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ABSTRACT

This paper investigates a Mach 6 oblique breakdown via direct numerical simulation in conjunction with stability and quadrant analyses.
Particular emphasis is placed on, first, the heat transfer and mean flow distortion in the near-wall and outer transitional boundary layer, and,
second, the flow events that are responsible for the production of the Reynolds stress. The energy budget reveals that enhancement of viscous
dissipation due to mean flow distortion dominates the heat transfer overshoot, while the dissipation due to fluctuations is lesser but not negli-
gible. Downstream of the location of the peak mean heat flux, the wall temperature gradient (non-dimensionalized by the freestream temper-
ature and local boundary layer thickness) varies little, owing to the occurrence of breakdown and the establishment of self-similarity.
Renormalized by the boundary layer thickness, a new correlation of the Stanton number shows no overshoot or difference between the origi-
nal overshoot region and the turbulent region, which indicates the possibility of similarity once breakdown has occurred. In the outer region,
enhanced advective heat exchange strongly reshapes the mean temperature profile. Because of successive modal growth and nonlinear satura-
tion, the contributions of the primary oblique mode, streak mode, and a superharmonic to the outer advective heat transfer are found to
compete near the location of the peak heat flux. From the perspective of fluid motions, quadrant analysis highlights the evenly and broadly
distributed joint probability density function (PDF) of the fluctuating velocities during transition, which results in overproduction of the
Reynolds stress, while the PDF is concentrated around zero in the turbulent region. The flow event Q2 (ejection) overtakes Q4 (sweep) in the
outer boundary layer of the transitional region, mainly owing to the primary mode, while the two events become attenuated and nearly
achieve balance when transition is complete.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0119211

I. INTRODUCTION

High-speed boundary layer transition has attracted much
attention owing to its theoretical and engineering significance.
Transition has considerable effects on drag reduction, flight con-

From a fundamental point of view, natural transition is mostly
associated with instability when the Reynolds number exceeds some
threshold. During the linearly unstable stage, multimodal characteris-
tics arise owing to an inviscid mechanism in high-Mach-number
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trol, and thermal protection system (TPS) design of hypersonic
vehicles. However, the mechanisms associated with transitional
flows and heat transfer performance, particularly for hypersonic
flows, are not yet fully understood. Deeper knowledge of these
mechanisms would help, for instance, in guiding the design
of TPS.

flows."” Among the sequence of higher modes, the Mack second
mode is of particular interest because of its relatively high growth
rate predicted by linear stability theory (LST). Therefore, this second
mode commonly receives more attention than the first mode in hyper-
sonic flows. However, the first mode may be dominant when receptiv-

ity,3 wavepacket instability,'I or nonlinear interactions’ ~ are taken
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into consideration. Specifically, first, pure LST lacks a physical treat-
ment of the initial disturbance amplitude, although this can be dealt
with by a theoretical approach that considers leading-edge receptivity”
or localized receptivity.” In the flow past a blunt body, the initial
amplitude maximum of the first-mode waveband has the potential to
overtake that of the second mode when the receptivity across the bow
shock wave,'”'" the entropy layer,'>'” or the surface roughness'* is
considered. Second, the first-mode instability has been reported to
overcome the second-mode instability in the wavepacket propagating
over a compression corner if the wall blowing—suction strip is placed
near the leading edge.” Third, upstream of the eventual breakdown,
mode-mode interaction can potentially restrain the second mode yet
promote the low-frequency mode via energy transfer. Finally, in
terms of aerodynamic performance, first-mode oblique breakdown
has been found to trigger skin friction and heat transfer overshoot in
the transitional region faster than second-mode fundamental or obli-
que breakdown.'” The above considerations provide the motivation
for the present paper to focus on the transition induced by the first
mode, particularly the oblique breakdown scenario.

Following the linear instability stage, nonlinear wave-wave inter-
action and parametric resonance contribute to complicated flow phe-
nomena and various breakdown regimes. Major breakdown scenarios
contain K-type (fundamental), N-type (subharmonic), O-type (obli-
que), and detuned resonances initiated by the primary first mode or
higher Mack modes.'® Breakdown in real situations may be a complex
mixture of these different types, and in numerical studies, this may be
handled by the use of a wave packet pulse.'” However, most previous
numerical studies''" >’ have simply concentrated on the individual
scenarios. The main purpose of these studies has been to shed light on
the underlying mechanism in each scenario.

With its capability of resolving full flow scales, direct numerical
simulation (DNS) is deemed to be an effective tool to investigate the
breakdown mechanism. Early DNS work by Eifiler and Bestek'® dem-
onstrated that a two-dimensional (2D) disturbance with a moderate
amplitude tends to induce fundamental breakdown with the existence
of three-dimensional (3D) disturbances, while subharmonic resonance
occurs only if the secondary instability condition is fulfilled; that is, the
phase velocities of 2D and 3D disturbances are synchronized. The
growth rate of the disturbance in the fundamental breakdown is com-
parable to that in the subharmonic type, and thus, the dominant sce-
nario is difficult to judge. Subsequent DNS work has contributed to
understanding of first-mode subharmonic breakdown, ””* second-
mode subharmonic breakdown,”"”* and second-mode fundamental
breakdown.”"*"**

Regarding the oblique breakdown scenario, this was confirmed
by an early DNS study by Fasel et al.** to be a possible mechanism of
turbulence generation. Pruett and Chang” examined second-mode
oblique breakdown and found the pronounced fluctuation near the
critical layer and the intense streamwise vorticity to be crucial factors
before eventual breakdown. By imposing a 20-kHz initial disturbance,
Mayer et al.”® demonstrated good agreement between DNS and exper-
imental data for the fluctuation amplitude and phase angle during
Mach 2 boundary layer oblique breakdown. This work provided indi-
rect experimental evidence for the oblique breakdown scenario. Later,
Mayer et al.”’” concluded that the oblique breakdown may be domi-
nant in a supersonic and quiet environment, because the disturbance
amplitude threshold of oblique breakdown was found to be relatively
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low, while the significance of oblique breakdown for hypersonic cases
was further confirmed by Franko and Lele'” and Hartman et al.”® The
streak mode, actually the Fourier component (0, 2), was demonstrated
by Mayer et al.”’ to be crucial in the oblique breakdown. This mode is
generated by the nonlinear difference interaction of a pair of oblique
waves with opposite wave angles'” and essential transient growth.”
Here, the Fourier component (m, n) denotes the harmonic with a fre-
quency m times that of the primary instability wave and a spanwise/
azimuthal wavenumber 7 times that of the primary instability wave.
According to Fezer and Kloker,” oblique breakdown is dominant in a
flat plate boundary layer, while fundamental breakdown is notable on
a cone. A recent DNS study over a blunt cone at Mach 5.9 by
Hartman et al.”® showed that oblique waves, with a frequency of
250 kHz and azimuthal wavenumber of 50, could give rise to break-
down in the entropy layer upstream of the second-mode instability
region. They also highlighted the importance of higher harmonics in
addition to mode (0, 2) during breakdown. Because of the significance
of oblique breakdown, other studies have also focused on appropriate
control strategies in low-speed’’ and supersonic’ flows by introduc-
ing additional streaks with a narrower spacing than mode (0, 2).

The transition process is accompanied by increases in surface
skin friction Cyand heat flux g,,, which are to be expected since both
momentum and energy transport are considerably enhanced during
the strong instability and turbulent stages. However, nonmonotone
variations of the mean Cfand g,, have frequently been observed in
experimental studies, including, for example, flows over flat plates,”
straight cones,” flared cones,”” and the HIFiRE-1 forebody,” as well
as in numerical studies.'”"*® Most commonly, one or two overshoot
peaks may appear before Cyor g,, collapses onto the classical turbulent
correlation. Franko and Lele'” demonstrated that the most energetic
mode (0, 2) in the considered Mach 6 oblique breakdown enhances
vertical heat transfer and eventually results in heat transfer overshoot.
In comparison, they found no obvious overshoot in the second-mode
fundamental and oblique breakdown scenarios. Fasel et al.”””" showed
that second-mode fundamental breakdown could generate at least
double peaks in the surface heat flux in Mach 6 flow past sharp straight
and flared cone models. The first peak, the subsequent valley, and the
second peak of aerodynamic heating are relevant to the primary
growth of mode (1, 0), the saturation of this mode, and the simulta-
neous rapid growth of higher harmonics, respectively. Furthermore,
“primary” and “secondary” streaks were observed, along which the
localized maximum Stanton number could reach three times the
azimuthal-averaged value. By contrast, Lee’s group”  revealed another
possibility that the temporary intermediate valley of heat transfer
could be caused by nonlinear interaction of the second mode and the
low-frequency mode. Dilatation-induced dissipation was also regarded
as the major production term of the overshoot heat transfer in the
second-mode initiated transition.

As shown in previous studies, particularly by Fasel et al,”>** the
contributions of higher harmonics to breakdown can definitely not be
ignored. These modes, together with the primary one, are usually
strongly competing and interacting in the late stage. Although the con-
tributions of harmonics to aerodynamic heating are implicitly involved
via modal growth, the relative contributions of each harmonic to the
energy budget still appear to be unclear. Furthermore, the mean flow
distortion (MFD) arising from nonlinear interactions has a significant
influence in reshaping the mean flow profile and may play an
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important role in the heat transfer overshoot. Examinations of the
roles of superharmonics and MFD in heat transfer are necessary.

Another notable issue concerns the origin of the considerable pro-
duction of turbulent kinetic energy (TKE) in the transitional region. As
direct causes of TKE production, the overproduced Reynolds shear
stress and wall-normal component of the Reynolds heat flux have been
recognized as responsible for the overshoots of the time-averaged skin
friction and heat flux."” From the perspective of fluid motion, the major
contributions to the Reynolds shear stress can be decomposed into
quadrants in terms of flow events via the well-established approach of
Willmarth and Lu.”” The majority of studies in this area have applied
quadrant analysis to fully developed turbulence rather than transitional
flows. With regard to transitional flows, Volino and Simon®’ found that
an incompressible transitional heated boundary layer is dominated by
the hot ejection of large-scale eddies. Nolan et al.*’ presented a system-
atic quadrant analysis of particle image velocimetry (PIV) data from
low-speed bypass transitional flows. The initial growth in TKE produc-
tion was observed to be located in the outer region, actually at about 0.3
times the local boundary layer thickness. The event Q2 (ejection) was
also regarded as the main source of TKE production in the bypass tran-
sition. Nolan and Zaki"' further confirmed the significance of Q2 (ejec-
tion) at the boundary layer edge and Q4 (sweep) near the wall for
bypass transition. Park et al.** concluded that there existed some similar-
ities in significant flow structures and transport processes between tur-
bulent spots and the fully developed turbulent region. However, to the
best of our knowledge, neither the mechanism of the hypersonic oblique
breakdown of the natural transition nor that of the heat transfer over-
shoot have been revealed by quadrant analysis. In the present paper,
therefore, we focus on the mechanisms of Mach 6 oblique breakdown as
well as the overshoot of skin friction and heat flux by utilizing DNS, par-
allel and nonparallel stability analyses, and quadrant analysis. We are
also motivated by the comparative study by Mayer et al.”® of DNS and
experiment results for oblique breakdown initiated by a 20-kHz first-
mode disturbance. In the present paper, the oblique breakdown is
induced by a disturbance frequency of 23.88 kHz, which corresponds to
the maximum first-mode growth rate near the blowing—suction strip.
Thus, our DNS data enable us to explain the aerodynamic and aerother-
mal performance during the experimentally observed first-mode oblique
breakdown with a frequency of tens of kilohertz.

The remainder of the paper is organized as follows. Section II
describes the governing equations and numerical methods of the DNS
and flow stability analyses. Descriptions of the computational model
and case are also included. Section I1I presents an analysis of instanta-
neous, statistical and Fourier modal results. Section IV presents analy-
ses of the internal energy budget and mean flow profiles and reveals
the separate contributions of, for example, MFD and higher harmon-
ics. Section V presents the quadrant analysis in critical regions. Section
VI gives concluding remarks.

scitation.org/journal/phf

op* 9 %

af* +87;(p uj) =0,

8?* (p"uy) +0ix; (p*u?u;‘ + 5ijp*> - 0—392’ i
a(rj* (p"E") + ai; [(p*E* +p*)uj*} = 82; (u:‘r; - qj*)

Here, the asterisk denotes a dimensional variable, the subscripts i and j
are indices in Einstein notation (with summation over repeated indi-
ces), 6,-]- is the Kronecker delta function, and x; are Cartesian coordi-
nates. The variables ¢, u, p, p, and T are the time, velocity, density,
pressure, and temperature, respectively, while the velocity vector has
the equivalent forms V = (uy, u, u3) = (u, v, w). The quantities 7,
E,and gjare the viscous stress tensor, the total energy per unit volume,
and the heat flux vector in the X direction, which in dimensional form
can be expressed as

[ Our 0w Ou;
L= VK sy, 2
T = (696]* +6x;‘ + ox; @)
. 1 L OT
E*=¢" +Eu;‘u;‘, qj* = —K e 3)

Here, p, /, and x are the dynamic viscosity, the second viscosity, and the
thermal conductivity, respectively. The variable e represents the internal
energy per unit volume, which is calculated as e* = ¢ T*, where ¢, is the
specific heat at constant volume. For a perfect gas, ¢, is given by
¢ = R*/(y — 1), where the gas constant R* = 287.053 J/(kg K) for air
and the specific heat ratio 7 is set to 1.4. The dynamic viscosity is com-
puted from Sutherland’s law

o (TN 4 C
i (®) e
where 15, = 1.7894 x 107> kg/(ms), Tj = 288.15K,and C} = 110.4 K.
In the present paper, the second viscosity / is assumed to satisfy Stokes’
hypothesis and the thermal conductivity is determined by «* = p*c, / Pr,
where the Prandtl number Pr is set to 0.72. To close the N-S equations,
the equation of state for an ideal gas, p* = p*R*T*, is added.

Subsequently, the N—S equations can be expressed in conserva-
tive form as

4)

oQ . OF n oG N OH OF, 0G, OH,
o Ox* Jyr O0z¢ Ox*  Oyr Oz’

5

where Q denotes the conservative variables; F, G, and H are the invis-
cid flux vectors; and F,, G,, and H, are the viscous flux vectors (for
the detailed expressions, see Ref. 43). The non-dimensionalized N-S
equations are then obtained via the following transformation while
keeping the same written form:

Il. METHODOLOGY ; t* x; u;
. . . =7 7L Xi =7, Ui = ;
A. Governing equations and numerical methods Leef / 1% Y L o
1. Direct numerical simulation P p ™
P:p*v szy T:T*’ (6)
The DNS is based on the 3D compressible Navier—Stokes (N-S) i o coTee . o0 .
equations for a calorically perfect gas, which can be written in a w= /“‘l , K= K77 e = ¢ 7 _ R77
Cartesian coordinate system as Hso w2/ TS, ul U/ Ty
Phys. Fluids 34, 104116 (2022); doi: 10.1063/5.0119211 34, 104116-3
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where [ is the reference length scale. Finally, the governing equation
is transformed from the Cartesian to a generalized curvilinear coordi-
nate system and solved by our in-house code called ACANS
(Aerodynamic Combustion and Aerothermodynamic Numerical
Simulation) based on the finite difference method.

In the numerical method, time marching is achieved by the three-
stage third-order total variation diminishing (TVD) Runge-Kutta
method, which enables time-accurate simulation. In the numerical
scheme for inviscid terms, the seventh weighted essentially nonoscilla-
tory (WENO) schemes are applied to ensure high-order resolution of
the smooth flow field while maintaining robustness around possible
shocklets or strong wavelets induced by wall blowing suction. The vis-
cous terms are discretized by a second- or fourth-order central difference
scheme. The statistical results are shown to be insensitive to the order of
viscous term discretization under the considered mesh resolution, and
thus, the second order is chosen for overall simulation. The Appendix
presents a preliminary successful validation case for ACANS of the sim-
ulation of mode S propagating in a Mach 6 2D boundary layer.

2. Stability analysis

To compare with DNS results and identify the linear and nonlin-
ear stages of transition, parallel and nonparallel linear stability analyses
are conducted via our code called CHASES. With a given base flow,
CHASES enables theoretical calculation of convective instability prob-
lems for compressible flows. Taking Cartesian coordinates for exam-
ple, the instantaneous flow field is considered as the superposition of
the steady base flow ¢,, solved from the boundary layer equation and
the disturbance ¢,

d(x,y,2,t) = y(x,,2) + ' (x,9,2, 1), (7)

where the disturbance is assumed to contain a rapidly varying wave
function and a slowly varying shape function  in the parabolized sta-
bility equation (PSE) formulation™*

Xo

¢ =(x,y)exp {i UX o(x)dx + fz — o)t} } +cc  (8)

Here, o, f and o are the streamwise wavenumber, spanwise wave-
number, and angular frequency, respectively; the initial coordinate x,
denotes the distance from the inflow location to the leading edge,
i =+/—1, and “c.c.” denotes the complex conjugate. The shape func-
tion of the disturbance is written in vector form as Y = (p,u, 7,
w, T)", where superscript “T” denotes the transpose.

Substituting Eqgs. (7) and (8) into the N-S equations, applying the
parabolized approximation, and dropping the nonlinear terms finally
yield the following form of the governing equation for the nonparallel
analysis:

(30+$1)~//+££2%'/'+@$3n//=0, ©)
X dx
where %, %1, &>, and L5 represent the operators arising from the
effects of the locally parallel flow, nonparallel base flow, nonparallel
shape function, and nonparallel wavenumber, respectively.” The
boundary conditions for the shape function are unified as

it:f/:fv:TZO, y=0 or y— oo, (10)

scitation.org/journal/phf

TABLE I. Conditions for freestream, wall boundary, and inlet location parameters.

May,, T (K)  Regy(m™) T (K) Ty /Ty X (m)

6 55 1 x 107 300 0.767 0.02

while the boundary density disturbance is solved from the wall-
normal momentum equation. To close the problem, an iterative
scheme for the wavenumber is adopted under the ansatz of a stream-
wise slowly varying shape function, which is given by

(< (L0u 0 Afaw)
new — Yold — 17 A = - d, 11
Fnew = Gold IEL p"(“ pra v vy LU

where superscript 1 denotes the complex-conjugate quantity. If
the nonparallel effect can be ignored, then the terms containing
L1 ~ %5 in Eq. (9) can be removed, which corresponds to a switch
from the PSE to an LST analysis.

With regard to the numerical techniques of the PSE analysis, the
first-order Euler backward scheme is applied for streamwise marching,
while the Chebyshev pseudospectral method is used for the wall-
normal difference. The Vigneron technique is used to restrain the
numerical instability originating from residual ellipticity.® In the LST
analysis, Malik’s"” global algorithm using the Chebyshev pseudospec-
tral method and a local algorithm with compact fourth-order differ-
ence are used for the wall-normal discretization. The LST eigenvalue
problem is solved by the external Intel math kernel library (MKL).
Iterative procedures ensure that both PSE and LST will give a con-
verged complex wavenumber o with at least four valid digits. Several
validation cases for LST have been presented in our previous

papers, **’ while the case for PSE is shown in the Appendix.

B. Computational model and case description

We now describe the computational model and numerical case.
The main computational condition is given in Table I, where subscripts
oo and w denote the freestream and wall quantities, respectively. The
unit Reynolds number is denoted by Reyi.. The adiabatic wall tempera-
ture T}y, for laminar flows equals [1 + r(y — 1)Ma2_ /2]T%,, where
the recovéry factor r = Pr'/2, As shown in Fig. 1, a Mach 6 transitional
flat-plate boundary layer will be simulated and theoretically analyzed,

Supersonic outflow

boundary
5]
Supersonic
N Buffer zone P
N outflow
Self ' boundary
inflow 1
condition N Periodic boundary condition
1 .
| (spanwise)
*/’
z Y5l L'“f,‘,‘:Q.%‘.‘;‘.‘;‘ 4" Breakdown Turbulence]

g
Wall blowing-suction ~ Non-slip wall
x boundary

FIG. 1. Sketch of DNS strategies for the first-mode-induced flat-plate boundary
layer transition.
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where the x, y, and z Cartesian coordinates correspond to the stream-
wise, wall-normal, and spanwise directions, respectively. The steady
base flow at the inflow boundary is specified as a profile extracted from
the self-similar laminar solution, where the distance to the leading edge
is given by x; in Table I. To excite the downstream instability, tempo-
rally and spanwise periodic disturbances are artificially imposed on the
wall-normal momentum of the solid wall, simulating a blowing—
suction strip near the inlet. In this way, with the leading-edge receptiv-
ity being ignored, DNS will place special emphasis on the downstream
linear and nonlinear instabilities as well as the breakdown. The mathe-

50,51

matical form of the disturbance is given by

(pv)., = Auf(E) cos (2mz/ 1) sin (2mft). (12)

Here
(&) = 15.18758° — 35.4375¢* 4 20.258°, (13)
. { (¢ =)/ (%, = %), ¥ <5 <,

(X; _x*)/(x; _x:n)v 'x:n <xt < x;v

(14)

where the blowing suction occurs between x; = 0.033 64 m and x;
=0.045m, and x}, = (x; + x})/2. The dimensionless amplitude
parameter A,, is set to 0.02, which is moderate in magnitude. With
this value of the amplitude parameter, the natural transition scenario
is shown to occur within the expected computational domain. The fre-
quency and spanwise wavenumber of the forcing are set to f* = 23.88
kHz and 2] = 12.45 mm, respectively. These two parameter values
are decided by the first-mode neutral curve provided by LST, which
ensures that the primary wave is locally unstable near the blow-
ing—suction strip and that first-mode-induced oblique breakdown
finally occurs. As mentioned in Sec. I, this setting of the frequency ena-
bles study of first-mode oblique breakdown with a frequency of tens of
kilohertz, as has been observed in experiments.

Without the introduction of the two-dimensional primary mode,
Eq. (12) is actually the sum of a pair of oblique waves with opposite
wave angles, which may lead to oblique breakdown. In terms of the
surface velocity condition, the wall boundary is given by the no-
penetration condition except at the blowing—suction strip, while a no-
slip condition is imposed on the whole solid wall. To minimize the
reflection of disturbances on the outlet boundary, an extra sponge
zone is added on the upper and outflow boundaries of Fig. 1, with an
exponentially growing grid spacing and thus increasing numerical dis-
sipation. A supersonic outflow condition implemented by extrapola-
tion is given, while the higher-order effect of the limited subsonic
region is neglected. A periodic boundary condition is used in the span-
wise direction.

The mesh information is shown in Table II. Here, n,, n,, and n,
denote the node numbers in the x, y, and z directions, while L,, L, and
L, are the respective lengths of the main computational domain. In
addition to the baseline case for subsequent discussions, further com-
parative studies (unshown) have been performed to confirm the

TABLE II. Mesh information for DNS.

ne m,  n, L{m) L(m) L(m) Ax" Ayl Az

2301 123 176 0.7 0.15 0.035 591 039 394
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convergence of the grid size, domain size, and first-mesh wall-normal
grid spacing. The time step of the Runge-Kutta method is given by
At* = 1.5 x 1078 5. The dimensionless time step of the flow through
the computational domain is given by wu At*/L,~2 x 107°.
Numerical tests confirm the convergence of the time step selection
(not shown here). The structured mesh is orthogonal to reduce poten-
tial mesh-induced numerical error. The grid spacings are uniform in
the streamwise and spanwise directions, while the mesh is stretched in
the wall-normal direction. Here, in Table II, to calculate Ax*, Ay*,
and Az™, the skin friction C;that gives the wall friction velocity is esti-
mated by the van Driest II formula based on Rep'® at the location
x* = 0.7 m, which is subsequently found to be in the fully turbulent
region.

Once the preceding computational setup has been prepared,
DNS is performed on the Dawning 4000L supercomputer of
Beihang University. During the computation, a statistical analysis is
carried out until the flow field is statistically stationary after over
ten time units of flow through the computational domain. The
instantaneous data are output every 30 steps and accumulate to
give a total of about 7 TB. Finally, a temporal and spatial (spanwise)
bi-Fourier transformation, implemented by the Intel MKL, is per-
formed to obtain modal information. The sampling frequency of
the Fourier analysis is two orders of magnitude larger than the pri-
mary wave frequency to ensure the accuracy of the higher harmon-
ics. The total sampling period is sufficiently long that the minimal
frequency of the Fourier analysis is one order of magnitude smaller
than the primary wave frequency.

I1l. FLOW ANALYSIS
A. Instantaneous flow field
B. Statistical results

Figure 2 displays the instantaneous field of the streamwise veloc-
ity on the x—y and x—z planes. The contours clearly illustrate the com-
plete development of the boundary layer from early instability to
breakdown and full turbulence. In addition, the features of the break-
down are associated with the wall-normal height. The flow at y* = 2.5
mm, close to the critical layer position at x* ~ 0.25 m, transitions dra-
matically, as characterized by the formation and breakdown of stag-
gered A-vortices. Here, the critical layer position of the profile
corresponds to the height at which the base velocity equals the
phase speed of the primary wave. By contrast, in the inner region at
y*=1mm (y/ys ~ 0.3 atx* ~ 0.25 m) in Fig. 2, evident breakdown
of low-speed streaks can be identified. This observation seemingly
agrees with the classical finding of Kline et al.” that turbulence is gen-
erated by bursting of near-wall low-speed streaks. The high-speed A-
like structure in between may be linked with the staggered A-vortex in
the upper layer inferred from the shape of the structure. The low-speed
streaks are observed to have a spanwise spacing approximately half of
the initial primary wave, that is, 47 /2 = 6.225 mm. This indicates that
the streak mode (0, 2) could be dominant in the near-wall region.

Figure 3 shows that the spanwise distortion of the streamwise
velocity is minor at the profile x* = 0.1 m, but gradually grows from
the location x* = 0.15 m to x* = 0.25 m. With regard to the spanwise
scale of the structure in this early stage, the dominant wave near the
boundary layer edge has a wavelength close to the primary one, that is,
/= 12.45 mm. Toward the wall, the significant wavelength appears
to be 4} /2, which indicates the existence of a higher harmonic arising
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FIG. 2. Instantaneous field of streamwise velocity on the planes z* = L,/2 (top),
y* = 2.5 mm (middle), and y* = 1 mm (bottom).

from secondary instability. Figures 3(c) and 3(d) show that the critical
layer position of the primary wave turns out to be the height at which
the velocity field is the most strongly distorted. This height in Fig. 3(d)
seems to be near the crossing point of spanwise-distorted waves.
Subsequently, in Fig. 3(e), breakdown occurs almost in the vicinity of
that crossing point near the boundary layer edge. Thus, the critical
layer instability is observed to be responsible for the final nonlinear
breakdown. The primary mode (1, 1) near the critical layer and the
near-wall modes (m, 2) that have wavelength 17/2 are probably domi-
nant in this stage.
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FIG. 4. Instantaneous heat flux non-dimensionalized by the time-averaged value
varying with time on the symmetry plane at x* = 0.33 m (show only per 30 time
steps).

The behavior of the instantaneous heat transfer is also of interest.
Figure 4 shows the instantaneous surface heat flux at x* = 0.33 m (the
streamwise peak location of the mean heat flux), which is non-
dimensionalized by the time-averaged value. Here, ¢ denotes the time
average of ¢. It can be seen that the maximum instantaneous heat flux
is around 4.6 times the average on the symmetry plane z=0, while
this ratio varies from 3.0 to 5.0 on various spanwise slices (not shown
here). The intense temperature fluctuation also results in a negative
instantaneous heat flux concentrated in the short-timescale history.

(@ (b)

() ()

FIG. 3. Streamwise evolution of instantaneous streamwise velocity at (a) x* = 0.1 m, (b) x* = 0.15m, (c) x* = 0.2 m, (d) x* = 0.25m, (e) x* = 0.3 m, (f) x* = 0.35 m,
(9) x* = 0.4 m, and (h) x* = 0.6 m. The horizontal solid line marks the location of the critical layer for mode (1, 1).
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FIG. 5. Variation of (a) boundary layer integral thickness y; and (b) shape factor Hy; with streamwise location.

Although the time-averaged distribution is of principal interest for
vehicle design, the highly unsteady property of the instantaneous heat
flux may be troublesome when it is necessary to consider coupled ther-
mal interaction with the solid surface. For example, transient heat con-
duction on the surface of hypersonic vehicles can significantly affect
thermal stress and creep strain of the solid structure and in turn the
lifetime of vehicles. Another severe problem that may cause cata-
strophical damage is thermal flutter. A recent experimental study by
Daub et al.” found that a slight wall temperature difference in hyper-
sonic boundary layer transition (within 10 K) resulted in occurrence of
panel oscillations shortly after startup of the wind tunnel. The effect of
transient flow fluctuations on the structural response has been further
investigated.”*

Since the flow is spanwise-homogeneous, spanwise averaging is
performed in the general statistics. As a straightforward indicator of
transition progress, Fig. 5 shows the development of the time- and
spanwise-averaged nominal thickness y§ and the shape factor Hy of
the boundary layer, where Hy is the ratio of the displacement thick-
ness and momentum thickness. The boundary layer transition is char-
acterized by the rapid growth of boundary layer thickness and

2‘“.}‘l“"|“"|““]“"l"“]“"
|\ vanDriestII Re,

van Driest Il Re,

self similar solution

adjustment of the shape factor approximately in the region 0.2
< x* < 0.35m.

Figure 6 shows the time- and spanwise-averaged averaged skin
friction coefficient C; Stanton number St, and dimensional heat flux g,
The Stanton number is defined by St = q},/[p%, 15 oo (Tog, — )]s
where ¢, is the specific heat at constant pressure. First, we examine
whether the Cyor St curve eventually collapses onto the turbulent corre-
lation. The displayed empirical Crin the fully turbulent region is calcu-
lated by the van Driest IT formula based on either Rey or Re,,'” where
the difference is that the formula based on Re, requires specification of
the virtual leading edge (VLE) location. Without a unified theoretical
foundation, this location is currently given by xy;; = 0. The Stanton
number is calculated by the Reynolds analogy in conjunction with the
van Driest II formula based on Rey. The Reynolds analogy factor
25t/ Cy was initially given by Pr=2/3, as suggested by Colburn,” but a
later high-speed experiment by Hopkins and Inouye™ indicated a lower
value. They found that the combination of the van Driest II and the
analogy factor 1.0 could yield an accurate St via the Reynolds analogy in
comparison with experimental data. Therefore, the Reynolds analogy
factor is set to 1.0 in the present work.
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FIG. 6. Variation of (a) time- and spanwise-averaged skin friction and (b) heat flux and Stanton number with streamwise location.
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With regard to the comparison between DNS results with theo-
retical or empirical formulas in Fig. 6, first, the Cr of the laminar
boundary layer agrees well with that of the self-similar solution. The
location where there is a deviation between the self-similar and DNS
results for Cs regarded as the transition location, is observed to be
x* 2 0.18 m. In the transitional and fully turbulent regions, the aver-
aged Cyand St generally collapse onto the empirical formulas for the
turbulent region. In the transitional region, the Crand St overshoot the
turbulent correlations by at most around 23% and 38%, respectively.

To further investigate the fully developed turbulent region, the
mean velocity profile is compared with the law of the wall. To remove
the influence of mean density variations due to the effect of compress-
ibility, the van Driest transformation for the mean velocity (which is
mainly applicable at moderate or low Mach numbers) is utilized

Ul = JO \/pzdlﬁ(y), (15)

Figure 7 compares the transformed mean velocity profile, the
viscous sublayer law ut = y*, and the incompressible log law u™"
=1/xIn(y") + 5.0, where the von Kdrmdn constant x ~ 0.4. The
mean velocity profile in the viscous sublayer and the log layer can be
accordingly regarded as self-similar downstream of x* = 0.5 m. There is
agreement between the DNS data and the viscous sublayer law as well as
the intercept of the log law. However, the slope of the transformed profile
is slightly higher than 1/k. A similar observation can be made with
regard to recent DNS results from the NASA Langley Center”” at an
approaching freestream Mach number 5.86 and identical freestream
temperature and wall temperature. It can be inferred that the van Driest-
transformed velocity profile may not agree with its incompressible coun-
terpart if the Mach number is high or if wall cooling is involved.
Nevertheless, it can be confirmed that the fully turbulent region reaches
near self-similarity after x* = 0.5 m can be confirmed.

C. Modal analysis

To quantify the modal growth, the maximum root mean square
(r.m.s.) values of the streamwise velocity ;s of the leading modes
(0 < m,n < 3) are shown in Fig. 8. The results of linear parallel and
nonparallel stability theories initiated at x* = 0.1 m are also shown to

257

201

10° 10" + 10° 10°

FIG. 7. The van Driest transformed mean velocity profile compared with the vis-
cous sublayer law and the log law.
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FIG. 8. Comparison of the maximum v',,s between DNS and stability analyses.
Gray lines represent the remaining unlabeled modes (m, n) (0 < m,n < 3).

enable identification of the linear instability stage. In the streamwise
region 0.1 < x* < 0.18 m, the slopes of the curves for the DNS mode
(1, 1) agree with those calculated by either LST or PSE. Extracted from
the location x* = 0.175 m, Fig. 9 shows a comparison of DNS and lin-
ear theories with respect to the 1/, profile. Generally, both LST and
PSE results agree with DNS data.

Downstream of the linear instability stage, the promotion and satu-
ration of higher harmonics due to nonlinear wave interactions are
recorded in Fig. 8. The magnitude of o/, indicates that the primary
oblique mode (1, 1) and the streak mode (0, 2) are the most energetic in
the transitional region, while other superharmonics like mode (2, 2) are
weaker. Different from other superharmonics, mode (0, 2) is promoted
appreciably in the early growth of instability waves owing to the sum
interaction of the primary oblique waves. Significant growth of MFD is
also observed to proceed from the transition location. It can be inferred
that the pronounced MFD and the leading harmonics are probably
responsible for the heat transfer on or approaching the wall. In Sec. IV,
the contributions of MFD and the dominant harmonics will be analyzed.

IV. ANALYSIS OF ENERGY BUDGET AND MEAN FLOW
PROFILE

The cause of the heat transfer overshoot can be revealed by analy-
sis of the energy budget and the mean flow profile. The dimensional

0.08 —— ,
0.06 PSE 7

e AW eeaa-. LST

5 A DNS
2004 .
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of 2 3

s

FIG. 9. Comparison of the maximum v/,ms profile between DNS and stability analy-
ses at x* = 0.175 m.
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transport equation for the internal energy e per unit volume can be
expressed as

"
p* (g(;—O—V* ~Ve*) =-V.-q" —p'V-V' 4+ 0", (16)
where q is the heat flux vector, and the term on the right-hand side
represent thermal conduction, pressure dilatation, and viscous dissipa-
tion, respectively. After the time averaging operation, the unsteady
time-dependent term in Eq. (16) is minor compared with the other
terms. On the wall, with the advection term vanishing, the production
terms on the right-hand side, including pressure dilatation and viscous
dissipation, will be directly responsible for the considerable change in
surface thermal conduction in the transitional region. Meanwhile, the
rapid alteration in the flow state will significantly affect the nonzero
advection term near but not on the wall. This advection effect in turn
has a significant effect on the transport of momentum and energy, and
this can be regarded as the root cause of the heat transfer overshoot.
This argument provides the focal point for the energy analysis, namely,
investigation of both the direct and root causes.

The significant terms in Eq. (16) can be decomposed into direct
contributions from the mean flow field and higher-order moments
arising from the effect of fluctuations, with the latter moments being
further split into contributions from various harmonics. Specifically,
the time- and spanwise-averaged viscous dissipation term is decom-
posed into contributions induced by shear and dilatation, denoted by
@' and Dy, respec'[ively,3

O =P+ Dy, (17)

(0]

where

O, = (Wopep), O =(d?), wy=i 42 (18)
with (-) and (-) denoting time and spanwise averaging, respectively.
Here, in a Cartesian coordinate system, the vorticity components w;
and the dilatation 1" are expressed as

WO o 0w
oy 0z 0z ox) 19)
of — ot ou
3 Ox* ay*
and
ou* ot ow
9 = . 20
ox oy oz (20)

Equation (18) demonstrates that the viscous dissipation induced by
dilatation does not vanish even if Stokes’ hypothesis holds, that is,
A" = —2u* /3. Considering the effects of fluctuation and spanwise dis-
tortion, we can decompose the shear-induced dissipation into four
parts: @, = D0 + Dy, + Py + Dy3. In this section, the instanta-
neous quantity is ¢ = (¢) + ¢', with (¢) and ¢’ denoting the base
flow superimposed by MFD and the disturbance excluding MFD,
respectively. In this way, MFD is incorporated into the base flow to
reflect the overall effect of the time- and spanwise-averaged field. The
dimensionless expressions for @, ..., D3 are

CD(/)O = <ﬁ><@k> <@k>7 (le = 2<(Z)k> <m>a

R, (21)
q)wZ = <p><w,kw/k>7

(DmS = </-t/w/kw,k>7
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where @9, D1, Py, and D3 reflect the effects of the time- and
spanwise-averaged field, the second-order moment of the cross correla-
tion between fluctuations in dynamic viscosity and vorticity, the second-
order moment of the vorticity self-correlation, and the third-order
moment, respectively. Both the streak mode (0, 2) and the primary
mode (1, 1) contribute to the second- and third-order moment terms,
while only the base flow and MFD determine the first term .

Similarly, the dimensionless time- and spanwise-averaged
dissipation induced by dilatation is written as @y = Dyy + Dy
+ @y, + Dys3, where

Dyy = (1)(0)?, @y = 2(0) (WD),
Oy = (W) (0R), g3 = (9.

The dimensionless time- and spanwise-averaged pressure dilatation
term, denoted by Ty, is decomposed as Ty = Tyo + Tp1s where

(22)

_ 6_14, au’i
Tpo = _<p><8_x,->’ Tp = _<‘D,6_xi>' (23)
The physical meanings of the decomposed terms of ® and T}, resem-
ble those of @,,. Sections IV A and IV B will analyze the terms that
may be responsible for the overproduction of the internal energy.

Moreover, the relative contributions of the leading harmonics to sig-
nificant terms will be examined.

A. Surface energy budget

The budget of the internal energy on the wall surface reveals the
direct cause of the rapidly varying thermal conduction term. Figure 10
shows the variation of the respective overall terms and their decom-
posed parts for pressure dilatation T, shear-induced dissipation @,,,
and dilatation-induced dissipation ®,. Comparison of the dimension-
less magnitudes shows that @, is significantly larger than ®y and T,
in the transitional region, which is essentially different from what is
known for the second mode, where the shear-induced dissipation is
lower.” The main reason for these different findings is that the first
and second modes possess the properties of vorticity and sound waves,
respectively, which are associated with the mean shear and pressure,
respectively.

Furthermore, comparison of the mean and fluctuating terms in
Fig. 10 reveals the direct contribution of the mean field @, as a large
portion of the total @, while the sum of fluctuation-related parts
D, + Dy + D3 is found to be less, although not negligible.
Meanwhile, the @, part arising from the self-similar laminar base flow
makes a minor contribution in the transitional region. Therefore, the
pronounced @,y is mainly attributable to the MFD. During the non-
linear interaction of the overall harmonics, the nonlinear production
source term for MFD consists of interactions between every single
mode and its complex conjugate, for example, (1,1)+ (—1,-1)
— (0,0). Owing to the symmetry of the Fourier space, the growth of
MFD can be further ascribed to the growing amplitude of each mode.
From this, we can infer that the dominant modes indirectly responsi-
ble for the gain in surface internal energy should be the most energetic
modes (1, 1) and (0, 2). The overshoot of the amplitude of these domi-
nant modes is important in generating the overshoot of aerodynamic
heating. With regard to the fluctuation-induced terms, Fig. 10(b) con-
firms the significance of ®,,,, which indicates that the self-correlation
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FIG. 10. Growth of terms in the internal energy transport equation on the wall (all non-dimensionalized by % u*? /12, where ke = 1 mm): (a) overall terms with high magni-

tude; (b) decomposed terms with low magnitude.

of the vorticity fluctuation ), is greater than the cross correlation of
;. and 1.

B. Advective heat transfer and mean flow profile

In the near-wall region, the nonzero advection term dominates
the transport of the internal energy and the momentum, characterized
by the wall-normal component of the Reynolds heat flux —pv"T” and
the Reynolds shear stress —pv"u”, respectively. Here, the fluctuation

(-)" arising from the Favré density-weighted mean (-) is defined by
¢" = ¢ — ¢, where f = pf /p. Introducing the Favré averaging helps
to take account of the compressibility effect and establish connections
with transition modeling. Figure 11 shows the distributions of
—(pv"T") and —(pv"u"), which reveal visible enhancement in the
transitional region, with their absolute maxima at y/ys = O(1/10).
Thus, the transport of momentum and internal energy induced by
advection in the transitional region is confirmed to overtake that in
the fully developed turbulent region. Meanwhile, the enhanced region
of —(pv"T") appears to be broader than that of —(pv"u"). This find-
ing corroborates the relative magnitudes of the observed overshoots of
Crand St, with maxima around 23% and 38%, respectively, where the
heat flux overshoot is more obvious. Accompanying the overshoots of
the Reynolds heat flux and shear stress in Fig. 11, the boundary layer
thickness grows significantly.

Similar to the production terms on the right-hand side of Eq.
(16), the wall-normal Reynolds heat flux can be decomposed into
mean and fluctuating parts, with the latter being further decomposed
into independent contributions of Fourier modes. The time- and
spanwise-averaged term Ry = (pvT) is decomposed as Ry = Rry
+ R71 + Ry + Rp3 + Ry, where

Ryo = (pvT), Rpi = (p)(vV'T'), Ry =(T)(p'V'),

Rry= ()7}, Ree= (oD,
where Ry characterizes the temperature transport via the wall-normal
advection contributed by the self-similar base flow and MFD, Ry,
~ Ry represents the second-order moments, and Ry represents the

24

ref?

third-order moment. Owing to the orthogonality of different Fourier
modes, the second-order moments Ry; ~ Rys arise solely from the
self-correlation of each mode, with no contribution from the cross cor-
relation. For example, the contribution of the primary mode (1, 1) to
Ry is given by

<p><W>(111) = 4?‘“(1,1)@‘(1.1) cos (6%,” -0; ), (25)

(L1)

where |7 and |T| are fluctuation amplitudes in Fourier space, ® is the
phase angle, and the constant coefficient 4 on the right-hand side
arises from the quadrant symmetry property of mode (1, 1). Similar to
the recent finding of Zhu et al.”® that emphasizes the phase difference
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FIG. 11. Contours of the Reynolds shear stress —(pv”u”) (top) and the Reynolds
heat flux —(pv”T") (bottom) (non-dimensionalized by p;ou;g and pi Ui Tr,

respectively; the solid line indicates the location of the nominal boundary layer
thickness).

Phys. Fluids 34, 104116 (2022); doi: 10.1063/5.0119211
Published under an exclusive license by AIP Publishing

34, 104116-10

6%:01:80 £20T 19qWaAON 0L


https://scitation.org/journal/phf

Physics of Fluids

in the dilatation term, for the aerothermal load reduction of hyper-
sonic vehicles, Eq. (25) suggests that the phase difference between v/
and T" is of particular significance.

Figure 11 illustrates that the enhanced Reynolds heat flux, as well
as the strengthened vertical advective heat transfer, mainly appears in
the outer region of the transitional boundary layer rather than in the
very near-wall region. Therefore, the sources contributing to the
advective heat transfer will be examined mainly in the outer boundary
layer region 0.2 < y/ys < 1. Through the orthogonal decomposition
in Eq. (25), it is straightforward to determine the relative contributions
of the leading Fourier modes to a major second-order term of advec-
tive heat transfer, say, Rry. Figure 12 shows the weight percent of
modal contributions to Ry, starting from the early linearly unstable
stage (x* = 0.1 m) to the downstream location of the mean heat flux
peak (x* = 0.4 m). At the location x* = 0.1 m, Fig. 8 shows that the
amplitude of the primary mode is at least one order of magnitude
larger than the others. Accordingly, the contribution of mode (1, 1) to
Rry in Fig. 12(a) approaches 100% in the whole of outer boundary
layer region y/ys > 0.6. However, in the inner region, where the
eigenfunction magnitude of mode (1, 1) falls rapidly, the contributions
from other modes such as (0, 2) are comparable to that of the primary
mode. Therefore, the dominant mode may not play an equally signifi-
cant role in the energy budget right across the boundary layer.

Proceeding to x* = 0.2 m where the nonlinear instability grows,
we can see from Fig. 8 that the nonlinear difference interaction
(1,1) — (1,—1) — (0, 2) is much stronger than the self-sum interac-
tion (1,1) + (1,1) — (2,2) in the early stage. Thus, it can be under-
stood from Fig. 12(b) that the percentage contribution of the streak
mode (0, 2) to Ry increases considerably in the outer region
0.4 < y/ys < 0.7, while the contribution of mode (2,2) remains tiny.
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Meanwhile, Fig. 8 illustrates that the r.m.s. amplitude of mode (1, 1) is
overtaken by that of the streak mode (0, 2) at x* = 0.2 m. Therefore,
the region in which mode (1, 1) is dominant shrinks greatly in Fig. 12(b),
where the intersection of the curves corresponding to modes (1, 1) and
(0, 2) occurs at y/ys =~ 0.64. However, the growth of mode (0, 2)
encounters saturation at x* = 0.25 m, while mode (1, 1) continues to
grow, as shown by Fig. 8. Here, the dominant region of mode (1, 1) in
Fig. 12(c) is enlarged compared with the location x* = 0.2 m. Above a
height y/ys ~ 0.52 at x* = 0.25 m, mode (1, 1) occupies over 50% of
the overall contribution to Ry;. Recall from Fig. 11 that the peaks in the
Reynolds shear stress and Reynolds heat flux are situated near the
boundary layer edge for early instability stages rather than in the near-
wall region for fully developed turbulence. Meanwhile, the magnitudes
of the Reynolds shear stress and Reynolds heat flux have started to
increase at the station x* = 0.25 m, where the mean profiles of both
the boundary layer and thermal boundary layer are changing.
Therefore, the advection effect in the outer region is crucial to the over-
all internal energy transport, at least until the station x* = 0.25 m,
where the mean surface heat flux reaches 63% of the streamwise peak.
The dominance of mode (1, 1) in the advection term of Eq. (16) contin-
ues, at least before saturation of all the harmonics.

Farther downstream at x* = 0.3 m, where mode (2, 2) has grown
and almost all modes saturate, Fig. 12(d) shows that the modal contri-
butions to the advection term appear to be in a strongly competitive
state. No major mode is observed that occupies over 50% of the contri-
bution to Ryy, even for the streak mode near the wall. This is attributed
to the fact that other superharmonics have been promoted and their
accumulation is significant. Proceeding to the profiles x* = 0.35 m
and x* = 0.4 m situated downstream of the heat flux peak, the streak
mode (0, 2) is found to be the most important (over 30% of the entire
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contribution) in the relatively inner region y/ys < 0.4. In comparison,
the weight of modes (1, 1) and (2, 2) decreases in the outer region,
where none shows superiority over the rest. Generally, modes (1, 1)
and (0, 2) are found to be dominant in the early outer and late near-
wall regions, respectively. This conclusion agrees with Fig. 3 in that the
modes with higher spanwise wavenumbers tend to originate from
locations approaching the wall. With regard to the effect of heat trans-
fer on the transition, the enhanced heat transfer further reshapes the
mean temperature profile, which facilitates an interaction of MFD and
other harmonics. Thus, the more rapid growth of harmonics are likely
to occur before the saturation.

The analyses above highlight the main contributions to the Ry
term and to the Reynolds heat flux in the linear and nonlinear regimes.
The strengthened Reynolds heat flux in the transitional region also
affects both the mean flow profile and the mean heat flux significantly.
Figure 13(a) shows the development of the dimensionless mean tem-
perature profile from the linear unstable region to the fully developed
turbulent region. The reference temperature and length scale for non-
dimensionalization are the freestream temperature and local boundary
layer thickness, respectively. Considerable distortion of the mean tem-
perature profile is observed in the outer boundary layer, starting from
the rough transition location x* = 0.2 m. Downstream of the stream-
wise mean heat flux peak location x* = 0.33 m, denoted by Xg; may.
the mean temperature profile gradually becomes turbulent-like where
the large temperature gradient moves downward to the near-wall
region. The near-wall view of the temperature profile in Fig. 13(b)
reveals that the maximum mean temperature is increased and the
peak location gradually approaches the wall, starting from the laminar
region t0 Xg; max. Downstream of Xg; max, the maximum mean temper-
ature is attenuated. However, what does appear to be invariant down-
stream of the location of the peak heat flux is the dimensionless
temperature gradient dT/dy at the wall. Figure 14(a) provides a clearer
view of the wall temperature gradient, where dT/dy at the wall equals
17.27 at the location Xg max. The dimensionless wall temperature gra-
dient reaches a near self-similar state downstream of Xg; max. This
seems sensible, since breakdown has occurred at the location Xg max
according to Figs. 2 and 3 and turbulent self-similarity is gradually
established. The following quadrant analysis also provides evidence in

—H— x=0.Im |
—A— x=02m
—— x=025m
5 —Pp— x=03m -
| —e— x=0.33m |
i —<&—— x'=0.35m |
if
~ 0
3
2f
17 T
0 0.2 04 « x 06 0.8 1
¥ 1Y
(a)
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Fig. 17 that at the location x* = 0.4 m, the flow event performance is
similar to that in the fully developed turbulent region, although the
Stanton number has not yet collapsed onto the turbulent correlation.

It can be seen from Fig. 14(a) that the temperature gradient varia-
tion downstream of Xg max is no longer directly attributable to the
temperature profile reshaping contributed by the MFD. Although
MFD continues to affect the dimensionless temperature peak Tiax
downstream of Xg max, little contribution from MFD to the dimen-
sionless temperature gradient can be observed. Note that both the
mean temperature and mean thermal conductivity are constant at
the wall owing to the isothermal boundary condition. Therefore, the
dimensionless Stanton number at the wall, characterizing the dimen-
sionless heat flux, is not visibly affected by the nonlinear wave interac-
tions downstream of Xg; ma.x. We can further infer that no heat transfer
overshoot should appear if the mean boundary layer thickness down-
stream of X max has the same growth rate as that of the fully turbulent
region. This reasoning is based on the following relationship:

dr _dr ;
dy —dy* Ti’

(26)

It can be seen that with a constant growth rate of the boundary layer
thickness from Xg; max to the fully developed turbulent region, the
dimensional temperature gradient at the wall is predicted to exhibit no
substantial difference between the late transitional region and fully
developed turbulent region. However, Fig. 14(b) shows a clear decrease
in the dimensional temperature gradient at the wall downstream of
Xst max- This observation and Eq. (26) demonstrate that the dimen-
sional temperature gradient variation downstream of Xg; max is almost
entirely attributable to the faster growth of the boundary layer thick-
ness in the transitional region than the fully turbulent region. The
faster growth in the transitional region is also shown by the statistical
result in Fig. 5(a).

As further confirmation, a renormalized Stanton number is
defined as St, = St 5 /1, which cancels the effect of the growth differ-
ence in the boundary layer thickness. Figure 15 shows that the transi-
tional region downstream of Xg max and the fully developed turbulent
region share the same fitting slope of the x* ~ St, correlation. Here,
the start of the fully developed turbulent region is regarded as the

5.8 T

i dT/dy=17.27

5.6

FIG. 13. Mean temperature profiles at different locations: (a) dimensionless profiles y ~ T; (b) profiles y ~ T (near-wall region).
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FIG. 14. Mean temperature profiles in the very near-wall region:

location where the Stanton number St collapses onto the turbulent
correlation. It is found that the late transitional region downstream of
Xt max is not essentially different from the fully turbulent region. No
visible overshoot of the renormalized Stanton number is observed.
Therefore, the new correlation x* ~ St, indicates the possibility of
similarity in the wall heat transfer behavior between the overshoot
region and the fully developed turbulent region.

V. QUADRANT ANALYSIS

Quadrant analysis of the Reynolds shear stress clearly identifies
the major flow events that are responsible for turbulence production.
The four categories of flow events are Q1 (' > 0, v/ > 0, outward
interaction), Q2 (1’ < 0, v/ > 0, ejection), Q3 (' < 0, v < 0, inward
interaction), and Q4 (' > 0, v/ < 0, sweep), where Q2 and Q4 con-
stitute the positive contribution to TKE production. By analogy with
the quadrant analysis, scalar transport can be addressed in a similar
manner, with the scalar transport events for the temperature
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FIG. 15. Variation of renormalized Stanton number St, = St y; /I; with streamwise
location, where [; = 1 mm.
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(a) dimensionless profiles y ~ T; (b) dimensional profiles y* ~ T.

consisting of Q1 (T” > 0, v/ > 0, outward motion of hot fluid), Q2
(T" <0, v > 0, outward motion of cold fluid), Q3 (T" < 0, v/ < 0,
inward motion of cold fluid), and Q4 (T” > 0, v/ < 0, inward motion
of hot fluid). Octant analysis that incorporates the scalar T transport
into the original quadrant analysis is an alternative approach, but the
separate quadrant analyses of flow events and scalar transport events
adopted here will help to identify the contributions to the Reynolds
shear stress and Reynolds heat flux, respectively.

It should be noted that these flow events are generally more rele-
vant to unsteady motion of fluids than to steady profile distortion.
Consequently, steady disturbances, including MFD and stationary
streak modes, are excluded from the total during the quadrant analy-
sis, while the time-dependent fluctuation remains. These steady distur-
bances can be superimposed on the base flow, thereby generating a
new distorted base flow. To avoid ambiguity, the time-dependent fluc-
tuation is indicated by the subscript “flu” and is separated from the
disturbance ¢’ in Eq. (7). In detail, decomposition of the instantaneous
field ¢ is performed via

b=y + ¢ o + E ¢ (o) + Z & mmy, m>0.  (27)

n>0 m,n

Combining the first two terms on the right-hand side of Eq. (27)
yields

b =(P)+ > & 1om) + ¢ (28)

n>0

where the first two terms on the right-hand side constitute the new
base flow. When the stationary waves ¢’ ) are excluded, the com-
bined contribution of flow events to the heat flux term Ry is
expressed as (0) (V'gu T flu)-

To record the flow events statistically, contours of the joint prob-
ability density functions (PDFs) for the fluctuations /g, ~ /g, and
T'gu ~ V'gy are plotted in Fig. 16. The PDFs are normalized by the
respective maxima, and the wall-normal height corresponds to the
peak /5. To show the evolution of the PDF, several profiles are
extracted from different streamwise locations, namely, profile A
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FIG. 16. Joint PDFs of the fluctuating velocities vy, ~ v/q, and fluctuations T'q, ~ V'q, collected at the height of maximum v/ s. The columns from left to right correspond to

profiles A, B, C, and D, respectively.

(x* = 0.25 m, the rising stage of the 1,5 max Of dominant modes),
profile B (x* = 0.3 m, the decreasing and rising stages of the modal
W msmax and the mean Stanton number, respectively), profile C
(x* = 0.4 m, the decreasing stages of both modal #//ymsmax and St),
and profile D (x* = 0.6 m, the fully developed turbulent region).

First, Fig. 16 highlights a unique feature of the rising stage of the
fluctuation (profile A), namely, the relatively even distribution of
the joint PDF over a wide range of fluctuation magnitude. By contrast,
the joint PDFs of profiles B to D are narrowly concentrated near the
origin (particularly for C and D, which are similar in shape). For pro-
files B to D, it is mainly the dark PDF region of the wall-normal /g,
that shrinks. This indicates the cause of excessive production of the
Reynolds stress in the transitional region from the perspective of fluid
motions: a high probability of larger fluctuating velocities and temper-
ature in the flow event.
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Figure 16 shows a typical PDF performance selected from one
wall-normal height. To provide a complete physical image across the
boundary layer, the overall instantaneous data are treated statistically
and recorded in the form of mean contributions in Fig. 17. As can be
seen in Fig. 17(a), supporting the conclusion drawn from Fig. 16, the
absolute contributions of events Q2 and Q4 to the Reynolds shear
stress are considerably larger in early stages (profiles A and B) than in
late stages (profiles C and D). The modal growths near profiles A and
B, including those of higher harmonics, lead to enhancement of flow
events. In comparison, the transitional profile C, approaching the fully
developed turbulent region, exhibits an approximate balance between
ejection and the sweep. This observation for profile C agrees with the
conclusion for low-speed flow cases by Sayadi et al”™ that the basic
property of turbulent statistics is already established in the late stage
after the skin friction overshoot.
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FIG. 17. Quadrant contributions to the (a) Reynolds shear stress (p) (v4,ug, ) and (b) heat flux (p)(vq, Ty, ) from the flow events.
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Furthermore, profiles A and B, not appearing in the late transi-
tional stage, are essentially different from profiles C and D in terms of
the position in the y direction of the peak contribution. For profiles A
and B, the peak contribution of Q2 or Q4 is located in the outer
boundary layer (y/ys ~ 0.7), which is probably a result of the proper-
ties of the dominant instability wave. The reason for this inference is
that the peak location of Q2 or Q4 coincides with the location of the
greatest contribution of mode (1, 1) to Ry; in Figs. 12(c) and 12(d). In
comparison, the peak locations of flow events near the fully developed
turbulent region (profiles C and D) exhibit an inward shift to the inner
boundary layer. For instance, for the fully turbulent profile D from
Fig. 17(a), the peak locations for Q2 and Q4 coincide and move to
y/ys ~ 0.143, corresponding to y* ~ 28.5, which is at the bottom of
the log layer approximately in the range 24 < y™ < 70. This observa-
tion demonstrates the transformation from instability (profiles A and
B) to the turbulence (profile D) with respect to the contributions of
flow events. The dominant scale of flow events varies from the large
scale of instability waves to the near-wall small turbulent scale.

With regard to the Reynolds heat flux, Fig. 17(b) indicates that
the scalar transport event Q1 (T}, > 0, vj, > 0) is the most signifi-
cant in the transitional region, finally making a positive contribution
to Rr;. In agreement with the explanation presented in Sec. IV B and
resembling has been found recently by Zhu et al™ and Tian and
Wen,” the small phase difference between the relevant fluctuations
(v, and Tg, in our case) plays an important role in the instability pro-
cess and aerothermal performance. The physical interpretation here is
that the scalar transport event QI indicates that a positive v/ corre-
sponds to the equally positive T’ carried by the coherent structure.
Consequently, the low-temperature fluid is mainly advected approach-
ing the wall. Thus, the rapid cooling in the outer boundary layer region
reflected in Fig. 13(a) can be understood from the viewpoint of the
quadrant analysis. There is also a clear similarity between the
Reynolds shear stress and Reynolds heat flux profiles, which has also
been reported for a fully developed turbulent boundary layer”' but is
less for the transitional flow. As indicated by the common behavior of
the Reynolds shear stress and heat flux, hot ejection (uf, <O,
Vie > 0, Tg, > 0) should be dominant in the pretransitional and
transitional regions, which agrees with the conclusion for incompress-
ible cases by Volino and Simon.™

Another significant phenomenon is the imbalance between
events Q2 and Q4 before breakdown, that is, profiles A and B. Ejection
is more significant than sweep before the peak location of the skin fric-
tion and heat flux, while the two tend to achieve balance (although not
exactly) in the fully turbulent region. Although ejection has already
been found to be stronger than sweep in fully developed turbulence by
Wallace,™ it is still noteworthy here that ejection dominates sweep by
a factor of more than two just upstream of the eventual oblique
breakdown.

VI. CONCLUSIONS

In this paper, a pair of first-mode oblique waves with opposite
wave angles have been introduced to initiate Mach 6 boundary layer
transition via the wall blowing-suction technique. DNS, stability anal-
yses, and a quadrant analysis have been utilized to reveal the mecha-
nisms of oblique breakdown, as well as the overshoots of skin friction
and heat transfer.

scitation.org/journal/phf

The instantaneous flow field identifies the formation and break-
down of outer staggered A-vortices near the critical layer and
near-wall low-speed streaks. The time history also shows that the
instantaneous heat flux can reach three to five times the average in the
transitional region, which demonstrates a highly unsteady feature of
heat transfer. By means of stability analyses and bi-Fourier transfor-
mation, the stages of localized receptivity, linear and nonlinear insta-
bilities, modal saturation, and breakdown have been identified. The
primary mode (1, 1) and streak mode (0, 2) are found to be the most
energetic before breakdown.

A subsequent energy budget analysis indicates that the direct
cause of the heat transfer overshoot is the enhanced shear-induced
viscous dissipation at the wall. The viscous dissipation is further
confirmed to be dominated by the direct contribution of the mean
flow distortion. Furthermore, the fluctuation-related higher-order
moments, particularly the self-correlation of the vorticity fluctuation,
are smaller, but not negligible. During the rising stage of aerodynamic
heating and before saturation of all the harmonics, the primary first
mode accounts for a large proportion of the entire contribution to the
advective heat transfer. In the vicinity of the location of the peak mean
heat flux, the developed modes, including the primary oblique mode,
streak mode, and a superharmonic (2, 2) mode across the boundary
layer, compete with each other in contributing to the vertical
advective heat exchange. The relative contributions of these modes to
advective heat exchange are closely linked to the successive occurrence
of fast growth and saturation of the leading harmonics induced by
nonlinearity.

Examination of the mean temperature profile shows that the
dimensionless temperature gradient varies litle downstream of the
location of the peak mean heat flux. The Stanton number St, renor-
malized by the local boundary layer thickness shows no difference
between the transitional region downstream of the heat flux peak loca-
tion and the fully developed turbulent region. This new correlation
indicates the possibility of a similarity in wall heat transfer perfor-
mance between the overshoot region and the fully turbulent region.

To interpret the source of the Reynolds stress and heat flux over-
production, a quadrant analysis has been performed. The flow event
Q2 (ejection) considerably overtakes Q4 (sweep) in the transitional
region, while the two nearly achieve balance in the fully developed tur-
bulent region. Enhancement of both Q2 and Q4 is responsible for the
overproduction of the Reynolds shear stress (and similarly for the
Reynolds heat flux). This enhancement is mainly caused by the outer
pronounced primary mode instability. Accordingly, the primary insta-
bility wave cannot be ignored in oblique breakdown, in addition to the
well-known near-wall streak mode. In terms of the scalar transport
event, the strong event (Tj, > 0, vj, > 0) dominates the transitional
region, which indicates notable downward transport of cold fluid. This
explains why the outer mean temperature decreases rapidly in the
transitional region.
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APPENDIX: VALIDATION OF COMPUTER CODES

First, for the DNS code ACANS, a validation case in compari-
son with the results of Zhao et al.®” is presented that simulates the
mode S propagating in a Mach 6 2D flat-plate boundary layer.
Table III shows the main computational setup. To excite the mode

TABLE lll. Conditions for validation case of ACANS.

May T, (K) T, (K) Reynit (m™M L, (m) L, (m) Grid points (x X y)

6 4318 293 1.05x 107 02 0.04 1600 x 200

8 DNS(present)
(@) DNS(Zhao et al.)
X,
£
S

scitation.org/journal/phf

TABLE IV. Conditions for validation cases of CHASES.

Case May T2 (K) Reynie Re, /Re p
C1 1.6 300 300 4%x107° 0
C2 45 65.15 7.2 x10° 26833 22x107* 0

S, a disturbance of the wall-normal mass flow rate is imposed on
the wall between xj = 0.01 m and xJ = 0.015 m, with the form
(pv)'w = Ay sin 2n(x* — x7) /(x5 — x})] sin (2nf*t*). The parame-
ter setting for the disturbance follows that of Zhao et al., namely,
A,, =0.001 and f* =138.74 kHz. The numerical methods are
identical to those used in the investigation of the 3D cases in the
present paper.

Figure 18(a) demonstrates favorable agreement between
ACANS and the code of Zhao et al. in terms of the fluctuating pres-
sure p) .. For further comparison, the nonparallel wavenumber for
stability analyses is defined as

c=a—i——/ , (AD)

where the disturbance variable is y = p and the height is y, = 0 (at
the wall). The nonparallel growth rate is then given by the imagi-
nary part ;. With regard to DNS data, the nonparallel growth rate
is computed as

_ 1 dp,rms
N P,rms dx

) (A2)

i

where x* is non-dimensionalized by the reference length scale
Lt = /Wi x* [ piou,. Figure 18(b) shows good agreement of o;
between the present DNS, the present LST, and the LST of Zhao
et al. in the range of 0.08 < x* < 0.12 m, where stable modes such
as entropy and vorticity modes decay and linear instability domi-
nates. In the region x* > 0.12 m, better agreement is reached
between DNS and PSE, where the nonparallel effect seems to be

0.01 S —
0.005F
of
o [
-0.005 - DNS(present) ]
r o LST(Zhao et al.) ]
001k o LST(present) 1
e ! a PSE(present)
_0015-....“... NP I I EEPITITE APATEPET IR
©0.02 0.04 0.06 008 01 012 014 0.16 0.18
x*(m)
(b)

FIG. 18. Comparisons of (a) the fluctuating pressure amplitude and (b) the nonparallel growth rate between ACANS, CHASES, and codes in the literature.
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FIG. 19. Comparisons of the parallel and nonparallel growth rates between CHASES and codes in the literature(a) case C1; (b) case C2.

significant. Generally, ACANS is proved to simulate the develop-
ment of the instability mode in the hypersonic boundary layer
accurately.

Since the present LST code has been validated previously,
the next cases C1 and C2 are used to examine the PSE module of
CHASES, and these are compared with the PSE cases of Chang
et al.”’ and the DNS cases of Ma and Zhong.”* Both cases C1 and
C2 simulate the instability mode of a flat-plate boundary layer. The
parameter conditions are given in Table IV. The base flow is given
by the self-similar solution with adiabatic wall condition. The refer-
ence length scale is lLer = /% x5/ pZ u,, on which the Reynolds
number Re, is based. Figure 19 displays the results for —a; for case
C1 and o; for case C2. Good agreement is observed in terms of the
PSE results between CHASES and the codes in the literature for
case Cl. In addition, the results for case C2 reveal better agreement
between the PSE and DNS of Ma and Zhong than between LST and
DNS. Thus, finally, the reliability of CHASES is verified.
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