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 37 

Abstract 38 

 39 

Component mode synthesis (CMS) method is developed and applied to the element-by-element model 40 

updating of large-scale structures in this study. Several lowest frequencies and mode shapes of the global 41 

structure are obtained with the free interface CMS method by employing the several lowest frequencies 42 

and mode shapes of each substructure individually. In this process, the removal of higher modes is 43 

compensated by the residual modes. The eigensensitivity of the global structure is then assembled from the 44 

eigensensitivities of each substructure to the updating element parameters. Subsequently, the global model 45 

is updated using the sensitivity-based optimization technique. The application of the present method to an 46 

11-floor frame structure and to a large-scale structure demonstrates its accuracy and efficiency. The 47 

computational time required by the substructuring method to calculate the eigensensitivity matrices is 48 

significantly reduced, as compared with that consumed by the conventional global-based approach. 49 

Selection of the number of master modes is also proposed.  50 

 51 

Keywords: model updating; substructure method; component mode synthesis; damage detection 52 

53 
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 54 

I. INTRODUCTION 55 

 56 

Structural damage induces changes in physical properties (damping, mass, and stiffness) and accordingly, in 57 

the modal properties (frequencies, modal damping, and mode shapes) of the structure. These changes have 58 

long been used to identify damage. Model updating technology is an effective approach to solving this 59 

inverse problem [1−4]. However, the model updating requires that the global structure needs to be 60 

assembled and the eigensolutions and associated eigensensitivity matrices of the global structure need to be 61 

calculated repeatedly in each iteration. Consequently the global structure based model updating is very 62 

time-consuming and even prohibitive for large-scale structures [5].  63 

 64 

The substructuring approach may be employed efficiently in the structural analysis of large-scale structures 65 

[6−10]. In this technique, the global structure is divided into small manageable substructures, each of which 66 

is analyzed independently to obtain its designated solution. These solutions are then assembled to recover 67 

the solutions of the global structure by imposing constraints at the interfaces. Dynamic substructuring 68 

methods have been developed in structural dynamics since the 1960s. These methods fall into three 69 

categories: the time, frequency, and modal domains [11]. In particular, the modal domain methods use the 70 

eigenmodes of each substructure and impose displacement compatibility and force equilibrium conditions 71 

on the interfaces between the substructures. This type of technique is commonly referred to as component 72 

mode synthesis (CMS). Depending on the interface condition of the substructures, CMS methods can be 73 

classified as the free interface [12−14], fixed interface [15, 16], or hybrid method [17, 18]. Numerous such 74 

methods have been developed to calculate the eigensolutions [19, 20] of large-scale structures. Recently, the 75 

CMS method was developed to obtain the first- and second-order eigensensitivities with respect to 76 

modeling uncertainty [21]. Nevertheless, the substructuring method is promising for application in model 77 
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updating or damage identification fields. When one or more substructures are modified, the modified 78 

substructures alone need to be reanalyzed while others remain unchanged. Liu et al. [22] and Papadimitriou 79 

and Papadioti [23] developed the component-based model updating technique, which updates the 80 

parameters at the substructure level. However, in practical applications, for example, structural damage 81 

detection, one may need to know the damage location and quantity at the element level, rather than the 82 

substructure level. In the case, the elemental parameters need to be updated.  83 

 84 

An element-by-element model updating technique is proposed in the present paper based on a 85 

substructuring approach. The free interface CMS method is developed to calculate eigensolutions and the 86 

associated eigensensitivities with respect to element parameters. These values are then applied to the model 87 

updating of the global structure. Each substructure is analyzed independently during the updating process. 88 

The eigensolutions and eigensensitivities are computed only for particular substructures that contain the 89 

updating parameters. Thus, calculation is simplified and accelerated. Two numerical frame examples are 90 

used to demonstrate the effectiveness and efficiency of the proposed method. The results show that the 91 

proposed method can reduce computation load while maintaining accuracy. 92 

 93 

 94 

II. FREE INTERFACE COMPONENT MODE SYNTHESIS METHOD 95 

 96 

The free interface CMS method developed by Craig and Chang [12] is introduced comprehensively in this 97 

section.  98 

 99 

For example, a global structure contains N  degrees of freedom (DOFs), and its stiffness and mass matrices 100 

are of size NN × . For brevity, this structure is divided into two substructures a and b, with aN  and bN  101 
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DOFs, respectively. When substructure a is taken as an example, the equation of motion in the undamped 102 

case is expressed as 103 

)()()()()( aaaaa fxKxM =+ ,     
                                                

(1) 104 

where )(ax  and )(ax  are the displacement and acceleration vectors, respectively, with a size of 1×aN ; 105 

)(aM  and )(aK  are the mass and stiffness matrices, respectively, with a size of aa NN × ; and )(af  is the 106 

force vector. Superscript “(a)” denotes the item of substructure a throughout the paper. In the case of free 107 

vibration, )(af  is zero, except for the interface force from the adjacent substructure. The displacement can 108 

be written in the modal space as  109 

)()()( aaa pΦx = ,                                                                        (2) 110 

where )(aΦ  represents the eigenvector matrix of the substructure with a size of aa NN × , and )(ap  is the 111 

modal coordinate.  112 

 113 

Eq. (2) can be rewritten according to the lower and higher modes as 114 

[ ] )()()()(
)(

)(
)()()( a

h
a

h
a

l
a

la
h

a
la

h
a

l
a pΦpΦ

p
p

ΦΦx +=








= ,

                                              
(3) 115 

where )(a
lΦ  represents the lower modes with a size of ala NN ×  and )(a

hΦ  denotes the higher modes with a 116 

size of aha NN ×  ( aahal NNN =+ ). By substituting Eq. (3) into Eq. (1) and pre-multiplying both sides by 117 

( )T)(aΦ , we have 118 

( ) ( ) )(T)(T)()()()()( a
J

aa
l

a
l

a
l

a
l

a
l fBΦpΩpI =+ ,

                                                
(4) 119 

     
( ) ( ) )(T)(T)()()()()( a

J
aa

h
a

h
a

h
a

h
a

h fBΦpΩpI =+ ,
                                                

(5) 120 
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where lΩ  and hΩ  are eigenvalue matrices for the lower and higher modes, respectively; I  is the identity 121 

matrix; )(aB  is the Boolean matrix and is described in Appendix; )(a
Jf  represents the interface force with a 122 

size of 1×JN ; and JN  is the number of interface DOFs.  123 

 124 

When the inertia force is much smaller than the restoring force in Eq. (5) (as detailed in subsequent 125 

sections), the first item can be neglected. Consequently the modal coordinate associated with the higher 126 

modes can be approximated as 127 

( ) ( ) ( ) )(T)(T)(1)()( a
J

aa
h

a
h

a
h fBΦΩp −

= .                                                          (6) 128 

Eq. (6) is also referred to as the quasi-static response of the high modes. By substituting Eq. (6) into Eq. (3), 129 

one has 130 

[ ]








=+= )(

)(
)()()()()()()(

a
J

a
la

h
a

l
a

J
a

h
a

l
a

l
a

f
p

ψΦfψpΦx ,                            

             
(7) 131 

where 132 

( ) ( ) ( )T)(T)(1)()()( aa
h

a
h

a
h

a
h BΦΩΦψ −

= .                                                        (8) 133 

Given that the flexibility matrix can be divided into lower and higher modes as 134 

( ) ( ) ( ) ( ) ( ) ( ) ( )T)(1)()(T)(1)()(T)(1)()(1)( a
h

a
h

a
h

a
l

a
l

a
l

aaaa ΦΩΦΦΩΦΦΩΦK −−−−
+== ,               (9) 135 

we define 136 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) )()(T)(T)(1)()(T)(T)(1)()(T)(1)()( a
h

a
a

aa
h

a
h

a
h

aa
l

a
l

a
l

aaa ψψBΦΩΦBΦΩΦBKG +=+==
−−−

, 137 

(10) 138 

where )(a
aψ  and )(a

hψ  represent the contributions of the lower and higher modes to the flexibility matrix, 139 

respectively. )(a
hψ  can be calculated as 140 

)()()( a
a

aa
h ψGψ −= .                                                                      (11) 141 
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 142 

If a substructure is floating, then the inverse of )(aK  is unavailable. In this case, the rigid-body modes are 143 

disregarded. The flexibility matrix with rigid-body modes can then be written as [12, 18]  144 

( ) ( )T)()()(T)()( aaa
c

aa BGG ℜℜ= ,                                                          (12)
 

145 

where )(aℜ  is the projector and is expressed as 146 

( )T)()()()()( a
R

a
R

aaa ΦΦMI −=ℜ .                                                           (13) 147 

)(a
RΦ  are the rigid-body modes and )(a

cG  is the flexibility matrix constructed by setting zeros at the 148 

constraint DOFs.  149 

 150 

The residual flexibility in Eq. (7) serves as one modal base and compensates for the discarded higher 151 

modes. The interface force is the corresponding general coordinate. The residual modes improve the 152 

accuracy of the substructuring method significantly. By substituting Eq. (7) into Eq. (1) and 153 

pre-multiplying both sides by [ ]T)()( a
h

a
l ψΦ , we have 154 
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,                    (14) 155 

where )(a
GM  and )(a

GK  are the residual mass and residual stiffness matrices, respectively. They are 156 

computed as follows 157 

( ) )()(T)()( a
h

aa
h

a
G ψMψM = , ( ) )()(T)()( a

h
aa

h
a

G ψKψK = .                                      (15) 158 

Eq. (14) can be rewritten as 159 

[ ] ( ) )(T)(T)()()()()()( ~~ a
J

aa
h

a
l

aaaa fBψΦpKpM =+ ,                                 
       

(16) 160 

where 161 
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162 

 163 

The size of the equations presented above is ( )Jal NN + . The equation of motion for substructure b can be 164 

obtained in a similar manner. The two sets of equations are combined as: 165 
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        (18) 167 

Similarly superscript “(b)” denotes the item of substructure b. Substructures a and b are joined at the 168 

common interface. The displacement compatibility and force equilibrium conditions at the interface are 169 

expressed by the following equations: 170 

)()( b
J

a
J xx = .

                                                                             
(19) 171 

)()( b
J

a
J ff −= .                                                                           (20) 172 

Given )()()( aaa
J xBx =  and )()()( bbb

J xBx =  (see Appendix) and Eq. (7), Eq. (19) can be transformed as 173 

( ) ( ) )()()()( b
Jhll

ba
Jhll

a fψpΦBfψpΦB +=+ .
                      

                    (21) 174 

Combining Eqs. (20) and (21), the interface force can be solved as 175 

( ) ( )[ ] ( ) ( )[ ])()(1)()()()( a
ll

b
ll

b
h

a
h

b
J

a
J pBΦpBΦBψBψff −+=−=

−
.                      (22) 176 

Thus, the modal coordinates of the two substructures can be transformed into those associated with the 177 

lower modes: 178 
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(23) 179 
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where 180 

( ) ( )[ ] ( ) )(1)()( a
l

b
h

a
h BΦBψBψA

−
+−= , 181 

( ) ( )[ ] ( ) )(1)()( b
l

b
h

a
h BΦBψBψD

−
+= .                                                   (24) 182 

q  is the modal coordinate associated with the lower modes of the two substructures and has a size of 183 

( ) 1×+ blal NN . T  is the transformation matrix with a size of ( ) ( )blalJblal NNNNN +×++ 2 . 184 

 185 

By substituting Eq. (23) into Eq. (18) and pre-multiplying both sides by TT , we have 186 

0qKqM =+ **  ,                                                                     (25) 187 

where 188 

TMTM ~T* = , TKTK ~T* = .                                                        (26) 189 

The right-hand side of Eq. (25) is calculated as zero because the forces at the interface always appear in 190 

pairs. Eq. (25) is the final standard eigenequation of the assembled global structure with a size of 191 

( )blal NN + . Assuming that its eigensolutions are *Ω  and *Φ , the eigenvalues of the original system are 192 

*Ω  and the eigenvectors are transformed as 193 

**
)(

)(

TΦΦTΦ
Φ

Φ
Φ p

b

a

=







= ,

                                                  
(27) 194 

where superscript ‘p’ denotes the diagonal assembly of the substructural matrices. As only a few lower 195 

modes of each substructure are included, the size of the reduced eigenequation ( )blal NN +  is much smaller 196 

than the global one ( N ). As a result, solving the large eigenequation is avoided. Nevertheless, the 197 

eigensolution is less computationally difficult to solve at present than before given the rapid development 198 

of computer technology. The main advantage of the substructuring method lies in the calculation of the 199 

eigensensitivity value. This process is more time-consuming than the computation of eigensolutions and is 200 

frequently required in iterative model updating. 201 
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 202 

 203 

III. ELEMENT-BY-ELEMENT SENSITIVITY-BASED MODEL UPDATING METHOD 204 

 205 

Structural damages may cause changes in structural responses. Model updating aims to reproduce the true 206 

(or experimental) dynamic properties of a structure by iteratively adjusting the parameters of the structural 207 

model optimally. The sensitivity-based model updating method is a widely employed approach [5, 24].  208 

 209 

In this approach, experimental responses can be expressed as the first order Taylor expansion of the 210 

structural element parameters in the form of the following equation:  211 

( )ouoe rrSRR −=− .                                                                 
(28) 212 

where eR  and oR  represent the experimental and analytical responses of the structure, respectively; ur  213 

and or  are the corresponding structural parameter vectors; and S  is the sensitivity matrix (or 214 

eigensensitivity when modal data are used) that can be obtained by taking derivatives of the responses with 215 

respect to the structural parameters. Without losing generality, each element has one parameter for 216 

updating in this study. 217 

 218 

During the optimization process, the elemental parameters in the analytical model are iteratively modified 219 

to match the experimental vibration properties. The eigensolutions and the eigensensitivity matrix of the 220 

analytical model must be calculated in each iteration [24]. Traditional model updating methods calculate 221 

these values based on the system matrices of the global structure. This procedure is time-consuming and 222 

computationally expensive, especially when the structure is composed of a large number of DOFs. 223 

 224 
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In the present study, the substructuring method is applied to obtain the sensitivity matrix. According to Eq. 225 

(25), the eigenequation of the ith mode (i =1, 2, …, N) can be written as 226 

( ) 0ΦMK =− ***
iiλ .

                                                                     
(29) 227 

Eq. (29) is differentiated with respect to parameter r as follows: 228 

( ) ( ) 0ΦMKΦMK
=

∂
∂

−+
∂
−∂

r
λ

r
λ i

ii
i

*
***

**

.
                                               

(30)
 

229 

Pre-multiplying ( )T*
iΦ  both sides of Eq. (30) yields the following equation: 230 

( ) ( ) ( ) ( ) 0ΦMKΦΦMKΦ =
∂

∂
−+

∂
−∂

r
λ

r
λ i

iii
i

i

*
**T**

**
T* .

                                   
(31)

 
231 

( )iλ
** MK −  is symmetric and ( ) 0ΦMK =− ***

iiλ . Therefore, Eq. (31) can be simplified as 232 

( ) ( ) 0ΦMKΦ =
∂
−∂ *

**
T*

i
i

i r
λ .

                                                            
(32) 233 

Given the normalization property of *
iΦ , the derivative of eigenvalue iλ  can be obtained as 234 

( ) *
*

T*
ii

i

rr
ΦKΦ

∂
∂

=
∂
∂λ .

                                                                    
(33) 235 

For simplicity, r∂∂ *K  is calculated with the finite difference technique. 236 

 237 

The ith eigenvector of the global structure can be recovered by 238 

*
i

p
i TΦΦΦ = .

                                                                            
(34) 239 

The eigenvector derivative of the ith mode to structural parameter r is differentiated as 240 

rrr
ip

i

p
i

∂
∂

+
∂

∂
=

∂
∂ *

* ΦTΦTΦΦΦ
.
                                                          

(35) 241 

T, pΦ , and *
iΦ  are obtained in the process of calculating the eigensolutions. rp ∂∂Φ  is the eigenvector 242 

derivative of the substructure containing parameter r and thus can be calculated within the substructure. 243 
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r∂∂ *Φ  can be calculated using Nelson’s method [25]; that is, it consists of a particular part and a 244 

homogeneous part as 245 

*
*

iii
i c

r
Φv

Φ
+=

∂
∂

,
                                                                       

(36) 246 

where ic  is the participation factor. By substituting Eq. (36) into Eq. (30), we have the following equation: 247 

( )( ) ( ) *
**

***
i

i
iiii r

c ΦMKΦvMK
∂
−∂

−=+−
λλ .                                                       

 
(37) 248 

Given that ( ) 0ΦMK =− ***
iiλ , Eq. (37) can be simplified as 249 

iii YvX = ,
                                                                                   

(38) 250 

where  251 

( )ii λ** MKX −= , 
( ) *

**

i
i

i r
ΦMKY

∂
−∂

−=
λ

.                                                  
   

(39) 252 

r∂∂ *K  has been calculated in Eq. (33). 0* =∂∂ rM  because the mass presumably remains unchanged 253 

during model updating. Consequently, vector iv  can be solved using Eq. (38).  254 

 255 

The solution of ic  requires the orthogonal condition of the eigenvector 256 

( ) 1**T* =ii ΦMΦ .

                                                      
                   

(40) 257 

Differentiating Eq. (40) with respect to r produces 258 

( ) ( ) ( ) 0ΦMΦΦMΦΦMΦ
=

∂
∂

+
∂

∂
+

∂
∂

rrr
i

iiii
i

*
*T**

*
T***

T*

.
                                 

       

(41)
 

259 

Given 0* =∂∂ rM , Eq. (41) is simplified into  260 

( ) ( ) 0ΦMΦΦMΦ
=

∂
∂

+
∂

∂
rr

i
ii

i
*

*T***
T*

.

                                                        
 
(42) 261 

By substituting Eq. (36) into Eq. (42), we obtain 262 
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( ) ( )[ ] ( ) ( ) 0ΦvMΦMΦΦv =+++ **T**T*T
iiiiiiii cc .                                            

          
 
(43) 263 

Participation factor ic  is thus obtained as 264 

( ) ( )( )iiiiic vMΦΦMv *T***T

2
1

+−= .
                                                          

(44) 265 

Subsequently, the first-order derivative of *
iΦ  with respect to structural parameter r is obtained as 266 

( ) ( )[ ]iiiii
i

r
vMΦΦMvvΦ *T***T

*

2
1

+−=
∂

∂
.
                                                  

(45) 267 

 268 

 269 

IV. NUMERICAL EXAMPLES 270 

 271 

Two numerical examples are employed to demonstrate the effectiveness and efficiency of the proposed 272 

substructuring model updating method. The accuracy of CMS method is first validated by calculating the 273 

eigensolutions and eigensensitivities of two structures. CMS-based model updating is then applied to 274 

identify damage. The results obtained with this method are compared with those generated using the 275 

traditional model updating approach.  276 

 277 

1. CMS-based eigensolution 278 

 279 

As shown in Fig. 1, the 11-floor frame structure considered in this study consists of a total of 79 nodes, 88 280 

two-dimensional elements, and 231 DOFs. The frame is disassembled into three substructures that contain 281 

30, 30, and 23 nodes, as well as 84, 90, and 69 DOFs. These substructures are depicted in Fig. 1(b). Each 282 

substructure is analyzed independently to calculate its eigensolutions and eigensensitivities. These values 283 

are then assembled into the global ones using the proposed method. 284 
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(a) Global structure (b) Partitioned substructures 

Fig. 1. Frame structure (unit: m) 

 285 

A criterion of modal truncation is proposed to select the master modes of each substructure. According to 286 

Eq. (5), the first item (inertia force) should be much smaller than the second (restoring force). For example, 287 

the subsystem vibrates at frequency ω and amplitude b, that is, ( )tbph ωsin=  and ( )tbph ωω sin2−= . 288 

Thus, the following formulas are generated 289 

   ( ) ( )tbtb h ωωωω sinsin 22 << .                                                          (46) 290 

hλλ << .                                                                            (47) 291 

This scenario indicates that the discarded eigenvalues of the substructure must be significantly larger than 292 

the eigenvalues of interest associated with the global structure. In this study, we set 293 

 λλ 100>h .                                                                        (48) 294 
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This equation implies that the largest eigenvalue retained in the substructure must be 100 times the largest 295 

eigenvalue of interest associated with the global structure.  296 

 297 

In this example, we assume that the first 10 modes are of interest. The 10th eigenvalue of the global 298 

structure is 47,625 rad2/s2. The first 38 modes of each substructure are listed in Table 1. According to the 299 

criteria, the first 33, 36, and 28 modes of the three substructures are retained and assembled to calculate the 300 

first 10 modes of the global structure. The discarded higher modes are compensated by the residual 301 

flexibility modes, as discussed in section II. The calculated frequencies are listed and compared with the 302 

true values using the traditional method in Table 2. The similarity of the two sets of mode shapes is listed as 303 

well in terms of the modal assurance criterion (MAC) [26]. 304 

 305 

Table 1. Eigenvalues of Substructures 306 

Mode 
Eigenvalue 

Mode 
Eigenvalue  

Mode 
Eigenvalue 

Sub 1 Sub 2 Sub 3 Sub 1 Sub 2 Sub 3 Sub 1 Sub 2 Sub 3 

1 810.96 0 0 14 6.49E+5 4.60E+5 7.53E+5 27 2.60E+6 2.20E+6 4.45E+6 

2 9170.8 0 0 15 7.16E+5 4.96E+5 7.66E+5 28 2.79E+6 2.24E+6 5.60E+6 

3 34603 0 0 16 7.94E+5 6.50E+5 1.01E+6 29 2.93E+6 2.45E+6 6.81E+6 

4 48501 7828.3 9808.8 17 8.54E+5 7.17E+5 1.17E+6 30 3.50E+6 2.79E+6 7.10E+6 

5 60738 13772 19977 18 1.06E+6 7.61E+5 1.29E+6 31 3.86E+6 2.93E+6 7.95E+6 

6 67385 19932 26073 19 1.14E+6 7.81E+5 1.43E+6 32 4.63E+6 3.24E+6 8.40E+6 

7 75999 41212 54493 20 1.35E+6 7.97E+5 1.74E+6 33 4.84E+6 3.41E+6 9.87E+6 

8 82095 53590 76828 21 1.48E+6 1.01E+6 2.13E+6 34 6.04E+6 3.63E+6 1.08E+7 

9 1.51E+5 68354 77502 22 1.68E+6 1.05E+6 2.23E+6 35 7.02E+6 4.33E+6 1.12E+7 

10 2.57E+5 79227 1.28E+5 23 2.08E+6 1.17E+6 2.49E+6 36 7.43E+6 4.77E+6 1.27E+7 

11 3.82E+5 87505 3.97E+5 24 2.09E+6 1.36E+6 2.79E+6 37 7.65E+6 6.57E+6 1.27E+7 

12 4.89E+5 1.30E+5 4.98E+5 25 2.23E+6 1.77E+6 3.19E+6 38 8.17E+6 7.11E+6 1.44E+7 

13 5.46E+5 3.76E+5 6.61E+5 26 2.44E+6 2.04E+6 3.49E+6         

 307 
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Table 2. Frequency and MAC of the Assembled Global Structure 308 

Mode No. 
Frequency 

MAC (%) Traditional 
method (Hz) 

Substructuring 
method (Hz) 

Relative 
error (%) 

1 1.448 1.448 0.0 100.0 
2 4.537 4.539 0.0 100.0 
3 8.233 8.234 0.0 100.0 
4 12.300 12.301 0.0 100.0 
5 17.011 17.016 0.0 100.0 
6 18.855 18.971 0.6 100.0 
7 22.286 22.294 0.0 100.0 
8 26.256 26.390 0.5 100.0 
9 28.417 28.416 0.0 100.0 
10 34.732 34.733 0.0 100.0 

 309 

Table 2 shows that the relative errors of the first 10 frequencies are less than 0.6%, and the MAC values are 310 

all 100.0%. These values are sufficiently accurate for model updating. This example verifies the 311 

effectiveness of the free interface CMS method. In addition, the proposed criterion of modal truncation can 312 

significantly reduce the number of modes retained in each substructure while maintaining high accuracy. 313 

 314 

 315 

 316 

Fig. 2. Large-scale frame structure 317 

 318 
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The proposed method is also applied to a practical large-scale structure to study its computational efficiency. 319 

This structure is displayed in Fig. 2 and consists of two symmetric towers that are linked by one corridor. 320 

Each tower has 14 floors, with a total height of 45 m. The corridor is located at an elevation of 29 m and has 321 

three floors. It is 19.8 m wide and 67.2 m high. The finite element (FE) model contains a total of 1,252 nodes, 322 

3,190 elements, and 7,512 DOFs. Overall, the traditional global approach takes 864.2 s to calculate the first 323 

10 modes using a personal computer with a Core 2 Duo CPU and 2 GB memory. The proposed CMS 324 

method is thus utilized to reduce computational load. 325 

 326 

First, the global structure is divided into five substructures, as illustrated in Fig. 3. The retained modes are 327 

selected according to the proposed criterion of modal truncation. The detailed information regarding the 328 

substructures is listed in Table 3.  329 

 330 

 331 

Fig. 3. Configuration of division scheme 1 332 

 333 

Table 3. Division Formation Scheme 1 334 

Substructure index Sub 1 Sub 2 Sub 3 Sub 4 Sub 5 

No. of nodes 304 304 144 304 304 

No. of DOFs 1596 1824 864 1824 1596 

No. of elements 693 693 296 693 693 

No. of interface nodes 38 54 32 54 38 

No. of retained modes 82 146 14 146 82 
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 335 

Another two division schemes, that is, schemes 2 and 3, are also employed to determine the influence of the 336 

substructure division on calculation accuracy and efficiency. Division schemes 2 and 3 consist of nine and 337 

three substructures, respectively, as indicated in Figs. 4 and 5. The substructure information for these two 338 

division schemes is listed in Tables 4 and 5. 339 

 340 

 341 

Fig. 4. Configuration of division scheme 2 342 

 343 

Table 4. Division Formation Scheme 2 344 

Substructure index Sub 1 Sub 2 Sub 3 Sub 4 Sub 5 Sub 6 Sub 7 Sub 8 Sub 9 

No. of nodes 190 152 114 228 144 228 144 152 190 

No. of DOFs 912 912 684 1368 864 1368 684 912 912 

No. of elements 364 273 182 455 296 455 182 273 364 

No. of interface nodes 38 76 76 54 32 54 76 76 38 

No. of retained modes 46 103 94 123 14 123 94 103 46 

 345 

 346 

Fig. 5. Configuration of division scheme 3 347 
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 348 

 349 

Table 5. Division Formation Scheme 3 350 

Substructure index Sub 1 Sub 2 Sub 3 

No. of nodes 570 144 570 

No. of DOFs 3420 864 3420 

No. of elements 1447 296 1447 

No. of interface nodes 16 32 16 

No. of retained modes 170 14 170 

 351 

The first 10 eigensolutions of the global structure are calculated in all division schemes. The results are 352 

compared in Table 6, in which the true results are calculated using the global method. All three division 353 

formations are precise.  354 

 355 

Table 6. Comparison of the Eigensolutions of Each Division Scheme 356 

Mode 
True 
freq. 
(Hz) 

Scheme 1 Scheme 2 Scheme 3 

Freq. 
(Hz) 

Relative 
error 
(%) 

MAC 
(%) 

Freq. 
(Hz) 

Relative 
error 
(%) 

MAC 
(%) 

Freq. 
(Hz) 

Relative 
error 
(%) 

MAC 
(%) 

1 0.584  0.585 0.1 100.0 0.586 −0.3 100.0 0.585 0.1 100.0 

2 0.744  0.746 0.2 100.0 0.740 0.6 100.0 0.744 0.0 100.0 

3 0.873  0.875 0.2 99.9 0.873 0.1 99.0 0.873 0.0 100.0 

4 0.895  0.895 0.0 100.0 0.89 0.5 100.0 0.895 0.0 100.0 

5 0.939  0.943 0.3 99.8 0.946 −0.7 98.0 0.939 0.0 100.0 

6 1.025  1.025 0.0 100.0 1.021 0.4 100.0 1.025 0.0 100.0 

7 1.038  1.039 0.1 100.0 1.038 0.0 99.4 1.038 0.0 100.0 

8 1.237  1.237 0.0 100.0 1.234 0.3 100.0 1.237 0.0 100.0 

9 1.266  1.267 0.0 100.0 1.265 0.1 99.9 1.266 0.0 100.0 

10 1.544  1.544 0.0 100.0 1.542 0.2 100.0 1.544 0.0 100.0 

 357 
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Table 7. Comparison of the Times Consumed in Each Division Scheme 358 

Division scheme Scheme 1 Scheme 2 Scheme 3 Global method 

Size of the assembled 

structure 
470 746 354 7512 

Number of substructures 5 9 3 - 

CPU time (s) 227.2 289.4 652.8 864.2 

 359 

The CPU time costs in the three division formations and in the global method are compared in Table 7. 360 

Scheme 3, which includes three substructures, consumes the most computational time. By contrast, scheme 361 

1, which contains five substructures, consumes the least time. When a structure is divided into a large 362 

number of substructures, each substructure contains a small number of DOFs whereas the number of 363 

interfaces increases. Consequently, the assembled eigenequation is large, as indicated in scheme 2. By 364 

contrast, if a structure is divided into a small number of substructures, then each substructure still has a large 365 

number of DOFs. Correspondingly, the process of calculating the eigensolutions and the residual flexibility 366 

matrix of each substructure is heavy. This example shows that dividing the global structure into either 367 

excessive or insufficient substructures is inefficient. Five substructures result in the ideal computational 368 

efficiency in the present example. It is noted that the optimal division scheme is structurally dependent, and 369 

no conclusions are drawn for general structures. Trial and error can be performed before model updating.  370 

 371 

2. CMS-based eigensensitivity 372 

 373 

The 11-floor frame structure shown in Fig. 1 is utilized in this study to determine the accuracy of the 374 

proposed CMS method in calculating eigensensitivity. The eigenvalue and eigenvector derivatives for the 375 

first 10 modes of the global structure with respect to element 1 are listed in Table 8. These values are 376 

compared with those obtained using the traditional global method. The relative differences of all eigenvalue 377 
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derivatives are less than 3.5%, and the similarity values of all eigenvector derivatives are above 99.8%. 378 

These percentages indicate sufficient accuracy for model updating. 379 

 380 

Table 8. Comparison of Eigensensitivity with respect to Element 1 381 

Mode No. 
Eigenvalue derivative MAC of 

eigenvector 
derivative (%) 

Traditional 
method 

Substructuring 
method 

Relative 
error (%) 

1 9.2443×10-11 9.2490×10-11 0.1 100.0 

2 8.2750×10-10 8.2871×10-10 0.1 100.0 

3 2.5883×10-9 2.5879×10-9 0.0 100.0 

4 5.7376×10-9 5.7423×10-9 0.1 100.0 

5 1.0599×10-8 1.0611×10-8 0.1 100.0 

6 1.6242×10-8 1.6599×10-8 2.2 99.8 

7 1.7506×10-8 1.7499×10-8 0.0 100.0 

8 2.6518×10-8 2.7435×10-8 3.5 99.9 

9 2.5773×10-8 2.5830×10-8 0.2 100.0 

10 3.3993×10-8 3.3986×10-8 0.0 100.0 

 382 

3. CMS-based model updating 383 

 384 

The proposed method is then applied to the first structure for model updating and damage detection. 385 

Damage is simulated by reducing the bending rigidity of chosen elements. The modal data in the damaged 386 

state are calculated on the basis of the damaged FE model. Subsequently, the analytical model is updated 387 

using the proposed substructuring method such that the modal data of the updated model match those of the 388 

damaged ones. The changes in the bending rigidity of each element are treated as identified damage, and 389 

this damage is compared with the actual ones. Three simulated damage scenarios are listed in Table 9. The 390 

first 10 frequencies and modes are utilized during model updating. The mode shapes are determined at the 391 

horizontal direction of the nodes on columns and at the vertical direction of the middle nodes on beams. As 392 
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before, the first 33, 36, and 28 modes in substructures 1, 2, and 3 are chosen as the master modes to calculate 393 

the first 10 eigensolutions and eigensensitivities of the global structure. The higher modes are compensated 394 

by the residual flexibility modes. 395 

Table 9. Simulated Damage Scenarios 396 

Case Damaged element 
Reduction of bending 

rigidity 

1 No. 61 −40% 

2 Nos. 7 and 57 −40%, −30% 

3 Nos. 10, 17, and 77  −10%, −20%, −30% 

 397 

In the first case, the bending rigidity of element 61 (located in the second substructure) is presumably 398 

reduced by 40% while the other elements remain unchanged. The identified damage results obtained using 399 

the traditional global method and those using the proposed method are compared in Fig. 6. Both methods 400 

can detect damage location and severity successfully. The computational times consumed by the 401 

substructuring and the global methods are 478.8 and 837.2 s, respectively. Therefore, the proposed 402 

substructuring method is more efficient than the global method in terms of damage detection. 403 

 404 
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 (a) Substructuring method (b)  Global method 

Fig. 6. Location and severity of identified damage (Case 1) 
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 405 

In the second case, one column element and one beam element in the first substructure are simulated as 406 

damaged. That is, the bending rigidities of elements 7 and 57 are presumably reduced by 40% and 30%, 407 

respectively. Model updating is performed using both methods, and the damage identification results are 408 

compared in Fig. 7. Similarly, both approaches can detect damage successfully. The total times consumed 409 

by the substructuring and the global methods are 316.25 and 610.53 s, respectively. Therefore, the proposed 410 

method is more efficient than the traditional global one. 411 

 412 
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 (a) Substructuring method (b) Global method 

Fig. 7. Location and severity of identified damage (Case 2) 

 413 

The third case involves damage to different substructures. In particular, the bending rigidities of element 10 414 

in substructure 1, element 17 in substructure 2, and element 77 in substructure 3 are presumably reduced by 415 

10%, 20%, and 30%, respectively. This aims to test the damage identifiability of the technique. The damage 416 

detection results are illustrated in Fig. 8. Both methods can successfully detect the damaged elements with 417 

20% and 30% stiffness reduction, whereas have errors in detecting the slightest damage with 10% stiffness 418 

reduction. The computational times consumed by the substructuring and the global methods are 301.5 and 419 
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580.34 s, respectively. Once again, the proposed substructuring method is more computationally efficient 420 

than the global method is. 421 
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 (a) Substructuring method (b)  Global method 

Fig. 8. Location and severity of identified damage (Case 3) 

 422 

The three damage identification events verify that the location and severity of the assumed reduction in 423 

elemental stiffness can be identified successfully with the proposed substructure-based model updating 424 

method except for the minor damage case. This proposed method displays a higher computational 425 

efficiency in terms of damage detection than the traditional global method does. 426 

 427 

 428 

V. CONCLUSIONS 429 

 430 

CMS-based substructuring method is developed in this study for model updating at the element level. The 431 

method divides the global structure into several manageable substructures and calculates the eigensolutions 432 

and eigensensitivities of each substructure with respect to the element parameters independently. Lower 433 

master modes of each substructure are retained according to a proposed mode truncation criterion, and 434 

residual modal flexibility is used to compensate for the discarded higher modes. The substructural results 435 
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are then assembled to obtain the global counterparts for iterative model updating. The method is applied to 436 

an 11-floor frame structure, and the numerical example shows that simulated damage can be detected 437 

accurately using the substructuring method except for the minor damage case. Furthermore, this method 438 

requires less computational effort than traditional global model updating does. 439 

 440 

A large-scale structure with over seven thousand DOFs is also used to calculate the eigensolutions with 441 

different substructuring division schemes. The division formation must trade off the number of 442 

substructures and the master modes in each substructure. An excessive or insufficient number of 443 

substructures may increase computational load. 444 

 445 

Numerical examples also show that minor damage in structural members may not be detected accurately 446 

because it causes a small change in the vibration properties. In addition, measurement noise and modeling 447 

errors may mask this small change and cause the identification results deviate from the real ones. Sensitivity 448 

of the proposed method merits further study. 449 

 450 
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 458 

APPENDIX 459 

 460 

Let )(ax  be the 1×aN  displacement vector of substructure a and )(a
Jx  the 1×JN  displacement vector of the 461 

interface between adjacent substructures. Their relation is represented by the following equation: 462 

)()()( aaa
J xBx = ,                                                            (A.1) 463 

where )(aB  is the Boolean matrix with a size of aJ NN × . Each row of matrix )(aB  contains only one 464 

non-zero item, which takes a value of 1 at the corresponding interface DOF. Let )(af  be the force vector of 465 

the substructure. Given a free vibration case, )(af  is zero except at the interface. Let 
)( a

Jf  be the interface 466 

force with a size of 1×JN . Then, we obtain 467 

( ) )(T)()( a
J

aa fBf = .                                                          (A.2) 468 

Therefore, the Boolean matrix links the displacement and the force between the substructure and the global 469 

structure.  470 

 471 

472 
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