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Abstract. It is well-known that solutions of deterministic nonlocal aggregation-diffusion models may

blow up in two or higher dimensions. Various mechanisms hence have been proposed to “regularize” the

deterministic aggregation-diffusion equations in a manner that allows pattern formation without blow-up.
However, stochastic effect has not been ever considered among other things. In this work, we consider a

nonlocal aggregation-diffusion model with multiplicative noise and establish the local existence and unique-

ness of classical pathwise solutions on Rd(d ≥ 2). If the noise is non-autonomous and linear, we establish
the global existence and large-time behavior of pathwise solutions with decay properties by combining the

Moser-Alikakos iteration technique and some decay estimates of Girsanov type processes. If the noise is
nonlinear and strong enough, we show that blow-up can be prevented. As such, our results assert that

certain multiplicative noise can also regularize the aggregation-diffusion model.
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1. Introduction

Aggregation-diffusion equations via nonlocal interactions are ubiquitous in the modeling of various bi-
ological processes/phenomenon from microscopic to macroscopic levels. Among a large class of equations,
the following nonlocal aggregation-diffusion equation has recently received extensive attention

∂u

∂t
−∆um + χdiv(u∇G ∗ u) = 0, x ∈ Rd, t > 0, (1.1)
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where m ≥ 1 is the diffusion parameter, χ ∈ R is the aggregation coefficient, u(x, t) represents the density of
species (cells) at position x ∈ Rd (d ≥ 2) at time t, and G : Rd → R is an interaction kernel. The equation
(1.1) can be derived as the continuum limit of many particle system [6, 41] and has a range of applications
arising in physics and biology depending on the choice of interaction kernel and diffusion parameter m ≥ 1,
such as self-organization of chemotactic movement [4, 33, 43], biological swarm [9, 54], cancer invasion
[18, 23], and so on (see a survey article [10]). While the linear random motion is indicated by m = 1,
the nonlinear degenerate diffusion with m > 1 describes the repulsion between species to account for the
over-crowding effect. When the interaction kernel G is a Newtonian or Bessel potential, equation (1.1) is
well-known as the Keller–Segel chemotaxis model, for which many interesting results have been available.
Among other things, the most prominent feature of the Keller–Segel model is that there is a critical mass in
the critical regime m = 2− 2/d such that the solution to (1.1) may blow up in finite time for super-critical
mass and exist globally for sub-critical mass. This was established first for the case m = 1 in [5, 17, 39, 40],
and later extended to any m > 0 (see [2, 3, 34, 49] for subcritical case m > 2− 2/d, [3, 49] for critical case
m = 2−2/d, and [2, 3, 49] for super-critical case m < 2−2/d). Moreover, various modifications/mechanisms
have been proposed to “regularize” the equation (1.1) with m = 1 in a manner that allows pattern formation
but without blow-up (see a survey article [28]).

As is well-known, an additional logistic term, as one of the mechanisms shown in [28], has been shown
to being able to regularize the (1.1) in the literature (cf. [42, 55, 56]). However, in a fluctuating or noisy
environment, an additional stochastic process may be more appropriate to capture the reality (cf. [38]).
The purpose of this paper is to consider the aggregation-diffusion model (1.1) with a multiplicative noise
and investigate whether this randomness can affect the global dynamics of the system such as global well-
posededness/blow-up and asymptotic behavior of solutions. For simplicity we consider m = 1 in this paper
and for definiteness we assume G is the Bessel kernel, i.e., G is the Green function of the Helmholtz operator
I−∆ (namely (I−∆)−1u = G ∗u). Then, we consider the following stochastic aggregation-diffusion model

du−∆udt+ χdiv(u∇G ∗ u) dt = σ(t, u) dW, x ∈ Rd (d ≥ 2), t > 0, (1.2)

where W is a cylindrical Wiener process which will be specified in next section, σ(t, u) dW accounts for the
noise arising from the fluctuating or noisy environment. To simplify notations, we define a linear differential
operator Q(·) with order −1 and the nonlocal nonlinear term F (u) as follows{

Q(u) =∇G ∗ u = ∇(I −∆)−1u,

F (u) =div (uQ(u)) = (Q(u) · ∇)u+ udivQ(u).
(1.3)

Then (1.2) can be reformulated as

du−∆udt+ χF (u) dt = σ(t, u) dW, x ∈ Rd (d ≥ 2), t > 0.

In contrast to abundant results available to its deterministic counterpart, the stochastic aggregation-
diffusion model (1.2) has not been studied and basic questions like well-posedness (even local well-posedness)
and large-time behavior of solutions are still unknown. Hence it would be of interest to establish some
analytical results for the stochastic aggregation-diffusion models. Therefore the first goal of this paper is to

• Establish local existence and uniqueness of pathwise solutions to the following stochastic aggregation-
diffusion model{

du−∆udt+ χF (u) dt = σ(t, u) dW, x ∈ Rd, t > 0,

u(ω, 0, x) = u0(ω, x) ∈ Hs,
(1.4)

where ω belongs to some sample space Ω. The relevant results are stated in Theorem 2.1.

On the other hand, what kind of effects that the noise may bring is a question worthwhile to study.
For example, it is known that the well-posedness of linear stochastic transport equation with noise can
be established under weaker hypotheses than its deterministic counterpart (cf. [19, 20]). For stochastic
Euler equations, certain noise may prevent coalescence of vortices (singularity) in two-dimensional space
[21]. With a focus on (1.2), it is natural to study how the noise affect its global dynamics. As shown in
[25, 35, 50], the linear noise σ(t, u) dW = βudW , where β ∈ R \ {0} and W is a standard 1-D Brownian
motion, is a dissipative factor for many SPDEs. Motivated by these works, we consider the global dynamics
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of (1.2) with non-autonomous linear multiplicative noise, namely σ(t, u) dW = β(t)udW . Therefore our
second goal is set to

• Establish the global boundedness and large-time behavior of pathwise solutions to the following
stochastic aggregation-diffusion model with non-autonomous linear noise{

du−∆udt+ χF (u) dt = β(t)udW, x ∈ Rd, t > 0

u(ω, 0, x) = u0(ω, x)∈ Hs,
(1.5)

where W is a standard 1-D Brownian motion. The detailed results for (1.5) are stated in Theorem
2.2 (d = 2, s > 5) and Theorem 2.3 (d ≥ 2, s > d

2 + 4).

We outline here that linear noise can bring some “regularization” effects on the aggregation-diffusion
model as stated in Theorems 2.2 and Theorem 2.3. Without noise, it is well-known that the solution to
(1.5) may blow up in two dimensions with a critical mass and three (or higher) dimensions for small mass
(cf. [16, 37, 39]). In Theorem 2.2, if the initial data is small in L1 sense, then L∞ norm of the solution
decays exponentially almost surely. In Theorem 2.3, a linear large noise can guarantee exponential decay of
Hs norm with high probability.

However, the above results hold true either with some smallness conditions on initial data (Theorem
2.2) or with probability (Theorem 2.3). It is therefore very natural to ask when does global solvability hold
without smallness condition on initial data or with probability one? Theorems 2.2 and 2.3 indicates that
linear noise is not enough. Our final goal in this paper is to find out such noise structure. The mathematical
interest of finding such noise is important because it is helpful to understand the mechanisms which stabilize
the equation, and this is the first step as searching for the real correct and physical noise which provides
regularization effect.

As we will see in (2) in Theorem 2.1 below, for the solution to (1.4), its Hs-norm blows up if and only if
its Hγ-norm blows up, where γ ∈ (d2 +1, s]. This suggests choosing a noise coefficient involving the Hr-norm
of u. Therefore, to be consistent with Theorem 2.1, in this work we consider the case that σ(t, u) dW =
a (1 + ‖u‖Hr )q u dW , where a ∈ R\{0}, W is a standard 1-D Brownian motion, r ∈ (d2 + 1, s−3] and q > 0
is a parameter to be determined. That is, we will consider

• Determine the range of a and q such that the solution to the following problem exists globally in
time: {

du−∆udt+ χF (u) dt = a(1 + ‖u‖Hr )qudW, x ∈ Rd, t > 0

u(ω, 0, x) = u0(ω, x),
(1.6)

where r ∈ (d2 + 1, s − 3] and W is a standard 1-D Brownian motion. This problem is solved in
Theorem 2.4.

The rest of this paper is organized as follows. In Section 2, we introduce some notations, state our main
results and then briefly sketch the proof strategies. In Section 3, we present some basic results that will
be frequently used. In Section 4, we prove Theorem 2.1. In Section 5, we consider the problems (1.5) and
(1.6). We prove Theorems 2.2 and 2.3 in subsection 5.1 and prove Theorem 2.4 in subsection 5.2.

2. Main results

In this section, we shall introduce some notions regarding martingale and pathwise solutions to (1.2),
recall some results from abstract probability theory and functional analysis, and then state our main results.

2.1. Notations and background. The set of test functions defined on Rd (d ≥ 1) is denoted by D(Rd).
The space of distributions on Rd is denoted by D′(Rd) that is the continuous dual space of D(Rd). Let
Lp(Rd) with d ≥ 1 and 1 ≤ p < ∞ be the standard Lebesgue space of real valued measurable p-integrable
defined on Rn and let L∞(Rd) be the space of essentially bounded functions. Particularly, L2(Rd) has
an inner product (f, g)L2 =

∫
Rd f · g dx, where g denotes the complex conjugation of g. The Fourier

transform and inverse Fourier transform of f(x) ∈ L2(Rd) are defined by f̂(ξ) =
∫
Rd f(x)e−ix·ξ dx, and
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f(x) = 1
(2π)d

∫
Rd f̂(ξ)eix·ξ dξ, respectively. For s ∈ R, the Sobolev spaces Hs on Rd can be defined as

Hs(Rd) :=

{
f ∈ L2(Rd) : ‖f‖2Hs(Rd) =

∫
Rd

∣∣∣D̂sf(ξ)
∣∣∣2 dξ < +∞

}
with inner product

(f, g)Hs = (Dsf,Dsg)L2 ,

where the operator Ds = (I −∆)s/2 is defined by

D̂sf(ξ) = (1 + |ξ|2)s/2f̂(ξ).

Then it is clear that (I − ∆)−1 is a bounded operator from Hs to Hs+2. When the function spaces are
defined on Rd and if there is no ambiguity, we drop Rd for brevity.

We denote the commutator between linear operators A and B by [A,B], i.e., [A,B] = AB − BA. For a
set E, 1E(x) is the indicator function on E, i.e., it is equal to 1 when x ∈ E, and zero otherwise. We will
use . to denote an inequality that holds up to some constants, which may be different from line to line.

We next briefly recall some background on the theory of infinite dimensional stochastic analysis which we
use below (see [15, 22, 30] for more details). Let (Ω,F ,P) be a probability space, where P is a probability
measure on Ω, F is a sigma-algebra. We endow the probability space (Ω,F ,P) with an increasing filtration
{Ft}t≥0, which is a right-continuous filtration on (Ω,F) such that {F0} contains all the P-negligible subsets.
For t > 0, σ{X(τ), Y (τ)}τ∈[0,t] stands for the completion of the union σ-algebra generated by (X(τ), Y (τ))
with τ ∈ [0, t]. All stochastic integrals are defined in the sense of Itô and EY is the mathematical expectation
of the stochastic process Y = Y (ω, t) with respect to P. For any separable complete metric space X , we
use the symbol B(X ) to denote its Borel sigma-field and let P(X) be the collection of Borel probability
measures on X .

LetW(t) =W(ω, t), ω ∈ Ω be a cylindrical Wiener process, which is adapted to {Ft}t≥0 and takes values
on an auxiliary separable Hilbert spaces U. More specific, if {ek} is a complete orthonormal basis of U and
{Wk}k≥1 is a sequence of mutually independent standard one-dimensional Brownian motions, then we may
formally define the cylindrical Wiener process W as

W =

∞∑
k=1

ekWk P− a.s.

However, the above formal summation is not convergent on U. Therefore we consider a larger separable
Hilbert space U0 such that the canonical embedding U ↪→ U0 is Hilbert–Schmidt. Then we have that for
any T > 0, cf. [15, 22, 31],

W =

∞∑
k=1

ekWk ∈ C([0, T ];U0) P− a.s.

From now on, we call S = (Ω,F ,P, {Ft}t≥0,W) a stochastic basis and let L2(U;X ) be the collection of
Hilbert–Schmidt operators from U to some separable Hilbert space X , i.e.,

G ∈ L2(U;X )⇔ ‖G‖2L2(U;X ) =

∞∑
k=1

‖Gek‖2X <∞.

As in [15, 44], for X -valued predictable process G ∈ L2
(
Ω;L2

loc ([0,∞);L2(U;X ))
)
, one can define the Itô

stochastic integral ∫ t

0

GdW =

∞∑
k=1

∫ t

0

Gek dWk,

where “predictable” is given in the following definition:

Definition 2.1. For a given stochastic basis S, let Φ = Ω× [0,∞) and take G to be the σ -algebra generated
by sets of the form (s, t]×F with 0 ≤ s < t <∞, F ∈ Fs and {0}×F with F ∈ F0. u : Ω× [0,∞)→ X is an
X -valued process. Then u is called predictable (with respect to the stochastic basis S) if it is (Φ,G)−(X ,B(X ))
measurable.
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Here we remark that the stochastic integral
∫ t

0
GdW is an X -valued square integrable martingale, and

it does not depend on the choice of the space U0, cf. [15, 44]. For example, U0 can be defined as

U0 =

{
v =

∞∑
k=1

akek :

∞∑
k=1

a2
k

k2
<∞

}
, ‖v‖U0

=

∞∑
k=1

a2
k

k2
.

Moreover, we have that for all almost surely bounded stopping times τ ,(∫ τ

0

GdW, v

)
X

=

∞∑
k=1

∫ τ

0

(Gek, v)X dWk P− a.s.

In particular the Burkholder-Davis-Gundy (BDG) inequality in the present context reads as

E

(
sup
t∈[0,T ]

∥∥∥∥∫ t

0

GdW
∥∥∥∥p
X

)
≤ CE

(∫ T

0

‖G‖2L2(U;X ) dt

) p
2

, p ≥ 1,

or in terms of the coefficients,

E

(
sup
t∈[0,T ]

∥∥∥∥∥
∞∑
k=1

∫ t

0

Gek dWk

∥∥∥∥∥
p

X

)
≤ CE

(∫ T

0

∞∑
k=1

‖Gek‖2X dt

) p
2

, p ≥ 1.

2.2. Hypotheses and definitions. We first prescribe some conditions on the noise coefficient σ.

Hypothesis H1. Throughout this paper, we assume that σ : [0,∞) ×Hs 3 (t, u) 7→ σ(t, u) ∈ L2(U;Hs)
for u ∈ Hs with s ≥ 0 such that σ is continuous in (t, u). Furthermore, we assume the following:

(1) There is a non-decreasing function f(·) : [0,+∞)→ [0,+∞), which is locally bounded and f(0) = 0,
such that for any t > 0 and s ≥ 0,

‖σ(t, u)‖L2(U;Hs) ≤ f(‖u‖W 1,∞)(1 + ‖u‖Hs).

(2) There is a locally bounded non-decreasing function g(·) : [0,+∞) → [0,+∞), such that for any
K > 0 and s ≥ 0,

sup
t≥0,‖u‖Hs∨‖v‖Hs≤K

‖σ(t, u)− σ(t, v)‖L2(U;Hs) ≤ g(K)‖u− v‖Hs .

Hypothesis H2. When the non-negativity of solutions is considered, we assume that there is a C > 0 such
that for any t > 0,

‖σ(t, u)‖2L2(U;L2) − 2‖∇u‖2L2 ≤ C‖u‖2L2 , ∀u ∈ H1.

Hypothesis H3. When (1.5) with non-autonomous linear noise β(t)udW is considered, we assume that:

(1) β(t) ∈ C([0,∞));
(2) There are β∗ and β∗ such that 0 < β∗ ≤ β2(t) ≤ β∗ for all t ≥ 0.

We remark here that if Hypothesis H3 is satisfied, then Hypotheses H1 and H2 are also verified for
σ(t, u) = β(t)u. This fact will be used in Section 5.1.

Before we formulate our main results, we give the definitions for the pathwise solutions to the problem
(1.4).

Definition 2.2 (Pathwise solutions). Let s > d
2 + 4. Fix a stochastic basis S and assume σ(t, ·) : Hs 3

u 7→ σ(t, u) ∈ L2(U;Hs). Let u0 be an Hs-valued F0 measurable random variable. A local pathwise solution
to (1.4) is a pair (u, τ), where τ is a stopping time satisfying P{τ > 0} = 1 and u : Ω× [0,∞)→ Hs is an
Ft predictable process satisfying

u(· ∧ τ) ∈ C ([0,∞);Hs) P− a.s., (2.1)

and the following equation holds true almost surely:

u(t ∧ τ)− u(0) +

∫ t∧τ

0

(−∆u+ χF (u)) dt′ =

∫ t∧τ

0

σ(t′, u) dW, t ≥ 0. (2.2)
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Definition 2.3 (Pathwise uniqueness). The local solutions to (1.4) are said to be pathwise unique, if
any two pairs of local solutions (u1, τ1) and (u2, τ2), which are defined on the same stochastic basis S =
(Ω,F ,P, {Ft}t≥0,W), satisfy that P {u1(0) = u2(0)} = 1 can imply

P {u1(t, x) = u2(t, x), ∀t ∈ [0, τ1 ∧ τ2)} = 1.

Definition 2.4 (Maximal solution). Let the conditions be exactly as in Definition 2.2 above. A maximal
pathwise solution to (1.4) is a triple (u, {τn}n≥1, τ

∗) such that

(1) For any n ∈ N, (u, τn) is a pathwise solution;
(2) τn → τ∗ increasingly and

sup
t∈[0,τn]

‖u‖Hs ≥ n, on the set {τ∗ <∞}.

If τ∗ =∞ P− a.s., then such a solution is called global.

When it is clear from the context, we just write (u, τ∗) instead of (u, {τn}n≥1, τ
∗) for simplicity.

2.3. Main results and remarks.

Theorem 2.1 (Local existence, blow-up criterion and non-negativity). Let d ≥ 2, χ ∈ R \ {0} and s >
d/2 + 4. Given a stochastic basis S = (Ω,F ,P, {Ft}t≥0,W), if u0 is an Hs-valued F0 measurable random
variable such that E‖u0‖2Hs <∞ and σ(t, u) satisfies Hypothesis H1, then we have the following for (1.4):

(1) There is a unique pathwise solution (u, τ) to (1.4) in the sense of Definitions 2.2–2.3. Moreover, u
satisfies

u(· ∧ τ) ∈ L2 (Ω;C ([0,∞);Hs)) , (2.3)

and it can be extended to a maximal solution (u, τ∗) in the sense of Definition 2.4.
(2) u blows up at τ∗ <∞ almost surely if and only if

1{lim supt→τ∗ ‖u(t)‖Hs=∞} = 1{lim supt→τ∗ ‖u(t)‖Hγ=∞} P− a.s.

where γ ∈ (d2 + 1, s].
(3) If Hypothesis H2 is also satisfied and u0 ≥ 0 P− a.s., then

P{u ≥ 0, t ∈ [0, τ∗)} = 1.

Remark 2.1. Now we give a remark to discuss the differences among Theorem 2.1 and the exiting works,
the main difficulties encountered in the proof and the main strategies we used. We first notice that the
target model is not monotone (see (3.7), Hs+1-norm appears when we estimate (F (u)− F (v), u− v)Hs)
in the sense of [44] so that the Galerkin approximation under a Gelfand triple developed for quasi-linear
SPDEs can not be used directly in our case.

• (Mollifying and cut-off) The starting point of our analysis is to consider (1.4) as an SDE in Hs,
which can be achieved by mollifying the equation. Then we have a sequence of approximation
solution {uε} ∈ C([0, Tε);H

s) for some Tε > 0. The first difficulty arises in the a priori estimate
since the estimate on E‖uε‖2Hs involves E‖uε‖Hr‖uε‖2Hs for some r > d

2 + 1 (see the estimate for
the nonlinear term in Lemma 3.4 and Remark 3.1), which can not be split, and hence prevents one
from closing the estimates. We will add a cut-off function θR(‖ · ‖Hr ) to cut the Hr-norm with
r > d

2 + 1 to deal with this difficulty. See (4.1) for the construction of θR(‖ · ‖Hr ). Though the
cut-off technique is insufficient to make the equation global Lipschitz in Hs, it still provides linear
growth in Hs, and hence Tε = ∞ almost surely. Otherwise we have to show infε Tε > 0 P − a.s.
However, how to find such quantitative lower bound is generally not clear.

• (Convergence of the approximation solutions) To obtain a pathwise solution, one need to take
limit in the mollified problem. Our method is different from the martingale approach (by first
establishing martingale solutions and then obtaining pathwise solution via pathwise uniqueness)
used in many previous works. For example, we refer to [7, 8] for different examples in unbounded
domains with linear growing noise. However, the method used in [7, 8] are not applicable in our
case. This is because, as mentioned above, in our case we need a cut-off function θR(‖ · ‖Hr ),
which is a global object. Even though one can actually establish the probabilistic compactness
L2(Ω;Hs

loc)“ ↪→↪→ ”L2(Ω;Hs−2
loc ) (cf. Prokhorov’s Theorem and Skorokhod’s Theorem) and obtain
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the converging in Hs−2
loc (cf. Skorokhod’s Theorem), we can not pass the limit because ‖ · ‖Hr is

a global object involving all x ∈ Rd and it can not be controlled by the Hs−2
loc -topology even in

the case s− 2 > r. In this paper, inspired by [36], we will show that there is a subsequence of the
approximation solutions converging in C([0, T ];Hs−3) almost surely (see Lemma 4.3 below) directly.
We outline that the convergence holds true on [0, T ], which a priori may look surprising because
a sequence of stopping times is usually needed to estimate nonlinear terms, and as is mentioned
above, the lower bound of such stopping times are difficult to obtain in stochastic setting. To take
limit in θR(‖ · ‖Hr ), we choose r ≤ s − 3. This and the previous condition r > d

2 + 1 imply that

s > d
2 + 4.

• (Removal of cut-off) For almost surely bounded initial variable u0, one can introduce a stopping
time τ = τ(u0, R) (as in (4.27)) to remove the cut-off. Inspired by [25, 27], we use a cutting-
combining argument to remove all the additional conditions on u0 and guarantee that τ is positive
almost surely. We also remark that the assumption f(0) = 0 in Hypothesis H1 is used for the
cutting-combining argument: If {Ωk} is mutually disjoint,

∑
k 1Ωk = 1 and u0 =

∑
k 1Ωku0 almost

surely, and uk is the solution to (1.4) with initial data 1Ωku0, then
∑
k 1Ωkuk is a solution to u0.

• (Non-negativity) The idea of showing the almost surely non-negativity is to show that u− = 0
P − a.s., where u− is the negative part of u. In the deterministic PDEs, this can be achieved by
showing that ‖u−(t)‖L2 = 0 for all t > 0. Now, we prove it by showing that E‖u−‖L2 = 0 for all
t > 0. To this end, we need to consider Itô formula for ‖u−‖2L2 , where the main difficulty is that
the nonlinear functional ‖ ·− ‖2L2 : Hs 3 u 7→ ‖u−‖2L2 ∈ R, is not C2. To overcome this, we consider
smooth C2-approximations of ‖u−‖L2 motivated by [11–13].

Then we consider (1.5), where σ(t, u)dW = β(t)udW . This particular structure only requires a sin-
gle standard 1-D Brownian motion W rather than a cylindrical Wiener process W. Hence for (1.5), the
stochastic basis becomes S = (Ω,F ,P, {Ft}t≥0,W ), where W is a standard 1-D Brownian motion.

Theorem 2.2 (Decay of L∞-norm in R2 almost surely). Let S = (Ω,F ,P, {Ft}t≥0,W ) be a fixed stochastic
basis, where W is a standard 1-D Brownian motion. Let d = 2, χ > 0 and s > 5. Assume Hypothesis H3

holds true. Then

A = A(ω) = sup
t>0

e
∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ . (2.4)

Then A < ∞ P − a.s. Moreover, let u0 be an Hs ∩ L1-valued F0 measurable random variable satisfying
u0 ≥ 0 P− a.s. and E‖u0‖2Hs <∞. If for some large constant C > 0,

P
{
‖u0‖L1 ≤ 1

4CχA

}
= 1, (2.5)

then there is a random variable 0 < K = K(ω) <∞ P− a.s. such that the solution to (1.5) satisfies and

P
{
‖u(t)‖L∞ ≤ CK max {‖u0‖L1 , ‖u0‖L∞} e

∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ , ∀t > 0

}
= 1. (2.6)

That is to say, P
{
‖u(t)‖L∞ decays with (least) rate e

∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′
}

= 1.

Theorem 2.3 (Decay of Hs-norm in Rd with high probability). Let χ ∈ R \ {0}, d ≥ 2 and s > d/2 + 4.
Let S = (Ω,F ,P, {Ft}t≥0,W ) be a fixed stochastic basis, where W is a standard 1-D Brownian motion.
Assume Hypothesis H3 holds true. Let u0 be an Hs-valued F0 measurable random variable. For any R > 1,
if for some C = C(s) > 0, ‖u0‖Hs ≤ β∗

2C|χ|R P − a.s., then (1.5) has a maximal solution (u, τ∗) satisfying

that for any λ1 > 2, λ2 >
2λ1

λ1−2 ,

P
{
‖u(t)‖Hs <

β∗
Cλ1|χ|

e−
((λ1−2)λ2−2λ1)

2λ1λ2

∫ t
0
β2(t′) dt′ , ∀t > 0

}
≥ 1−

(
1

R

)2/λ2

.

which means, P
{
‖u(t)‖Hs decays with (least) rate e−

((λ1−2)λ2−2λ1)
2λ1λ2

∫ t
0
β2(t′) dt′

}
≥ 1−

(
1
R

)2/λ2
.
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Theorem 2.4 (Strong noise prevents blow-up almost surely). Let S = (Ω,F ,P, {Ft}t≥0,W ) be a fixed

stochastic basis. Let d ≥ 2, s > d
2 + 4, χ ∈ R \ {0} and u0 ∈ Hs be an Hs-valued F0-measurable random

variable with E‖u0‖2Hs <∞. If q and a satisfy{
a ∈ R \ {0}, if q > 1

2 ,

a2 > 2D|χ|, if q = 1
2 ,

(2.7)

where D is the constant given in Lemma 3.4, then (1.6) has a unique global solution starting from u0.

Remark 2.2. We give the following remarks concerning Theorems 2.2, 2.3 and 2.4.

• The proof for Theorems 2.2 and 2.3 involves a Girsanov type transformation (we transfer (1.5) to
(5.2) or (5.3)). Although the stochastic integral is absent in (5.2) or (5.3), to extend the deterministic
results to the stochastic setting, we need to overcome a few technical difficulties since the system
is not only random but also non-autonomous. We manage to gain some uniform-in-time estimates
of solutions and asymptotic limits of some stochastic processes (e.g., see (5.15), (5.18) and Lemma
3.6), which enable us to extend the deterministic ideas pathwisely (namely for a.e. ω ∈ Ω).

• In the proof of Theorem 2.2, the well-known Moser-Alikakos iteration technique and decay estimate
of Girsanov type process are used (for the Moser iteration involving expectation, we refer to [26]).
Theorem 2.2 entails that if the initial mass is small, then the solution of (1.5) is bounded globally and
decays to zero. In contrast to the deterministic counterpart of (1.5), where the decay rate of ‖u‖L∞
is only algebraic (cf. [29]), Theorem 2.2 shows that the multiplicative noise β(t)udW brings more

dissipation in the sense that ‖u‖L∞ decays exponentially with (least) rate e
∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ .
• The proof for Theorem 2.3 involves extracting a damping part from the transformation (5.1) (see

(5.14)) and using some estimates for the exit times of Girsanov type process. In Theorem 2.3, for
fixed λ1 > 2 and λ2 > 2λ1

λ1−2 , if we let R � 1, β∗ � 1 such that 1/R2/λ2 is small enough but

β∗ � 2C|χ|R is large, then the Hs norm of initial data can be large. Moreover, the Hs norm of the
solution starting from this large initial data decays exponentially with high probability.

• Theorem 2.4 is proved by using a Lyapunov function log(1 + ‖u‖2Hs), cf. [45, 48], and the result
means that if the nonlinear noise is strong enough, i.e., (2.7) is satisfied, then the global existence
holds almost surely without any smallness assumption on initial data.

• Without noise, it is well-known that the solution to (1.5) may blow up in two dimensions with
a critical mass and three (or higher) dimensions for small mass (cf. [16, 37, 39]). The results of
Theorems 2.3 and 2.4 indicate that large multiplicative noise can provide some “regularization”
effect allowing the global boundedness of the Keller-Segel model (1.2) (In Theorem 2.2, decay of
L∞ norm becomes faster; In Theorem 2.3, Hs norm decays exponentially with high probability,
and in Theorem 2.4, solution exists globally without any kind smallness conditions on the initial
data). For deterministic aggregation-diffusion equations, different mechanisms have been proposed
to ensure the pattern formation without blow-up. Theorems 2.2, 2.3 and 2.4 show that certain noise
can also induce some dissipation/regularization effect to aggregation-diffusion model.

3. Some preliminary results

Now we gather some necessary results from analysis. For any ε ∈ (0, 1), Jε is the Friedrichs mollifier
defined by

Jεf(x) = jε ∗ f(x). (3.1)

where ∗ stands for the convolution, jε(x) = 1
εd
j(xε ) and j(x) is a Schwartz function satisfying 0 ≤ ĵ(ξ) ≤ 1

for ξ ∈ Rd and ĵ(ξ) = 1 for all ξ ∈ Rd with |ξ| ≤ 1. From the construction of jε, we see that ĵε(ξ) = ĵ(εξ)
and for any u ∈ Hs, it holds that (see for example [36])

‖I − Jε‖L(Hs;Hr) . ε
s−r, r < s, (3.2)

‖Jε‖L(Hs;Hr) . O(εs−r), r > s. (3.3)
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In addition, for the operator Ds = (I −∆)s/2 defined in previous section, we have the following properties
and we will use them without further notice in the sequel,

DsJε = JεD
s,

(Jεf, g)L2 = (f, Jεg)L2 ,

‖Jεu‖Hs ≤ ‖u‖Hs ,

We also notice the following commutator estimate for Jε.

Lemma 3.1 ([52]). Let d ≥ 1. Let f, g : Rd → Rd such that g ∈W 1,∞ and f ∈ L2. Then for some C > 0,

‖[Jε, (g · ∇)]f‖L2 ≤ C‖∇g‖L∞‖f‖L2 .

Lemma 3.2 ([32]). If f, g ∈ Hs ∩W 1,∞ for s > 0, then

‖ [Ds, (f · ∇)] g‖L2 ≤ Cs(‖Dsf‖L2‖∇g‖L∞ + ‖∇f‖L∞‖Ds−1∇g‖L2).

If f, g ∈ Hs ∩ L∞, then

‖fg‖Hs ≤ Cs(‖f‖Hs‖g‖L∞ + ‖f‖L∞‖g‖Hs).

Lemma 3.3. Let F (·) be defined in (1.3). For any u, v ∈ Hs+1 with s > d/2 + 1 and a > d/2, we have

‖F (v)‖Hs . ‖v‖Ha (‖v‖Hs + ‖v‖Hs+1) , (3.4)

‖F (u)− F (v)‖Hs . ‖u‖Hs+1‖w‖Hs + ‖v‖Hs‖w‖Hs+1 , (3.5)

|(F (u)− F (v), u− v)L2 | . (‖u‖W 1,∞ + ‖v‖Ha) ‖u− v‖2L2 , (3.6)

|(F (u)− F (v), u− v)Hs | . (‖u‖Hs+1 + ‖v‖Hs) ‖u− v‖2Hs . (3.7)

Proof. Using Lemma 3.2, Ha ↪→ L∞ with noticing that (I −∆)−1 is bounded from Hs to Hs+2, we have

‖F (v)‖Hs .‖vQ(v)‖Hs+1 . ‖v‖L∞‖Q(v)‖Hs+1 + ‖v‖Hs+1‖Q(v)‖L∞
.‖v‖Ha (‖v‖Hs + ‖v‖Hs+1) ,

which is (3.4). Set w = u− v. Then we have

‖F (u)− F (v)‖Hs
. ‖div(uQ(w))‖Hs + ‖div(wQ(v))‖Hs
.‖u‖Hs+1‖Q(w)‖Hs+1 + ‖w‖Hs+1‖Q(v)‖Hs+1 ,

which implies (3.5). Similarly, it follows that

|(F (u)− F (v), w)L2 |
. |(∇u ·Q(w), w)L2 |+ |(udivQ(w), w)L2 |+ |(∇w ·Q(v), w)L2 |+ |(wdivQ(v), w)L2 |
.‖∇u‖L∞‖Q(w)‖L2‖w‖L2 + ‖u‖L∞‖divQ(w)‖L2‖w‖L2 + ‖divQ(v)‖L∞‖w‖2L2 .

Since divQ(v) = ∆(I −∆)−1v = (I −∆)−1v − v, we have ‖divQ(v)‖L∞ . ‖v‖Ha and therefore

|(F (u)− F (v), w)L2 | .‖u‖W 1,∞‖w‖2L2 + ‖v‖Ha‖w‖2L2 ,

which is (3.6). As for (3.7), we first notice that Hs ↪→W 1,∞ and hence

‖divQ(v)‖L∞ . ‖∇Q(v)‖L∞ . ‖Q(v)‖Hs . ‖v‖Hs−1 .

Then we use Lemma 3.2 and integration by parts to deduce that

|(F (u)− F (v), w)Hs | . |(D
sdiv(uQ(w)), Dsw)L2 |+ |([Ds, (Q(v) · ∇)]w,Dsw)L2 |

+ |(Q(v) · ∇Dsw,Dsw)L2 |+ |(Ds(wdivQ(v)), Dsw)L2 |
.‖uQ(w)‖Hs+1‖w‖Hs + ‖v‖Hs‖w‖2Hs + ‖wdivQ(v)‖Hs‖w‖Hs

.‖u‖Hs+1‖w‖2Hs + ‖v‖Hs‖w‖2Hs ,

which yields (3.7). �
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Lemma 3.4. Let F (·) be defined in (1.3), Jε be defined in (3.1) and let b > d
2 + 1. For all u ∈ Hs with

s > d
2 + 4, there is a constant D = D(s) > 0 such that for all ε > 0, we have

|(JεF (u), Jεu)Hs | ≤ D‖u‖Hb‖u‖
2
Hs .

Proof. Using Lemmas 3.1 and 3.2, integration by parts, ∇(I −∆)−1 is bounded from Hs to Hs+1 and the
embedding Hb ↪→W 1,∞, we obtain that for some D > 0,

(DsJεF (u), DsJεu)L2

= (DsJε [(Q(u) · ∇)u] , DsJεu)L2 + (DsJε [udivQ(u)] , DsJεuε)L2

=
(
[Ds, (Q(u) · ∇)]u,DsJ2

εu
)
L2 + ([Jε, (Q(u) · ∇)]Dsu,DsJεu)L2

+ ((Q(u) · ∇)DsJεu,D
sJεu)L2 + (DsJε [udivQ(u)] , DsJεu)L2

.‖Q(u)‖Hs‖∇u‖L∞‖u‖Hs + ‖∇Q(u)‖L∞‖u‖2Hs + ‖udivQ(u)‖Hs‖u‖Hs

.‖u‖Hb‖u‖2Hs + (‖u‖L∞‖divQ(u)‖Hs + ‖u‖Hs‖divQ(u)‖L∞) ‖u‖Hs

.‖u‖Hb‖u‖2Hs + (‖u‖Hb‖u‖Hs + ‖u‖Hs‖Q(u)‖Hb) ‖u‖Hs

≤D‖u‖Hb‖u‖2Hs ,
which gives the desired result. �

Remark 3.1. We remark that if u ∈ Hs+1, we can omit the mollifier Jε in the proof for Lemma 3.4 to
deduce that

|(F (u), u)Hs | ≤ D‖u‖Hb‖u‖2Hs .
However, in applications, sometimes we can only know u ∈ Hs, and hence (F (u), u)Hs is not well-defined
because F (u) ∈ Hs−1 (cf. Lemma 3.3). This means that we can not apply Itô formula for ‖u(t)‖2Hs directly
(cf. (4.22) below). In this case, we need Lemma 3.4, where the constant D does not depend on ε.

Now we introduce some functions which will be used in the study of the non-negativity of the solutions.
Let ρ(z) = −1{z<0}z be the negative part of z ∈ R and let k(·) = ρ2(·). We define the following functions:

a(x) =

{
0, x ≥ 0,

1, x < 0,
and kε(x) =


x2 − ε2

6
, x < −ε,

−x3

ε

( x
2ε

+ 4/3
)
, −ε ≤ x < 0,

0, x ≥ 0.

Then the following results hold (cf. [12, Lemma 3.1]).

Lemma 3.5. For k(x), ρ(x), kε(x) and a(x) defined in above, we have

• k(x) = 0 if x ≥ 0 and k(x) = x2 if x < 0;
• k′ε(x) and k′′ε (x) are continuous;
• k′ε ≤ 0, k′′ε ≥ 0, k′ε(x) = 0 if x ≥ 0;
• kε(x)→ k(x), k′ε(x)→ −2ρ(x) and k′′ε (x)→ 2a(x) uniformly on R.

Lemma 3.6 ([36, 47]). Assume Hypothesis H3 holds true and ρ(t) ∈ C([0,∞)) is a bounded function. Let

X(t) = e
∫ t
0
β(t′) dWt′+

∫ t
0
ρ(t′)− β

2(t′)
2 dt′ , t ≥ 0.

Then we have the following properties:

(1) Let φ(t) :=
∫ t

0
β2(t′) dt′ and φ−1(t) be the inverse function of φ. If

lim sup
t→∞

1√
2t log log t

(∫ φ−1(t)

0

ρ(t′) dt′ − t

2

)
< −1,

then limt→∞X(t) = 0 P− a.s. And if

lim inf
t→∞

1√
2t log log t

(∫ φ−1(t)

0

ρ(t′) dt′ − t

2

)
> 1,
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then limt→∞X(t) = +∞ P− a.s.
(2) Let ρ(t) = λβ2(t) with λ < 1

2 and τR = inf{t ≥ 0 : X(t) > R} with R > 1, then

P (τR =∞) ≥ 1−
(

1

R

)1−2λ

.

4. Proof of Theorem 2.1

For clarity, we complete the proof of Theorem 2.1 in the following several subsections/steps.

4.1. Approximation scheme and associated estimates. We will construct the approximation scheme
as follows.

Cut-off. Let s > d
2 + 4 and r ∈ (d2 + 1, s − 3]. For any R > 0, we let θR(x) : [0,∞) → [0, 1] be a C∞

function such that θR(x) = 1 for |x| ∈ [0, R] and θR(x) = 0 for |x| > 2R. Then we consider the problem by
cutting the nonlinearities in (1.4) as follows,{

du+ [−∆u+ χθR(‖u‖Hr )F (u)] dt = θR(‖u‖Hr )σ(t, u) dW, x ∈ Rd, t > 0,

u(ω, 0, x) = u0(ω, x) ∈ Hs.
(4.1)

Mollifying. Recall that Jε is the Friedrichs mollifier defined in the previous section. Then we mollify
(4.1) and consider the following approximate problem:

du+G1,ε(u) dt = G2(t, u) dW,

G1,ε(u) = −J2
ε∆u+ χθR(‖u‖Hr )JεF (Jεu),

G2(t, u) = θR(‖u‖Hr )σ(t, u),

u(ω, 0, x) = u0(ω, x).

(4.2)

Lemma 4.1. Let χ ∈ R \ {0}, s > d
2 + 4 and r ∈ (d2 + 1, s − 3]. Fix a stochastic basis S and let

u0 ∈ L2(Ω;Hs) be an Hs-valued F0 measurable random variable. Assume σ satisfies Hypothesis H1. For
any R > 1 and ε ∈ (0, 1), (4.2) admits a unique solution uε ∈ C([0,∞);Hs) P − a.s. Moreover, for any
T > 0, {uε}ε∈(0,1) ⊂ L2 (Ω;C ([0, T ];Hs)) is bounded uniformly in ε. More precisely, there is a constant
C = C(χ,R, T, u0) > 0 such that

sup
ε>0

E sup
t∈[0,T ]

‖uε(t)‖2Hs ≤ C, (4.3)

Proof. Using Hypothesis H1, (3.3) and Lemma 3.3, it is easy to obtain that for any T > 0 and R > 1, there
exist l1 = l1(R, ε, χ) and l2 = l2(R) such that for all u ∈ C([0, T ];Hρ) with ρ > d

2 + 1,

‖G1,ε(u)‖Hρ ≤ l1(1 + ‖u‖Hρ), ‖G2(t, u)‖L2(U;Hρ) ≤ l2(1 + ‖u‖Hρ), ∀t ∈ [0, T ]. (4.4)

For any R > 1, s > d
2 + 4 and ε ∈ (0, 1), (4.4) implies that (4.2) defines an SDE in Hs with linear growth

condition. Similarly, we can infer from Hypothesis H1 and Lemma 3.3 that for any t > 0, G1,ε(u) and
G2(t, u) are locally Lipschitz in u ∈ Hs. Then the theory of SDE in Hilbert space (see for example [44,
Theorem 4.2.4 with Example 4.1.3]) shows that (4.2) admits a unique solution uε ∈ C([0,∞);Hs) almost
surely.

Now we establish the uniform-in-ε estimate for (4.2). By Itô formula, we have

d‖uε‖2Hs + 2‖∇Jεuε‖2Hs dt =2θR(‖uε‖Hr ) (σ(t, uε) dW, uε)Hs

− 2χθR(‖uε‖Hr ) (DsJε [(Q(Jεuε) · ∇)Jεuε] , D
suε)L2 dt

− 2χθR(‖uε‖Hr ) (DsJε [JεuεdivQ(Jεuε)] , D
suε)L2 dt

+ θ2
R(‖uε‖Hr )‖σ(t, uε)‖2L2(U;Hs) dt

=A1 +

4∑
i=2

Ai dt. (4.5)
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Let T > 0. Integrating the above equation, taking a supremum for t ∈ [0, T ] and using the BDG inequality
yield

E sup
t∈[0,T ]

‖uε(t)‖2Hs

≤E‖u0‖2Hs + CE

(∫ T

0

‖uε‖2Hsθ2
R(‖uε‖Hr )‖σ(t, uε)‖2L2(U;Hs) dt

) 1
2

+

4∑
i=2

E
∫ T

0

|Ai|dt

≤E‖u0‖2Hs +

4∑
i=2

E
∫ T

0

|Ai|dt+ CE

(
sup
t∈[0,T ]

‖uε‖2Hs
∫ T

0

θ2
R(‖uε‖Hr )‖σ(t, uε)‖2L2(U;Hs) dt

) 1
2

≤E‖u0‖2Hs +

4∑
i=2

∫ T

0

E sup
t′∈[0,t]

|Ai(t′)|dt+
1

2
E sup
t∈[0,T ]

‖uε‖2Hs + Cf2(2R)

∫ T

0

(
1 + E sup

t′∈[0,t]

‖uε(t′)‖2Hs

)
dt.

Recalling Jε is self-adjoint. In the same way as in Lemma 3.4, we derive that

|A2|+ |A3| ≤C|χ|R‖uε‖2Hs .

Therefore we arrive at∫ T

0

E sup
t′∈[0,t]

(|A2(t′)|+ |A3(t′)|) dt ≤C|χ|R
∫ T

0

E sup
t′∈[0,t]

‖uε(t′)‖2Hs dt.

Similarly, we use Hr ↪→W 1,∞ and Hypothesis H1 to deduce that

|A4| ≤θ2
R(‖uε‖Hr )f2(‖uε‖Hr )(1 + ‖uε‖Hs)2.

Consequently, we have

4∑
k=2

∫ T

0

E sup
t′∈[0,t]

|Jk(t′)|dt ≤
(
CχR+ Cf2(2R)

) ∫ T

0

(
1 + E sup

t′∈[0,t]

‖uε(t′)‖2Hs

)
dt′.

Combining the above estimates,, we see that uε satisfies

E sup
t∈[0,T ]

‖uε(t)‖2Hs ≤2E‖u0‖2Hs + Cχ,R

∫ T

0

(
1 + E sup

t′∈[0,t]

‖uε(t′)‖2Hs

)
dt. (4.6)

Thanks to the Grönwall’s inequality, we obtain that

E sup
t∈[0,T ]

‖uε(t)‖2Hs < C(R, T, χ, u0),

for some constant C(R, T, χ, u0) > 0. �

Lemma 4.2. Assume the conditions in Lemma 4.1 hold true. For any T > 0 and K > 0, we define

τTε,K = inf {t ≥ 0 : ‖uε(t)‖Hs ≥ K} ∧ T, (4.7)

and

τTε,η,K = τTε,K ∧ τTη,K . (4.8)

Then we have

lim
ε→0

sup
η≤ε

E sup
t∈[0,τTε,η,K ]

‖uε − uη‖Hs−3 = 0, K > 1. (4.9)

Proof. For the solutions uε and uη to (4.2), we consider the following problem for vε,η = uε − uη,

dvε,η + [G1,ε(uε)−G1,η(uη)] dt = [G2(t, uε)−G2(t, uη)] dW, vε,η = 0. (4.10)
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We notice that

G1,ε(uε)−G1,η(uη)

=− J2
ε∆uε + J2

η∆uη + χθR(‖uε‖Hr )JεF (Jεuε)− χθR(‖uη‖Hr )JηF (Jηuη)

=
(
J2
η − J2

ε

)
∆uε + J2

η∆ (uη − uε)
+ χ [θR(‖uε‖Hr )− θR(‖uη‖Hr )] JεF (Jεuε) + χθR(‖uη‖Hr )(Jε − Jη) [F (Jεuε)]

+ χθR(‖uη‖Hr )Jη [F (Jεuε)− F (Jηuε)] + χθR(‖uη‖Hr )Jη [F (Jηuε)− F (Jηuη)]

=

6∑
i=1

Ri, (4.11)

and

G2(t, uε)−G2(t, uη)

=θR(‖uε‖Hr )σ(t, uε)− θR(‖uη‖Hr )σ(t, uη)

= [θR(‖uε‖Hr )− θR(‖uη‖Hr )]σ(t, uε) + θR(‖uη‖Hr )[σ(t, uε)− σ(t, uη)]

=

8∑
i=7

Ri. (4.12)

Then we use the Itô formula with noticing (4.11) and (4.12) to find that for any t > 0,

‖vε,η(t)‖2Hs−3 + 2

∫ t

0

(R2, vε,η)Hs−3 dt′ =R1 −
∫ t

0

R2 dt′ +

∫ t

0

R3 dt′, (4.13)

where 

R1 = 2

∫ t

0

([G2(t, uε)−G2(t, uη)] dW, vε,η)Hs−3 ,

R2 = 2
∑

i∈{1,3,4,5,6}

(Ri, vε,η)Hs−3 ,

R3 =

∥∥∥∥∥
8∑
i=7

Ri

∥∥∥∥∥
2

L2(U;Hs−3)

.

(4.14)

Obviously, integration by parts and the fact that Jη is self-adjoint imply

(R2, vε,η)Hs−3 = −
(
J2
η∆vε,η, vε,η

)
Hs−3 = ‖∇Jηvε,η‖2Hs−3 ≥ 0,

Then (4.13) yields

‖vε,η(t)‖2Hs−3 ≤|R1|+
∫ t

0

|R2|dt′ +
∫ t

0

|R3|dt′ P− a.s. (4.15)

Using the BDG inequality to (4.15) with noticing Hypothesis H1, we derive

E sup
t∈[0,τTε,η,K ]

‖vε,η(t)‖2Hs−3

≤CE

(∫ τTε,η,K

0

‖vε,η‖2Hs−3 |R3|dt

) 1
2

+

3∑
i=2

E
∫ Tε,η,K

0

|Ri|dt

≤1

2
E sup
t∈[0,τTε,η,K ]

‖vε,η‖2Hs−3 + CE
∫ Tε,η,K

0

|R3|dt+ E
∫ Tε,η,K

0

|R2|dt.

By (4.8), the mean value theorem for θR(·) and Hypothesis H1, we find

‖R7‖L2(U;Hs−3) ≤ C‖vε,η‖Hs−3f(‖uε‖Hs)‖uε‖Hs .
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and

‖R8‖L2(U;Hs−3) ≤ Cg(K)‖vε,η‖Hs−3 , t ∈ [0, τTε,η,K ] P− a.s.,

where R7 and R8 are given in (4.12) and g is given in Hypothesis H1. Consequently, we can find a constant
C(K) > 0 such that

E sup
t∈[0,τTε,η,K ]

‖vε,η(t)‖2Hs−3 ≤ C(K)

∫ T

0

E sup
t′∈[0,τtε,η,K ]

‖vε,η(t′)‖2Hs−3 dt+ 2E
∫ Tε,η,K

0

|R2|dt. (4.16)

Claim: R2 satisfies

|R2| .max{ε2, η2}
(
‖uε‖4Hs + ‖uε‖2Hs

)
+
(
1 + ‖uε‖2Hs + ‖uη‖2Hs

)
‖vε,η‖2Hs−3 . (4.17)

To show this, we first notice that JεJη = JηJε, which means J2
ε − J2

η = (Jε + Jη)(Jε − Jη), and then we
have, ∣∣(R1, vε,η)Hs−3

∣∣ ≤‖ (J2
ε − J2

η

)
uε‖Hs−1‖vε,η‖Hs−3

.max{ε, η}‖uε‖Hs‖vε,η‖Hs−3 . max{ε2, η2}‖uε‖2Hs + ‖vε,η‖2Hs−3 .

Since Hs−3 ↪→ Hr, we use the mean value theorem for θR(·), (3.2) and Lemma 3.3 to derive∣∣(R3, vε,η)Hs−3

∣∣ ≤|χ| [θR(‖uε‖Hr )− θR(‖uη‖Hr )] ‖JεF (Jεuε)‖Hs−3‖vε,η‖Hs−3

≤C|χ|‖vε,η‖2Hs−3‖F (Jεuε)‖Hs−3

≤C|χ|‖vε,η‖2Hs−3‖uε‖Hs−3 (‖uε‖Hs−3 + ‖uε‖Hs−2)

≤C|χ|‖vε,η‖2Hs−3‖uε‖2Hs .

Similarly, ∣∣(R4, vε,η)Hs−3

∣∣ ≤|χ| ‖(Jε − Jη) [F (Jεuε)]‖Hs−3 ‖vε,η‖Hs−3

≤C|χ|max{ε, η}‖uε‖2Hs‖vε,η‖Hs−3 . max{ε2, η2}‖uε‖4Hs + ‖vε,η‖2Hs−3 ,∣∣(R5, vε,η)Hs−3

∣∣ ≤|χ|‖F (Jεuε)− F (Jηuε)‖Hs−3‖vε,η‖Hs
≤C|χ| (‖uε‖Hs−2‖Jεuε − Jηuε‖Hs−3 + ‖uε‖Hs−3‖Jεuε − Jηuε‖Hs−2) ‖vε,η‖Hs

.max{ε, η}‖uε‖2Hs‖vε,η‖Hs−3 . max{ε2, η2}‖uε‖4Hs + ‖vε,η‖2Hs−3 ,

and ∣∣(R6, vε,η)Hs−3

∣∣ ≤|χ| ∣∣(F (Jηuε)− F (Jηuη), Jηvε,η)Hs−3

∣∣
=C|χ|

∣∣(F (Jηuε)− F (Jηuη), Jηuε − Jηuη)Hs−3

∣∣
. (‖uε‖Hs−2 + ‖uη‖Hs−3) ‖vε,η‖2Hs−3 .

Summarizing the above estimates for (Ri, vε,η)Hs−3 with i = 1, 3, 4, 5, 6, we obtain (4.17).
Combining (4.16) and (4.17), we have

E sup
t∈[0,τTε,η,K ]

‖vε,η(t)‖2Hs−3 ≤ C(K,χ)

∫ T

0

E sup
t′∈[0,τtε,η,K ]

‖vε,η(t)‖2Hs−3 dt+ C(K)T max{ε, η}, (4.18)

which means that

E sup
t∈[0,τTε,η,K ]

‖vε,η(t)‖2Hs−3 ≤ C(K,T, χ) max{ε, η}, (4.19)

and hence (4.9) holds true. �

We first let that ε = εn be countable set in Lemma 4.3 to guarantee that for all n, uεn can be defined

on the same set Ω̃ with P{Ω̃} = 1. Then we can find a subsequence converging almost surely. Precisely, we
have
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Lemma 4.3. Let s > d
2 + 4, T > 0 and {uε} be given in Lemma 4.1. There is an {Ft}t≥0 progressive

measurable Hs-valued process

u ∈ L2 (Ω;L∞ (0, T ;Hs)) (4.20)

and a countable subsequence of {uε} (still denoted as {uε}) such that

uε
ε→0−−−→ u in C([0, T ];Hs−3) P− a.s. (4.21)

Proof. Recall (4.7) and (4.8). For any ε > 0, by using Lemmas 4.1 and 4.2 and Chebyshev’s inequality, we
see that

P

{
sup
t∈[0,T ]

‖uε − uη‖Hs−3 > ε

}

=P

{({
τTε,η,K < T

}
∪
{
τTε,η,K = T

})
∩

{
sup
t∈[0,T ]

‖uε − uη‖Hs−3 > ε

}}

≤P
{
τTε,K < T

}
+ P

{
τTη,K < T

}
+ P

{
sup

t∈[0,τTε,η,K ]

‖uε − uη‖Hs−3 > ε

}

≤2C(R, T, u0)

K2
+ P

{
sup

t∈[0,τTε,η,K ]

‖uε − uη‖Hs−3 > ε

}
.

Now (4.9) clearly forces

lim
ε→0

sup
η≤ε

P

{
sup
t∈[0,T ]

‖uε − uη‖Hs−3 > ε

}
≤ 2C(R, T, u0)

K2
, K > 1.

Letting K → ∞, we see that uε converges in probability in C([0, T ];Hs−3). Therefore, up to a further
subsequence, (4.21) hold true. Now we prove (4.20). Since Hs ↪→ Hs−3 is continuous, there exist continuous
maps φm : Hs−3 → Hs(m ≥ 1) such that

‖φmu‖Hs ≤ ‖u‖Hs and lim
m→∞

‖φmu‖Hs = ‖u‖Hs , u ∈ Hs−3,

where ‖u‖Hs := ∞ if u /∈ Hs. For example, one may take φm as the standard mollifier. Then it follows
from Lemma 4.1 and Fatou’s lemma that

E sup
t∈[0,T ]

‖u(t)‖2Hs ≤ lim inf
m→∞

E sup
t∈[0,T ]

‖φmu(t)‖2Hs

≤ lim inf
m→∞

lim inf
ε→0

E sup
t∈[0,T ]

‖φmuε(t)‖2Hs

≤ lim inf
m→∞

lim inf
ε→0

E sup
t∈[0,T ]

‖uε(t)‖2Hs < C(R, u0, T ).

Hence (4.20) holds true. �

4.2. Solving the cut-off problem. With the help of Lemma 4.3, we can obtain the existence of a solution
to (4.1).

Proposition 4.1. Let χ ∈ R \ {0}, s > d
2 + 4 and r ∈ (d2 + 1, s − 3]. Fix a stochastic basis S and let

u0 ∈ L2(Ω;Hs) be an Hs-valued F0 measurable random variable. Assume σ satisfies Hypothesis H1. For
any R > 1 and T > 0, (4.1) has a solution u ∈ L2 (Ω;C ([0, T ];Hs)).

Proof. Since for each ε ∈ (0, 1), uε is {Ft}t≥0 progressive measurable, so is u. By Lemma 4.3 and the
embedding Hs−3 ↪→ Hr, we can send ε → 0 in (4.2) to conclude that u solves (4.1). To finish the proof,
due to (4.20), we only need to prove that u ∈ C ([0, T ];Hs) almost surely. We first notice that Lemma 4.3
means u ∈ C([0, T ];Hs−3)∩L∞ (0, T ;Hs) almost surely. Since Hs is dense in Hs−3, we know that (cf. [53,
page 263, Lemma 1.4]) u ∈ Cw ([0, T ];Hs), where Cw ([0, T ];Hs) is the space of weakly continuous functions
with values in Hs. Therefore we only need to prove the continuity of [0, T ] 3 t 7→ ‖u(t)‖Hs .
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In order to use the Itô formula in a Hilbert space, we recall the mollifier Jε defined in Section 3, and then
we consider the Itô formula for ‖Jεu(t)‖2Hs rather than ‖u(t)‖2Hs (cf. Remark 3.1). Then we arrive at

d‖Jεu(t)‖2Hs + 2‖∇Jεu‖Hs dt =2θR(‖u‖Hr ) (Jεσ(t, u) dW, Jεu)Hs

− 2χθR(‖u‖Hr ) (JεF (u), Jεu)Hs dt

+ θ2
R(‖u‖Hr )‖Jεσ(t, u)‖2L2(U;Hs) dt. (4.22)

By (4.20),

τN = inf{t ≥ 0 : ‖u(t)‖Hs > N} → ∞ as N →∞ P− a.s. (4.23)

Then we only need to prove the continuity up to time τN ∧ T for each N ≥ 1. For any [t2, t1] ⊂ [0, T ] with
t1 − t2 < 1, we use Lemma 3.4, the BDG inequality and Hypothesis H1 and (4.23) to find

E
[(
‖Jεu(t1 ∧ τN )‖2Hs − ‖Jεu(t2 ∧ τN )‖2Hs

)4] ≤C(N,T )|t1 − t2|2.

Using Fatou’s lemma, we arrive at

E
[(
‖u(t1 ∧ τN )‖2Hs − ‖u(t2 ∧ τN )‖2Hs

)4] ≤C(N,T )|t1 − t2|2.

This and Kolmogorov’s continuity theorem ensure the continuity of t 7→ ‖u(t ∧ τN )‖Hs . We complete the
proof. �

Remark 4.1. Since the convergence is in Hs−3, and the cut-off involves Hr-norm, we have to let r ≤ s− 3
to guarantee the validity of taking limit in (4.2).

4.3. Solving the original problem. Now we are going to prove (1) in Theorem 2.1. We first consider the
pathwise uniqueness for the original problem (1.4) since we need similar estimate later.

Lemma 4.4. Let χ ∈ R \{0}, s > d
2 + 4 and let Hypothesis H1 be verified. Suppose that u0 is an Hs-valued

F0 measurable random variable satisfying E‖u0‖2Hs <∞. If (S, u1, τ1) and (S, u2, τ2) are two local solutions

to (1.4), defined on the same basis S such that E
(∑2

i=1 supt∈[0,τi] ‖ui(t)‖
2
Hs

)
<∞ and

P {u1(0) = u2(0) = u0(x)} = 1,

then

P
{
u1(t, x) = u2(t, x), ∀(t, x) ∈ [0, τ1 ∧ τ2]× Rd

}
= 1.

Proof. We first define the stopping time

τK := inf {t ≥ 0 : ‖u1(t)‖Hs + ‖u2(t)‖Hs > K} . (4.24)

For i = 1, 2, since E

(
2∑
i=1

sup
t∈[0,τi]

‖ui(t)‖2Hs

)
<∞, we have

P
{

lim inf
K→∞

τK > τ1 ∧ τ2
}

= 1. (4.25)

For any T > 0, we denote

τTK = τK ∧ T. (4.26)

Let w = u1 − u2. We have

dw + [−∆w + χ (F (u1)− F (u2))] dt = [σ(t, u1)− σ(t, u2)] dW.
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Then we use the Itô formula and neglect the positive term
∫ t

0
‖∇w‖2L2 dt′ on the left hand side of the

resulting equation to find that

‖w(t)‖2L2 ≤2

∣∣∣∣(∫ t

0

(σ(t, u1)− σ(t, u2)) dW, w

)
L2

∣∣∣∣
+ 2|χ|

∫ t

0

|(F (u1)− F (u2), w)L2 | dt′

+

∫ t

0

‖σ(t′, u1)− σ(t′, u2)‖2L2(U;L2) dt′

=H1 +

∫ t

0

H2 dt′ +

∫ t

0

H3 dt′.

Taking a supremum over t ∈ [0, τTK ] and using Hypothesis H1, BDG inequality, (4.24), (4.26) and Cauchy–
Schwarz inequality yield a constant C = C(K) > 0 such that

E sup
t∈[0,τTK ]

‖w(t)‖2L2

≤CE

(∫ τTK

0

‖σ(t, u1)− σ(t, u2)‖2L2(U;L2)‖w‖
2
L2 dt

) 1
2

+

3∑
k=2

E
∫ τTK

0

|Hk|dt

≤Cg2(K)E

(
sup

t∈[0,τTK ]

‖w‖2L2 ·
∫ τTK

0

‖w‖2L2 dt

) 1
2

+

3∑
k=2

E
∫ τTK

0

|Hk|dt

≤1

2
E sup
t∈[0,τTK ]

‖w‖2L2 + C

∫ T

0

E sup
t′∈[0,τtK ]

‖w(t′)‖2L2 dt+

3∑
k=2

∫ T

0

E sup
t′∈[0,τtK ]

|Hk(t′)|dt.

Using Lemma 3.3, Hypothesis H1, (4.24) and (4.26), we get

3∑
i=2

E
∫ τTK

0

Hi dt ≤ C
∫ T

0

E sup
t′∈[0,τtK ]

‖w(t′)‖2L2 dt, C = C(K,χ).

As a result, we find that for some C = C(K,χ),

E sup
t∈[0,τTk ]

‖w(t)‖2L2 ≤ C
∫ T

0

E sup
t′∈[0,τtK ]

‖w(t′)‖2L2 dt.

Hence E sup
t∈[0,τTK ]

‖w(t)‖2L2 = 0. Sending K,T →∞ and using the monotone convergence theorem and (4.25)

yield

P
{
u1(t, x) = u2(t, x), ∀(t, x) ∈ [0, τ1 ∧ τ2)× Rd

}
= 1,

which is the desired result. �

According to Proposition 4.1 and Lemma 4.4, to prove (1) in Theorem 2.1, we only need to remove the
cut-off function. The method used here is inspired by the works [25, 27, 36].

Proof of (1) in Theorem 2.1. For u0(ω, x) ∈ L2(Ω;Hs) with s > d
2 + 4, we consider

Ωk = {k − 1 ≤ ‖u0‖Hs < k}, k ∈ N, k ≥ 1.

Since E‖u0‖2Hs <∞, we have

u0(ω, x) =
∑
k≥1

u0,k(ω, x) =
∑
k≥1

u0(ω, x)1k−1≤‖u0‖Hs<k P− a.s.
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On account of Proposition 4.1, we let uk,R be the pathwise global solution to the cut-off problem (4.1) with
initial value u0,k and cut-off function θR(·). Define

τk,R = inf

{
t > 0 : sup

t′∈[0,t]

‖uk,R(t′)‖2Hs > ‖u0,k‖2Hs + 2

}
. (4.27)

Then for any R > 0 and k ∈ N, we have P{τk,R > 0} = 1. Assign R = Rk >
√
k2 + 2 to be discrete for each

k ≥ 1 and then denote (uk, τk) = (uk,Rk , τk,Rk). Obviously, P{τk > 0, ∀k ≥ 1} = 1. Then it follows from
the inequality ‖ · ‖Hr ≤ ‖ · ‖Hs that

P
{
‖uk‖2Hr ≤ ‖uk‖2Hs ≤ ‖u0,k‖2Hs + 2 < R2

k, ∀t ∈ [0, τk], ∀k ≥ 1
}

= 1.

This, together with the definition of θR(·) implies (uk, τk) is the pathwise solution to (1.4) with initial value
u0,k. As a result, we find that

1Ωkuk(t ∧ τk)− 1Ωku0,k

=

∫ t∧1Ωk
τk

0

1Ωk [∆uk − χF (uk)] dt′ +

∫ t∧1Ωk
τk

0

1Ωkσ(t, uk) dW.

Besides, it has that

1Ωkσ(t, uk) = σ(t,1Ωkuk)− 1ΩCk
σ(t, 0),

Since ‖σ(t,0)‖L2(U;Hs) <∞ (cf. Hypothesis H1), we have∫ t∧1Ωk
τk

0

1Ωkσ(t, uk) dW =

∫ t∧1Ωk
τk

0

σ(t,1Ωkuk) dW.

Similarly, 1Ωk [∆uk − χF (uk)] = [∆(1Ωkuk)− χF (1Ωkuk)], and hence

1Ωkuk(t ∧ τk)− 1Ωku0,k

=1Ωkuk(t ∧ 1Ωkτk)− u0,k

=

∫ t∧1Ωk
τk

0

[∆(1Ωkuk)− χF (1Ωkuk)] dt′ +

∫ t∧1Ωk
τk

0

σ(t,1Ωkuk) dW.

which implies that (1Ωkuk,1Ωkτk) is a solution to (1.4) with initial data u0,k. Since Ωk
⋂

Ωk′ = ∅ for k 6= k′

and
⋃
k≥1 Ωk is a set of full measure, we see thatu =

∑
k≥1

1k−1≤‖u0‖Hs<kuk, τ =
∑
k≥1

1k−1≤‖u0‖Hs<kτk


is a pathwise solution to (1.4) corresponding to the initial condition u0. Besides, using (4.27), we have

sup
t∈[0,τ ]

‖u‖2Hs =
∑
k≥1

1k−1≤‖u0‖Hs<k sup
t∈[0,τk]

‖uk‖2Hs

≤
∑
k≥1

1k−1≤‖u0‖Hs<k
(
‖u0,k‖2Hs + 2

)
≤ 2‖u0‖2Hs + 4.

Taking expectation gives rise to (2.3). Uniqueness comes from Lemma 4.4. The extension from a local
solution to the maximal solution can be obtained as in [25, 46], here we omit the details. �

4.4. Blow-up criterion. Now we prove (2) in Theorem 2.1. We first establish the following lemma, which
asserts the relationship between the explosion time of ‖u(t)‖Hs and that of ‖u(t)‖Hr , is the key step to
obtain the blow-up criterion. It is motivated by the recent work for the stochastic Euler equation [14].

Proof of (2) in Theorem 2.1. Let (u, τ) be the pathwise solution to (1.4) guaranteed by (1) in Theorem 2.1.
Recall that γ ∈ (d2 + 1, s]. Define

τ1,m = inf {t ≥ 0 : ‖u(t)‖Hs ≥ m} , τ2,n = inf {t ≥ 0 : ‖u(t)‖Hγ ≥ n} ,
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and let τ1 = lim
m→∞

τ1,m and τ2 = lim
n→∞

τ2,n. To prove (2) in Theorem 2.1, we only need to show

τ1 = τ2 P− a.s.
Since u(· ∧ τ) ∈ C([0,∞);Hs), we have [u(t)]−1(Y ) = [u(t)]−1(Hs ∩ Y ), ∀Y ∈ B(Hr). Therefore u(t), as

an Hγ-valued process, is also Ft adapted. Moreover,

sup
t∈[0,τ1,m]

‖u(t)‖Hγ ≤ sup
t∈[0,τ1,m]

‖u(t)‖Hs ≤ m,

which implies τ1,m ≤ τ2,m ≤ τ2 P− a.s. Therefore we have

τ1 ≤ τ2 P− a.s. (4.28)

Now we prove the converse inequality. We first notice that for all n, k ∈ Z+,{
sup

t∈[0,τ2,n∧k]

‖u(t)‖Hs <∞

}
⊂
⋃

m∈Z+

{τ2,n ∧ k ≤ τ1,m} ⊂ {τ2,n ∧ k ≤ τ1} .

If we can show

P

{
sup

t∈[0,τ2,n∧k]

‖u(t)‖Hs <∞

}
= 1, ∀n, k ∈ Z+, (4.29)

then for all n, k ∈ Z+, P {τ2,n ∧ k ≤ τ1} = 1 and

P {τ2 ≤ τ1} = P

{ ⋂
n∈Z+

{τ2,n ≤ τ1}

}
= P

 ⋂
n,k∈Z+

{τ2,n ∧ k ≤ τ1}

 = 1. (4.30)

Notice that (4.28) and (4.30) imply the desired result. Since (4.30) requires the assumption (4.29), the
proof is completed by proving (4.29). As is mentioned in Proposition 4.1 (see also Remark 3.1), we will first
consider the Itô formula for ‖Jεu‖2Hs instead of ‖u‖2Hs . Then for any t > 0, we have

d‖Jεu(t)‖2Hs + 2‖∇Jεu(t)‖2Hs dt

=2 (Jεσ(t, u) dW, Jεu)Hs − 2χ (JεF (u), Jεu)Hs dt

+ ‖Jεσ(t, u)‖2L2(U;Hs) dt. (4.31)

Therefore we have

‖Jεu(t)‖2Hs − ‖Jεu(0)‖2Hs

≤2

(∫ t

0

Jεσ(t′, u) dW, Jεu

)
Hs
− 2χ

∫ t

0

(JεF (u), Jεu)Hs dt′

+

∫ t

0

‖Jεσ(t′, u)‖2L2(U;Hs) dt′

=L1 +

3∑
j=2

∫ t

0

Lj dt′.

It follows from the properties of Jε, the BDG inequality, Hγ ↪→W 1,∞ and Hypothesis H1 that

E

(
sup

t∈[0,τ2,n∧k]

|L1(t)|

)
≤1

2
E sup
t∈[0,τ2,n∧k]

‖Jεu‖2Hs + Cf2(n)

∫ k

0

(
1 + E‖u‖2Hs

)
dt.

We use Lemma 3.4 to find

E
∫ τ2,n∧k

0

|L2|dt ≤ C|χ|E
∫ τ2,n∧k

0

‖u‖Hγ‖u‖2Hs dt ≤ C|χ|n
∫ k

0

E‖u‖2Hs dt

Similarly, Hypothesis H1 yields

E
∫ τ2,n∧k

0

|L3|dt ≤ Cf2(n)

∫ k

0

(
1 + E‖u‖2Hs

)
dt.
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Therefore we combine the above estimates to find

E sup
t∈[0,τ2,n∧k]

‖Jεu(t)‖2Hs ≤ 2E‖u0‖2Hs + C

∫ k

0

(
1 + E sup

t′∈[0,t∧τ2,n]

‖u(t′)‖2Hs

)
dt,

where C depends on χ and n. Notice that the right hand side of the above estimate does not depend on ε
and Jε tends to u for all u ∈ C([0, T ];Hs) with any T > 0. We send ε → 0 and then use the Grönwall’s
inequality to obtain that for each n, k ∈ Z+, there is a C(χ, n, k, u0) > 0 such that

E sup
t∈[0,τ2,n∧k]

‖u(t)‖2Hs < C(χ, n, k, u0),

which gives (4.29). The proof is completed. �

4.5. Non-negativity of solutions.

Proof of (3) in Theorem 2.1. We first consider the non-negativity of solutions for the cut-off problem (4.1)
such that global existence holds. We recall the definitions of k, kε and ρ in Lemma 3.5 and consider the
nonlinear functional: Φε(·) =

∫
Rd kε(·) dx : L2 7→ R. Let R > 1. Using the Itô formula (see Theorem 2.10

in [22]) for Φε(u) =
∫
Rd kε(u) dx yields that for any t > 0,

Φε(u(t)) =Φε(u(0)) +

∫ t

0

(k′ε(u),∆u)L2 dt′

− χ
∫ t

0

θR(‖u‖Hr ) (k′ε(u), F (u))L2 dt′

+

(∫ t

0

θR(‖u‖Hr )σ(t′, u) dW, k′ε(u)

)
L2

+
1

2

∫ t

0

∞∑
j=1

θ2
R(‖u‖Hr ) (k′′ε (u) (σ(t, u)[σ(t, u)]∗yj) , yj)L2 dt′,

where {yj} is a complete orthonormal basis of L2. Taking expectation over the above equality yields

EΦε(u(t))− EΦε(u(0))

=− E
∫ t

0

(
k′′ε (u), |∇u|2

)
L2 dt′ − χE

∫ t

0

θR(‖u‖Hr ) (k′ε(u), F (u))L2 dt′

+
1

2
E
∫ t

0

∞∑
j=1

θ2
R(‖u‖Hr ) (k′′ε (u) (σ(t, u)[σ(t, u)]∗yj) , yj)L2 dt′.

We notice that ∇(1{u<0}u) = ∇u when u < 0 (see Lemma 7.6 in [24]). Noticing the uniformly convergence

in Lemma 3.5, θ2
R(‖u‖Hr ) ≤ 1, one can send ε→ 0 to find

E‖ρ(u(t))‖2L2

=E‖ρ(u0)‖2L2 + 2χE
∫ t

0

θR(‖u‖Hr ) (ρ(u), F (u))L2 dt′

+ E
∫ t

0

a(u)θ2
R(‖u‖Hr )

∞∑
j=1

(σ(t, u)[σ(t, u)]∗yj , yj)L2 dt′ − 2E
∫ t

0

a(u)‖∇u‖2L2 dt′

=2χE
∫ t

0

θR(‖u‖Hr ) (ρ(u), F (u))L2 dt′

+ E
∫ t

0

a(u)θ2
R(‖u‖Hr )‖σ(t, u)‖2L2(U;L2) dt′ − 2E

∫ t

0

a(u)‖∇u‖2L2 dt′. (4.32)

It is easily seen from (1.3) that

‖F (u)‖L2 ≤‖Q(u)‖L2‖∇u‖L∞ + ‖u‖L2‖divQ(u)‖L∞ ≤ ‖u‖L2‖u‖Hr



STOCHASTIC AGGREGATION-DIFFUSION EQUATIONS 21

and hence

|θR(‖u‖Hr ) (ρ(u), F (u))L2 | =
∣∣θR(‖u‖Hr )1{u<0} (u, F (u))L2

∣∣ ≤ 2R‖ρ(u)‖2L2 .

Combining Hypothesis H2 and the above observation, we have

E‖ρ(u(t))‖2L2 ≤4|χ|RE
∫ t

0

‖ρ(u)‖2L2 dt′ + CE
∫ t

0

a(u)‖u‖2L2 dt′

≤4|χ|RE
∫ t

0

‖ρ(u)‖2L2 dt′ + CE
∫ t

0

‖ − ρ(u)‖2L2 dt′

≤C(χ,R)

∫ t

0

E‖ρ(u)‖2L2 dt′,

which implies that for any R > 1,

E‖ρ(u(t))‖2L2 = 0, ∀t ∈ [0,∞).

Hence u ≥ 0 almost surely for all t ≥ 0. Because u has continuous path, then (3) in Theorem 2.1 holds
true. Now we are left with the task of removing the cut-off function, which can be obtained by using the
decomposition technique as in subsection 4.3 again, which is omit here for brevity. �

5. Regularization effect of multiplicative noise

5.1. Non-autonomous linear case. Now we consider (1.5). This case covers the linear noise case βudW
in [25, 35, 46, 50]. We introduce the following Girsanov type transform

z =
1

η(ω, t)
u, η(ω, t) = e

∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ , (5.1)

Then the following result can be established.

Proposition 5.1. Let s > d
2 +4 and S = (Ω,F ,P, {Ft}t≥0,W ) be a fixed stochastic basis. Let u0(ω, x) be an

Hs-valued F0 measurable random variable with E‖u0‖2Hs <∞ and let Hypothesis H3 be verified. Then (1.5)
admits a unique maximal solution (u, τ∗). For t ∈ [0, τ∗), z defined by (5.1) solves the following problem
almost surely, {

zt −∆z + χηF (z) = 0, x ∈ Rd, t > 0,

z(ω, 0, x) = u0(ω, x),
(5.2)

where F (·) and η are given by (1.3) and (5.1), respectively. Equivalently, z and b = (I−∆)−1z = 1
η (I−∆)−1u

satisfy 
zt −∆z + χηdiv(z∇b) = 0, x ∈ Rd, t > 0,

−∆b = z − b, x ∈ Rd, t > 0,

z(ω, 0, x) = u0(ω, x).

(5.3)

Moreover, z ∈ C ([0, τ∗);Hs)∩C1([0, τ∗);Hs−2) P−a.s. Furthermore, if u0 ≥ 0 P−a.s., then z ≥ 0 P−a.s.
and ‖z‖L1 = ‖u0‖L1 P− a.s.

Proof. Since β(t) satisfies Hypothesis H3, σ(t, u) = β(t)u satisfies Hypotheses H1 and H2. Consequently,
(1) in Theorem 2.1 implies that (1.5) has a unique maximal solution (u, τ∗). Direct computation with Itô
formula yields

d
1

η
= −β(t)

1

η
dW + β2(t)

1

η
dt.

Then it immediately follows from (5.1) that

dz = ∆z dt− χηF (z) dt.

Since z(0) = u0(ω, x), we see that z solves (5.2), P − a.s. Using b = (I − ∆)−1z = 1
η (I − ∆)−1u, we see

that (5.2) is equivalent to (5.3). Moreover, (1) in Theorem 2.1 implies the regularity of u, and therefore the
regularity of z. If u0 ≥ 0 P− a.s., then (3) in Theorem 2.1 gives that z ≥ 0 P− a.s. �
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5.1.1. Decay of L∞ norm in R2 almost surely.

Proof of Theorem 2.2. We first recall (2.4). It follows from (1) in Lemma 3.6 that

A(ω) = sup
t>0

e
∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ <∞ P− a.s. (5.4)

Since z ≥ 0 almost surely, b is also non-negative almost surely due to the maximum principle for (5.3)2.
Step 1: The estimate of ‖z‖Lp for 1 < p < ∞. We multiply the first equation of (5.3) by zp−1

(1 < p <∞) with noticing z, b ≥ 0 to find that for t ∈ [0, τ∗),

1

p

d

dt

∫
Rd
zp dx =

∫
Rd
zp−1∆z dx− χη

∫
Rd
zp−1div(z∇b) dx

=− (p− 1)

∫
Rd
zp−2|∇z|2 dx+ χ(p− 1)η

∫
Rd

(zp−1∇z · ∇b) dx

=− 4(p− 1)

p2

∫
Rd

∣∣∣∇z p2 ∣∣∣2 dx+ χ
p− 1

p
η

∫
Rd
zp(z − b) dx

≤− 4(p− 1)

p2

∫
Rd

∣∣∣∇z p2 ∣∣∣2 dx+ χ
p− 1

p
η

∫
Rd
zp+1 dx P− a.s. (5.5)

When d = 2, we use the Gagliardo-Nirenberg-Sobolev inequality to find that

η(t)

∫
R2

zp+1 dx =η(t)‖z
p+1

2 ‖2L2(R2)

≤Cη(t)
∥∥∥∇z p+1

2

∥∥∥2

L1(R2)

=Cη(t)

(
p+ 1

p

)2(∫
R2

z
1
2

∣∣∣∇zp/2∣∣∣ dx

)2

≤
∥∥∥∇zp/2∥∥∥2

L2(R2)

(
Cη(t)

(
p+ 1

p

)2

‖z‖L1(R2)

)

≤
∥∥∥∇zp/2∥∥∥2

L2(R2)
C

(
p+ 1

p

)2

A‖u0‖L1(R2) P− a.s.,

where A is defined by (2.4) and satisfies (5.4). The above estimate and (5.5) give rise to

d

dt

∫
R2

zp dx ≤ (p− 1)
∥∥∥∇zp/2∥∥∥2

L2

[
−4

p
+ χC

(
p+ 1

p

)2

A‖u0‖L1

]
, 1 < p <∞. (5.6)

If (2.5) holds true, then

P

{
‖u0‖L1 ≤ 4

χCpA

(
p

p+ 1

)2

, 2 ≤ p ≤ 4

}
= 1,

which together with (5.6) gives that

P
{

d

dt

∫
R2

zp dx ≤ 0, 2 ≤ p ≤ 4, t ∈ [0, τ∗)

}
= 1.

That is to say,

P {‖z‖Lp ≤ ‖u0‖Lp , 2 ≤ p ≤ 4, t ∈ [0, τ∗)} = 1. (5.7)

Besides, by (5.3)2, W 2,r ↪→W 1,∞ with r > 2 and (5.7), we have

P {‖∇b‖L∞ . ‖u0‖Lp , 2 ≤ p ≤ 4, t ∈ [0, τ∗)} = 1.
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For a.e. ω ∈ Ω and for 1 < p < ∞, using (5.7), Gagliardo-Nirenberg interpolation inequality and Young’s
inequality, we have ∫

R2

zp+1 dx ≤‖z‖L2

∥∥∥z p2 ∥∥∥2

L4

≤C‖u0‖L2

∥∥∥z p2 ∥∥∥
L2

∥∥∥∇z p2 ∥∥∥
L2

≤
C2‖u0‖2L2pχA

8
‖z‖pLp +

2

pχA

∥∥∥∇z p2 ∥∥∥2

L2
.

Combining the above estimate and (5.5), we have that almost surely,

d

dt

∫
R2

zp dx

≤− 4(p− 1)

p

∫
Rd

∣∣∣∇z p2 ∣∣∣2 dx+ χ(p− 1)η

∫
R2

zp+1 dx

≤− 4(p− 1)

p

∫
Rd

∣∣∣∇z p2 ∣∣∣2 dx+ χ(p− 1)η

(
C2‖u0‖2L2pχA

8
‖z‖pLp +

2

pχA

∥∥∥∇z p2 ∥∥∥2

L2

)
≤− 2(p− 1)

p

∫
R2

∣∣∣∇z p2 ∣∣∣2 dx+ C2‖u0‖2L2χ2A2p(p− 1) ‖z‖pLp , t ∈ [0, τ∗), 1 < p <∞.

Let M1(ω) = C2‖u0‖2L2χ2A2. Since A(ω) < ∞ almost surely (by (5.4)) and E‖u0‖2Hs < ∞, we have
0 < M1(ω) <∞ almost surely. Then we have almost surely that

d

dt

∫
R2

zp dx+
2(p− 1)

p

∫
R2

∣∣∣∇z p2 ∣∣∣2 dx ≤M1p(p− 1)

∫
R2

zp dx, t ∈ [0, τ∗), 1 < p <∞. (5.8)

It follows from the Grönwall’s inequality and the above inequality that for any 1 < p <∞,∫
R2

zp dx ≤ ‖u0‖pLpeM1p(p−1)t, t ∈ [0, τ∗) P− a.s.

However, this Lp bound depends on t. Now we need to establish a pathwise uniform-in-time L∞ estimate
for z.

Step 2: The estimate of ‖z‖L∞ : the Moser-Alikakos iteration. With (5.4) in mind, we will extend
the well-known Moser-Alikakos iteration technique (see [1, 51]) to this non-autonomous random system to
obtain the pathwise uniform-in-time L∞ estimate for z. For k ∈ N+, we let ak = 2k. Then almost surely it
has

d

dt

∫
R2

zak dx+ 2
ak − 1

ak

∫
R2

|∇zak−1 |2 dx ≤M1a
2
k

∫
R2

zak dx, k ∈ N+. (5.9)

Using the Gagliardo-Nirenberg interpolation inequality and Young’s inequality, we arrive at∫
R2

zak dx = ‖zak−1‖2L2 ≤C‖zak−1‖L1‖∇zak−1‖L2

≤C
(

1

4ε
‖zak−1‖2L1 + ε‖∇zak−1‖2L2

)
, ε > 0.

Therefore we add both sides of (5.9) by ε

∫
R2

zak dx and then use the above estimate to find that for k ≥ 1

d

dt

∫
R2

zak dx+ 2
ak − 1

ak

∫
R2

|∇zak−1 |2 dx+ ε

∫
R2

zak dx

≤
(
M1a

2
k + ε

)(
Cε

∫
R2

|∇zak−1 |2 dx

)
+
(
M1a

2
k + ε

)(
C

1

4ε
‖zak−1‖2L1

)
P− a.s.
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Remember that M1 < ∞ almost surely. For a.e. ω ∈ Ω and for each k ∈ N+, we pick up ε = εk(ω) > 0
sufficiently small such that (

M1a
2
k + εk

)
Cεk ≤ 2

ak − 1

ak
. (5.10)

Let

bk =
(
M1a

2
k + εk

) C

4εk
,

and then we have

d

dt

∫
R2

zak dx+ εk

∫
R2

zak dx ≤bk

(
sup

t∈[0,τ∗)

∫
R2

zak−1 dx

)2

, k ∈ N+ P− a.s.,

which gives us

d

dt

(
eεkt

∫
R2

zak dx

)
≤eεktbk

(
sup

t∈[0,τ∗)

∫
R2

zak−1 dx

)2

, k ∈ N+ P− a.s.

Then we have∫
R2

zak(t) dx ≤ max


∫
R2

uak0 dx, δk

(
sup

t∈[0,τ∗)

∫
R2

zak−1 dx

)2
 , k ∈ N+ P− a.s., (5.11)

where

δk =
bk
εk

=
(
M1a

2
k + εk

) C

4ε2
k

. (5.12)

Moreover, we let

I = max {‖u0‖L1 , ‖u0‖L∞} , Ak = sup
t∈[0,τ∗)

∫
R2

zak dx.

It follows from (5.10) that for a.e. ω ∈ Ω and for each k ∈ N+, εk is of order 1
a2
k

. Hence δk ≥ 1. Then (5.11)

now reads as Ak ≤ max
{
Iak , δkA

2
k−1

}
, k ∈ N+ P− a.s., from which we obtain recursively

Ak ≤max
{
Iak , δk max

{
Iak−1 , δk−1A

2
k−2

}2
}

= max
{
Iak ,max

{
δkI

ak , δkδ
2
k−1A

4
k−2

}}
= max

{
δkI

ak , δkδ
a1

k−1A
a2

k−2

}
≤max

{
δkδ

a1

k−1I
ak , δkδ

a1

k−1δ
a2

k−2A
a3

k−3

}
≤ · · ·
≤max

{
δkδ

a1

k−1 · · · δ
ak−2

2 Iak , δkδ
a1

k−1 · · · δ
ak−2

2 δ
ak−1

1 Aak0

}
≤δkδa1

k−1 · · · δ
ak−2

2 δ
ak−1

1 Iak P− a.s.

By (5.12) and the fact that εk is of order 1
a2
k

almost surely, we can find a random variable K = K(ω) > 0

such that 0 < K <∞ almost surely and

P
{
δk
a6
k

≤ K, ∀k ∈ N+

}
= 1,

A
1
ak

k ≤δ
1
ak

k δ
a1
ak

k−1 · · · δ
ak−2
ak

2 δ
ak−1
ak

1 I ≤
k∏
i=1

((
Ka6

i

) 1
ai

)
I = K(1− 1

2k
)23

∑k
i=1

i

2i−1 I ≤ 215KI P− a.s.

Sending k →∞, we finally conclude that

sup
t∈[0,τ∗)

‖z(t)‖L∞ ≤ CK max {‖u0‖L1 , ‖u0‖L∞} P− a.s. (5.13)
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As a result, even though the Hs-norm of z may blow up at τ∗, (5.13) implies that the L∞-norm of z will
survice for all the time becuause the right hand side of (5.13) does not depend on time. Then we obtain

sup
t≥0
‖z(t)‖L∞ ≤ CK max {‖u0‖L1 , ‖u0‖L∞} P− a.s.

Step 3: Completing the proof. By (5.1), we have

‖u(t)‖L∞ ≤ CK max {‖u0‖L1 , ‖u0‖L∞} e
∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ , ∀t > 0 P− a.s.,

which gives (2.6). From (1) in Lemma 3.6, we see that ‖u‖L∞ decays exponentially. �

5.1.2. Decay of Hs norm in Rd with high probability.

Proof of Theorem 2.3. Using similar estimates as in the proof of (4.31), we can conclude that there is a
constant C = C(s) such that for a.e. ω ∈ Ω,

d

dt
‖z(t)‖2Hs ≤ C|χ|η(t)‖z(t)‖Hs−2‖z(t)‖2Hs , η(t) = η(ω, t) = e

∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)

2 dt′ .

From the above estimate, for w = e−
∫ t
0
β(t′) dWt′u = e−

∫ t
0
β2(t′)

2 dt′z, we have that

d

dt
‖w(t)‖Hs +

β2(t)

2
‖w(t)‖Hs ≤ C|χ|α(ω, t)‖w(t)‖Hs−2‖w(t)‖Hs , (5.14)

where α(ω, t) = e
∫ t
0
β(t′) dWt′ . For any R > 1, we fix R, let λ1 > 2 and define K(λ1, β∗, χ,R) = β∗

Cλ1|χ|·R and

then define the process

τ1(ω) = inf

{
t > 0 : α(ω, t)‖w‖Hs−2 = ‖u‖Hs−2 >

β2(t)

Cλ1|χ|

}
. (5.15)

Assume that ‖u0‖Hs < K(λ1, β∗, χ,R) < β∗
Cλ1|χ| P− a.s., then P{τ1 > 0} = 1, and for t ∈ [0, τ1],

d

dt
‖w(t)‖Hs +

(λ1 − 2)β2(t)

2λ1
‖w(t)‖Hs ≤ 0.

The above inequality and w = e−
∫ t
0
β(t′) dWt′u imply that for a.e. ω ∈ Ω, for any λ2 > 2λ1

λ1−2 and for

t ∈ [0, τ1],

‖u(t)‖Hs =‖w(t)‖Hse
∫ t
0
β(t′) dWt′

≤‖w0‖Hse
∫ t
0
β(t′) dWt′−

∫ t
0

(λ1−2)β2(t′)
2λ1

dt′

=‖u0‖Hse
∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)
λ2

dt′e−
((λ1−2)λ2−2λ1)

2λ1λ2

∫ t
0
β2(t′) dt′ (5.16)

Define the stopping time

τ2(ω) = inf

{
t > 0 : e

∫ t
0
β(t′) dWt′−

∫ t
0
β2(t′)
λ2

dt′ > R

}
.

Notice that P{τ2 > 0} = 1. From (5.16), we have

‖u(t)‖Hs ≤RK(λ1, β∗, χ,R)e−
((λ1−2)λ2−2λ1)

2λ1λ2

∫ t
0
β2(t′) dt′

<
β∗

Cλ1|χ|
e−

((λ1−2)λ2−2λ1)
2λ1λ2

∫ t
0
β2(t′) dt′ <

β∗
Cλ1|χ|

, t ∈ [0, τ1 ∧ τ2). (5.17)

Combining (5.17) and (5.15), we find that

P{τ1 ≥ τ2} = 1. (5.18)

Therefore it follows from (5.17) that

P
{
‖u(t)‖Hs <

β∗
Cλ1|χ|

e−
((λ1−2)λ2−2λ1)

2λ1λ2

∫ t
0
β2(t′) dt′ for all t > 0

}
≥ P{τ2 = +∞}.
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Then we apply (2) in Lemma 3.6 with ρ(t) =
(

1
2 −

1
λ2

)
β2(t) to find that

P{τ2 = +∞} > 1−
(

1

R

)2/λ2

,

which completes the proof. �

5.2. Nonlinear case. Following [45, 48], now we prove Theorem 2.4.

Proof for Theorem 2.4. Let s > d
2 + 4 and r ∈ (d2 + 1, s− 3]. Let h(u) = a (1 + ‖u‖Hr )q u. By mean value

theorem for (1 + ·)q with q ≥ 1
2 , we have that for any u, v ∈ Hs,

‖h(u)− h(v)‖Hs ≤|a|g (‖u‖Hs + ‖v‖Hs) ‖u− v‖Hs

for some increasing function g : [0,∞) 7→ [0,∞), which means h(·) is locally Lipschitz in Hs. Besides, one
can follow the steps as in Section 4 to obtain a unique pathwise solution u in Hs.

Then we apply the Itô formula to ‖u(t)‖2Hs (if necessary, consider ‖Jεu(t)‖2Hs and then let ε → 0 as in
subsection 4.4) to find

d‖u‖2Hs =2a(1 + ‖u‖Hr )q‖u‖2Hs dW − 2 (∇Dsu,∇Dsu)L2 dt

− 2χ (DsF (u), Dsu)L2 dt+ a2(1 + ‖u‖Hr )2q‖u‖2Hs dt.

Now we consider the Lyapunov function log(1 + x2), use the Itô formula to log(1 + ‖u‖2Hs) and neglect the

positive term
‖∇u‖2Hs
1+‖u‖2

Hs
in the left hand side of the equation to find

d log(1 + ‖u‖2Hs)

≤2a(1 + ‖u‖Hr )q

1 + ‖u‖2Hs
‖u‖2Hs dW − 1

1 + ‖u‖2Hs
2χ (F (u), u)Hs dt

+
1

1 + ‖u‖2Hs
a2(1 + ‖u‖Hr )2q‖u‖2Hs dt− 2

1

(1 + ‖u‖2Hs)2
a2(1 + ‖u‖Hr )2q‖u‖4Hs dt.

Let

τm = inf {t ≥ 0 : ‖u(t)‖Hs ≥ m} .

Using Lemma 3.4, we find that there is a D > 0 such that for any t > 0,

E log(1 + ‖u(t ∧ τm)‖2Hs)− E log(1 + ‖u0‖2Hs)

≤E
∫ t∧τm

0

1

1 + ‖u‖2Hs
(
−2χ (F (u), u)Hs + a2(1 + ‖u‖Hr )2q‖u‖2Hs

)
− 2a2 (1 + ‖u‖Hr )2q‖u‖4Hs

(1 + ‖u‖2Hs)2
dt′

≤E
∫ t∧τm

0

2D|χ|‖u‖Hr‖u‖2Hs + a2(1 + ‖u‖Hr )2q‖u‖2Hs
1 + ‖u‖2Hs

− 2a2(1 + ‖u‖Hr )2q‖u‖4Hs
(1 + ‖u‖2Hs)2

dt′.

Since q and a satisfy (2.7), it is straightforward to see that there are constants K1,K2 > 0 such that

2|χ|Dxy2 + a2(1 + x)2qy2

1 + y2
− 2a2(1 + x)2qy4

(1 + y2)2
+

a2K2(1 + x)2qy4

(1 + y2)2(1 + log(1 + y2))
≤ K1, 0 < x ≤ y <∞. (5.19)

Indeed, this is because

2|χ|Dxy2 + a2(1 + x)2qy2

1 + y2
− 2a2(1 + x)2qy4

(1 + y2)2
+

a2K2(1 + x)2qy4

(1 + y2)2(1 + log(1 + y2))

≤a2(1 + x)2q

(
2|χ|Dx

a2(1 + x)2q
+ 1− 2x4

(1 + x2)2
+

K2

(1 + log(1 + x2))

)
.

When (2.7) is satisfied,

lim sup
x→∞

(
2|χ|Dx

a2(1 + x)2q
+ 1− 2x4

(1 + x2)2
+

K2

(1 + log(1 + x2))

)
< 0,
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which means (5.19) holds true. Consequently, we arrive at

E log(1 + ‖u(t ∧ τm)‖2Hs)− E log(1 + ‖u0‖2Hs)

≤K1t− E
∫ t∧τm

0

K2
a2(1 + ‖u‖Hr )2q‖u‖4Hs

(1 + ‖u‖2Hs)2 (1 + log(1 + ‖u‖2Hs))
dt′,

which means for some constant C = C(u0,K1,K2, t) > 0,

E
∫ t∧τm

0

a2(1 + ‖u‖Hr )2q‖u‖4Hs
(1 + ‖u‖2Hs)2 (1 + log(1 + ‖u‖2Hs))

dt′ ≤ C(u0,K1,K2, t) <∞. (5.20)

Therefore, for any T > 0, it follows from the BDG inequality that

E sup
t∈[0,T∧τm]

log(1 + ‖u‖2Hs)− E log(1 + ‖u0‖2Hs)

≤CE

(∫ T∧τm

0

a2(1 + ‖u‖Hr )2q‖u‖4Hs
(1 + ‖u‖2Hs)

2 dt

) 1
2

+ E
∫ T∧τm

0

∣∣∣∣K1 −K2
a2(1 + ‖u‖Hr )2q‖u‖4Hs

(1 + ‖u‖2Hs)2 (1 + log(1 + ‖u‖2Hs))

∣∣∣∣ dt

≤1

2
E sup
t∈[0,T∧τm]

(
1 + log(1 + ‖u‖2Hs)

)
+ CE

∫ T∧τm

0

a2(1 + ‖u‖Hr )2q‖u‖4Hs
(1 + ‖u‖2Hs)

2
(1 + log(1 + ‖u‖2Hs))

dt

+K1T + E
∫ T∧τm

0

K2
a2(1 + ‖u‖Hr )2q‖u‖4Hs

(1 + ‖u‖2Hs)2 (1 + log(1 + ‖u‖2Hs))
dt.

Thus we use (5.20) to obtain

E sup
t∈[0,T∧τm]

log(1 + ‖u‖2Hs)

≤2E
(
1 + log(1 + ‖u0‖2Hs)

)
+ CE

∫ T∧τm

0

a2(1 + ‖u‖Hr )2q‖u‖4Hs
(1 + ‖u‖2Hs)

2
(1 + log(1 + ‖u‖2Hs))

dt

+K1T + E
∫ T∧τm

0

K2
a2(1 + ‖u‖Hr )2q‖u‖4Hs

(1 + ‖u‖2Hs)2 (1 + log(1 + ‖u‖2Hs))
dt

≤C(u0,K1,K2, T ).

Let τ∗ be the maximal existence time of u in Hs. Then for any T > 0,

P{τ∗ < T} ≤ P{τm < T} ≤ P

{
sup

t∈[0,T∧τm]

log(1 + ‖u‖2Hs) ≥ log(1 +m2)

}
≤ C(u0,K1,K2, T )

log(1 +m2)
.

Sending m→∞ clearly forces that P{τ∗ < T} = 0 for any T > 0, which means P{τ∗ =∞} = 1. �
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