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ABSTRACT

The stationary Gortler instability in hypersonic flow over a concave wall is systematically investigated across a range of geometric and flow
parameters using resolvent analysis, which seeks for the forcing and response pair that maximizes the energy amplification. The optimal
forcing takes the form of streamwise vortices, while the optimal response is streamwise streaks. The growth of the optimal disturbance is
contributed by both the lift-up and centrifugal mechanisms. The latter becomes dominant as the boundary layer develops, and its growth
rate agrees well with that predicted by local stability analysis. In terms of changes in geometric parameters, an increase in curvature destabil-
izes the Gortler instability, as expected, while the effect of the angle subtended by the concave wall (the turning angle) is shown to be negligi-
ble. With respect to changes in flow parameters, the Gortler instability is stabilized at low Reynolds numbers, destabilized under the cold-wall
effect, and insensitive to the change in Mach number. The most amplified spanwise wavelength scales with the boundary-layer thickness,
which remains mostly unchanged when the freestream Mach number is varied from 3 to 10. A new dimensionless wavelength parameter is
proposed to predict the wavelength of the most dangerous Gortler vortices in the compressible flow regime. The resolvent analysis results are

confirmed by a three-dimensional numerical simulation, where the hypersonic flow is perturbed by a spatial white noise.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0151349

I. INTRODUCTION

The Gortler instability is generated in the boundary layer over a
concave surface due to the imbalance between the wall-normal pres-
sure gradient and the centrifugal force and manifests itself as counter-
rotating streamwise vortices. Extensive research has been conducted
on this centrifugal instability in the incompressible flow regime."
However, its compressible counterpart is also significant in contribut-
ing to the onset of transition along the walls of supersonic and hyper-
sonic wind tunnels and the forebody compression surface ahead of the
engine inlet on scramjet vehicles.” Further investigation into this topic,
particularly in hypersonic flows, is warranted.

There are only a few experimental studies on the Gortler instability
in high-speed flows with curved surfaces. De Luca et al” measured
spanwise heat transfer fluctuations using an infrared imaging system in
a Mach 7.0 flow over a concave wall. Ciolkosz and Spina® found that the
wavelength of Gortler vortices over a concave wall was almost invariant
with wall curvature and Mach number, in a range of Mach 1.0-3.0.
More recently, Huang et al.”® conducted a series of experiments at
Mach 6.5 and captured Gortler vortices that are either naturally devel-
oped or roughness-induced using Rayleigh scattering flow visualization.

The interaction of the Gortler vortices with MacK’s second mode was
addressed.” These empirical findings illustrate the onset of Gortler
instability in supersonic/hypersonic flows over a curved geometry,
including the development of Gortler vortices and their secondary
instability modes in the transition and breakdown stages to turbulence.
In addition to the curved wall geometry, the Gortler vortices behavior
can also be found experimentally in dual-incident shock-wave/turbu-
lent-boundary-layer interactions. '’

Numerical simulations have been adopted by various researchers
to gain insight into the flow structure and underlying mechanisms of
Gortler instability, including the secondary instability, on a curved
plane. Whang and Zhong'' simulated a case of Mach 15 flow over a
blunt wedge with a concave surface and revealed the nonlinear structure
of secondary Gortler instability. Ren and Fu'” investigated the com-
pressibility effect on the Gortler instability on a concave wall by cover-
ing a range of Mach numbers from incompressible to hypersonic flows,
i.e, Mach 0.015-6.0, revealing that the temperature disturbance of the
Gortler mode shifts from the wall to near the edge of the boundary layer
when the flow becomes hypersonic. Chen et al.'>'* studied a curved
wall geometry with an upstream flat plate at Mach 6.5, demonstrating
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the coexistence of the Gortler and the Mack modes, and the breakdown
process of the secondary Gortler instability under different spanwise
wavelength excitation using wall blowing and suction. Song et al."”
explored the same curved wall geometry as Chen et al."” and proposed
that the secondary Gortler instability could be originated from the first/
second Mack mode. More recently, this curved wall geometry has been
used to investigate the stabilization effect on grooves on Gortler insta-
bility'® and the boundary layer transition induced by low-frequency
blowing and suction.” Li et al.'® examined a case of Mach 6 axisym-
metric cone with a concave aft body and documented the existence of
secondary instabilities in the context of stationary Gortler mode for the
first time. Understanding the occurrence of the Gortler instability at the
linear growth stage, particularly the modal/nonmodal amplification
under different flow and geometric changes, is crucial to investigate its
nonlinear development in various hypersonic flow conditions. In these
studies, linear stability theory (LST) and parabolized stability equations
(PSE) are commonly used to verify modal growth.

Theoretically, a unique neutral curve with the parallel flow
assumption is often used in the local stability analysis. However, this
uniqueness is not tenable if the wavelength of Gortler vortices is com-
parable to the boundary layer thickness, in which both the initial con-
ditions and the nonparallel nature of the boundary Ilayer
contribute.'”*’ The source of external disturbance denoting the initial
condition in the formation of Gortler vortices includes the surface
roughness”' and the freestream vortical disturbance.”” ** The local sta-
bility analysis is only applicable if the Gortler number G is large
enough (e.g., G > 7 was reported by Bottaro and Luchini’’). Through
the LST, the Gortler instability is shown to originate from the continu-
ous spectrum of the vorticity/entropy wave.”” The second Gortler
mode is also present in the LST but is less important due to the lower
amplification rate over the entire wavelength range.”” The PSE is also
useful in investigating the early stage of flow transition. However, this
analysis is only valid for flows in which the root mean square of the
variable profiles varies slowly in the streamwise direction.'” The effect
of initial conditions on the Gortler instability is also discussed by Spall
and Malik.”® The initial-disturbance problem is eased by optimal
growth analysis,” ** which is established based on PSE and deter-
mines the optimal disturbances that maximizes the spatial growth.
Optimal growth analysis was applied to the Gortler instability by
Cossu et al”" in incompressible flow and by Li et al”* in hypersonic
flow over an axisymmetric cone flare configuration.

Recently, a frequency domain-based resolvent analysis has been
introduced to investigate the amplification properties of different
supersonic/hypersonic flow phenomena, such as boundary layer
instabilities over flat plates, shock/boundary layer interactions over
compression ramps and double wedges, and local centrifugal
(Gortler-type) instability on axisymmetric geometries with concave
flares.”> " This technique yields a nonmodal growth (optimal gain)
that characterizes flow response subject to external forcing, and is
directly related to the noise amplifier nature.’ Different from the
LST and the PSE, the assumption of parallel flow is not required in
the resolvent analysis, and the base flow considered could be of
higher dimension. As highlighted in Bugeat et al,”® the optimal gain
obtained from the resolvent analysis is a global quantity that accounts
for the energy growth of perturbations over a given physical domain,
and is influenced by the size of the computational domain. Its abso-
lute value has no physical meaning. The objective of this study is to
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revisit the Gortler instability developing over a concave wall using
the resolvent analysis and investigate how the instability behaves sub-
ject to different geometric parameters and flow conditions in the
high-speed flow regime.

Both the geometries of the concave wall and the flow conditions
are pertinent to the generation of the Gortler instability; however, a
few studies have summarized these conditions change to the instabil-
ity parametrically, in particular from the perspective of global stabil-
ity. For example, geometric factors are critical to accurately model
the centrifugal force field.” The streamwise extent (or the arc length)
D of the concave wall is a function of both the radius of curvature R
and the turning angle 0, i.e, D=f (R, 0)), as shown in Fig. 1. Bippes’’
proposed a dimensionless wavelength parameter A based on the
Gortler number (i.e., G=Rey/Jx/R as a function of Reynolds num-
ber Re, boundary layer length scale d,, and radius of curvature R)
such that the maximum amplification over A equal a constant;"’
however, the original wavelength parameter is proposed for incom-
pressible flow only. In this study, we aim to investigate the change in
these geometric parameters on the stationary Gortler instability
through parametric studies, together with the change in different
flow conditions (i.e., the variation in Mach number, Reynolds num-
ber and wall temperature). The resolvent analysis is used to identify
the most amplified spanwise wavenumber, while the LST is used to
verify if the instability captured by the resolvent analysis belongs to
convective-type or component-type nonmodalities. As defined in the
literature,™ the convective-type nonmodality arises from the advec-
tion of perturbations by the base flow (e.g., Gortler instability in this
study, or Mack mode instability), while the component-type (or lift-
up) nonmodality is caused by the transport of base flow momentum
by the perturbation. A new wavelength parameter is proposed to pre-
dict the most unstable spanwise wavelength with the consideration of
compressibility. Finally, a three-dimensional (3D) numerical simula-
tion with steady forcing is conducted to validate the findings in the
stability analysis.

FIG. 1. Schematic of the two-dimensional (2D) concave wall configuration. The
region covered within the dot-dashed line and the concave plate is the computa-
tional domain.
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Il. GEOMETRY OF CONCAVE WALL AND FLOW

The geometry considered in this study is a concave wall with con-
stant curvature (see Fig. 1). A Cartesian coordinate system is con-
structed with the origin at the leading edge, the x direction along the
freestream, the z direction along the leading edge, and the y direction
satisfying the right-hand rule. A curvilinear coordinate system is also
defined, where ¢ is the distance along the model surface measured
from the leading edge and # is the wall-normal distance from the
model surface. The two coordinates share the same z direction. The
corresponding Lamé coefficients are iy =1 + xn and hy,=h;=1,
where k = —1/R is the streamwise curvature.

The concave wall in the baseline case has a radius of curvature
R = 1600 mm, a turning angle of 6 = 10.62°, and an arc length of
D =296.6 mm. The baseline freestream conditions have a Mach num-
ber of M., =6.5, a static temperature of T,,=53K and a unit
Reynolds number of Re,, = 9.0 X 10° m ™!, as summarized in Table I.
The above geometric and flow parameters are varied to investigate
their effects on the Gortler instability. For different cases, the region of
interest is £ € [1/6D, 5/6D]. In the baseline case, this corresponds to
x €[49.4, 2462] mm (& € [49.4, 247.2] mm), Re= /Reox € [667,
1489], and G=Re\/0,/R € [4.5, 15.1], where 0, = \/x/Re.
According to Hall*” and Bottaro and Luchini,” local stability analysis
is applicable at downstream locations.

lll. COMPUTATIONAL DETAILS
A. Governing equations
The governing equations are the compressible Navier-Stokes
(NS) equations written in the following conservation form:
ou O(F—-F,) 0G-G,) OH-H,
U OF-F) 0(G-G) O(H-H,)

ot x dy oz o W

where U = [p, pu, pv, pw, pe]T is the vector of conservative varia-
bles and the vectors of flux are given as follows:

pu 0
pu +p Txx
F = puy , F, = Tay . @
puw Txz
(pe +p)u UTyx + VTay + Wl — Gy

Vectors G, G, H, and H, are expressed analogously. In these expres-
sions, p is the density, u, v, and w are the velocities in the x, y, and z
directions, respectively, p is the pressure, and e is the total energy per
unit mass. The viscous stress tensors 7 are evaluated according to the
Newtonian fluid and the Stokes hypothesis, where the dynamic viscos-
ity is calculated using Sutherland’s law. The heat flux vector q is mod-
eled based on Fourier's law, where the coefficient of thermal
conductivity k is obtained by assuming a constant Prandtl number of

TABLE I. Geometric and flow parameters for the baseline case.

R (mm) 0 M Res, (m™ 1) T (K)

1600 10.62° 6.5 9.0 x 10° 53

pubs.aip.org/aip/pof

0.72. A calorically perfect gas is assumed with a constant specific heat
ratio of 1.4.

The flow variables are normalized with the corresponding free-
stream parameters except that p is nondimensionalized by p. u..>.
The characteristic length L is fixed at 1 mm.

B. Base-flow solver

An in-house multiblock parallel finite-volume solver called
PHAROS""* is used to conduct the numerical simulation. In this
solver, the inviscid fluxes are evaluated using the modified Steger-
Warming scheme.”’ A second-order central difference is used to calcu-
late the viscous fluxes. The second-order MUSCL scheme with the van
Leer slope limiter"" is implemented for the reconstruction of variables.
For pseudotime stepping, an implicit line relaxation method™ is
applied. The freestream conditions are specified on the left and upper
boundaries of the computational domain (see Fig. 1). A simple extrapo-
lation is used on the right boundary. The wall is assumed to be isother-
mal and no-slip. Grid convergence is demonstrated in Appendix, and
600 x 300 grids in 2D simulation is sufficient for the present study.

C. Linear stability analysis

Under the local parallel flow assumption, the instantaneous flow
is decomposed into a one-dimensional (1D) steady solution (denoted
by an overbar) and an unsteady perturbation (denoted by a prime) as
follows:

U(gy7 1,2, t) = Ul—D(n) + U’(é? 1,2, t) (3)

The governing equation of U’ is evaluated by substituting Eq. (3)
into Eq. (1) and neglecting the higher order terms. U’ is further
assumed to be in the following normal-mode form for spatial analysis:

U n,z,t) = ﬁl,D(n)exp[i(oc, +io;)E + ifz — iot] + c.c., (4)

where lA]l, p(n) is the 1D eigenfunction in the wall-normal direction,
o, is the real streamwise wavenumber, o; is the spatial growth rate, f is
the spanwise wavenumber,  is the angular frequency, and c.c. is the
complex conjugate. Substituting Eq. (4) into the linearized Eq. (1)
leads to an eigenvalue problem as follows:

A, pU, p= (o + i“i)ﬁl—Da (5)

where A;_p is the 1D Jacobian matrix consisting of inviscid and vis-
cous fluxes and can be found in the literature.”*® With the given
and f3, a C++ library Eigen" is used to solve this eigenvalue problem.
The unstable mode is determined if the growth rate o; < 0. The bound-
ary conditions in the LST are consistent with those for the base flow.
Figure 2 presents a comparison between the results obtained from the
present LST solver and the literature for both incompressible”® and
compressible boundary layers.'* Figure 3 demonstrates the typical dis-
turbance profiles of streamwise velocity and temperature for cases of
M=1.5, 3.0, and 4.5, computed using compressible Blasius boundary
layers."”” The overall good agreement between the presented profiles
and the literature verifies the use of the LST solver in this study.

D. Resolvent analysis

Global resolvent analysis (GRA) investigates the response of a 2D
globally stable base flow to an external forcing f’ that is small in
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FIG. 2. Growth rate of the most unstable Gortler mode as a function of the Reynolds number computed b)z/ the present LST solver for a) an incompressible flow case” W|th
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FIG. 3. Disturbance profiles of normalized (a) |u’| and (bs) |T'| for the most unstable Gortler mode in compressible flow cases'” at M= 15, 3.0, and 4.5. Re =400,

®/Re =0, f/Re =1.0 x 102, and xc/Re = — 1.0 x 10

amplitude. Different from the linearization in Sec. I1I C, the vector U
in this study is decomposed into a 2D base flow with an unsteady per-
turbation term,

U(x,y,2,t) = Uy p(x,y) + U'(x,y,2,t). (6)

The linearized NS equations are then given in the following
semi-discrete form,
U
aa—lj =A, pU + Bf, 7)
where A, p is the global Jacobian matrix obtained through the lineari-
zation of the 2D discretized compressible NS equations and can be
found in Hao et al.*® The matrix B confines the forcing to a localized
region, where different ranges of x/L (or ¢/L) and y/L (or 1/L) can
be specified. For instance, to represent upstream disturbance, the forc-
ing in this study is localized at approximately one-sixth of D for the
whole y-plane, as illustrated in Sec. IV A later. The submatrices of
matrix B are set to the identity matrix in cells at the forcing location
and zero elsewhere. The forcing ' is formulated as follows:

f(x.y,2,1) :f(x,y)exp(iﬂz —imt). (8)

As time goes to infinity (i.e., the long-time solution), all the per-
turbations initially introduced on a globally stable flow decay to zero.
Therefore, U’ takes the same form as f', which is given by

U'(x,y,2,t) = IAJZ,D(x,y)exp(iﬁz —imt). 9)

Substituting Eq. (9) and Eq. (8) into Eq. (7) yields the following
relation:

U, p=RBf, R=(—iol -4, p) , (10)
where R is the resolvent matrix depends on the dimension of A, p
and I is the identity matrix.

The maximized energy amplification (or optimal gain ¢) with the
given forcing and response pair is defined by

U
(0 0) = max|Oz-olle
7 Bl
The energy norm is defined based on the Chu energy.
Referring to the literature,”’*”" the optimization problem in Eq. (11)
can be converted into an eigenvalue problem as follows:

(11)

49,50

B'M 'R'MRBf = o*f, (12)
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Forcing amplitude

FIG. 4. The most amplified optimal forcing at &/L = 48.7 (left) and response (right) at  =2.3 and w = 0 for the baseline case. Horizontal dotted line denotes the boundary
layer edge at 99% of the free-stream streamwise velocity. Only the |u’| contour is shown for the optimal response.

where the superscript 1 represents the complex conjugate and M is
the weight matrix for calculating the Chu energy and has the same
dimension as R.”® Finally, the eigenvalue problem is solved using
ARPACK™ in the regular mode. The inverse of the matrix and its con-
jugate transpose are obtained using the lower-upper decomposition
implemented in Super-LU.”* The optimal gain is denoted by the larg-
est eigenvalue, while the optimal forcing is denoted by the correspond-
ing eigenfunction. The optimal response can be obtained through Eq.
(10). The boundary conditions in resolvent analysis are consistent
with those for the base flow.

Figure 4 shows a typical result from the resolvent analysis for the
most amplified optimal forcing (at ¢/L = 48.7) and response pairs at
f =2.3 and w =0 for a baseline case (see Table I). The forcing is in
the type of counter-rotating streamwise vortices (i.e., lv/| < |v|
[/] < |w/|) while the responses are streamwise streaks (i.e., |[1/| > [v/
and [/| > [w/]).

IV. RESULTS
A. Notes on the LST and the resolvent analysis

and
d

This subsection considers the sensitivity of the stability results to
different downstream profiles in the LST. The effects of different posi-
tions of the forcing on the instability in the resolvent analysis for the
baseline case are then examined. The N factor calculations for both the
LST and the resolvent analysis are introduced at last, and these repre-
sentations will be used in the remaining parts of the section.

The spatial growth rate from the LST at different specified £/L
positions for the baseline case is presented in Fig. 5. Multiple Gortler
modes would be obtained in the LST as reported in the literature; 16
however, we are only interested in the most unstable mode in this
study. The most unstable f§ stays the same within & €[1/3D, 2/3D] (or
&/L €[98.0, 195.5]), and a slight shift with 0.1 is observed further
downstream. The growth rate is also insensitive to streamwise location
changes. Therefore, it is appropriate to select the 1D base flow profile
within the above region of interest for the LST.

The sensitivity of the localized forcing region in the resolvent
analysis is examined with different streamwise positions and wall-
normal ranges. Figure 6(a) shows the optimal gain obtained in which
the forcing is specified at different /L positions for the entire 1 plane.
Note that £/L ranges from 0 to 296.6 for the baseline case. The optimal
gains over the considered range of spanwise wavenumber are elevated
as the forcing location moves upstream. The largest optimal gain is
achieved if the entire region between &/L=48.7 and 243.7 is forced.
However, the most unstable optimal gains almost overlap at
Prmax = 2.3, except for a marginal difference with the forcing localized

far downstream (i.e., £/L > 195.0). In other words, the forcing position
can be arbitrary set within &/L =48.7-195.0 (i.e., approximately one-
sixth of D to four-sixth of D), with minimal variation observed in the
behavior of the optimal gain. Although not shown here, the optimal
forcings and responses are in the same form as those shown in Fig. 4.
In the remainders, the forcing of the resolvent analysis is localized at
&/L = 48.7 (i.e., around one-sixth of D) unless otherwise specified.

Figure 6(b) shows the optimal gain obtained with forcing at the
specified £/L position in which the regions covered at the wall-normal
directions change, starting from the wall at /L = 0. The most unsta-
ble spanwise wavenumber f5,.  shifts to a larger value if the forcing
covers a larger region in the wall-normal direction below the boundary
layer edge (i.e., ranges of f3,,,, = 1.7-2.3 are recorded). For the case of
forcing covering the region above the boundary layer edge (i.e.
(/L) pax > 3.0, Piyax remains unchanged), the forcing introduced out-
side the boundary layer has no effect on the stability analysis. For con-
venience, the input forcing in the resolvent analysis is implemented at
the entire 17 plane unless otherwise specified.

The corresponding N factor for the resolvent analysis (Ngra) and
the LST (Nysr) is computed based on the relation below:

1 EChu
N, =1 13
o = “(EChu,o)’ (13)
Nisr = || e (14)
<o

where Ecy, is the integrated Chu’s energy across the E-direction” ™"

and Ecpyp is the integrated Chu’s energy at the position right after

0.030
0.025
¥

0.020 |
—=—&L=980,58 =25
—=— gL =146.7, B, = 2.5

0.015F = —s— L =1955p =25

= GL=249.1, 8, =26
0 1 2 3 4 5

B

FIG. 5. Spatial growth rate from the LST of the baseline case at different &/L posi-
tions. w =0 is fixed. Vertical dotted lines denote the ranges of /3, recorded.
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FIG. 6. Optimal gain from the resolvent analysis of the baseline case at (a) different & /L positions of forcing and (b) different wall-normal forcing ranges at &/L = 49.7. For
(a), forcing is implemented for the entire  plane with « = 0. The line with the empty circle pattern denotes the case with forcing at the specified streamwise ranges; for (b),
forcing with «» =0 is implemented from #/L = 0 at the wall-normal direction up to the corresponding (17/L) ., and (17/L),x = 50.0 represents the forcing at the entire #
plane, while (/L) = 0 represents the forcing at the wall. Vertical dotted lines denote the ranges of f3,,,, recorded.

the forcing is implemented. The formulations of the corresponding
N factor in Egs. (13) and (14) follow the definition reported by
van Ingen.”

B. Effect of changes in geometric and flow conditions

In this section, the effects of changes in geometric factors, includ-
ing R and 0, on the Gortler instability, are demonstrated first, followed
by those of changes in flow conditions (i.e., Rex, Ty/Tx, and M).
Finally, a new dimensionless wavelength parameter for compressible
flow is proposed.

The effect of varying the radius of curvature on the Gortler insta-
bility is investigated. Four different radii of curvature are considered:
R =500 mm (R0.5), 1000 mm (R1.0), 1600 mm (R1.6), and 2000 mm
(R2.0). Figure 7(a) shows the optimal gain and growth rate under the
change in radius of curvature R. Since D varies with R, the forcing
position test was conducted for other R cases, similar to Fig. 6 on R1.6
under Sec. IV A, which is not presented here due to redundancy.
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Based on these tests, the forcing position in the resolvent analysis is set
to one-sixth of D (e.g., £/L =48.7 for the R1.6 case). Overall, the most
unstable f shifts to a smaller value as R increases (e.g., S = 3.6 to
2.1 from RO0.5 to R2.0 in the resolvent analysis). The same trend is
observed in the LST results, which agree well the resolvent analysis
results at relatively large spanwise wavenumbers. Discrepancies can be
seen as [} approaches zero. This is because high-order curvature terms
are neglected in the LST.” The optimal gain decreases as the radius
decreased, which does not indicate a stabilization effect but results
from the decreasing computational domain. As mentioned in the
work of Bugeat et al,”® the optimal gain is dependent on both the
growth rate of the instability and the length (or computational
domain) over which the perturbation grows. The behavior of the opti-
mal gain as a function of f§ is deemed more significant than the abso-
lute optimal gain.”" Figure 7(b) shows the corresponding N factors
deduced from both the resolvent analysis and the LST for the specified
. The maximum N factor obtained from the resolvent analysis is con-
sistently higher than that in the LST (ie., N=6.4 in the resolvent
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8 L
6 E
N
4t 3
R0 GRA, pd--- R0 LST, =4
2+ ——RIOGRA, =3 - - - RLOLST, /3
——R1.6 GRA, =2 - - - R1.6 LST, =2
NEZSTEES R20GRA, =2 - - - R2OLST, -2
0 100 200 300
&L

6€£:90:90 ¥20Z Isnbny /g

FIG. 7. (a) Optimal gain from the resolvent analysis and the spatial growth rate [i.e., % scaled = 2i/%max % (In &) from the LST under the change in radius of curvature
with @ = 0. The corresponding &/L positions for the LST are specified. Vertical dotted lines show the range of /3., recorded by the resolvent analysis. (b) The corresponding
N factor based on the resolvent analysis and the LST along the &-direction at specified /5. Vertical dotted lines with the corresponding colors denote the end of the &-domain
for each R case. 0 = 10.62°, Mo, =6.5, Reoc =9.0 x 10° m~", and Ty 1o =0
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FIG. 8. Disturbance profiles of |u’5| and |T’| normalized with maximum \u{5| from the resolvent analysis and the LST along the wall-normal direction for the (a) R0.5 and (b)
R2.0 cases. In GRA, |u’| is obtained through the coordinate transformation. The corresponding /3 and &/L positions (approximately one-half of the corresponding D) are speci-
fied. The vertical dotted line denotes the boundary layer edge. 0 = 10.62°, M., =6.5, Re,, =9.0 x 10°m~", and Ui/ e =60,

analysis and N=5.3 in the LST for R0.5). However, the identical
slopes recorded by both methods in the far downstream region indi-
cate that the instability is of the same nature. Recall that the LST cap-
tures local modal growth, while the optimal gain in resolvent analysis
is global in nature, the discrepancies between Ngra and Nigr across &
suggests the existence of nonmodal (transient) growth, specifically the
lift-up mechanism, immediately downstream of the forcing. This lift-
up mechanism is typical observed when the optimal forcing takes the
form of counterrotating streamwise vortex [Fig. 4(a)], initiating the
transport of streamwise momentum of the base flow.”””> The steeper
slope at the smaller radius of curvature in Fig. 7(b) is reminiscent of
the fact that the decrease in radius of curvature destabilizes the Gortler
instability. This trend of destabilization has been reported in previous
literature,™ and recent experiments on both incompressible’® and
compressible boundary layers”” support this argument. The destabili-
zation of Gortler instability can be attributed to the excitation of cen-
trifugal force as the wall curvature increases. In contrast, the Gortler
instability is always absent in the case of a flat plate (i.e., the wall curva-
ture is zero).
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Figure 8 shows a good agreement between the disturbance pro-
files at the specified ¢/L (subscript &) obtained by the two methods,
further confirming that the existing instability in this study is solely of
the Gortler type. According to Song et al.,,” the temperature perturba-
tion is approximately ten times larger than the streamwise velocity
perturbation under such baseline flow conditions, which is emblematic
of the Gortler instability. The primary (the most unstable) Gortler
instability recorded in this study is the trapped-layer mode, as its dis-
turbances detach from the wall."”

Next, the effect of the change in turning angle 0 at fixed R1.6 on
the Gortler instability is examined. This is achieved by individually
varying 0 (i.e., 5.36°, 10.62°, and 14.04°), where the arc length D dif-
fers for each 0 case. The corresponding optimal gains, growth rates,
and N factors obtained from the resolvent analysis and LST are shown
in Fig. 9. Note that the forcing in the resolvent analysis is specified at
£/L =48.7. The spanwise wavenumber and the growth rate of the
most amplified instability remain largely unchanged, which indicates
that the Gortler instability is insensitive to the change in 0. Similarly,
the constant discrepancies between Ngra and Nigr across &, with a

(b) 12
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e
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FIG. 9. (a) Optimal gain from the resolvent analysis and the spatial growth rate (i.e., o, scales = i/ %imax X (In @) pax) from the LST under the change in turning angle with
o =0. The corresponding &/L positions for the LST are specified. Vertical dotted lines show the range of f,., recorded by the resolvent analysis. (b) The corresponding N
factor based on the resolvent analysis and the LST along the £-direction at specified f3. Vertical dotted lines with the corresponding colors denote the end of the £-domain for

each 0 case. R=1600mm, M., =6.5, Re., =9.0 x 10°m~", and T, /Toc =8.0.
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FIG. 10. (a) Optimal gain from the resolvent analysis and the spatial growth rate [i.e., o scaled = /%% max X (In &)max] from the LST under the change in Reynolds number
with @ = 0. For the LST, £/L = 146.7 is specified. Vertical dotted lines denote the range of 3., recorded by the resolvent analysis. (b) The corresponding N factor based on
the resolvent analysis and the LST along the &-direction at specified 5. R= 1600 mm, 6 = 10.62°, M, =6.5,and T, /T, =8.0.

difference of approximately N =1 at &/L > 100, signify the presence
of lift-up nonmodality. Again, the optimal gain is increased as the
computational domain is enlarged. The minimal impact on the
Gortler instability can be attributed to the negligible change in centrif-
ugal forces among the various 0 cases, as increasing 0 only extends the
concave surface length while leaving the local wall curvature
unchanged. Therefore, the boundary layer thickness is roughly con-
stant among all 0 cases, i.e., approximately 7/L =2 at half of D, indi-
cating that base flow’s self-similar properties hold and are independent
of 0.

The impact of flow conditions on the Gortler instability is also

investigated. Figure 10 shows the optimal gains, growth rates, and N

factors computed for three different Re, (i.e., 0.33 Rey, 0.5 Re, and
1 Rey,, where 0.5Re,, denotes decreasing the Reynolds number by a
factor of 0.5). The results indicate that decreasing the Reynolds num-
ber leads to flow stabilization, with a shift to lower f,.. (e.8, Prax

= 1.2 for 0.33 Re in the resolvent analysis). This trend is also observed
in the LST analysis. A similar observation regarding the difference
between Ngra and Nigr (with a magnitude of approximately N =1 at

&/L > 100) was recorded, identifying the contribution from the con-

stant transient growth (lift-up effect) downstream. It is indicated that
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the wavelength of the Gortler instability scales with the boundary-
layer thickness. In boundary layer theory, the boundary layer thickness
is known to exhibit an inverse relationship with the Reynolds number
(or density). For instance, the boundary layer represented by the veloc-
ity profile in 0.33Re case thickens by a factor of 1.75 compared to the
1 Rey, case. As the boundary layer thickness decreases, the convective
instability (i.e., the Gortler instability) becomes destabilized.

The impact of wall cooling is examined by varying the wall tem-
perature to total temperature ratio T,/T~. The baseline condition
with T, /Ts =8.0 is close to an adiabatic wall condition (ie.,
T,/ Ts =8.9). Figure 11 shows the optimal gains, growth rates, and
N factors under the change of T,,/T (ie, T,/Ts =24, 43, and
8.0). Both the optimal gain and the growth rate of the most amplified
Gortler instability increase due to wall cooling, while the correspond-
ing f shifts to a larger value (e.g. fh. =34 at T,,/Ty =24) in
accordance with the decreasing boundary-layer thickness (i.e., thin-
ning by halfat T,,/ T, = 2.4 compared with T,,/ T, = 8.0, not shown
here). The constant disparity (around N =1 at £/L > 100) between
Ngra and Nigr across & again identifies the component-type nonmo-
dality. The destabilization effect at a thinner boundary layer is consis-
tent with the literature regarding the wall cooling effects on the
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FIG. 11. (a) Optimal gain from the resolvent analysis and the spatial growth rate [i.€., & scales = /% max x (In @)ma] from the LST under the change in T, /T, with
o =0. For the LST, &/L=146.7 is specified. Vertical dotted lines denote the range of S, recorded by the resolvent analysis. (b) The corresponding N factor based on the
resolvent analysis and the LST along the &-direction at specified 5. R= 1600 mm, 0 = 10.62°, M, =6.5, and Re,, =9.0 x 105m—".
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FIG. 12. (a) Optimal gain (normalized to maintain the unit maximum value) from the resolvent analysis and the spatial growth rate (normalized to maintain the unit maximum
value) from the LST on the change in M with «» = 0. For the LST, &/L =122.3 is specified. Vertical dotted lines denote the range of 3., recorded by the resolvent analysis.
(b) The corresponding N factor based on the resolvent analysis and the LST along the x-direction. 5 =2 is specified. R= 1600 mm, 0 =5.36°, Re.. =9.0 x 10° m~", and

Tw/ T =80.

convective instability (e.g., Gortler or Mack mode instability) in com-
pressible boundary layer.”***

To investigate the change in the Mach number to the Gortler
instability, the baseline turning angle 0 is fixed at 5.36° to prevent any
flow separation at high turning angles. The total arc length D is
149.7mm. The region of interest is /L € [50, 130] and G (based
on dy) € [4.6,9.4] in this case.

Figure 12 shows the optimal gains, spatial growth rates, and N
factors for different values of M (i.e., M = 3, 6.5, and 10). The spanwise
wavenumber and the growth rate of the most amplified Gortler mode
remain largely unchanged for the considered range of Mach number.
However, the optimal gain and the N factor from the resolvent analysis
decrease as M is increased, which indicates that the Mach number
effect only manifests itself in the transient growth of streamwise vorti-
ces. In a similar parametric study by Spall and Malik’® using com-
pressible boundary layer equations in an adiabatic wall, they observed
a stabilization in the local growth rate with increasing Mach number.
This disparity could be attributed to the difference in boundary layer
profiles computed in numerical simulation and that using the com-
pressible boundary layer equations. Moreover, this study neglects the
receptivity of the Gortler vortices to freestream vortical disturbance

a 4
(a) —
—— M=65
——M=10
<
= 2t
O 1
0.0 0.5 1.0

(FSVD). Previous work by Viaro and Ricco™ has demonstrated that in
the presence of FSVD, the maximum streamwise velocity perturbation
of Gortler vortices decreases downstream as the Mach number
increases.

Boundary layer thickness manifested in velocity profile is closely
associated with the strength of flow instability and its wavelength
selection. In high-speed boundary layer flow over a concave plate, it is
conventionally known that the boundary layer thickness scales para-
bolically with M. However, the velocity profiles along the model sur-
face (at the specified £/L) in the wall-normal direction shown in Fig.
13(a) suggests that the boundary-layer thickness subject to an adverse
pressure gradient is insensitive to the change in freestream Mach num-
ber. At M., = 3, an inflection point can be seen near 7/L = 1.7, which
indicates that the boundary layer is about to separate from the wall.
This insensitivity to the change of Mach number is observed in the
temperature boundary layer thickness also [Fig. 13(b)].

In the early research on the Gortler instability in incompressible
flow, a dimensionless wavelength parameter A is introduced in the lit-
erature™”"" to present the dimensional wavelength (or wavenumber)
of the disturbance, which is constant in the streamwise direction as
follows:

)
T
0
0

FIG. 13. (a) Mean velocity u;/ue ~ profiles and (b) mean temperature profiles along the wall-normal direction at &/L = 122.3 for each M case. R= 1600 mm, 6 = 5.36°,

Res, =9.0x 10°m " and T, /T, =8.0.
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A:Reocllz E, (15)

where /, is the spanwise wavelength (/, = 2n/p). Originally, A con-
sidered the change in curvature (i.e., in terms of R) and that of the
Reynolds number (i.e., in terms of Res,) in the expression such that
the maximum amplification over A equal a constant. Based on the
results of the parametric study in the previous paragraphs, the Gortler
instability is found to be insensitive to changes in the turning angle 0
and Mach number M, but sensitive to wall cooling effects in compress-
ible flows. To account for these effects, A is modified by including
T,/ Ts as follows:

T, o J2e_ [Tu | (%)
Anew = T_WReOOAZ\/;_ T_WG (5_x) . (16)

Figure 14 shows the change in the geometric and flow parameters
discussed in the previous paragraphs against Ape, and A instead of f.
The most unstable A, falls within 300-500. Since the effect of wall
cooling is considered in the proposed expression, the most unstable
mode is also confined in a narrow range of Ape,, unlike the case
against A [i.e., Fig. 14(c)].

Huang et al.” conducted an experiment on a concave wall model
to investigate the natural development of Gortler streaks in a Mach 6.5
wind tunnel at Peking University. The corresponding stagnation tem-

perature is 435K, and the unit Reynolds number is 5.5 x 10° m™".
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The adiabatic wall model has a radius of curvature of 800 mm. At
x=200mm where the linear streak is fully developed before the
appearance of secondary instability (indicated by a typical mushroom-
like structure), d, = \/x/Res, = 1.91x10"*m and G=Re\/d,/R
= 16.2. The adiabatic wall temperature ratio (ie., T, /To =8.17) is
evaluated with a recovery factor of 0.85. Ay of the most dangerous
Gortler instability is suggested to range from 300 to 500, correspond-
ing to /. ranging from 2.69 to 3.78 mm in this case. The average wave-
length measured in Huang et al’s work’ is about 3.89 mm [nine
packets within 35mm in the spanwise direction in Fig. 4(f) in that
study]. Despite the fact that the most unstable Gortler instability is not
always confined at a constant Ay, under the change of various
parameters, a preliminary estimation of the most unstable spanwise
wavelength from Ay is still beneficial to engineering design.

C. 3D numerical simulation

A 3D numerical simulation for the baseline case is conducted
and compared with the resolvent analysis. A random forcing, formu-
lated as follows,”” is implemented until a steady state is reached,

W,/ too = Ap(2r — 1), (17)

where j and k are the grid point indices in the # and z directions,
respectively; Ay is the amplitude level of the disturbance; and r is a
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FIG. 14. Optimal gain vs Aney under changes in the (a) radius of curvature, (b) Reynolds number, (c) wall temperature ratio, and (d) Mach number. Solid lines represent the
data along Aney (bottom x-axis) whereas solid squares represent the data along A (top x-axis). Vertical dotted lines denote the range of maximum Apey. R= 1600 mm, 0
= 10.62°, M. =6.5, Reoo =9.0x 10°m~",and T, /T~ =8.0 are fixed unless the individual parameter change is specified in (a)—(d).
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random number ranging from 0 to 1. Because f,,,, is near 2.5 in the
baseline case according to the resolvent analysis [ie., Fig. 7(a)], 300
grids are constructed in the spanwise direction of the 3D computa-
tional domain with a width of 25 mm. Analogous to the setting in the
resolvent analysis, A is set as 0.01 at /L =48.7 with 1 <j< 300 and
1 <k <300, such that the linear instability could be excited within the
region of interest. A periodic boundary condition is set at the z interfa-
ces. The perturbations in Eq. (17) are enforced continuously until a
quasisteady state is reached downstream. It should be noted that the
optimal forcing in the form of normal modes used in the resolvent
analysis does not typically exist in practical applications. Nevertheless,
the range of the most amplified spanwise numbers obtained from the
resolvent analysis still provides valuable information for stability anal-
ysis and will be further demonstrated through the numerical simula-
tions discussed in this section. For the fast Fourier transform (FFT)
analysis, Welch’s method”’ with three segments and 50% overlap is
applied to analyze the data obtained in the 3D simulation. A
Hamming window is used on each segment for weighting the data.
Figure 15 shows the normalized spanwise velocity and tempera-
ture perturbation introduced by the random forcing at &/L =48.7
with j=1 (just above the wall). The PSD results indicated that broad-
band upstream disturbances are excited from /=0 to 37. We antici-
pated that the most unstable Gortler instability would be selected
“naturally” at the downstream location. Figure 16 shows the distribu-
tion of the skin friction coefficient across the streamwise direction

with or without random forcing. The skin friction coefficient is defined
as follows:
Tw

= 18
0.5p, u%’ (18)

G
where 7, is the surface shear stress. Due to the presence of upstream
disturbance, the surface shear stress oscillates along the spanwise
direction and is amplified across the streamwise direction. Eventually,
the instability is fully developed downstream with a higher average Cr

(a) without forcing
0.003 - — with forcing
i 0.002 |-
S
0 100 200

gL

FIG. 16. Distribution of spanwise (or 2D) averaged skin friction coefficient across
the ¢-direction with and without random forcing.
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compared with the case without forcing (i.e, when &/L > 200), as
shown in Fig. 16. The abrupt increase in Cg,p in Fig. 16 at approxi-
mately /L =48.7 is attributed to the random forcing, as a spanwise
velocity perturbation [ie, Eq. (17)] is always implemented at this
specified ¢/L. The spanwise component contributes to the surface
shear stress, and the additional perturbation at the designated ¢/L
location results in the sudden increase in Cg,.p.

To justify the evolution of the Gortler instability across the
streamwise direction, the root mean square (rms) of the spanwise
velocity is calculated as follows:

1 Ny N w 2
oy = S (—) : (19)

NyN; = 1=\t

where N, and N, are the numbers of grid cells in the 1 and z direc-
tions, respectively. The spatial history of In(o,/g¢) is shown in
Fig. 17. The increasing r.m.s. of the spanwise velocity recorded down-
stream implies that the instability is amplified across the streamwise
direction. The growth rate of 7, agrees with the slope of the N factor
[ie., calculated by Eq. (13)] from the resolvent analysis at § = 2.3 (the
most unstable f§ for this baseline case), indicating that the regions of
interest in the simulation are at the linear stage.

Figure 18 shows the contours of the streamwise velocity and the
spanwise velocity downstream of the concave wall from the 3D simu-
lation and the resolvent analysis, respectively. To acquire the contours
from the resolvent analysis, Eq. (6) is used and the perturbation quan-
tity is described below:

U'(x,y,z,t) = ARAfIZ_D(x,y)exp(iﬁz), (20)

where U,_ p(x,y) is the 2D eigenfunction from the optimal response
and Apg, is the perturbation amplitude and can be set arbitrary (i.e., in
this case, Aga = 2.0x107* is used). The similar vortical structure in
Figs. 18(a) and 18(b) [or Figs. 18(c) and 18(d)] at z/L = 20-23
implies that the 3D simulation could capture the mode near f =2.3
under stochastic forcing. However, due to the presence of broadband
wavenumbers in the simulation, downstream contours exhibit

[—3D-cFD

0 100 200
gL

FIG. 17. Spatial history of the root mean square of the spanwise velocity. The
dashed-dotted line denotes the slope of the N factor at 5 = 2.3 from the resolvent
analysis.
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irregular streamwise vortices with varying spanwise scales rather than
regular structures with f§ = 2.3 (also shown later in the FFT analysis in
Fig. 20). Nevertheless, the averaged spanwise wavelength in the simu-
lation is comparable to that in the resolvent analysis. The comparison
between Figs. 18(a) and 18(c) reveals that the counterrotating vortical
structures increase in size downstream, and some become visible as
complete vortices (ie., near z/L =10 at ¢/L = 247.1). The flow
structure remains relatively unchanged between the two slices at the
selected £/L locations overall, again suggesting that the instability is
linearly amplified across the streamwise direction.

In addition, streamwise heat-flux streaks are captured in the CFD
when random forcing is implemented. A wall Stanton number is
defined as follows:

qw

st=—1I
0.5p, 13,

@1

where g,, is the surface heat flux. Figure 19 shows the instantaneous
distributions of the skin friction coefficient and wall Stanton number.
Streamwise shear-stress streaks and heat-flux streaks at the quasisteady
state are observed on the concave wall downstream. Therefore, the
regions of interest for the spectral estimation are set between
£/L=90 and 250 based on the CFD results.

The FFT analysis of the skin friction coefficient and wall Stanton
number obtained from the 3D simulation is presented in Fig. 20.
Apparently, the signal from the high spanwise number component
(i.e., p > 3) drops dramatically, indicating that the Gortler instability is
not excited in that range. The most unstable f exists in a range from
0.75 to 2.3, while that from the resolvent analysis shows a marginally
larger f3,..« at 2.3. This slight difference can be attributed to the differ-
ent forcing strategies in the resolvent analysis and the 3D simulation.
The stochastic forcing in the latter case allows the development of the
“natural” instability under the free-stream disturbance environment,”’
which is closer to the actual receptivity process observed in the experi-
ments. Unlike in the resolvent analysis, where discrete f§ ranges are
tested for the optimal response [i.e., Eq. (8)], the broadband spanwise
wavelength is not discrete under the random forcing [spatial white
noise in Eq. (17)]. Therefore, the most unstable f is presented in
ranges instead of a specific value in the simulations. Overall, the resol-
vent analysis can capture the Gortler instability that exists in the 3D
simulation under random forcing. The conclusions on the geometric
and flow parameters change by the resolvent analysis are verified.

V. CONCLUSIONS

In this study, the stationary Gortler instability at the linear state
in the boundary layer over a concave wall was investigated through
the variation of geometric and flow parameters. The resolvent analysis
and the LST were used, and a 3D numerical simulation on the baseline
case was conducted for verification. A new dimensionless wavelength
parameter was proposed.

The geometric parameters pertaining to the concave wall include
the radius of curvature and the turning angle. Based on the resolvent
analysis and the LST, the increase in radius of curvature stabilized the
Gortler instability as reported in the literature. On the other hand, the
turning angle had a negligible effect on the enhancement of Gortler
instability, as it only affected the length of the concave surface. In terms
of flow conditions, the Gortler instability was stabilized at low Reynolds
number, due to the thickening of the boundary layer at low density.
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FIG. 18. Contours of the streamwise velocity [(a)-(d)] and the spanwise velocity [(e)—(h)] at &£/L =197.7 [(a), (b), (e), and (f)] and 247.1 [(c), (d), (9), and (h)]. (a), (c), (€), and
(9) are obtained from the 3D simulation, while (b), (d), (f), and (h) are obtained from the resolvent analysis at # = 2.3 [refer to Eq. (20)]. The solid line superimposed in a to d

denotes the in-plane streamlines.

The wall cooling effect destabilized the Gortler instability by reducing
the boundary layer thickness, in agreement with previous findings.
The change in Mach number had marginal effect on the Gortler insta-
bility, which can be attributed to the severe adverse pressure gradient
(manifested in terms of an inflection point within the boundary layer)
in the low Mach number case; thus, the boundary layer thickness in the
selected case shows little change. In addition, the absence of a receptiv-
ity process may have contributed to this insensitivity. A new dimen-
sionless wavelength parameter was proposed to consider the wall
temperature effect in compressible flows, providing a preliminary pre-
diction of the most unstable spanwise wavenumber based on the given
geometric and flow properties.

Finally, a 3D numerical simulation was conducted by enforcing a
random perturbation on the spanwise velocity. The most unstable
spanwise wavenumber obtained is near the case computed by the
resolvent analysis, which further verifies the stability analysis discussed
in this paper.

(a) 1
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z/L

(®) | B |

0 7E-05
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0 50

100 150 200 250
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FIG. 19. Instantaneous distributions of the (a) skin friction coefficient and (b) wall
Stanton number. Random forcing is implemented at & /L =48.7.
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FIG. 20. PSD of (a) skin friction coefficient and (b) wall Stanton number at different &/L. The vertical dotted line indicates the f3,a from the resolvent analysis.

This study describes the change in geometric and flow conditions
on the Gortler instability in the linear state over a concave wall and con-
tributes to the prediction of this type of instability in related scenarios.
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APPENDIX: GRID CONVERGENCE STUDY

The computational domain of the baseline case is constructed
with a total of 600 and 300 nodes in the & and # directions, respec-
tively. The arc length D =296.6 mm and the maximum # is 50 mm
at each ¢ position (Fig. 1). Two levels of resolution are considered,
including a standard mesh of 600 x 300 and a finer mesh of
900 x 400. Approximately 200 (250) grid points are located within
the boundary layer for the standard (finer) mesh. Both numerical
simulation and resolvent analysis are performed on these grids to
verify the grid convergence.

Figure 21 shows the distributions of the skin friction coeffi-
cient C; and the wall pressure coefficient C, obtained at different
grid resolutions for the baseline case. The wall pressure coefficient
C, is defined as follows:

by 0.20
900 x 400
- 600 X 30()'
0.15}
C
P 0.10
0.05
0 100 200 300

&L

FIG. 21. Distributions of the (a) skin friction coefficient and (b) wall pressure coefficient obtained at different grid resolutions for the baseline case.
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FIG. 22. Optimal gain (normalized to maintain the unit maximum value) from the
resolvent analysis of the baseline case on different grid resolutions. Forcing is
implemented at &/L = 48.7 for the entire # plane with & =0.

Pw
G, = 050t (A1)
where p,, is the wall pressure. The overlapping of the two profiles
with different resolutions indicated that the standard grid is ade-
quate for the numerical simulation.

Figure 22 compares the optimal gain obtained from the resol-
vent analysis using the 2D base flow profiles computed by the two
meshes. The most unstable mode range is captured in both meshes,
showing that the standard grid is sufficiently accurate for the stabil-
ity analysis.
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