steric effects, Coulomb correlations,
and dielectric inhomogeneity have been presented to demonstrate the performance of
the proposed MANP model.

It is expected that, with further refinement on the description of ionic interac-
tion details, the proposed MANP model with the local curl-free relaxation algorithm
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can be extended to the efficient coarse-grained simulations of charge dynamics with
fluctuating permanent charges [8]. Also, the MANP model equipped with the local
curl-free relaxation algorithm exhibits promising potential in practical applications,
especially for the cases involving the variable-coefficient Poisson equation. For in-
stance, a Vlasov—Ampere model, instead of a Vlasov—Poisson model, has been applied
to particle-in-cell simulations of plasma [7]. However, only one-dimensional simula-
tions have been performed in the work. The proposed MANP model with the local
curl-free relaxation algorithm is able to handle high-dimensional cases.
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