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Abstract 

Controllable wrinkles in terms of amplitude, wavenumber and onset torsional 

angle are realized by using a twisting way of circular graphene sheets. A parametric 

study is carried out to investigate several factors, i.e., graphene size (inner radius rI 

and outer radius Ro) and torsional angle, on the wrinkle formation of graphene. The 

effects of both wavenumber and amplitude are investigated in detail, because they are 

the most critical parameters in tuning the surface morphology that is finally reflected 

on the electrical properties of graphene. It is found that the onset torsional angle on 

the formation of wrinkles decreases as the graphene size increases. When the torsional 

angle increases continuously, the amplitude will abruptly jump due to a sudden 

change in the wrinkle pattern. The wrinkle wavenumber of graphene can also be 

controlled by changing the ratio of the inner and outer radii (i.e., rI/Ro). The variation 

of the strain energy shows that the structural transformation is reversible, this is 

mainly caused by the superelastic property of graphene. Hence, the formation of 

recyclable wrinkles can be realized by loading and unloading processes. 
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1. Introduction  

The great discovery of a monatomic-thick two-dimensional (2D) planar graphene 

in the last decade has attracted tremendous attention in various engineering disciplines 

[1, 2]. Graphene is a 2D repetitive hexagonal honeycomb lattice structure that 

possesses remarkable electrical and mechanical properties. Mechanically, the Young’s 

modulus and tensile strength of graphene are at a level of approximately 1 TPa and 

100 GPa [3], respectively. Because of its unique electrical properties, it is strongly 

enable graphene as the most ideal material of silicon [4]. As graphene is known as a 

zero bandgap semiconductor, graphene transistors cannot be switched off and are not 

suitable for complex logic applications accordingly. Experimental studies showed that 

it is possible to modify the band structure by applying strains to graphene materials 

[4]. In reality, the free state of graphene is not perfectly planar [5, 6] in accordance 

with both theoretical and experimental studies. It would generate intrinsic ripples 

under external field stimuli due to its bending rigidity [7]. The bending properties are 

crucial to the morphologic manipulation of graphene under external field stimuli [6, 

8]. Extending from several nm and up to 1 μm, the influence of out-of-plane 

deformation of graphene sheets can provide internal stress to neutralize external field 

stimuli. It also enables the structure of suspended sheets to remain stable with strong 

influence on electrical properties.  

In general, ripples generated spontaneously due to thermal fluctuations are 

randomly distributed [6], while artificially controllable patterns are required to 

manufacture devices. According to the characteristics of the negative thermal 
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expansion coefficient, Bao et al. [9] experimentally observed the occurrence of 

periodic ripples in suspended graphene membranes by applying both spontaneously 

and thermally generated strains. The effects of the ripple orientation, wavelength and 

amplitude can be regulated by controlling the boundary conditions. The interaction 

between graphene and its substrate has a strong effect on the lattice structure,  

periodically rippled graphene monolayers have been commonly observed on Ru [10] 

and SiC surfaces [11]. Li et al. [12] further observed periodic ripples with the 

amplitude of several nanometers appeared at the edges of graphene by cyclic heating 

and cooling. Atomic scale periodic ripples have also been observed on highly ordered 

pyrolytic graphite by grain boundaries using a scanning tunneling microscopy [13].  

In addition, Duan and his associates [14] made use of molecular dynamics 

simulations and continuum models to study the explicit relationship for the 

wavelength and amplitude of wrinkled rectangular graphene sheets. They reported 

that the wrinkle wavelength decreases as the shear load increases, while the amplitude 

firstly increases and then remains stable. Recently, Li et al. [15] used melamine foams 

as a sacrificial skeleton to successfully fabricate an arbitrary-shaped graphene aerogel. 

This graphene aerogel is superelastic in nature and it can exhibit stable and sensitive 

current responses, which can be used in multi-functional pressure/strain sensors such 

as wearable devices. Besides, the superelastic property also enables graphene to be a 

promising reinforced composite material. Shen and Xiang [16] investigated the 

nonlinear postbuckling behaviour of axially compressive graphene-reinforced 

composite laminated cylindrical shells in thermal environments. Although many 
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experimental efforts have been conducted to manipulate the wrinkle amplitude and 

wavelength of graphene, it should be pointed out that experimental tools can only 

provide coarse results since it is extremely difficult to accurately conduct and control 

experiments when the size of specimen entries at nanometer scales. The fabrication 

process of graphene is complicated and many new complex problems are emerging 

out unceasingly in experimental operations. In addition, experimental studies can 

generally provide visual and regular results to some extent, but it is still difficult to 

draw a universal conclusion.  

In addition to experimental studies, numerous research efforts have also been 

contributed to explore substantial theoretical basis and methodologies. It aims to 

capture the inherent mechanism for the morphology control of graphene and to 

accurately trace its morphological evolution. Atomic simulation that is a kind of 

accurate method has been widely used in nanoscience fields. Although these 

atomic-based methods can accurately trace the atomic spatial coordinates and capture 

the underlying behaviour of atomic systems, they are highly expensive in terms of 

computational resources. Hence, a high performance computational method is greatly 

desired to predict the mechanical behaviour of graphene.  

In this paper, a recently developed atomistic-continuum multiscale approach [26] 

based on the higher-order gradient theory is applied to the investigation of 

controllable wrinkles spontaneously generated on circular graphene sheets under 

various torsional effects. The higher-order Cauchy-Born rule is used to provide an 

exquisite linkage between the deformation of covalent bond vectors and the 
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macroscopical deformation gradients. The selected representative cells in this 

approach can reflect the lattice structure. As the atomic interaction of graphene is 

included in the constitutive model, the constitutive relationship of graphene can be 

updated at each iterative step. Therefore, this method can exactly capture the material 

nonlinearity of graphene for atomistic simulation but it is much time-saving. 

Furthermore, the contribution of the second-order gradient to the stiffness matrix is 

considered by the higher-order gradient theory, the geometric nonlinearity can also be 

reflected. The deformed pattern of monolayer graphene sheets as well as the 

amplitude and wavenumber of wrinkles can be characterized, this is crucial for the 

design of electrical elements and nano-devices. The evolution and growth of wrinkles 

in circular graphene sheets are also presented.  

 

2. Atomistic-continuum approach 

2.1. Higher-order gradient theory 

As depicted in Fig. 1, three geometrical parameters 1λ , 2λ  and θ  are 

introduced to map the initial equilibrium graphene transformed from a 2D planar 

reference configuration. These parameters denote the uniform longitudinal stretch, 

transverse stretch and shear strain, respectively. A representative cell, i.e., the 

branch-like structure in Fig. 1, is selected for analysis. The center atom is covalently 

surrounded by three neighboring atoms with an angle of 120o. This mapping process 

of the initial equilibrium graphene from the reference configuration in Fig. 1 can be 

expressed by 
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where 1 2 3= ( , , )x x x x x

 

and 1 2( , )X X=X X  are nodal coordinates in the initial 

equilibrium and reference configurations, respectively. 

The Cauchy-Born rule has been widely adopted as a multi-scale agent to offer a 

fundamental linkage between the deformation of lattice vectors and the deformation 

gradients in a continuum field. However, the standard Cauchy-Born rule cannot be 

directly applied to the investigation of one-atom ultrathin materials. The previous 

computational results [17] showed a zero bending stiffness based on the standard 

Cauchy-Born rule. Later, Guo et al. [18] and Wang et al. [19] employed a higher-order 

Cauchy-Born rule to modify the bending stiffness of single-walled carbon nanotubes 

(SWCNTs). Based on the standard and higher-order Cauchy-Born rules, Sun and Liew 

[20, 21] developed a mesh-free computational framework to simulate the buckling 

behaviour of single-walled carbon nanotubes under axial compression and torsion. 

The results showed that the higher-order Cauchy-Born rule can accurately capture the 

bending stiffness of SWCNTs rather than the standard one.  

In fact, the involved second deformation gradients in the higher-order 

Cauchy-Born rule can exactly describe the bending stiffness, so that the modified 

constitutive model is much more reasonable. Since the hexagonal lattice of graphene 

is a Bravais multi-lattice, it is not centrosymmetric in nature and an inner shift vector 

η  is required to maintain the minimum potential of a system. The deformed bond 

vector IJr  between the atoms I and J can be calculated by 
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 1( ) :[( ) ( )]
2IJ IJ IJ IJ= ⋅ + + + ⊗ +r F R η G R η R η  (2) 

where ∂
=
∂

xF
X

 and 
2

2

∂
=
∂

xG
X

 are, respectively, the first-order and second-order 

deformation gradient tensors from a viewpoint of the continuum displacement field 

that can be determined by Eq. (1). Both r and R are the C-C bond vectors in the 

current and reference configurations, respectively (Fig. 1).  

The Tersoff-Brenner potential as the widely used empirical potential has been 

successfully employed to reflect the atomic interactions [22, 23]. For carbon-based 

nanomaterials, there are two sets of parameters and the second set of parameters is 

here employed. The energy per atom is the summation of the bond energy, which is 

only a function of the bond length connected to other atoms. Using Eq. (2), the energy 

IW  of the atom I can be expressed as  

 
3

I IJ I2 I2 I3 I
J 1

1( , , ) ( , , ) [ , , ]
2

W V V
=

= =∑F G η r r r F G η  (3) 

For a given deformation description, the inner shift η  can be determined by 

 IV∂
=

∂
0

η
 (4) 

in which the strain energy only depends on the first-order and second-order 

deformation gradients F and G. 

Define the area strain energy density as 

 I I
I I

I I

[ , , ( , )] [ , , ( , )]( , ) ,W Vvω = =
Ω Ω

F G η F G F G η F GF G  (5) 

with IΩ  being the average area per atom. The combination of the first-order and 

second-order deformation gradients is expressed as [ ]=grad F G . Based on Eq. (4), 
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the stress tensor σ
 
and the tangential moduli matrix M

 
can be derived as follows 

[24, 25] 

 I I I I I( , , ( , ))v v v vω∂ ∂ ∂ ∂ ∂∂
= = = + =
∂ ∂ ∂ ∂ ∂ ∂

F G η F G ησ
grad grad grad η grad grad

 (6) 

 
2 2 2

I I I I I( ) v vω ω∂ ∂ ∂ ∂ ∂∂
= = = +
∂ ⊗∂ ∂ ∂ ∂ ⊗∂ ∂ ⊗∂ ∂

ηM
grad grad grad grad grad grad grad η grad

 (7) 

The first-order and second-order deformation gradients are only functions of the 

geometrical parameters 1λ , 2λ
 
and θ , so that Eq. (3) can be further rewritten as 

 I I 1 2 1 2[ , , ] ( , , , , )v v λ λ θ η η=F G η  (8) 

Denote 1 2 1 2( , , , , )λ λ θ η η=λ λ , then it can be finally determined by the minimum 

potential of a representative cell 

 Iv∂
=

∂
0

λ
 (9) 

The Newton-Raphson method is then applied to iteratively solve Eq. (9). The real C-C 

bond length and the initial equilibrium configuration can be finally determined by the 

solved geometrical parameters. In the present simulation, the initial C-C bond length 

is semi-analytically evaluated to be 0.14507 nm [26]. 

 

2.2. Moving Kriging interpolation 

The required C1-continuity of the displacement interpolation, according to the 

involved second-order gradient in the higher-order constitutive model, yields a severe 

challenge when using conventional finite element methods as a discrete numerical 

method. Mesh-free methods have natural advantages in treating this issue. In this 

work, a mesh-free computational framework based on the moving Kriging (MK) 

interpolation [27, 29, 30] is used to numerically simulate the torsional behaviour of 
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circular graphene sheets. 

The Kriging technique can be traced back to the first application in 

geo-statistics for spatial interpolation. In addition, the MK interpolation, in which the 

nodal information only depends on its neighboring domain, extends the Kriging 

interpolation to any sub-domain ( )ixΩ . The sub-domain can be described by a series 

of dispersive nodes ix ( 1, 2, ,i n=  ). Therefore, the approximate field function ˆ( )u x  

can be interpolated by a weighted linear combination of the given n  field values as 

follows 

 
1

ˆ( ) ( ) ( )
n

i i
i

u x x u x
=

=∑λ  (10) 

where ( )i xλ  is the weighted function of the ith node. It can be determined by two 

factors, i.e., unbiasedness and minimum variance. 

(i) Unbiasedness: the expected values of the approximate function ( )û x  must be 

equal to that of the given nodal values u(x) as follows:  

 ( ) ( )ˆE u x E u x=        (11) 

(ii) Minimum variance: a minimum estimation error in the mean square sense is 

equal to:                

 2ˆ[( ( ) ( )) ]E u x u xΠ = −  (12) 

A polynomial drift model ( )lp x  is expressed as 

 1
1

( ) ( ) ( ), 1 , ( ) 1
n

i l i l
i

x p x p x l m p x
=

= ≤ ≤ =∑λ  (13) 

A commonly used linear basis in a two-dimensional space is given here as 

 1 2( ) (1, , ), 3T x x m= =p x  (14) 
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and a quadratic basis is 

 2 2
1 2 1 1 2 2( ) (1, , , , , ), 6T x x x x x x m= =p x  (15) 

Making use of Eq. (13) as a constraint and applying a Lagrange multiplier lµ , then 

Eq. (12) is rewritten as  

 

2

1 1

1 1 1 1

ˆ[( ( ) ( )) ] 2 [ ( ) ( )]

( ( ) ( ), ( ) ( )) 2 [ ( ) ( )]

m n

l i l i l
l i

n n m n

i j i j l i l i l
i j l i

E u x u x p x p x

Cov u x u x u x u x p x p x

= =

= = = =

∏ = − + −

= − − + −

∑ ∑

∑∑ ∑ ∑

µ λ

λ λ µ λ
 (16) 

Using a semivariogram model ( )hγ  to substitute the covariance E[u(x)u(xi)] yields  
  

 ( ) { ( ) ( )}21( ) , [ ( ) ( )]
2i i ih x x E u x u x E u x u x = = = −

 
γ γ  (17) 

The Gaussian model [27, 28] as one of the simply used semivariogram models is 

selected in the present numerical simulation as a correlation function  

 ( )
2

0
( )

0, ( ) 2(1 ) ( )
h
a

ix x h e h a
−

= = − ≤
θ

γ γ  (18) 

where ih = −x x  is the vectorial distance between the nodes x and xi, and θ  is an 

unknown correlation parameter. By fitting a sine function, the value of θ  is 

determined to be 1 with a high conformity. 0a  is the range of a compact support 

domain and a circular compact support domain with a radius r = a0 is chosen here. 

Likewise, the Gaussian models ( , )jx xγ  and ( , )i jx xγ  are also adopted to evaluate 

E[u(x)u(xj)] and E[u(xi)u(xj)], respectively,

  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

2 , 2 , 2 , 2cov ,i j i j i j i jx x E u x u x x x x x u x u x u x u x   = − = + − − −   γ γ γ  (19) 

Then, Eq. (19) can be rewritten as  

 ( ( ) ( ), ( ) ( )) ( , ) ( , ) ( , )j i j j i j iCov u x u x u x u x x x x x x x− − = + −γ γ γ  (20) 

Substituting Eq. (20) into Eq. (16) yields  
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1 1 1 1 1

2 ( , ) ( , ) 2 [ ( ) ( )]
n n n m n

i i i j i j l i l i l
i i j l i

x x x x p x p x
= = = = =

∏ = − + −∑ ∑∑ ∑ ∑λγ λ λ γ µ λ  (21) 

All derivatives of Eq. (21) with respect to ( )i xλ  and ( )i xµ  must be equal to zero 

according to the minimum variance  

 1 1

1

2 ( , ) 2 ( , ) 2 ( ) 0 1

( ) ( ) 0 1

n m

i j i j l l i
j li

n

i l i l
il

x x x x p x i n

p x p x l m
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=

∂Π
= − + = ≤ ≤

∂

∂Π
= − = ≤ ≤

∂

∑ ∑

∑

γ λ γ µ
λ

λ
µ

 (22) 

For simplification, Eq. (22) is rewritten into a matrix form,   

 =GW g  (23) 

in which  

 
 
 
 

R P
G

P 0T
=  (24) 

 
1 1 1

1

( , ) ( , )

( , ) ( , )

n

n n n

x x x x

x x x x

 
 
 
  

R


  



γ γ

γ γ
=  (25) 

 
1 1 1

1

( ) ( )

( ) ( )

m

n m n

p x p x

p x p x

 
 =  
  

P


  



 (26) 

 [ ]1 2 1 2n mW  λ λ λ µ µ µ=  (27) 

 ( ) ( )T T Tx x =  g r p  (28) 

 1( ) [ ( , ) ( , )]T
nx x x x x=r γ γ  (29) 

 1( ) [ ( ) ( )]T
mx p x p x=p   (30) 

Using Eqs. (10) and (23), the approximate field function can be numerically 

calculated by 

 1ˆ ˆˆ( ) ( ) ( ) ( )T Tu x x x −= + −p β r R u Pβ  (31) 

in which  
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 1 1 1ˆ ( )T T− − −=β P R P P R u  (32) 

The interpolated function ˆ( )u x  can be expressed in terms of the field value u(x) by 

the MK interpolation 

 

1ˆ ˆˆ( ) ( ) ( ) ( ( ) )
[ ( ) ( ) ] ( )

( ) ( )

T T
i i i

T T
i i i

u x x x x
x x x

x x

−= + −

= +
=

p β r R u Pβ
p A r B u
Φ u

 (33) 

with ( )xΦ  being the constructed MK interpolation. 

 ( ) ( ) ( )T Tx x x= +Φ p A r B  (34) 

 1 2( ) [ ( ) ( ) ( )]nx u x u x u x=u   (35) 

 1 1( )T T− −=A P RP P R  (36) 

 1( )= − −B I AR P  (37) 

in which I is an n×n unit matrix. The first-order and second-order derivatives of the 

MK interpolation in Eq. (34) are expressed as 

 , , ,( ) ( ) ( )T T
i i ix x x= +Φ A Bp r  (38) 

 , , ,( ) ( ) ( )T T
ij ij ijx x x= +Φ A Bp r  (39) 

It is noted that the constructed MK interpolation ( )xΦ  in Eq. (34) inherently 

possesses the Kronecker delta property 

 ( )i j ijx =φ δ  (40) 

Most mesh-free shape functions (e.g., moving least-squares) do not involve the 

Kronecker delta property. Hence, additional treatments such as penalty functions are 

required to be added when imposing essential boundary conditions, but the MK 

interpolation does not encounter this difficulty. Moreover, no inverse matrix is 

required through the first-order and second-order derivatives of the MK interpolation. 
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This enables the stability of the MK interpolation with a time-saving advantage as 

compared with conventional moving least-squares techniques. 

 

2.3. Governing equation by mesh-free method 

The abovementioned initial equilibrium graphene is used as a reference 

configuration when studying the deformation of circular graphene sheets under 

external field stimuli, e.g., torsional effect. The deformation process can be expressed 

by 

 
1 1 1

2 2 2

3 3

= +
 = +
 =







x x u
x x u
x u

 (41) 

where 1u , 2u  and 3u  are the relative displacements to its undeformed counterparts 

along x1, x2 and x3 directions, respectively. The displacements can be accomplished by 

using the developed moving Kriging (MK) interpolation [27, 29, 30] 

 T
1 2 3 i i

i 1

ˆ ˆ ˆ ˆ ˆ( , , )
n

u u u
=

= = =∑u u u ΦUφ  (42) 

where T
i i1 i2 i3( , , )u u u=u  is the nodal displacement, iφ  is the MK interpolation at the 

ith node, and n is the total number of nodes covered in the compact support domain.  

The first-order and second-order gradients are calculated by two parts  

 ˆˆ ,= + = +F F F G G G  (43) 

where the first parts F and G are directly obtained by Eq. (1), and the second parts F̂  

and Ĝ  are approximated by the MK interpolation as  

 ,
1

ˆ
n

i i
i

u
=

=∑ XF φ  (44) 
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 ,
1

ˆ
n

i i
i

u
=

=∑ XXG φ  (45) 

in which ,φ Xi  and ,iφ XX  are the first-order and second-order derivatives of the MK 

interpolation with respect to the reference configuration, respectively. 

The total energy of the system calculated by the higher-order gradient theory 

can be written as  

 P Q
0 N 0( , )d d d

Ω ∂Ω ∂Ω

= − ⋅ − ∇ ⋅∫ ∫ ∫F G u t u tE W V S S  (46) 

where P
0t  and Q

0t  denote the first-order stress traction and the second-order stress 

traction on the domain surface, respectively. The outward normal gradient is 

1 1 2 2N ,X ,∇ = Φ + Φu u uX X XN N , in which 
1XN  and 

2XN  are the normal components of 

the surface in the domain along X1 and X2 direction, respectively. Moreover, the 

equilibrium configuration of graphene under an external load should be determined by 

the variation of the total energy of the system. The weak form of the system can be 

expressed by 

 T T P Q
0 N 0d d ( ) d 0V S Sδ δ δ

Ω ∂Ω ∂Ω

⋅ − ⋅ − ∇ ⋅ =∫ ∫ ∫grad u t u tσ  (47) 

where ω∂
∂

σ =
grad

 with [ ]=grad F G . 

Denote the combination of the first-order and second-order derivations with 

respect to the reference configuration as the following operator L , we have 

 
,

 
⋅  

 

X

XX

L Φ
Φ

= ,Φ
 (48) 

Hence, the incremental equation of the system can be derived as: 

T T T P T Q
n 0 1 ,1 2 ,2 0[( ) ( )] d ( ) d d ( ) dV V S N N S

Ω Ω ∂Ω ∂Ω

⋅ ⋅ ⋅ ⋅ ∆ = − ⋅ ⋅ + + + ⋅∫ ∫ ∫ ∫L M L U L t tσΦ Φ Φ Φ Φ Φ  (49) 
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in which T( ) ( )
Ω

 ⋅ ⋅ ⋅ ⋅ ∫K = L M L dVΦ Φ  and 

T T P T Q
n 0 1 ,1 2 ,2 0( ) d d ( ) d

Ω ∂Ω ∂Ω

= − ⋅ ⋅ + + + ⋅∫ ∫ ∫f L t tV S N N SΦ Φ Φ Φσ . After iteratively solving the 

incremental equation until the non-equilibrium force f reaches to zero, the equilibrium 

configuration of graphene under the external load can be finally obtained. 

 

3.  Numerical results and discussion 

 Surface morphology control is an intensive topic in nanoscience and 

nanotechnology. Periodic wrinkles have been observed from the shear deformation of 

rectangular graphene sheets and the amplitude and wavelength can be tuned by 

controlling the shear displacement [14]. In this section, special wrinkles can be 

produced at a circular graphene by imposing a torsional moment. To consider the 

single global controllability of surface morphology, the relevant work was conducted 

to control the shear displacement of rectangular graphene sheets [14]. The present 

twisting circular graphene is much more flexible, which can realize a continuous 

change of surface morphology in terms of wavenumber and amplitude. 

From a simple perspective, one superiority of the present atomistic-continuum 

multiscale method over continuum mechanics is that it can effectively prevent the 

controversial issue for the thickness of a single-layer graphene sheet. Scattered values 

for the thickness of a single-layer graphene sheet yield the dispersive elastic 

properties and the system stiffness in continuum mechanics. In the present 

atomistic-continuum multiscale method, the atomic interaction is directly deduced by 

the stress-strain relationship to extract the elastic properties. The system stiffness in 
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Eq. (49) is only a function of the tangential moduli in Eq. (7). Apparently, the system 

stiffness matrix can be constructed without introducing the moment of inertia and the 

thickness.  

On the other hand, both material and geometric nonlinearities can be captured by 

this atomistic-continuum multiscale method. As mentioned before, the atomic 

interaction is directly obtained from the constitutive relationship, and thus the real 

stress-strain relationship can be captured. The effect of geometric nonlinearity is 

described by the second-order gradient tensor in the higher-order gradient theory. The 

involved second-order gradient tensor can capture the bending effect, and thus it can 

map a more accurate vector rather than a tangent vector to perfectly approximate the 

real placement. Hence, both material and geometric nonlinearities can be reflected by 

iteratively updating the system stiffness matrix in Eq. (49) when studying the large 

deformation of graphene. 

 Figure 2 shows the schematic diagrams of a clamped circular graphene analyzed 

by two approaches, i.e., atomistic-continuum multiscale method and full atomistic 

simulation approach. The nodes labeled in red are completely fixed, and a torsional 

moment along the z direction is applied to those nodes labeled in green. A twisting 

angle loading of 1° per each step is imposed at the green region around the center 

node. Indeed, the nodal arrangement plays a significant role on the accuracy of a 

mesh-free computational framework. A uniformly distributed nodal arrangement 

scheme in the whole domain is a perfect choice. To perform this task, n and 6i nodes 

with i being 1,…, n-1, along the radial and circumferential directions respectively, are 
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arranged as shown in Fig. 2. Such an arrangement ensures the equivalent radial and 

circumferential distance between neighboring nodes, with a total number of 

3n(n−1)+1 nodes. 

 

3.1. Verification of the convergence and efficiency of atomistic-continuum method 

 Firstly, a series of case studies are provided to show the accuracy of the present 

atomistic-continuum multiscale method on the nodal arrangement. A torsional 

moment is applied to the green zone Irρ ≤  and the red zone oRρ ≥  is completely 

fixed. A circular graphene sheet with oR =3 nm under various inner radii ( Ir =0.5, 

1.0 and 1.5 nm) is considered. Four different nodal arrangement schemes I - IV, i.e., n 

= 8, 14, 20 and 26, respectively, are presented. These four computational schemes, 

corresponding to the total number of 169, 547, 1141 and 1951 nodes, are used to 

verify the present atomistic-continuum multi-scale method. The total number of atoms 

of this circular graphene sheet can be determined from a continuum viewpoint, 

namely, dividing the surface area 2
oRπ ×  to the average area per atom 23 3 / 4r , 

where r is the C-C bond length in the initial equilibrium configuration of graphene. In 

the present simulation, the initial C-C bond length is determined to be 0.14507 nm 

and thus there are a total number of at least 1034 atoms. 

Both amplitude and wavenumber are two important factors to control the surface 

morphology of graphene. Figure 3 shows the relationship between the computational 

amplitude of wrinkles and the imposed torsional angles. As shown in Fig. 3(a), all the 

wrinkle amplitude-torsional angle curves show that a distinct wrinkle for a circular 
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graphene with Ro = 3 nm and rI = 0.5 nm starts to be generated under an external 

torsional angle ≥3o. When only a few number of nodes in Scheme I (i.e., n = 8) are 

used, the amplitude of wrinkles will be under-estimated. This tendency becomes 

increasingly severe as the torsional angle increases. It is noteworthy that other three 

arrangement schemes (II – IV) nearly offer the same prediction for the amplitude of 

wrinkles. This means that the nodal arrangement in Scheme I is too sparse, it cannot 

catch the detailed information. By increasing the values of n in Schemes II-IV, the 

computational results will be well convergent. To increase rI, the same conclusion can 

also be drawn from the analysis in Fig. 3(b) and Fig. 3(c). Both figures show that the 

computational results obtained by Scheme I cannot provide good agreement with 

other three schemes. When n is not less than 14, the present atomistic-continuum 

multiscale method can give a steady and good prediction for the torsional behaviour 

of circular graphene sheets. In this case, nearly half degrees of freedom can be 

reduced as compared with the atomistic simulation method. 

In order to further demonstrate the ability of catching the detailed information in 

the whole domain, we consider the average out-of-displacement that is defined by 

dividing the sum of the nodal out-of-displacement by the number of nodes in the 

deformed region. In Figs. 4(a)-(c), the curves show the deviation of Scheme I with 

respect to other three schemes, although the amplitude of wrinkle-torsional angle 

curves in Fig. 3(b) and Fig. 3(c) seem to be much closer to each other. In reality, this 

fake closeness is due to different patterns, only three and four wrinkles, respectively, 

are caught in Scheme I (not shown) while in fact that there are four and five wrinkles 
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in Schemes II-IV (as shown in Fig. 9(c) and Fig. 9(e)). Such a close average 

out-of-displacement for Schemes II-IV confirms again that the detailed deformation 

can be exactly caught when n ≥ 14.  

To verify the accuracy of the present atomistic-continuum multiscale method, a 

full atomistic simulation on the torsional behaviour of a circular graphene sheet with 

Ro=3 nm and rI=1.5 nm is also carried out (see Fig. 2). The variation of the amplitude 

and wrinkle patterns under various torsional angles is provided in Figs. 5(a)-(c). The 

curves obtained by these two methods are coincident with each other, as shown in Fig. 

5(a). The onset torsional angle on the formation of wrinkles is conformably 

determined to be 3o in both full atomistic simulation and atomistic-continuum 

multiscale method. Using the full atomistic simulation, it is impossible to construct a 

strict circular graphene and to impose a torsional moment on a circular region. Hence, 

this yields a slight deviation between these two methods. Figure 5(b) shows the 

wrinkle patterns obtained by both methods. The results show that five fins are 

generated. Nevertheless, the wrinkle pattern obtained by the full atomistic simulation 

is not quite symmetric to that obtained by the atomistic-continuum approach. It is 

because the discrete hexagonal structure is not a circular symmetry, and thus it is not 

easy to impose a symmetric load on the boundary constraints. In Fig. 5(c), it is found 

that the effect of the structural asymmetry on the torsional behaviour of circular 

graphene sheets becomes smaller as the twisting angle increases. The wrinkle pattern 

as well as the amplitude at a twisting angle of 8o captured by the atomistic-continuum 

approach is in good agreement with those obtained by the full atomistic simulation. 
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Due to the limitations of the full atomistic simulation, the atomistic-continuum 

multiscale method is more flexible and applicable for the analysis of circular graphene 

sheets, in terms of both computational effort and numerical accuracy.  

The above numerical simulations exhibit good accuracy and convergence of the 

atomistic-continuum multiscale method. However, all these case studies are for the 

research sample with a radius of 3 nm. To illustrate the validity of the same setting for 

large-sized graphene sheets, two-fold and three-fold samples are selected for 

numerical analysis, i.e., Ro = 6 nm and 9 nm, with the total number of 4136 and 9306 

atoms, respectively. The relationship between the amplitude, average 

out-of-displacement and torsional angle is presented in Fig. 6 and Fig. 7. It is similar 

to the previous case, these two figures also show good convergence except Scheme I. 

Moreover, these two studies further confirm the universal feasibility of the present 

atomistic-continuum approach, especially it exhibits a remarkable superiority in 

saving computational resource. For example, Scheme II uses a total number of 547 

nodes, with only 1/8 and 1/17 degrees of freedom of those full atomistic simulations 

for the cases of Ro= 6 nm and 9 nm, respectively. In the subsequent studies, Scheme II 

will be adopted due to its computational effort and numerical accuracy, unless 

otherwise specified. 

 

3.2. Parametric study and twisting patterns of circular graphene sheets 

A parametric study is conducted to investigate the effects of the torsional moment, 

outer radius Ro and inner radius rI on the formation of wrinkles. The numerical results 
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for circular graphene sheets are given in Fig. 8. In Fig. 8(a), the wrinkle formation 

onset torsional angle decreases as the inner radius rI increases, while the amplitude 

has a generally increasing tendency except rI=1.5 nm. The average 

out-of-displacement of wrinkles plotted in Fig. 8(b) shows that the change of curves rI 

= 0.5 nm, 0.75 nm and 1.25 nm are parallel, while the rest two curves have many 

intersections, especially for rI=1.5 nm. This scenario is due to the sudden change of 

the wrinkle patterns. In addition, the increment in the amplitude becomes smaller as 

the torsional angle increases. Figure 9 depicts the wrinkle patterns of all these five 

kinds of graphene sheets. As rI increases from 0.5 nm to 1.5 nm, the wrinkle 

wavenumber of graphene also increases. This yields a reduction effect on the 

amplitude of wrinkles. Another reason is that the length of the distorted wrinkle along 

the radial direction becomes smaller to make a stronger restriction on the amplitude as 

rI increases. In Fig. 8(c), it is also noteworthy that the strain energy monotonously and 

distinctly increases as rI increases. Although there is a sudden change in surface 

morphology, there is no energy jump apparently. Hence, it is a fully elastic unloaded 

and reloaded process. Reversible and controllable wrinkles can be realized by loading 

and unloading, which is consistent with the superelastic property [15]. 

In Fig. 9, the results are similar to those obtained in Fig. 8. However, Fig. 10(a) 

and Fig. 10(b) show that the five curves intertwine with each other as compared with 

Fig. 8(a) and Fig. 8(b). In addition, the wrinkle formation onset torsional angle 

decreases as the size of graphene samples increases. Moreover, there are amplitude 

jumps in the cases of rI = 2.0 nm, 2.5 nm and 3.0 nm. Figure 10(c) also indicates that 
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the strain energy monotonously and distinctly increases as rI increases. Figure 11 plots 

the variation of wrinkle patterns for clamped circular graphene sheets with Ro = 6 nm, 

in which the wavenumbers are generally the same as those presented in Fig. 9.  

Based on the results presented in Fig. 8, Fig. 10 and Fig. 12, it is concluded that 

the wrinkle formation onset torsional angle becomes smaller as the graphene radius 

increases. The same intertwining phenomenon occurs in Fig. 12(a) and Fig. 12(b). It 

is also found that the wavenumber generally increases as the graphene sample size 

increases. Figure 13 depicts the variation of wrinkle patterns for clamped circular 

graphene sheets with Ro = 9 nm . 

In Fig. 14(a) and Fig. 14(b), it is found that both rI and Ro have a positive effect 

on the wavenumber, while they have a negative effect on the wrinkle formation onset 

torsional angle. To compare with the curves in Fig. 14(c), it is also found that each 

amplitude jump point is inevitably accompanied when increasing the wavenumber. 

This is a reasonable explanation to the phenomenon observed in Fig. 8. 

As aforementioned, there is an abrupt jump in the amplitude-torsional angle 

curves in Fig. 10 and Fig. 12. This is caused by the sudden change in the wrinkle 

patterns as shown in Fig. 15 and Fig. 16. The patterns are not only controlled by the 

combination of rI and Ro, but also it can be tuned by the torsional angle. It implies that 

the change of torsional angles can induce a significant effect on the amplitude and 

wrinkle pattern of graphene sheets. 
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4. Conclusions 

The twisting behaviour of circular graphene sheets is investigated by the 

atomistic-continuum multiscale method, which can accurately capture the effects of 

both geometric and material nonlinearities. To compare with the full atomistic 

simulation approach, the present method exhibits a universal feasibility with 

remarkable superiority in saving computational efforts. The numerical results indicate 

that the amplitude of wrinkles depends on the torsional angle and the size of graphene 

(i.e., outer radius Ro and inner radius rI). For a given rI/Ro ratio, the amplitude 

increases as the graphene size increases. The wrinkle formation onset torsional angle 

decreases when the graphene size increases. For a given Ro, the wavenumber 

increases as rI increases, resulting in a reduction effect on the amplitude. As the ratio 

rI/Ro decreases, the length of the distorted wrinkle along the radial direction will also 

decrease to strongly restrict the amplitude. It is also noted that a jump will occur at the 

amplitude as the torsional angle continuously increases. Although there is a sudden 

change in the wrinkle wavenumber, energy still keeps growing. This phenomenon 

implies that a superelastic property can realize reversible and controllable wrinkles by 

loading and unloading. 
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Captions of Figures 

Fig. 1 Initial equilibrium configuration mapping from a reference graphene by three 

geometrical parameters 1λ , 2λ  and θ . The branch-like structure included in the 

dashed square is a representative cell. 

Fig. 2 Schematic diagrams of a clamped circular graphene analyzed by (a) 

atomistic-continuum multi-scale method and (b) full atomistic simulation. Nodes 

labeled in red are completely fixed, while those labeled in green are subject to a 

torsional moment along z direction. 

Fig. 3 Comparison of wrinkle amplitudes for clamped circular graphene sheets (Ro=3 

nm and (a) rI = 0.5 nm , (b) rI = 1.0 nm and (c) rI =1.5 nm). 

Fig. 4 Comparison of average out-of-displacement of wrinkles for clamped circular 

graphene sheets (Ro=3 nm and (a) rI = 0.5 nm, (b) 1.0 nm and (c) 1.5 nm). 

Fig. 5 Comparison of amplitudes and wrinkle patterns for clamped circular graphene 

sheets by full atomistic simulation and atomistic-continuum approach (Ro=3 nm and rI 

= 1.5 nm). 

Fig. 6 Comparison of amplitudes and average out-of-displacement (wrinkles) for 

clamped circular graphene sheets (Ro=6 nm and rI=1.0 nm). 

Fig. 7 Comparison of amplitudes and average out-of-displacement (wrinkles) for 

clamped circular graphene sheets (Ro=9 nm and rI=1.5 nm). 

Fig. 8 Effects of (a) amplitude, (b) average out-of-displacement and (c) average 

potential per atom of wrinkles generated by twisting clamped circular graphene sheets 

with outer radius of 3 nm and inner radius 0.5~1.5 nm. 

Fig. 9 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 3 nm). 

Fig. 10 Effects of (a) amplitude, (b) average out-of-displacement and (c) average 

potential of wrinkles generated by twisting clamped circular graphene sheets with 

outer radius of 6 nm and inner radius of 1.0~3.0 nm. 
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Fig. 11 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 6 

nm). 

Fig. 12 Effects of amplitude, average out-of-displacement and average potential of 

wrinkles generated by twisting clamped circular graphene sheets with outer radius of 

9 nm and inner radius of 1.5~4.5 nm. 

Fig. 13 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 9 

nm). 

Fig. 14 Effects of wavenumber, wrinkle formation onset torsional angle and 

amplitude for circular graphene sheets with Ro=3, 6 and 9 nm.  

Fig. 15 Variation of wrinkle patterns for radial graphene sheets (Ro = 6 nm).  

Fig. 16 Variation of wrinkle patterns for radial graphene sheets (Ro = 9 nm). 
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Fig. 1 Initial equilibrium configuration mapping from a reference graphene by three 

geometrical parameters 1λ , 2λ  and θ . The branch-like structure included in the 

dashed square is a representative cell. 
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(a)         (b) 

Fig. 2 Schematic diagrams of a clamped circular graphene analyzed by (a) 

atomistic-continuum multi-scale method and (b) full atomistic simulation. Nodes 

labeled in red are completely fixed, while those labeled in green are subject to a 

torsional moment along z direction. 
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(a)          (b) 

 

(c)          

Fig. 3 Comparison of wrinkle amplitudes for clamped circular graphene sheets (Ro=3 

nm and (a) rI = 0.5 nm , (b) rI = 1.0 nm and (c) rI =1.5 nm). 
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(a)          (b) 

 

(c)          
Fig. 4 Comparison of average out-of-displacement of wrinkles for clamped circular 

graphene sheets (Ro=3 nm and (a) rI = 0.5 nm, (b) 1.0 nm and (c) 1.5 nm).
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Fig. 5 Comparison of amplitudes and wrinkle patterns for clamped circular graphene 

sheets by full atomistic simulation and atomistic-continuum approach (Ro=3 nm and rI 

= 1.5 nm). 
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(a)         (b) 
Fig. 6 Comparison of amplitudes and average out-of-displacement (wrinkles) for 

clamped circular graphene sheets (Ro=6 nm and rI=1.0 nm). 
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(a)         (b) 
Fig. 7 Comparison of amplitudes and average out-of-displacement (wrinkles) for 

clamped circular graphene sheets (Ro=9 nm and rI=1.5 nm). 
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(a)         (b) 

 

(c)         
Fig. 8 Effects of (a) amplitude, (b) average out-of-displacement and (c) average 

potential per atom of wrinkles generated by twisting clamped circular graphene sheets 

with outer radius of 3 nm and inner radius 0.5~1.5 nm. 
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Fig. 9 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 3 nm). 
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(a)         (b) 

 

(c)          

Fig. 10 Effects of (a) amplitude, (b) average out-of-displacement and (c) average 

potential of wrinkles generated by twisting clamped circular graphene sheets with 

outer radius of 6 nm and inner radius of 1.0~3.0 nm. 
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Fig. 11 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 6 

nm). 
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(a)         (b) 

 
(c)          

Fig. 12 Effects of amplitude, average out-of-displacement and average potential of 

wrinkles generated by twisting clamped circular graphene sheets with outer radius of 

9 nm and inner radius of 1.5~4.5 nm. 
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Fig. 13 Variation of wrinkle patterns for clamped circular graphene sheets (Ro = 9 

nm). 
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(a)         (b) 

 
(c)          

Fig. 14 Effects of wavenumber, wrinkle formation onset torsional angle and 

amplitude for circular graphene sheets with Ro=3, 6 and 9 nm.  
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Fig. 15 Variation of wrinkle patterns for radial graphene sheets (Ro = 6 nm).  
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Fig. 16 Variation of wrinkle patterns for radial graphene sheets (Ro = 9 nm). 




