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Abstract 

This paper investigates the problem of finding the K reliable shortest paths (KRSP) in 

stochastic networks under travel time uncertainty. The KRSP problem extends the classical K 

loopless shortest paths problem to the stochastic networks by explicitly considering travel 

time reliability. In this study, a deviation path approach is established for finding K -reliable 

paths in stochastic networks. A deviation path algorithm is proposed to exactly solve the 

KRSP problem in large-scale networks. The A* technique is introduced to further improve the 

KRSP finding performance. A case study using real traffic information is performed to 

validate the proposed algorithm. The results indicate that the proposed algorithm can 

determine KRSP under various travel time reliability values within reasonable computational 

times. The introduced A* technique can significantly improve KRSP finding performance. 
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1. Introduction

The problem of finding the shortest path in road networks has been widely studied (Dijkstra, 

1959; Bast et al., 2007; Geisberger et al., 2012; Zhou et al., 2014; Li et al., 2015), due to its 

broad application in transportation science and other fields (e.g., route guidance systems, 

traffic simulations, or logistics optimizations). As a natural generalization, the problem of 

finding K shortest paths has also received considerable attention in the literature (Hoffman 

and Pavley, 1959; Yen, 1971; Eppstein, 1998; Martins and Pascoal, 2003; Hershberger et al., 

2007; Vanhove and Fack, 2012). Given an integer 1K  , the K shortest paths problem is 

intended to successively find the shortest path, the second shortest path, etc., until the Kth 

shortest path between an origin and a destination (O-D) pair. Provision of multiple alterative 
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paths is a common requirement for route guidance systems, and widely used for solving 

optimization problems with complex constraints and/or multiple objectives. Typical 

applications of the K shortest paths problem are summarized in Eppstein (1998). 

 

In the classical K shortest paths problem, link travel times are assumed to be deterministic. 

However, link travel times in road networks are widely recognized by transportation 

practitioners and researchers to be highly stochastic, due to demand fluctuation and capacity 

degradation (Lam et al., 2008; Yang and Zhou, 2014; Chen et al., 2013a; Miller-Hooks and 

Mahmassani, 2000; Fu and Rilett, 1998). Many empirical studies have shown that, faced with 

travel time uncertainty, travelers tend to become risk-averse when making activity-travel 

decisions (Taylor 2013; Carrion and Levinson, 2012; Noland and Polak, 2002). Clearly, large 

travel time variations may cause undesirable late arrivals and impose a high penalty (e.g., 

missed flights). Therefore, travelers’ concerns about travel time reliability should be 

incorporated into the shortest path problem, as well as the K shortest paths problem. 

 

In recent years, much research effort has been devoted to investigating reliable shortest path 

problems for finding the optimal path by explicitly considering travel time reliability. Several 

efficient solution algorithms have been developed for solving the reliable shortest path 

problems in large-scale networks with uncertain travel times (Nie and Wu, 2009; Ji et al., 

2011; Xing and Zhou, 2011; Chen et al., 2012; Chen et al., 2014a; Khani and Boyles, 2015; 

Wu, 2015). However, to the best of our knowledge, the problem of finding K reliable shortest 

paths (KRSP) has not received attention in the literature. 

 

To fill the gap, this paper precisely addresses the KRSP problem. The rest of the paper is 

organized as follows. Section 2 provides a brief literature review related to the KRSP problem. 

Section 3 presents the formulation of the KRSP problem. Section 4 introduces the proposed 

solution algorithms for solving the KRSP problem. Section 5 reports a case study using real 

traffic information. Section 6 presents the conclusions and recommendations for further study. 

 

2. Literature review 

 

This section briefly reviews the related algorithms for solving the classical K shortest path 

problems and the reliable shortest path problems, to provide necessary background to the 

KRSP problem. 

 

Hoffman and Pavley (1959) first investigated the K shortest paths problem. Since then, 

numerous algorithms have been developed for solving two variants of the K shortest paths 

problem. In the first variant, the K shortest paths are allowed to contain cycles (i.e., 

non-simple paths). For finding K non-simple paths, the best known algorithm is by Eppstein 
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(1998) with worst case complexity (| | | | | | )O A N Log N K  , where | |A  and | |N  are 

the number of links and nodes in the network, respectively. In the second variant, the K 

shortest paths are not allowed to have cycles (called simple or loopless paths). Compared to 

its non-simple counterpart, this variant of finding the K loopless paths is significantly harder. 

Yen’s algorithm (Yen, 1971) is acknowledged as the best algorithm with lowest worst-case 

complexity  | | (| | | | | |)O K N A N Log N . This algorithm is built on the deviation path 

concept established by Clarke et al. (1963), which is to find the Kth loopless shortest path from 

all paths deviating from the first K-1 loopless shortest paths. A complete survey of existing K 

shortest paths algorithms is out of the scope of this paper; interested readers can refer to 

Eppstein (1998) and Hershberger et al. (2007). 

 

Reliable shortest path problems have been intensively studied recently. The reliable shortest 

path problems can be roughly classified into the most reliable path problem (Frank, 1969) and 

the -reliable path problem (Chen and Ji, 2005). The most reliable path problem is to find the 

optimal path by maximizing the travel time reliability for a pre-determined travel time budget, 

while the -reliable path problem is find the optimal path by minimizing the travel time 

budget for a pre-determined travel time reliability. Chen et al. (2013b) noted that these two 

problems apply to different route guidance scenarios. The -reliable path problem is 

commonly used in pre-trip planning, where travelers have freedom to choose their departure 

times; whereas the most reliable path problem is used for in-vehicle routing with fixed travel 

time budget. 

 

Due to their non-linear and non-additive problem structure, reliable shortest path problems 

cannot be solved by classical deterministic shortest path algorithms (e.g., Dijkstra’s 

algorithm). Several effective solution algorithms have been developed to exactly solve 

reliable shortest path problems. Mirchandani (1976) presented a recursive algorithm to 

determine the most reliable path. However, the algorithm requires path enumeration and can 

only be applied to very small networks. Based on the first order stochastic dominance (FSD) 

condition, Nie and Wu (2009) proposed a multi-criteria label-correcting algorithm exactly 

solve the most reliable path problem and -reliable path problem. To efficiently solve the 

α-reliable path problem, Chen et al. (2013b) established Mean-Budget dominance condition to 

reduce the number of generated FSD non-dominated paths. A multi-criteria A* algorithm was 

then developed for efficiently finding the α-reliable path in large-scale road networks. This 

multi-criteria A* algorithm was further extended to consider limited spatial correlations in 

road networks (Chen et al., 2012; Chen et al., 2016a). To find the α-reliable path with 

complete spatial correlations, Xing and Zhou (2013) proposed a Lagrangian substitution 

algorithm using a sample-based formulation. Zeng et al. (2015) extended the sample-based 

formulation by representing complete spatial correlations using a Cholesky decomposition. 
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Along the line of previous work (Yen, 1971; Chen et al., 2013b), this paper investigates the 

KRSP problem for finding K -reliable paths in stochastic networks. Since cyclic paths are 

generally not relevant for road users in most transportation applications, only loopless 

-reliable paths are considered. This paper is a first step towards investigating the KRSP 

problem with the following specific contributions: 

 

First of all, the KRSP problem is formulated in stochastic networks based on the -reliable 

path concept. The formulated KRSP problem extends the classical K loopless shortest paths 

problem (Yen, 1971) to stochastic networks by explicitly considering travel time reliability. 

The classical K shortest paths problem can be regarded as a special case of the KRSP problem 

under the risk-neutral scenario. Such KRSP problem can be very useful for route guidance 

systems and many optimization problems with complex constraints or multiple objectives in 

stochastic networks. 

 

Secondly, the deviation path concept is established for finding K -reliable paths in stochastic 

networks. The deviation path concept (Clarke et al., 1963) has proven effective for finding K 

shortest paths with linear and additive problem structure. This deviation path concept is 

extended in this study for finding K -reliable paths with non-linear and non-additive 

problem structure. The established deviation path concept provides an effective way to 

determine the Kth -reliable path from deviation paths of the K-1 -reliable paths. 

 

Thirdly, exact solution algorithms are proposed to solve the KRSP problem. A deviation path 

algorithm (called DP-LS) is proposed for exactly finding the K -reliable paths in large-scale 

road networks. The multi-criteria label-setting algorithm (Chen et al., 2013b) is modified to 

solve the sub-problem of finding deviation paths of a -reliable path. The optimality and 

complexity of the proposed DP-LS algorithm are rigidly proved and analyzed. Based on the 

A* technique, two solution algorithms (called DP-A*-Eu and DP-A*-LET) are proposed to 

further improve KRSP finding performance in large-scale networks. 

 

Finally, a comprehensive case study using real traffic information is performed to demonstrate 

the applicability of the KRSP problem. The results indicate that the proposed DP-LS 

algorithm can determine KRSP under various travel time reliability values, in large scale 

networks with reasonable computational times. The introduced A* technique can significantly 

improve KRSP finding performance in large-scale road networks. 

 

3. The K reliable shortest paths problem statement 
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Consider a directed network, ( , )G N A , consisting of a set of nodes, N , and a set of links, 

A . Each link a A  has a tail node, a head node, and a random link travel time. Link travel 

times may be represented as normal, log-normal, gamma, Burr, or other distribution types 

(Kaparias et al., 2008; Susilawati et al., 2013; Chen et al., 2016b). A list of notations used in 

this paper can be found in Appendix. 

 

Let nodes o N  and d N  represent an O-D pair. A path up  is said to be a feasible path 

if it is a loopless path between the O-D pair without cycles. Given the path up  comprising 

l  nodes 1( ,..., )u uo n n d l  and 1l  links 1 1( ,..., )u ua a l , its path travel time, uT , can be 

calculated by the sum of link travel times along the path, 
1

1

u u
i

i

T T





l

,              (1) 

where u
iT  is the travel time distribution of the ith link, u

ia , along path up . Clearly, the path 

travel time uT  is also a random variable with mean and standard deviation denoted by ut  

and u , respectively. To achieve   probability of on-time arrival using path up , the 

required travel time budget can be expressed as the inverse cumulative distribution function 

(CDF) of uT  at the   confidence level, denoted by 1( )uT
  . This on-time arrival 

probability (i.e.,   parameter) is also referred as travel time reliability (Bell and Iida, 1997). 

(0,1)   reflects travelers’ risk taking attitude towards being late, where 0.5  , 0.5  , 

and 0.5   represent risk-averse, risk-neutral, and risk-seeking attitudes, respectively.   

may be pre-determined in the pre-trip planning scenario based on the trip purpose(s) and 

social characteristics. 

 

To simplify the problem and present essential ideas, it is assumed that path travel times follow 

normal distributions and link travel times are mutually independent. The normal distribution 

assumption is common in stochastic shortest path problems (Zeng et al., 2015; Chang et al., 

2005). Using real traffic data, Chen et al. (2016) empirically found that normal distributions 

can approximate path travel time distributions well, achieving 98.3% and 94.9% of 

approximation accuracy at 10th and 90th percentiles, respectively. The assumption of 

independent link travel time distributions can be relaxed using a two-level hierarchical 

network model (Chen et al., 2012) or Cholesky decomposition (Zeng et al., 2015). Using 

these two assumptions, the mean and standard deviation of path travel time can be expressed 

as 
1

1
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and 
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where u
it  and u

i  are the mean and standard deviation of link travel time u
iT , respectively. 

Thus, the required travel time budget can be expressed as 
1( )u

u u

T
t z     ,            (4) 

where z  is the inverse CDF of the standard normal distribution at confidence level α, and 

can be obtained from the standard normal table or calculated by numerical approximation. 

 

Let Q  be the solution space (or path set) consisting of all feasible paths in the network, and 
1 1{ ,..., }j jQ Q p p    be the solution space consisting of all feasible paths excluding the first 

j-1 -reliable paths. The jth -reliable path ( jp ) is defined as the path with minimum travel 

time budget in jQ  (i.e., satisfying 1 1( ) ( )j uTT
     , u jp Q  ). Then, the KRSP problem 

can be defined as below: 

 

Definition 1. (K reliable shortest paths problem) Given integer 1K   and travel time 

reliability (0,1)  , the KRSP problem is to find K -reliable paths, denoted by 1{ ,..., }Kp p , 

satisfying 

(1) 1
1 1( ) ( )j jT T

   
  , (1,..., 1)j K   , and 

(2) 1 1( ) ( )K uT T
     , 1{ ,..., }u Kp Q p p   . 

 

The KRSP problem is the generation of -reliable path problem (Chen and Ji, 2005). When 

1K  , the KRSP problem is equivalent to the -reliable path problem that minimizes travel 

time budget (i.e., 1( )uT
  ) required to achieve a given travel time reliability. When 1K  , 

the KRSP problem is to find the -reliable path, the second -reliable path, etc., until the Kth 

-reliable path between the O-D pair. 

 

The KRSP problem also extends the classical K shortest paths problem to stochastic networks 

by considering various travel time reliability concerns (i.e., (0,1)  ). The classical K 

shortest paths problem can be regarded as a special case of the KRSP problem under the 

risk-neutral scenario (i.e., 0.5  ), where only mean travel time is considered and the 

-reliable paths become the classical shortest paths. 

 

4. Solution algorithms 
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This section presents the proposed solution algorithms for solving the KRSP problem. Section 

4.1 establishes the deviation path concept for the -reliable path in stochastic networks, and 

Section 4.2 proposes a deviation path algorithm to solve the KRSP problem. Section 4.3 

proposes two solution algorithms based on the A* technique to further improve KRSP finding 

performance. 

 

4.1. Deviation path concept for the -reliable paths 

 

The deviation path approach has proven effective for solving the classical the K loopless 

shortest paths problem in the deterministic networks. This approach was originally established 

by Clarke et al. (1963) based on the Bellman’s Principle of Optimality (Bellman, 1958), 

which states that the sub-path of shortest path is the shortest path itself. However, the 

Bellman’s Principle of Optimality does not hold for the -reliable paths with non-linear and 

non-additive problem structure. By relaxing such Bellman’s Principle of Optimality, this study 

extends the deviation path concept for the -reliable paths using a perspective of solution 

space decomposition. 

 

Figure 1 illustrates the deviation path concept of the first -reliable path through a simple 

example. The first -reliable path, 1 {1,2,3, 4}p   with four nodes, has a set 1D  of three 

deviation paths 1 1 1
1 3{ ,.., ,..., }ip p p . Each deviation path, 1 1

ip D , coincides with path 1p  for 

the first i  nodes, then deviates to a different node and finally reaches the destination. Along 

deviation path 1
ip  (e.g., 1

3p ), the ith node is the deviation node, 1
in  (e.g., node 3); the 

sub-path from the first node to the deviation node is the root path, 1 1 1
1{ ,.., }i ir n n  (e.g., 

1
3 {1, 2,3}r  ); the remaining sub-path from the deviation node to the destination is the spur 

path, 1
is ; and the deviation path is the concatenation of the root and spur paths, 1 1 1

i i ip r s  . 

 

 
Figure 1. All possible deviation paths for the first -reliable path 

 

To define the ith deviation path 1 1
ip D , a network 1

iG  can be constructed by removing the 

ith link, 1 1
ia p  (i.e., 1 1 1

1( , )i i ia n n  ), from the original network G . Let 1
iQ  be the solution 
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space consisting of all feasible paths in 1
iG  passing through the root path 1

ir . Then, 1
ip  is 

defined as the path satisfying 1 1

1 1( ) ( )
i uT T

     , 1 1
u ip Q  . Since the ith link 1 1

ia p  is 

removed in 1
iG , 1

ip  can be guaranteed different from the first -reliable path 1p . 

 

Given the first -reliable path 1 1 1 1
1{ ,..., ,..., }ip n n n l  with 1l  links, there is 1l  

deviation paths 1 1 1 1
1 1{ ,.., ,..., }ip p p D l . Let Q  be the solution space consisting of all 

feasible paths in the original network G . We have following proposition about the 

decomposition of solution space Q : 

 

Proposition 1. The solution space Q  can be partitioned into l  mutually independent 

sub-spaces, 1 1 1 1
1 1... .... { }iQ Q Q Q p     l . 

Proof. Since 1
iQ  consists of all feasible paths passing through the root path 1 1 1

1{ ,.., }i ir n n  

and excluding ith link 1 1 1 1
1( , )i i ia n n p  , we have 1 1

ip Q , [1, 1]i  l . Because 1
1iQ   

comprising all feasible paths and passing through the root path 1 1 1 1
1 1 1{ ,.., , }i i ir n n n  , 1

iQ  and 

1
1iQ   are mutually independent. Therefore, 1 1 1 1

1 1,..., ,...., ,{ }iQ Q Q pl  are l  mutually 

independent sub-spaces. We then prove 1 1 1 1
1 1... .... { }iQ Q Q Q p     l  as following. 

Let 1
1Q l  be the solution space that consists of all feasible paths in the original network G  

passing through the root path 1 1 1
1 1 1{ ,.., }r n n l l . Because 1

1Q l  consists of all feasible paths 

passing through the root path 1 1 1
1 1 1{ ,.., }r n n l l  and excluding the 1l th link 1 1 1

1 1( , )a n n l l l , 

we have 1 1 1
1 1{ }Q p Q  l l . Similarly, since 1

1Q l  ( 1
2Q l ) consists of all feasible paths, 

passing through the root path 1 1 1
2 1 2{ ,.., }r n n l l  and (excluding) the 2l th link 

1 1 1
2 2 1( , )a n n  l l l , we have 1 1 1

2 1 2Q Q Q   l l l . Therefore, we have 

1 1 1 1 1 1 1 1 1 1
1 1 1 2 2 1 1... .... { } ... ....i iQ Q Q p Q Q Q Q Q Q Q              l l l .□ 

 

Based on the above proposition, the second -reliable path, 2 2 1{ }p Q Q p   , is within one 

of sub-spaces, 1 1
1 1,...,Q Q l . Obviously, we can prove that 2p  is one of deviation paths 

1 1 1 1
1 1{ ,.., ,..., }ip p p D l  as following: 

 

Proposition 2. The second -reliable path 2p  can be determined as the deviation path in 

1D  with minimum travel time budget. 

Proof. According to Proposition 1, we have 2 2 1 1 1
1 1{ } ...p Q Q p Q Q       l . Since 
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deviation path 1 1
ip D  satisfies 1 1

1 1( ) ( )
i uT T

     , 1 1
u ip Q  , [1, 1]i  l , we have 

2 1p D . Therefore, 2p  is the deviation path in 1D  with minimum travel time budget. □ 

 

The deviation path concept is further extended for the jth -reliable path ( 2j  ). In this case, 

the first j -reliable paths have been already determined. Unlike the first -reliable path case, 

the first deviation node of the jth -reliable path may not be its first node. The first deviation 

node j
mn  is defined as the last node of the longest sub-path coinciding with determined j-1 

-reliable paths. Then, given the jth -reliable path 1{ ,..., ,..., }j j j j
mp n n n l  with 1l  links, 

there is only ml  deviation paths 1{ ,..., }j j j
mp p D l . Figure 2 shows a simple example 

with j=3. As can be seen, path {1,2}  is the longest sub-path of 3p  coinciding with 1p ; the 

first deviation node of 3p  can be identified as node 2; and only two deviation paths are 

obtained as 3 3 3
2 3{ , }p p D . The deviation path 3

1p  would not be calculated for node 1 before 

the first deviation node, since it is identical to deviation path 1
1p  of 1p . 

 

 
Figure 2. All possible deviation paths for the jth -reliable path 

 

To determine the ith deviation path (e.g., 3
2p ) of the jth -reliable path, a network j

iG  can be 

constructed by removing the ith link j j
ia p  (e.g., 3

2 (2,7)a  ) from the original network G . 

Its root path 1{ ,..., }j j j
i ir n n  is the sub-path of jp  from the first to the ith node. Then, a 

coincidence check is required to determine whether the root path j
ir  coinciding with any 

path amongst previous determined j-1 -reliable paths. The ith link of all coincided paths (e.g., 
1 1
2 (2,3)a p  ) should also be removed from the network j

iG . In this way, the deviation path 

j
ip  is guaranteed to be different from determined j -reliable paths. Let j

iQ  be the solution 

space that consists of all feasible paths in j
iG  passing through the root path j

ir . The 
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deviation path j
ip  is defined as the path satisfying 1 1( ) ( )j j

ui TT
     , j j

u ip Q  . 

 

The coincidence check is required only for determining the first deviation path j
mp , whose 

root path j
mr  is the longest sub-path coinciding with any determined j-1 -reliable path. This 

coincidence check is not required for determining other deviation paths ( 1 1,...,j j
mp p l ), 

because their root paths do not coincide with any path in determined j-1 -reliable paths. 

 

Without loss of generality, the jth -reliable path jp  itself is assumed to be a deviation path, 

y
mp , of the yth -reliable path yp , [1, 1]y j  . The root path 1{ ,..., }y j j j

m m mr r n n   

essentially is the longest sub-path coinciding with jp . Let y
mG  be the network for 

calculating the deviation path y
mp  (i.e., jp ), and y

mQ  be the solution space consisting of all 

feasible paths in y
mG  passing through the root path y

mr . Let y
mA%  be set of removed links in 

y
mG . To determine the mth deviation path (i.e., j

mp ) of the jth -reliable path jp , a network 

j
mG  can be constructed by removing the mth link j j

ma p  from the network y
mG  (i.e., 

{ }j y j
m m mA A a % % ). We have following proposition about the decomposition of solution space 

y
mQ : 

 

Proposition 3. The solution space y
mQ  can be partitioned into 1m l  mutually 

independent sub-spaces, 1.... { }y j j j
m mQ Q Q p   l . 

Proof. As j
iQ  consists of all feasible paths passing through the root path 1

1{ ,.., }j j
i ir n n  

and excluding ith link 1( , )j j j
i i ia n n  , we have j j

ip Q , [ , 1]i m  l . Because 1
j

iQ   

comprises all feasible paths passing through the root path 1 1 1{ ,.., , }j j j j
i i ir n n n  , j

iQ  and 1
j

iQ   

are mutually independent. Therefore, 1,..., ,{ }j j j
mQ Q pl  are 1m l  mutually independent 

sub-spaces. We then prove 1.... { }y j j j
m mQ Q Q p   l  as following. 

Let 1
jQ l  be the solution space that consists of all feasible paths in the original network G  

passing through the root path 1 1 1{ ,.., }j j jr n n l l . Because 1
jQ l  consists of all feasible paths 

passing through the root path 1 1 1{ ,.., }j j jr n n l l  and excluding the 1l th link 

1 1( , )j j ja n n l l l , we have 1 1 { }j j jQ Q p  l l . Similarly, since 1
jQ l  ( 2

jQ l ) consists of all 

feasible paths passing through the root path 2 1 2{ ,.., }j j jr n n l l  and (excluding) the 2l th 

link 2 2 1( , )j j ja n n  l l l , we have 2 2 1
j j jQ Q Q   l l l . Therefore, we have 

1 2 1.... { } ....j j j j j j j
m m m mQ Q p Q Q Q Q         l l . Because 1

j
mQ   is the solution space 
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comprising all feasible paths passing through the root path j
mr  and link j

ma , and j
mQ  is the 

solution space comprising all feasible paths passing through the root path j
mr  and excluding 

all links in { }j y j
m m mA A a % % , we have 1

j j y
m m mQ Q Q   (i.e., the solution space consisting of 

all feasible paths passing through the root path j
mr  and excluding all link in y

mA% ).□ 

 

Using the above proposition, the j+1th -reliable path is within the solution space 
1

1{ } ( ) ( .... )j j j j y j j
m mQ Q p Q Q Q Q

       l . Compared with jQ ,  1jQ   replaces y
mQ  

with ml  sub-spaces 1....j j
mQ Q   l . Let 1 1 2... { ,..., }j j jC D D p p      be the set of 

all deviation paths excluding the second to jth -reliable paths. It can be proved that the j+1th 

-reliable path 1jp   is the one of the deviation path in 1jC   as below. 

 

Proposition 4. The j+1th -reliable path 1jp   can be determined as the deviation path in 

1 1 2... { ,..., }j j jC D D p p      with minimum travel time budget. 

Proof. According to Proposition 1, we have 2 1 1 1
1 1{ } ....Q Q p Q Q      l . Based on the 

Proposition 2, the second -reliable path satisfies 2 1 1
ip p D  , [1, 1]i  l . According to 

Proposition 3, we have 1 2 2 2
1.... { }i mQ Q Q p   l  and thus 

3 2 2 2 1 2 2
1{ } ( ) ( .... )i mQ Q p Q Q Q Q        l . Therefore, the third -reliable path 3p  can 

be determined as the deviation path in 1 2 2 1 2 2 3( { }) ( ) { }D p D D D p C       with 

minimum travel time budget. 

Similarly, it can be proved that the j+1th -reliable path is one of deviation paths in 1jC   as 

follows. Suppose that the jth -reliable path jp  is a deviation path y
mp  of the yth -reliable 

path yp , [1, 1]y j   . According to Proposition 3, we have 
1

1{ } ( ) ( .... )j j j j y j j
m mQ Q p Q Q Q Q

       l . Therefore, j+1th -reliable path 1jp   can be 

determined as the path in 1 2 1( { }) ( ) ... { ,..., }j j j j j jC p D D D p p C         with 

minimum travel time budget. □ 

 

Using Propositions 2 and 4, the K -reliable paths can be determined subsequently by 

calculating deviation paths of the K-1th -reliable paths. This provides an effective way for 

finding the K -reliable paths in stochastic networks. In the next section, deviation path 

algorithms will be developed for exactly solving the KRSP problem. 
 

4.2. Deviation path algorithm 
 

In this section, a deviation path algorithm (named DP-LS) is proposed for finding the K 
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-reliable paths in stochastic networks. 

 

The steps of the DP-LS algorithm is described below. Initially, the first -reliable path, 1p , is 

determined. In this study, the multi-criteria label-setting algorithm (called RSPP-LS) (Chen et 

al., 2013b) is adopted due to its computational efficiency. In each iteration, the j+1th -reliable 

path, 1jp  , is determined. To fulfill this task, all deviation paths of the jth -reliable path ( jp ) 

are calculated using the CalculateDeviations( )jp  procedure. The calculated deviation paths 

(stored in jD ) are then added into a sorted list, C , as candidate paths and ordered by their 

travel time budgets. The candidate path at the top of C  (with minimum travel time budget) 

is the j+1th -reliable path, 1jp  , and is removed from C . The sorted list C  can be 

implemented using efficient priority queue structures, such as the F-heap data structure 

(Fredman and Tarjan 1987). The algorithm continues until the Kth -reliable path is found. 
 

In the DP-LS algorithm, the CalculateDeviations  procedure determines all deviations of the 

jth -reliable path, jp . The procedure determines the first deviation node ( j
mn ) of jp  as the 

last node of the longest sub-path coinciding with determined j-1 -reliable paths 1 1{ ,..., }jp p  . 

Then, a coincidence check is carried out to check whether the root path 1{ ,..., }j j j
m mr n n  

coincides with any determined -reliable path, yp . If so, the ith link, 1{ , }y y y
i i ia n n  , of any 

coincided path yp  is removed from the network G  to the removed link set jA% . This is to 

guarantee that j
mp  deviates from previous determined j-1 -reliable paths. To facilitate the 

first deviation node search and coincidence check, the deviation tree structure (Roddity and 

Zwick, 2005) can be used. By storing and searching j-1 -reliable paths in this tree structure, 

the first deviation node ( j
mn ) and coincided paths ( yp ) can be efficiently determined. 

 

The procedure then iteratively calculates the deviation path, j
ip , for each node j

in  

( ,..., 1i m  l ). The root path 1{ ,..., }j j j
i ir n n  is set as the first node to node j

in . The ith 

link j j
i ia p  (i.e., 1{ , }j j j

i i ia n n  ) is then removed from the original network G  to the link 

set jA%  (so as to construct network j
iG ). This is to guarantee that deviation path j

ip  is 

different from jp . Subsequently, the deviation path j
ip  is found in the network G  by 

using the ( , , , )j
iMRSPLS G r d   algorithm, which is a modification of the original 

multi-criteria label-setting algorithm (Chen et al., 2013b). After determination of j
ip , the 

network G  is restored by adding all links in jA% . The procedure continues until all deviation 

paths, 1{ ,..., }j j
mp p l , are calculated and stored in jD . 
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Algorithm: DP-LS 

Inputs: O-D pair, travel time reliability  , and number of -reliable paths K 

Returns: Sorted collection L of K -reliable paths 

01: Find the first -reliable path 1 : ( , , , )p RSPLS G o d  . 

02: Set candidate path set :C   (paths are sorted by their travel time budget). 

03: For j from 1 to K-1 

04:  Calculate deviation path set : CalculateDeviations( )j jD p . 

05:  Set : jC C D  . 

06:  Set 1jp   as the candidate path at the top of C . 

07:  Set 1: { }jL L p    and 1: { }jC C p   . 

08: End For 
09: Return L . 
 
Procedure: CalculateDeviations 

Inputs: The jth -reliable path 1( ,..., ,..., )j j j j
mp n n n l  

Returns: The deviation path set jD  of jp  

01: Set :jD  . 

02: Determine the first deviation node j
mn  of jp . 

03: Set link set :jA % . 

04: For each path yp  ( 1,..., 1y j  ) 

05:  If j y
mr p , then add y y

ma p  into jA% . 

06: End For 

07: For i  from m  to 1l ( l  is the number of nodes in jp ) 

08:  Set root path 1: { ,..., }j j j
i ir n n . 

09:  Add j j
ia p  into jA% . 

10:  Remove links in jA%  from the network G . 

11:  Find deviation path j
ip := ( , , , )j

iMRSPLS G r d  . 

12:  Set : { }j j j
iD D p  . 

14:  Restore network G  by adding links in jA% , and set :jA % . 

15: End for 

16: Return jD . 

 

Compared with the classical K shortest path algorithm (Yen, 1971), the proposed DP-LS 
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algorithm uses a distinct way of calculating deviation path j
ip . In Yen’s algorithm, every 

node in the root path 1{ ,..., }j j j
i ir n n  is firstly removed from the network j

iG ; then the spur 

path j
is  from the deviation node j

in  to the destination 1
jn l  is determined by using 

Dijkstra’s algorithm in the network j
iG ; and finally the deviation path j

ip  is obtained by 

concatenating j
ir  and j

is . However, in the proposed DP-LS algorithm, the deviation path 

j
ip  cannot be calculated by determining the spur path j

is  in the network j
iG  as the path 

with the minimum travel time budget from j
in  to 1

jn l , and then combining it with the root 

path j
ir . This is because the -reliable path does not satisfy Bellman’s principle of optimality. 

In this case, the actual spur path j
is  may not be the -reliable path with minimum travel 

time budget from j
in  to 1

jn l . 

 

Figure 3 illustrates this issue through a simple example. As can be seen, the travel time budget 

of deviation path 3
3 {1, 2,7,8,4}p   is not equal to the summation of travel time budget of 

root path 3
3 {1, 2,7}r   and spur path 3

3 {7,8,4}s   (i.e., 7.86 5.22 3.81 9.03   ). This is 

due to the non-linear and non-additive problem structure of -reliable path. It can be observed 

clearly that the actual spur path 3
3 {7,8,4}s   is not identical to the -reliable path 

1 {7,9, 4}p   with minimum travel time budget from node 8 to node 5. The actual deviation 

path 3
3 {1, 2,7,8,4}p   can be mis-identified as 2 {1, 2,7,9,4}p   by simply combining root 

path 3
3r  and 1p . 

 

 
Figure 3. Non-additive issue in calculating deviation paths of the -reliable path 

 

To determine the deviation path j
ip  in stochastic networks, the original multi-criteria 

label-setting algorithm (i.e., RSPP-LS) (Chen et al., 2013b) is modified in this study. In the 

RSPP-LS algorithm, a path rrp  from the origin to itself is generated and added into the 
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priority queue in the initialization step (see Page 134 in Chen et al., 2013b). In the modified 

algorithm (i.e., MRSPLS ), the root path j
ir  is generated and added into the priority queue 

instead of rrp . In this way, all paths generated during the MRSPLS  algorithm are 

guaranteed to pass through j
ir . When the MRSPLS  algorithm terminates, the deviation 

path j
ip  can be determined as the path between the O-D pair with minimum travel time 

budget, passing through the root path j
ir . Otherwise, no deviation path can be obtained. 

Since cycles are not permitted in the multi-criteria label-setting algorithm, no cycle occurs in 

the determined deviation path j
ip . 

 

The optimality of the proposed DP-LS algorithm is proved as follows. 

 

Proposition 5. The proposed DP-LS algorithm can determine optimal K -reliable paths 
1{ ,..., }Kp p  when the algorithm terminates. 

Proof. Since the RSPP-LS algorithm provides an exact solution for solving the -reliable path 

problem (Propositions 8, Chen et al., (2013b)), the first -reliable path can be exactly 

determined. From Proposition 2, the second -reliable path can be determined as one of 

deviation paths of the first -reliable path. In the first iteration, all deviation paths of the first 

-reliable path are determined by the CalculateDeviations  procedure and maintained in the 

sorted list, C . Therefore, the second -reliable path is the top path of C  with minimum 

travel time budget. The j+1th -reliable path can then be determined at the jth iteration 

( 2,..., 1j K  ) as below. 

From Proposition 4, the j+1th -reliable path, 1jp  , is the deviation path in 

1 1 2... { ,..., }j j jC D D p p      with minimum travel time budget. In the algorithm, all 

deviation paths in 1jC   are iteratively determined. Therefore, the j+1th -reliable path 1jp   

can be exactly determined. □ 

 

The complexity of DP-LS algorithm is analyzed. In the worst case, each jth -reliable path can 

have | |N  deviation paths, where | |N  is the number of nodes in the network. The MRSPLS 

algorithm runs in (| || | | | | |)O A P N Log N  when the F-heap data structure is used, where 

| |A  is the number of links in the network and | |P  is the maximum number of 

non-dominated paths at the nodes. Therefore, the proposed deviation path algorithm runs in 

 | | (| || | | | | |)O K N A P N Log N . Theoretically, | |P  grows exponentially with the 

network size. In practice, | |P  is much smaller than the maximum possible size especially 

for sparse networks used in various transportation applications (Chen et al., 2013b; Nie and 

Wu, 2009). 
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4.3. The A* technique for improving computational performance 

 

Due to numerous deviation path searches in the DP-LS algorithm, the KRSP computational 

performance highly depends on MRSPLS  algorithm. In this study, the multi-criteria A* 

technique (Chen et al., 2013b) is adopted to improve the MRSPLS  algorithm. The 

multi-criteria A* technique introduces a heuristic function, ( )h i , to estimate the lower bound 

of travel time budget from node i  to the destination. Using this A* technique, the path 

searching performance can be improved by assigning a high priority to those nodes closer to 

the destination. 

 

The effectiveness of A* technique relies on the quality of ( )h i . The better estimation of 

travel time budget from node i  to the destination, the higher computational improvement 

can be achieved. The algorithm can guarantee to obtain the optimal solution if the heuristic 

function ( )h i  is admissible. As discussed in Chen et al. (2013b), the Euclidean heuristic 

function max( ) /idh i d v  is an admissible function for any risk-taking scenario (i.e., 

(0,1)  ), where idd  is the Euclidean distance from node i  to the destination d , and 

maxv  is the maximum travel speed (or maximum design speed) in the network. Since 

Euclidean distance between any two nodes can be directly calculated based on their 

coordinates, the Euclidean heuristic function can be easily incorporated into the MRSPLS  

algorithm. To distinguish it from the DP-LS algorithm, the algorithm using the Euclidean 

heuristic function is called DP-A*-Eu algorithm. 

 

For risk-neutral (i.e., 0.5  ) and risk-averse (i.e., 0.5  ) scenarios, a better admissible 

function *( ) idh i t  can be utilized, where *
idt  is the least expected travel time from node i  

to the destination d . Using this expected travel time heuristic function, a solution algorithm, 

DP-A*-LET, is developed to efficiently solve the KRSP problem. The DP-A*-LET algorithm 

needs to perform an additional all-to-one backward Dijkstra’s algorithm before the first 

-reliable path searching. This Dijkstra’s algorithm generates a backward shortest path tree 

rooted at the destination, which maintains the least expected travel time *
idt  from each node 

i  to the destination. 

 

It should be noted that the DP-A*-LET algorithm cannot be used for risk-seeking (i.e., 

0.5  ) scenarios, because the mean travel time heuristic function is not admissible in these 

scenarios. Nevertheless, both DP-LS and DP-A*-Eu algorithms can be used for all risk-taking 

scenarios (i.e., (0,1)  ). 
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5. Case study 

 

5.1. Numerical example 

 

A case study was performed to demonstrate the applicability of the proposed algorithms for 

solving the KRSP problem. The real road network of Wuhan city, China was used, which 

consisted of 19,306 nodes and 46,757 links (see Figure 4). Using floating car data during the 

morning peak period (7–10 a.m.), link travel time distributions in the Wuhan network were 

estimated and calibrated into either lognormal, gamma, or normal distributions. Detailed 

information on the Wuhan network has been documented in Chen et al. (2016b). 

 

 
Figure 4. Traffic condition of the Wuhan network: (a) mean link speed and (b) coefficient of 

variation of link travel time distributions 

 

As shown in Figure 5, one O-D pair was selected to demonstrate the KRSP finding results. 

The K parameter was set as 3 and the travel time reliability parameter,  , was set as 0.9. The 

first, second and third -reliable paths are shown in the figure using orange, dark blue, and 

light blue, respectively. The travel time distribution information of three determined -reliable 

paths are given in Table 1. These three - reliable paths had very closed travel time budgets, 

( 1 2 3

1 1 1(0.9) 1754.14 (0.9) 1756.67 (0.9) 1758.97
T T T

         ). They are three paths with 

least travel time budgets amongst all feasible paths for the 0.9   scenario. Therefore, the 

KRSP problem generalizes the previous -reliable path problem (Chen and Ji, 2005), which 

only determines the first -reliable path between the O-D pair. 

 

When using the multi-criteria optimization technique to solve the -reliable path problem 

(Nie and Wu, 2009; Chen et al., 2013b), several non-dominated paths can be generated 

between the O-D pair. It is noted that the jth -reliable paths ( 2,...,j K ) may not be 
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non-dominated paths between the O-D pair. For example, the second -reliable path is M-B 

dominated by the first -reliable path, since 1 21661.25 1669.75t t    and 

1 2

1 1(0.9) 1754.14 (0.9) 1756.67
T T

     . Thus, the jth -reliable paths ( 2,...,j K ) may not 

be included in the set of generated non-dominated paths when solving the -reliable path 

problem. 

 

 
Figure 5. The K reliable shortest paths finding results under risk-averse scenario 

 

Table 1. The K reliable shortest path finding results (in seconds) 

Travel time 

reliability () -reliable paths Mean 

Standard 

deviation 

Travel time 

budget 

0.9 1st -reliable path (Path 1) 1661.25 72.51 1754.14 

 2nd -reliable path (Path 2) 1669.75 67.85 1756.67 

 3rd -reliable path (Path 3) 1672.12 67.79 1758.97 

0.5 1st -reliable path (Path 4) 1653.66 88.81 1653.66 

 2nd -reliable path (Path 5) 1657.52 88.83 1657.52 

 3rd -reliable path (Path 6) 1657.74 93.26 1657.74 

0.1 1st -reliable path (Path 7) 1663.82 107.25 1526.43 

 2nd -reliable path (Path 8) 1659.74 103.40 1527.28 

 3rd -reliable path (Path 9) 1667.68 107.27 1530.26 
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Using the same O-D pair, the KRSP finding results were examined under different travel time 

reliability (). Figure 6 shows the KRSP finding results when 0.1  . Compared to the 

risk-averse counterpart (Figure 5), travelers in this risk-seeking scenario tend to take the risk 

of being late by choosing paths with larger travel time variations. Figure 7 shows the 

determined three -reliable paths when 0.5  . In this risk-neutral scenario, travelers search 

for their optimal paths only based on mean travel times, and ignore travel time variations. 

Three generated -reliable paths are paths with the first, second and third least expected travel 

times. In this case, the KRSP problem reduces to the classical K shortest paths problem (Yen, 

1971). Therefore, the proposed KRSP problem extends the classical K shortest paths problem 

by incorporating travelers’ travel time reliability concerns (i.e., (0,1)  ). The classical K 

shortest paths problem can be regarded as a special case of the KRSP problem under 

risk-neural scenario. 

 

 
Figure 6. The K reliable shortest paths finding results under risk-seeking scenario 

 



 
20

 
Figure 7. The K reliable shortest paths finding results under risk-neutral scenario 

 

5.2. Computational performance 

 

The computational performance of the proposed algorithms (including DP-LS, DP-A*-Eu and 

DP-A*-LET) were examined on several large-scale networks. All algorithms were coded in 

Visual C# programming language, with the F-heap data structure (Fredman and Tarjan, 1987) 

implemented as a sorted list C  for ordering generated deviation paths. The same F-heap data 

structure was used in the MRSPLS  algorithm for searching deviation paths. All 

computational experiments were conducted on a MacBook Air laptop with 4 core 2.0 GHz 

CPU (only one core was used) and 8 GB RAM, running the Windows 7 operating system. 

 

Six testing networks were adopted, including three road and three grid networks. Apart from 

the Wuhan network, the other five networks and their associated link travel time distributions 

were obtained from Chen et al. (2013b). The basic characteristics the testing networks are 

shown in Table 2. For each testing network, 100 O-D pairs were randomly generated, and all 

testing algorithms provided the same set of K  reliable paths. Computational times were the 

average of 100 runs using the generated O-D pairs. 

 

Table 2. Basic characteristics of testing networks 

Road networks  Grid networks 

Network 
Number of 

nodes 
Number of 

links 
 

Network 
Number of 

nodes 
Number of 

links 

Hong Kong RTIS 1,367 3,655  G1 (40*50) 2,000 7,820 

Chicago regional 12,982 39,018  G2 (50*100) 5,000 19,700 

Wuhan network 19,306 46,757  G3(100*100) 10,000 39,600 
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Table 3 shows the algorithms’ computational performance under the risk-averse scenario, 

0.9  . The K value was set as 100. As shown in the table, all three algorithms employed the 

same large number of deviation path searches when solving the KRSP problem. The 

computational performance of three algorithms depends highly on that of deviation path 

searches. For example, the DP-LS algorithm consumed 70.656 seconds to find the first 100 

-reliable paths in the Wuhan network. The first -reliable path search consumed only 0.0994 

seconds, however the searches of 2893 deviation paths required 70.551 seconds, accounting 

for over 99.8% of total computational time. The search of the first deviation node using the 

deviation tree structure was very efficient and only consumed less than 0.006 seconds in each 

test. 

 

Both DP-A*-Eu and DP-A*-LET algorithms run significantly faster than the DP-LS 

algorithm. For example, to find the first 100 -reliable paths in the Wuhan network, the 

DP-A*-Eu algorithm required 47.145 seconds, which was 49.9% faster than the DP-LS 

algorithm. This computational improvement was achieved due to the utilization of the 

Euclidean heuristic function (i.e., max( ) /idh i d v ) in the DP-A*-Eu algorithm for speeding 

up the deviation path searches. Compared to DP-A*-Eu, the DP-A*-LET algorithm further 

improved deviation path searches by almost 240% in the Wuhan network by utilizing the 

expected travel time heuristic function (i.e., *( ) idh i t ). In view of this computational 

improvement, the additional 0.146 seconds consumed by the DP-A*-LET algorithm for 

constructing backward shortest path tree is reasonable and worth implementing. Compared to 

the DP-LS algorithm, the DP-A*-LET algorithm can improve the KRSP finding performance 

more than 5 times in the Wuhan network and 20 times in the G3 network. Therefore, the 

introduced A* technique can significantly improve the KRSP finding performance. 

 

Computational performance is strongly affected by network size. For example, the DP-LS 

algorithm required 1.124 seconds to determine the first 100 -reliable paths in the Hong Kong 

RTIS network with 1367 nodes, whereas for the Wuhan network (approximately 13 times as 

large, 19306 nodes) the computational time sharply increased 61 times to 70.656 seconds. 

This was to be expected, since the computational performance of the MRSPLS algorithm used 

for deviation path searches is degraded with network size (Chen et al., 2013b). In addition, the 

K -reliable paths tend to have more nodes in the larger networks, leading to more deviation 

path searches required. For example, the number of deviation path searches in the Wuhan 

network was 2.3 times that of the Hong Kong RTIS network (see Table 3). 

 

 Table 3. Computational time of three algorithms under risk-averse scenario (in seconds) 

Network Hong Chicago Wuhan G1 G2 G3 
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Algorithm 

Kong 

RTIS 

regional network 

DP-LS 1.124 76.535 70.656 1.915 11.406 41.888 

FPS  0.0027  0.114  0.0994  0.0068  0.0284 0.0894 

 DPS  1.119  76.416  70.551  1.905  11.374 41.794 

DP-A*-Eu 0.925 24.922 47.145 0.792 4.667 13.284 

 FPS  0.0023  0.065  0.0725  0.004  0.020 0.0472 

 DPS  0.920  24.855  47.066  0.785  4.644 13.232 

DP-A*-LET 0.237 4.814 14.054 0.187 0.704 2.048 

 BTC  0.0035  0.0788  0.146  0.0078  0.0251 0.0736 

 FPS  0.0002  0.0165  0.0044  0.0005  0.0034 0.0077 

 DPS  0.232  4.717  13.897  0.176  0.672 1.960 

DPS Number 1266 2887 2893 1192 1771 2435 

BTC: Backward tree construction; FPS: First -reliable path search; DPS: Deviation path search 

 

The KRSP finding performance of the proposed algorithms was also examined under the 

risk-seeking scenario. Because the DP-A*-LET algorithm cannot be used for the risk-seeking 

scenarios, only the computational performance of DP-LS and DP-A*-Eu algorithms were 

tested, as shown in Table 4. The   value was set to 0.1 and the K value was set to 100. The 

DP-A*-Eu algorithm effectively improves the computational performance of the KRSP search 

under risk-seeking scenarios. For example, the DP-A*-Eu algorithm was 54.1% and 204.6% 

faster than the DP-LS algorithm in Wuhan and Chicago regional networks, respectively. 
 

Table 4. Computational time of two algorithms under risk-seeking scenario (in seconds) 

Network Hong 

Kong 

RTIS 

Chicago 

regional 

Wuhan 

network 

G1 G2 G3 

Algorithm 

DP-LS 1.034 49.511 64.159 1.581 8.607 31.989 

FPS  0.0023  0.0614  0.068  0.0056  0.0183 0.056 

 DPS  1.029  49.444  64.085  1.573  8.585 31.928 

DP-A*-Eu 0.821 16.255 41.624 0.610 3.242 9.773 

 FPS  0.0021  0.0345  0.0653  0.003  0.012 0.0288 

 DPS  0.817  16.216  57.553  0.604  3.226 9.739 

DPS Number 1223 2872 2978 1171 1771 2474 

FPS: First -reliable path search; DPS: Deviation path search 

 

The KRSP finding performance was examined for various  values, as shown in Figure 8 for 
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the most efficient algorithm in the Wuhan network. Under risk-averse and risk-neutral 

scenarios (i.e., 0.5 0.99  ), the DP-A*-LET algorithm was adopted. It can be observed 

that the computational performance of the DP-A*-LET algorithm improved when   

approaches 0.5. For example, the algorithm required 16.179 seconds when 0.99  ; and 

only 10.752 seconds when 0.5  , because the KRSP problem reduces to the classical K 

shortest path problem. In the risk-neutral scenario, the multi-criteria A* algorithm for 

deviation path searches reduces to the classical A* algorithm; and only one shortest path is 

determined for each deviation path search. However, with increasing  , larger numbers of 

non-dominated paths are generated by the multi-criteria A* algorithm (Chen et al., 2013b), 

leading to increased computational times. 

 

The same pattern can be observed in Figure 8 for the risk-seeking scenarios 

(i.e., 0.01 0.5  ). Computational performance of the DP-A*-Eu algorithm improved when 

  approaches 0.5. For example, the DP-A*-Eu algorithm consumed 52.179 seconds when 

0.1  , which reduced by 16.5% to 43.569 seconds when 0.4  . This is because less 

non-dominated paths are generated during the deviation path search process when   

approaches 0.5. 

 
Figure 8. Computational performance for various travel time reliability values 

 

Finally, the effects of different K values on the KRSP finding performance was investigated. 

Figure 9 shows the KRSP finding performance in the Wuhan network using DP-A*-LET 

algorithm for the risk-averse scenario of 0.9  . Computational times linearly increased 

with the K value. For example, the algorithm consumed 0.769 seconds when K=10, which 

increased approximately 16.5 times to 13.476 seconds when K=100. This result is expected, 
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because more computational effort is required for deviation path searches with increased K. 

For example, when K increased from 10 to 100, the number of deviation path searches 

increased by about 5.8 times from 428 to 2926. 

 

 

Figure 9. Computational performance for different K values 

 

6. Conclusions and future research 

 
This paper investigated the K reliable shortest path (KRSP) problem in stochastic networks 

under travel time uncertainty, which is to successively find the first -reliable shortest path, 

the second -reliable shortest path, etc., until the Kth -reliable shortest path between the 

origin-destination (O-D) pair. The KRSP problem extends the classical K loopless shortest 

paths problem (Yen, 1971) to stochastic networks by explicitly considering travel time 

reliability. This KRSP problem can be very useful for route guidance systems and many 

optimization problems with complex constraints or multiple objectives in stochastic networks. 

 

In this study, the deviation path concept for the deterministic shortest path (Yen, 1971) was 

established for the -reliable paths in stochastic networks from a perspective of solution space 

decomposition. A deviation path algorithm (DP-LS) was proposed to exactly solve the KRSP 

problem. Optimality and computational complexity of the proposed DP-LS algorithm were 

proved and analyzed. Two solution algorithms (DP-A*-Eu and DP-A*-LET) based on the A* 

heuristic technique were developed to further improve the KRSP finding performance. A case 

study using real traffic information was performed out to demonstrate the applicability of the 

KRSP problem. The results indicated that the proposed solution algorithms can determine the 

K -reliable shortest paths under various travel time reliability values (i.e., (0,1)  ). The 
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proposed DP-LS algorithm can exactly determine the K -reliable shortest paths in 

large-scale networks in reasonable computational times. The proposed A* technique can 

significantly improve KRSP finding performance, for example the DP-A*-LET algorithm can 

speed up the KRSP finding performance by more than 20 times in the G3 network. 

 

Future research interests will cover three major extensions. First, path travel times were 

assumed to follow normal distributions and the correlations of link travel times were omitted 

for simplicity. Previous studies have found that travel times could be better approximated by 

correlated and shifted log-normal travel times (Srinivasanet al., 2014). How to address the 

KRSP problem using correlated and shifted log-normal travel times requires further 

investigation. Second, the KRSP problem was formulated for road networks. The extension of 

the KRSP problem to multi-modal transportation networks will be a topic for future work. 

Third, the KRSP problem was formulated based on the -reliable path concept. However, 

other models of reliable shortest path have been developed in different application contexts, 

such as expected utility theory (Wu and Nie, 2011). The extension of the KRSP problem to 

other reliable shortest path models will be another topic for further studies. 
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Appendix. Notations 

A  A set of links in the network  
j

iA%  The set of removed links for constructing j
iG  

u
ia  The ith link along path up  

jC  The set of deviation paths from the j-1 -reliable paths while excluding the second 

to the j-1th a-reliable paths 
jD  The set of deviation paths of the jth -reliable path 

d  Destination node 
idd  Euclidean distance from node i  to the destination d  

G  Original network 
j

iG  A network for calculating deviation path j
ip  

( )h i  Heuristic function used in the A* technique 

N  A set of nodes in the network 
u
in  The ith node along path up  

o  Origin node 
up  A feasible from the origin to the destination with no cycle 

jp  The jth a-reliable path 

j
ip  The ith deviation path for the jth -reliable path 

Q  The solution space consisting of all feasible paths in the network 
jQ  The solution space consisting of all feasible paths excluding the first j-1 -reliable 

paths 
j

ir  The root path of deviation path j
ip  

j
is  The spur path of deviation path j

ip  
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uT  Travel time distribution of path up  

u
iT  Travel time distribution of link u

ia  

ut  Mean of path travel time distribution uT  

u
it  Mean of link travel time distribution u

iT  

*
idt  The least expected travel time from origin i  to destination d  

z  The inverse of cumulative distribution function of the standard normal distribution 

at confidence level   

  Travel time reliability (i.e., on-time arrival probability) 
u  Standard deviation of path travel time distribution uT  

u
i  Standard deviation of link travel time distribution u

iT  

1( )uT
   Travel time budget required to achieve   travel time reliability using path up  

 




