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Routing Edge States in an Anisotropic Elastic Topological Insulator
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Topological insulators, protected by nontrivial band topology, exhibit backscattering-immune edge
states, conducive to robust waveguiding with high efficiency. However, routing such robust edge states
has been restricted by the isotropy in conventional unit cells respecting crystalline symmetries, such as
Cy4, symmetry in a square lattice or C3 symmetry in a hexagonal lattice. We effectively tackle this issue
by introducing anisotropic coupling into a square lattice. With theoretical prediction from the discrete
mechanical model, we experimentally demonstrate that such anisotropy can enable distinctive topological
phases along different directions, giving rise to directional edge states. In addition, when the bands along
the two directions are topologically identical and untrivial, the coexisting edge states have distinctive fre-
quency ranges, giving rise to the frequency-routed properties. Our work offers an effective strategy for the
robust steering, filtering, detection, and transmission of elastic waves through tactical edge state routing.
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I. INTRODUCTION

Elastic wave manipulation is a thriving topic due to
the exciting wave phenomena it enables and the great
potential it offers for numerous applications, such as vibra-
tion control [1,2], structural health monitoring [3,4], and
noninvasive disease treatment [5]. Recently, inspired by
the emerging band-topology theory in condensed matter
physics, topological insulators (TIs) in elastic or acous-
tic media have been implemented in phononic crystals
(PCs) [6-10], referred to as phononic topological insu-
lators (PTIs). To date, several types of PTIs have been
developed based on various physical mechanisms like the
quantum Hall effect [9,11,12], the quantum spin Hall effect
[10,13,14], or the quantum valley Hall effect [15-19].
These PTIs all feature topologically protected edge states
that are impervious to contaminants and have unquestion-
ably significant potential in high-efficiency waveguiding
and communication. However, routing such robust edge
states is challenging because all domain walls in the PTIs
host topological edge states with the same frequency range.
One type of approach is to “move” the domain wall itself
by altering the topological phase of specific regions. In an
elastic wave system, such a strategy could be implemented

*yfchen@hnu.edu.cn
fli.cheng@polyu.edu.hk
Hiezhu@tongji.edu.cn

2331-7019/22/18(5)/054071(13)

054071-1

by physically adjusting the mass [20], stiffness [21], or ori-
entation angle of scatterers [22]. Although external active
controls, such as the arrangement of programmable mag-
net lifting [20] or piezoelectric shunting circuits [21],
can endow their reconfigurabilities to certain extent, the
resultant bulky attachment parts and complicated design
are undesirable for practical applications. The alternative
option is to construct domain walls by assembling topo-
logical insulators that support edge states with different
frequency ranges while sharing a common bulk band gap
[23,24]. The idea has been conceptionally proposed in pho-
tonic systems, but experimental realization is still lacking
because of the stringent requirement on sample-machining
precision. A similar problem applies to techniques based
on multibranch band gaps in acoustic and elastic wave sys-
tems [25-27], which are vulnerable to slight dimensional
changes. In summary, the demand for a practical scheme
for edge-state routing is imminent.

Meanwhile, anisotropy is shown to enable unique prop-
erties in metamaterials, such as fluidlike elasticity [28],
deep-subwavelength imaging [29], wave routing [30,31],
and perfect mode conversion [32]. Intentionally created
anisotropy also offers an option to resolve the afore-
mentioned problem of wave routing in TIs, thanks to
its inherent directionality. Conventional TIs are made
up of isotropic unit cells that adhere to certain spa-
tial symmetries, such as C4, symmetry in a square
lattice, imposing identical topological properties along
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two orthogonal directions. Such a restriction could be
lifted by introducing anisotropic coupling, leading to
zero-dimensional topologically localized states rooted in
nonzero-edge dipolar polarization [33] or nontrivial dis-
location [34] in photonics. In particular, this could also
entail directional edge states in an acoustic quantum Hall
TI [35], providing a promising solution for wave routing.
The proposed quantum Hall TI requires the breaking of
time-reversal symmetry, which is challenging to achieve
experimentally in elastic [9] or acoustic systems [36]
and detrimental to the practical implementation of such
a scheme. Meanwhile, thorough theoretical investigations
of the topological transition in an anisotropic TI in elastic
systems are still lacking, and the properties of potentially
occurring anisotropic edge states remain unexplored.

To tackle these challenges, this study proposes an
anisotropic elastic TI realized in a pillared plate featuring
directional and frequency-routed edge states. We start with
a mechanical lattice model in Sec. IT and compare the band
structure of the proposed design with anisotropic unit cells
to that of the conventional isotropic design. It is found that
the anisotropy, created by adjusting the ratio of intra- and
interstiffnesses along different directions, could shape the
band structure and tailor the topological phases direction-
ally and independently. When the topological phases along
the two directions are tweaked to be different, the edge
states become directional. Meanwhile, even if nontrivial
topological phases are equal, the edge states along the
two directions could have distinct frequency ranges, which
can be exploited for frequency routing. There are three

possible routing schemes, which are switchable based on
the operating frequency. In Sec. I1I, PCs are designed and
constructed based on the discrete model to further confirm
the properties of edge states numerically and experimen-
tally. Finally, Sec. IV concludes with our findings.

II. THEORY: MECHANICAL LATTICE MODEL

We establish an anisotropic mechanical lattice model to
discuss the topological properties of a square lattice. In
contrast to the conventional isotropic case, the band struc-
tures and topological phases of the anisotropic ones may
be modified directionally and independently by tuning the
coupling strength. As a result, four different types of two-
dimensional (2D) topological phases can be realized in the
anisotropic unit cells. Following an investigation of the
unusual band structures, we further study the edge states
in ribbon structures and discuss their properties, including
directionality and frequency routing.

A. Band structures and topological property

The top of Fig. 1(a) shows a schematic of a conventional
unit cell with a square lattice. The four masses, m (circles
filled in gray), are intraconnected by springs with stiffness,
Kintra, and interconnected by springs with stiffness Kjper.
Such an isotropic unit cell respects Cy,, symmetry. The pro-
posed anisotropic unit cell, on the other hand, has different
intra- (K3, Ki,,..) or interstiffnesses (K3, Kiy,) along

intra® inter?®

the x and y directions. As shown in the bottom of Fig. 1(a),
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FIG. 1.

intra’ > inter

Band structures of the mechanical lattice models and associated topological phase transition. (a) Schematic illustration of

discrete mechanical models involving isotropic (top) and anisotropic (bottom) unit cells. (b) First Brillouin zone of the unit cell.
Band structures of (c) isotropic and (d) anisotropic cases. Evolution of the two lowest bands at (e) X and (f) Y points with respect to

Ki);tra/Kx

inter*
of anisotropic unit cells based on distinctive 2D polarization.

(g) Phases of eigenstates at 4—D marked in (e),(f). Signs + and — represent phases 0 and 7, respectively. (h) Classification
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it instead respects Cy, symmetry, and the first Brillouin
zone (BZ) is presented in Fig. 1(b).

We obtain the mechanical lattice’s governing equation
and cast the calculation of the corresponding band struc-
ture into an eigenvalue problem (see the detailed formula
in Appendix A) [15]. The topological properties can be
determined by the 2D polarization P = (P, P,), which is
defined by [37,38]

Pi=m (Zq?modulo 2) , (=D = M. (Ai) (1)

(')’

where i = x, y denotes the direction. 7, denotes the par-
ity at the high-symmetry points (X, Y, and I") for the nth
band. It can be determined by the symmetry of the eigen-
state profiles [the mirror symmetric one corresponds to
even parity (4), while the antisymmetric one corresponds
to odd parity (—)]. It should be noted that, at the static limit,
the parity at I' is always even due to its mirror symmet-
ric profile. The summation over n denotes all bands below
the band gap, which is set to one to consider the lowest
band gap throughout this paper. According to Eq. (1), Py is
determined to be 0 () when the eigenstate at X' is mirror
symmetric (mirror antisymmetric). Similarly, P, can also
be determined by the eigenstate at Y.

We first examine a typical lattice made up of isotropic
unit cells by setting Kinra = Ky = Ky a0d Kinter =
K ... = Ki,..- When the ratio of Kiyya/Kinter 18 detuned into
three regimes, i.e., less than 1, equal to 1, and greater than
1, the band gaps along both I' — X and I' — Y directions
simultaneously open, close, and reopen, accompanied by
the topological transformation from trivial to nontrivial.
The band structures of the models are exemplified using
Kintra = Kinter = 1 N/ma Kintra = 1/3(N/m), and Kinter =
1 N/m (m = 1 kg in this paper, unless otherwise stated)
in Fig. 1(c). Restricted by Cy4, symmetry, i.e., isotropic
stiffnesses in the unit cell, the bands along the two direc-
tions are identical, and the whole band-structure curves
are always symmetric about the high-symmetric point, M.
More importantly, the topological invariants along both
directions must be the same. We take the case of Kjpya =
1/3(N/m) and Kjuer = 1 N/m as an example and calculate
its 2D polarization, P, according to Eq. (1). As expected,
the resultant P is (0, 0) after considering the same parities
of eigenstates at the high-symmetry points marked by A
and B in Fig. 1(c) (see the eigenstates in Fig. 8 in Appendix
B), satisfying P, = P,.

In comparison, such a constraint can be lifted by intro-
ducing anisotropic coupling. Setting different intra- and
interstiffnesses for the two directions, namely, K; =
1/3(N/m), K} .. =1N/m, K =1N/m, and K, =
1 N/m, the band structures become asymmetric along M.
As shown in Fig. 1(d), a band gap opens along the I' — X
direction but closes along the I' — Y direction. Moreover,
when K3 /K . changes from 1/3 to 2, while K;, . /K, .,

intra

remains 1/3, the band gap along the I' — X direction first
closes (when K3 /K7 increases to 1) and then reopens,
as seen in Fig. 1(e). During this process, parity at the X
point flips from even to odd [see the top of Fig. 1(g)],
and the polarization, P,, flips from 0 to 7. In contrast,
the band gap along the I' — Y direction remains open, and
parity at the Y point is always even [see the bottom of
Fig. 1(g)], indicating P, remains zero with no topological
phase transition occurring. Therefore, the adjustable intra-
and interstiffness ratios along the two directions allow us
to independently and directionally shape the band structure
while controlling the topological phases. Furthermore, the
eigenstates at specific points in the two bands near the band
gap, marked in Figs. 1(e) and 1(f), show opposite parities
(eigenstates at G—J are given in Fig. 8 in Appendix B).

Based on different 2D polarization values, the anisotropic
lattices can be categorized into four types in the parameter
space spanned by the ratios K3 . /K% .. and K /Ki .,
as seen in Fig. 1(h). For example, in region III, where
K o/ Kiier < 1 while K /K > 1, the band is topo-
logically trivial along the x direction while nontrivial along
the y direction. Such a category provides a clear guideline
for securing the desired topological phases in parameter
space.

B. Edge states

The bulk-boundary correspondence principle ensures
that topologically protected edge states exist along the
domain wall between two structures with distinctive topo-
logical phases. To study the edge states in anisotropic
topological insulators, three types of ribbon mechanical
lattices are constructed by stacking 1 x 8 anisotropic unit
cells and 1 x 8 trivial isotropic unit cells, as illustrated in
Figs. 2(a) and 2(b). The one shown in Fig. 2(a) is for edge-
state calculations along the x direction, whereas Fig. 2(b)
presents the one for the edge-state calculations along the
y direction. The lattice comprises eight trivial isotropic
unit cells with 2D (0, 0) polarization to provide a reliable
physical boundary. The associated derivation for the band
dispersion is given in Appendix C.

When the ratios of the stiffnesses of anisotropic unit cells
are identical and located in region I in Fig. 1(h), Kj = =
1/3(N/m), K&, = IN'm, K}, = 1/3(N/m), and K, =
1 N/m. For isotropic ones, Kiya = 1/3(N/m) and Kiyeer =
1 N/m. Because the 2D polarization of the anisotropic lat-
tice is (0, 0), edge states do not exist along either the x or y
directions, which is confirmed by the calculated band dis-
persion in Fig. 2(c). When anisotropy is introduced by set-
ting KX . =1/3(N/m), KX . =1N/m , K,  =1N/m,
and K} . = 1/3(N/m) [region III in Fig. 1(h)], the topo-
logical phases along the two directions diverge, and the
2D polarization becomes (0, 7). According to the bulk-
boundary correspondence, an edge state will appear along
the x direction but not the y direction, as shown in

054071-3



SHUOWEI AN et al.

PHYS. REV. APPLIED 18, 054071 (2022)

@ pi

N
(b)

1 IyT

1|

ky (/)

0.5 E
0.0 0.5 1.0

0.0 0.5 1.0 0.0
ky (m/a)

0.5 1.0
ky (n/a)

FIG. 2. Band dispersion of ribbon mechanical lattice models. Schematics of the ribbon structure arrayed by eight isotropic and
eight anisotropic unit cells to verify the edge states along (a) x and (b) y directions. Band dispersions of ribbon structures with 2D
polarizations of their composed anisotropic lattices of (c) (0, 0), (d) (0, x), and (e) (7, 7).

Fig. 2(d). Such directional edge states originate from the
imposed stiffness anisotropy, which is not present in a
conventional isotropic topological insulator.

Aside from directionality, the anisotropy of stiffness can
also bridge the propagation directions and the working
frequency of the edge states, allowing for frequency rout-
ing. Setting K, = 1N/m, K} . =1/3(N/m), K}, =
1 N/m, and Kf;ter = 1/10(N/m) [region IV in Fig. 1(h)],
the 2D polarization becomes (7, ), indicating nontrivi-
ality along both directions. Therefore, the edge states can
persist in both directions, as seen in Fig. 2(e). Moreover,
although the topological phases along the two directions
are identical, the existing frequency ranges for the edge
states might differ due to the deliberately established stiff-
ness anisotropy. Figure 2(e) shows a dimensionless fre-
quency range of [1.105, 1.143] for the y direction but
[1.120, 1.155] for the x direction. The two frequency
ranges overlap and create three regions: [1.105, 1.120],
[1.120,1.143], and [1.143, 1.155]. When the operating
frequency is in the first (third) region, the edge state can
only transmit along the y (x) direction. While the edge
state transmits along both directions when the operating
frequency is within the second region. Edge states with dif-
ferent frequencies can therefore be routed along separate
directions.

II1. SIMULATION AND EXPERIMENTS: ELASTIC
PHONONIC CRYSTAL OF PILLARED PLATE

The aforementioned mechanical lattice model is a use-
ful platform for capturing the topological phase transition
of the anisotropic unit cells. It predicts that, by modu-
lating the anisotropy of stiffnesses in the square lattice,

the edge states of topological insulators can be tuned to
deliver desired directionality and frequency routing. Here,
we demonstrate how to actualize anisotropic topological
properties in a proposed PTI, the pillared elastic plate.

A. Band structures

Figure 3(a) depicts the proposed PC’s unit cell. It con-
sists of four identical cuboid steel pillars joined to an alu-
minum plate and resembles the mechanical lattice model
discussed in Sec. II A. Here, the pillars and substrate plate
act as concentrated masses and springs, respectively. The
lengths and widths of the pillars are equal and denoted by
b, while the height is represented by /4. The plate thickness
and lattice constant are denoted by d and a, respectively.
Here, we set a = 30 mm, d = 2.75 mm, b = 4 mm, and
h = 15 mm. The distances between pillars along the x and
y directions, denoted by /, and /,, are crucial parame-
ters for adjusting the intra- and interstiffness ratios along
the two directions. The Young’s modulus (£), Poisson’s
ratio (v), and density (p) of the aluminum substrate plate
(steel pillars) are 6.9 x 10'° Pa, 0.32, and 2900 kg/m?
(2 x 10" Pa, 0.3, and 7780 kg/m?), respectively.

To identify the flexural wave mode, a polarization coef-
ficient, @ (0 < o < 1), is defined as

o= f/f w2/ (ul® + v + w?)av.  (2)
unit cell

Although other branches, such as symmetric and shear
modes, also exist in the band gap of the flexural waves
investigated here, they are nearly decoupled from the
flexural waves thanks to the low-frequency-thickness
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(a) Unit cell of the proposed PC, comprising an aluminum substrate plate and four attached steel pillars. Band structures of

two types of PCs with their 2D polarizations being (b) (0, 7) and (c) (7, 7). Gray regions shade the directional band gaps. Insets
show the eigenstates of the marked points. Gray (rainbow) color bar represents the value of polarization coefficient « [real part of the

out-of-plane displacement, real(w)].

product. We consider two types of anisotropic PCs, type
I and II. Their band structures, eigenstates at specific high-
symmetry points, and corresponding polarization coef-
ficients are obtained by using the finite-element solver
COMSOL and presented in Figs. 3(b) and 3(c).

In the type-I1 PC, [, and /, are set as 4 and 26 mm, respec-
tively, to ensure the intra- and interstiffness ratios are small
along the x direction but large enough along the y direc-
tion. Figure 3(b) shows the corresponding band structure,
with directional band gaps along I' — X and I' — Y shar-
ing the same frequency range of 6.931 to 17.743 kHz.
However, the varied parities of eigenstates at the high-
symmetry points (designated by 4 and B) indicate their
distinctive topological phases, as seen in the insets of
Fig. 3(b). The parity is even at X but odd at Y. As a result,
the 2D polarization of type-I PCs is derived as (0, m),
according to Eq. (1).

Iy and /, are set as 22 and 26 mm in type-II PCs to ensure
nontrivial topology along both x and y directions [i.e., 2D
polarization is (7, m)]. It is confirmed by both odd-parity
eigenstate profiles at the high-symmetry points (marked by
E and F) of the band below the band gap, as shown in
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the insets of Fig. 3(c). On the other hand, the frequency
ranges of the directional band gaps differ due to the vary-
ing intra- and interstiffness ratios along the two directions,
as evidenced by the shaded gray areas in the band struc-
ture of Fig. 3(c). Such a difference adds to the subsequent
frequency-routed edge states.

In addition, the eigenstates at the high-symmetry points
of the band above the band gap, labeled as C and D in
Fig. 3(b) and G and H in Fig. 3(b), are presented in Fig.
9 in Appendix D to show their opposite parities compared
with those below the band gap.

B. Directional edge states

To investigate the topological edge states in type-I PCs,
solid ribbon structures (depicted in the left insets of Fig. 4)
are constructed from 1 x 8 trivial isotropic and 1 x 8
anisotropic unit cells, as described in Sec. II B. According
to the bulk-boundary correspondence principle, the edge
state of type-I PCs with polarization (0, 7) is ensured
along the x direction but disallowed along the y direc-
tion. The calculated band dispersions in Fig. 4 confirm
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FIG. 4. Band dispersions of solid ribbon structures arrayed by eight isotropic and eight anisotropic unit cells to investigate the edge
states in a type-I PC along (a) x and (b) y directions. Left insets of (a),(b) illustrate their respective configurations. Gray-color bar
represents the value of polarization coefficient «. 4—F are five selected frequencies within the bulk band gap (gray shaded region).
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FIG. 5.

Validation of the directional edge states. (a) Structure I is composed of isotropic (black dashed frame) and anisotropic (blue

dashed frame) unit cells, with 2D polarizations of (0, 0) and (0, ), respectively. S, D;, and D, represent the excitation position and
two detecting points, respectively. (b) Measured (left) and simulated (right) frequency-response functions of the structure at D; and
D;. (c) Measured (top) and simulated (bottom) fields of FRF corresponding to the selected frequencies 4—F marked in (b) and Fig. 4.
Both color and radius of the circle reflect the amplitude of FRF at the scanned points.

such directionality, with edge states occurring only (suc-
cessive in the frequency range from 8.196 to 12.265 kHz)
within the band gap along the x direction but not along the
y direction.

The directional edge state is further experimentally con-
firmed in a proposed elastic PTI [shown in Fig. 5(a)],
named structure I. It consists of a 5 x 5 type-1 PC sur-
rounded by three layers of trivial isotropic unit cells,
followed by the formation of two domain walls along
the x and y axes. The excitation source, denoted by S
in Fig. 5(a), is positioned at the intersection of the two
domain walls to activate any possible edge states. Two
detecting points, D; and D, are used to capture the trans-
mitted wave along the x and y directions, respectively.
Experimental details, including sample fabrication, exci-
tation, signal detection, and experimental setup, are given

in Appendix E. The left part of Fig. 5(b) presents the
measured frequency-response functions (FRFs) along the
two directions, which are the complex quantities obtained
by dividing the velocity at the detecting point by the
force at the source. They reveal that the wave exclusively
propagates along the x direction rather than the y direc-
tion, with frequencies ranging from 8.1 to 11.5 kHz. The
scanned fields at five selected frequencies, marked by 4—F,
also demonstrate the directionality of such edge states, as
seen in the top of Fig. 5(c). As a comparison, the corre-
sponding simulation results are shown in the right part of
Fig. 5(b) and the bottom of Fig. 5(c). They are in good
agreement with the measured ones, although some peaks
exist in the measured FRF, which may come from the
imperfect absorption of Blu Tack attached around the
samples and potential defective adhesions of pillars. The
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FIG. 6. Band dispersions of the solid ribbon structure arrayed by eight isotropic and eight anisotropic unit cells with 2D polarization
of (r, m) to investigate the edge states in the type-II PC along (a) x and (b) y directions. Left insets of (a),(b) illustrate their respective
configurations. Gray-color bar represents the value of polarization coefficient «. D—F are three selected frequencies within the bulk

band gap (gray shaded region).

inaccurate material-parameter estimations could also lead
to the deviation of the frequency ranges. The simulation
settings are detailed in Appendix F.

C. Frequency-routed edge state

A different ribbon structure is built to explore the fea-
tures of existing edge states in type-II PCs. It is now
prepared by stacking 1 x 8 anisotropic unit cells and 1 x 8
trivial isotropic unit cells. Because of the anisotropic unit
cell’s nontrivial 2D polarization (7, ), the edge states
should coexist along both directions. This is confirmed
by the band dispersions in Figs. 6(a) and 6(b) for the x
and y directions, respectively. Remarkably, the two edge
states have distinctive band ranges (9.850-11.030 kHz
for the x direction and 9.579-9.940 kHz for the y direc-
tion), bridging the directions with the working frequencies,
allowing for frequency routing. The two interlacing bands,
in particular, equip the proposed anisotropic topological
insulators with three modes: wave transport along the x
direction only, along the y direction only, or along both
directions simultaneously. One of the three can be trig-
gered by simply switching the working frequency to the
relevant bands.

We test the aforementioned results experimentally for
structure II, which comprises a 5 x 5 type-II PC sur-
rounded by three layers of trivial isotropic unit cells,
as shown in Fig. 7(a). As shown in the left part of
Fig. 7(b), substantial transmission is observed along both
x and y directions, with band ranges of 9.706-10.939
and 8.905-10.094 kHz, respectively, validating the two
existing edge states. At the same time, the above
two interlacing bands of the edge states also give us
three frequency ranges, 8.905-9.706, 10.094—10.939, and
9.706—10.094 kHz, derived from the three patterns corre-
sponding to transport along y or x and both x and y direc-
tions of the edge states. The measured fields at the three

selected frequencies [marked as 4—C in Fig. 7(b)] support
the three patterns, as seen in the top parts of Figs. 7(c)—7(e).
Meanwhile, the simulation results also confirm the afore-
mentioned frequency-routing phenomenon evident from
the FRF curves and the field visualization at selected fre-
quencies (9.780, 9.900, and 10.500 kHz marked by D—F,
respectively).

It is worth noting that the devices reported in the liter-
ature for routing edge states are either bulky assemblies
of Tls or TIs with movable domain walls. The intri-
cacy makes them difficult for practical purposes. Our
proposed anisotropic PTI with inherent directionality, on
the other hand, might achieve the same functionality by
simply switching the operating frequency in a single TI
surrounded by ordinary insulators. The frequency ranges
of the aforementioned three patterns can also be flexibly
tuned within the band gap on demand by adjusting the
distances between the attached pillars and their weights.
These adjustments of parameters can also contribute to the
design of right-angle-shaped routes like an L shape. But
achieving more complex routes, such as a Z shape, may
be restricted by the symmetry and anisotropy of the square
lattice.

IV. CONCLUSIONS

We systematically investigate the edge states of
anisotropic PTIs by theoretical, numerical, and experimen-
tal means. The two striking characteristics of the edge
states generated by the purposely imposed anisotropy in
the unit cells are well predicted by our discrete mechani-
cal model. The directionality is attributed to the distinctive
topological phases along the unit cell’s two orthogonal
directions. Frequency routing allows the edge states to
be routed in three patterns as the operating frequency
switches. These two characteristics can be realized in an
elastic system, as exemplified by a pillared plate. The
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FIG. 7.

Validation of the frequency routing of edge states. (a) Structure II is composed of isotropic (black dashed frame) and

anisotropic (blue dashed frame) unit cells, with 2D polarization of (0, 0) and (7, 1), respectively. S, Dy, and D, represent the exci-
tation position and two detecting points, respectively. (b) Measured (left) and simulated (right) frequency-response functions of the
structure at D and D,. (c)(e) Measured (top) and simulated (bottom) fields of FRF corresponding to selected frequencies 4—F in (b).
Both color and radius of the circle reflect the amplitude of FRF at the scanned points.

proposed PTIs can overcome critical impediments present
in conventional schemes, such as the stringent constraints
on structural-dimension accuracy and the bulky attach-
ment imposed by external controls, thus allowing one to
route the edge state more easily. The proposed anisotropy
in TIs provides a promising option for achieving tunabil-
ity in elastic waveguiding devices. It may also inspire the
reconfiguration of higher-order topological states.

APPENDIX A: FORMULA OF BAND
STRUCTURES FOR THE ANISOTROPIC
MECHANICAL LATTICE

The out-of-plane mode (flexural wave) in the thin elas-
tic plate is considered. Therefore, the equivalent discrete
model has just one degree of freedom for each mass. In an

anisotropic unit cell located at (ny, n;), the displacements
of the four masses, numbered from 1 to 4 in Fig. 1(a), are
denoted as uénl,nz), where i = 1, 2, 3, 4 denotes the mass
index. To obtain the governing equation of the unit cell,
Lagrange’s equations (second kind) are employed [19]:

(%)

in which Lagrangian L = T — U. The kinetic energy, 7,
and the potential energy, U, are obtained as

d
dt

oL oL

= 5.
8u(nl,'lz)

- , (A1)
8ul(nl,ﬂz)

1

4
P Y iy (w2
i=1
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1 N ) 2
U= 2 inter (u(nl ) T Uy le))

2
Y
+ Kmter (u(m ) u(ﬂl "2))

2
+ Kﬁuer(”(m )~ Yo, nz>>
y 2
+ Kmter(u(’ll n2) u(”l ”2))
2
mtra (u (ny,n7) u(nl 1 n2))
2
+ Kmtra(u (ny,m2) u(nl My — 1))
2
Kiira (”(m 1) “<n1+1 nz))
2
+ Kiltra (u(nl n2) u(m 1y — 1))
2
mtra (u(nl ) u(n1+1 nz))
2
+ Kl):ltl‘a (u(nl ny) u(nl nz—H))
2
mtra (u(nl ny) u(nl 1 n2)>

+ Kljtjltra (u(nl ny) (A3)

1
u(n1,n2+1)) }’
in which the overdot notation represents the derivative with
respect to time.

The Bloch wave solution of the infinite periodic lattice
is
Uinymy) = u(o’o)ei[k(nla1+n2a2)+wt] (A4)
where u = (“Eo,oy “%o,oy “%0,0)3 ”?0,0)) 1.represents the dis-
placement of the four masses at location (0, 0), and k =
(kx, k,) is the Bloch wave vector. a; = (1, 0) and a; =
(0, 1) are lattice vectors marked in Fig. 1(a), respectively.
Then we substitute Eqs. (A2)—(A4) into Eq. (A1), so the
governing equation is derived as
Q’Mu = Ku, (A5)

in which the mass and stiffness matrices are written as

m 0 0 0
0 m 0 0
M=16 0 m o
00 0 m

and

kiiv k2 ki ks
ko1 ko ks ks
k31 k32 ka3
ka1 ka2 ka3

respectively. The matrix elements of the stiffness matrix
are given below:

_ X X o4 . . +
k Kmter + Kmtra + Kmter + Kmtra (1 S ! S 4’ 1€ Z )’
_ X —zqa] _ Y —lqaz
kl, 2 = Kmter Kmtra g kls 4= Kmter Kmtra >
— X lqa1 — Y ﬂqaz
k2,1 - Kmter Kmtra > k2~3 - Klnter Klntra >
y y zqaz — X lqal
k3’ Klnter Klntra 4 k3,4 - Kmter Klntra
— Y 1qa2 _ X ﬂqal
k4,1 - Kmter Kmtra 2 k4,3 - Kmter Kmtra .
The rest of the elements are zero. 2 =w

\/4}71/( inter + K1}1C1tra + Kl)ljlter + Kl);ltl‘a
sionless angular frequency. For further simplification, the

transformation, v = Qu, is used, where

) denotes the dimen-

Finally, Eq. (5) is converted into an eigenvalue problem as

Hv = Q'KQ 'v = Q%v, (A6)

through which the band structure and the corresponding
eigenstates can be numerically obtained by sweeping the
Bloch wave vector, k, along the boundary of the first
irreducible Brillouin zone, as depicted in Fig. 1(b).

APPENDIX B: SELECTED EIGENSTATES OF Figs.
1(c), 1(e), and 1(f)
The eigenstates at 4, B, G, H, I and J marked in
Figs. 1(c), 1(e), and 1(f) are given in Fig. 8.

L o e L I e L e +- -4
P O = ! 1

A B G H / J

FIG. 8. Eigenstates at4, B, G, H, I, and J marked in Figs. 1(c),
1(e), and 1(f).
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APPENDIX C: FORMULA OF BAND DISPERSION FOR RIBBON MECHANICAL LATTICE

To construct the ribbon mechanical lattice, we stack 1 x 8 anisotropic unit cells and 1 x 8 trivial isotropic unit cells.
The top and bottom boundaries are set as Bloch periodical boundaries by using the one-dimensional Bloch wave solution:

Unyny) = U(nl,n2+1)€i(g2k+w[) (Cl)

The right and left ends are set as free boundaries. We set up the governing equations by applying Eq. (A1) (second kind).
Such governing equations can also be further derived in the form of an eigenvalue problem:

Q*Mu = Ku. (C2)
The mass matrix is diagonal and written as
m 0.--. 0
0 m 0
M = ,
: 0
0 0 0 mdg e
.The stiffness matrix is
kiv ki oo kies
ko1 k2 0 ke
K= . . )
: : o k3 e
kea1 kean -+ keaead g 64

where the matrix elements k; ; are given in detail below.
For the diagonal elements,

kl, 1= k2, 2 = 2Kinter + Kintra k63, 63 = k64, 64 = 2Kinter + Kintra~
ki,i = 2(1<inter +Kintra) (3 <i=< 30; i€ Z+)
ki i = Klflter + Kl‘;ltra + Kl);lter + Kl};ltra’ (35 = i = 62’ S Z+)

k31 31 — k32 32 — 2Kmter + Kmtra + ( intra + Kintra)/z-

k33, 33 = k34, 34 = Kmter + Kl):nra + Kl);lter ( intra + Kintra)/z-

For the nondiagonal elements,

—ikpa ikna
k1,2 = —Kinter — Kintra€™ ™" k1,3 = kZ 4 = —Rinter kZ,l = —Kinter — Kintra€"™"".

— — _ Y —ikpa
k63, 61 — k64, 62 = 1nt«:rk63 64 = Klnter Klntra "

k64, 63 = K K e

inter “intra

k31,32 = —Kinter — Kinma€ k31,290 = —Kinterks1, 33 = — (Kintra + K5 0) /2-
k32,31 = —Kinter — Kintra€ " k32, 30 = —Kinterk32, 38 = — (Kintra + Kioyra) /2-
k33,34 = _Kmter Kf;tra lknak33s 35 = mterk33 31 = _(Kmtra + 1ntra)/2
k3433 = Koo — Kinira€ k3, 36 = —Kierksa, 30 = — (Kintra + Kiogra) /2-
kaiv1,2i12 = —Kinter — Kinmae ™™, (1 <i < 14, i € ZV).
k2i, 2i—1 — _Kinter - Kmtraelkna (2 < i < 15, i€ Z+).
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Fairi, 2iv2 = =Ko, — Kie 9, (17 < i <30, i € Z7).
koinie1 = =Ko — K™, (18 <i <31, ieZ").
koinie1 = =Ko, — K™, (18 <i <31, ieZ").

kai14i-3 = —Kinters kai—14i+1 = —Kinr, (1 <i<7,i€Z").
kaigi-2 = —Kinter> kaiair2 = —Kina, (1 <i<7,i€Z").

kaiv14i-1 = —Kingras kai14i+3 = —Kiner, (1 <01 <7, i€ Z).
kaiy24i = —Kintrar kaigiva = —Kiner, (1 <i<7,i€Z").

kaic14i-3 = =Ko kaic14i01 = — Ky Q2 <i<15,i€Z").
kaigioa = —Kjiiors Kaigivo = —Kiy (9 <i<15 ie€Z").

kai14ic1 = —Kiopas kaiv14i03 = —Klyern 9 <i <15, i€ Z").
kaiyoai = —Kifpas kaigivcsa = —Kiyern (9 <i<15,i€Z").

The rest of the elements are zero. After a similar trans-
formation to that in Appendix A and sweeping the Bloch
wave vector k within [0, 7/a], the band dispersion can be
obtained.

APPENDIX D: SELECTED EIGENSTATES OF Figs.
3(b) and 3(c)

Eigenstates at C, D, G, and H marked in Figs. 3(b) and
3(c) are given in Fig. 9.

APPENDIX E: EXPERIMENTAL SETUP

Figures 10(a) and 10(b) present structures I and II of
the samples used in experiments, respectively. The sam-
ples are made of bare aluminum substrate plate, on which
steel pillars are glued using acrylic adhesive. To sup-
press the inherent structure resonance and avoid reflections
from the plate boundaries, a high-stickiness bonding agent,
Blu Tack, is attached to the borders. The substrate plate
is lengthened along the propagating direction to reduce
reflections. Figures 10(c) and 10(d) show the experimental
arrangement. The samples are suspended on thin strings.
A force transducer is glued at the plate side with pillars.
The bare sides of the samples are scanned by a Polytec
scanning laser vibrometer.

Max

’ ‘ . |
Real(w)
-

1
1
1
1
I
c —Max
FIG. 9. Eigenstates at C, D, G, and H marked in Figs. 3(b) and

3(c). Rainbow-color bar represents the real part of out-of-plane
displacement real(w).

The schematic of the signal path is depicted in
Fig. 10(e). The built-in generator sends out a periodic up-
chirp signal with frequencies ranging from 8 to 13 kHz,
which is amplified to drive the electromechanical shaker
and excite the desired edge states. Meanwhile, a force
transducer is mounted between the shaker and the plate to
provide the reference excitation-force signal to the com-
puter. The complex FRF can be derived by normalizing
the scanning velocity with respect to the measured force
signal and conducting the fast Fourier transform. It reflects
the complex velocity at specific locations of the samples
after minimizing impacts from the shaker itself.

APPENDIX F: SIMULATION DETAILS

All simulations are performed with COMSOL Multi-
physics (v5.6). The band structures and eigenmodes are
calculated by solving eigenvalue problems. The unit cell’s
top, bottom, right, and left surfaces are imposed as Flo-
quet boundaries, while the rest is set as free. Only the
right and left surfaces of the ribbon structure are imposed
Floquet boundaries. To reduce boundary reflection, the
FRFs are solved using a frequency-domain solver with
the top, bottom, right, and left surfaces enforced as low-
reflecting boundary conditions. A unitary point force in
the out-of-plane direction is loaded to act as the excitation
source.
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FIG. 10. Experimental setup. Fabricated samples for structures (a) I and (b) II. (c) Samples are hung from strings and scanned by a
laser vibrometer. (d) Force transducer is glued to the back of the samples. (e) Signal path for measurements.
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