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ABSTRACT 12 

Extensive clasts fragmentation during the runout of rock and debris avalanches has been 13 

recognized as one important mechanism responsible for the avalanches’ catastrophic behavior. 14 

Here we present results of laboratory tests on limestone fragments under various stress paths, and 15 

we investigate the relationship between the progression of grain breakage, the plastic work and 16 

the evolution of the critical state line, that controls the grains’ mechanical behavior. Using the 17 

plastic work concept, we propose a method for determining grain shape and grain breakage 18 

indices, and we show how grain breakage influences the critical stress state, and hence the 19 

mechanical behavior. The validity of the relationships is verified on various crushable granular 20 

materials with different mineralogy. Finally, an engineering chart is proposed to characterize the 21 

evolution of grain breakage and critical state according to the grains’ mineral composition. 22 
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1. INTRODUCTION 26 

Rock avalanches are among the most deadly and destructive types of landslides because of 27 

their high speed and long runout distance (Evans et al., 2007; Deganutti, 2008; Xu et al., 2012; 28 

Hungr et al., 2014; Robinson et al., 2015; Dai et al., 2016; Zhang et al., 2016a; Zhang and 29 

McSaveney, 2017). They are often triggered by large earthquakes or extreme rainfall events (Van 30 

Asch et al., 1999; Gorum et al., 2011; Huang et al., 2012; Fan et al., 2017), and can cause 31 

extensive property and infrastructure damage, and loss of human lives (Nadim et al., 2006; 32 

Keefer and Larsen, 2007; Petley, 2012). 33 

Davies et al. (1999) first suggested that the extraordinarily long runout of large rock 34 

avalanches may result from the continuing fragmentation of clasts through the fall and runout. 35 

Some studies argue that fragmentation may not be the (main) cause of the long-runout (Deganutti, 36 

2008; Kaproth et al., 2010; Lucas et al., 2014; Johnson et al., 2015; Wang et al., 2015, 2017; 37 

Scaringi et al., 2017; Hu et al., 2018), and the issue is nowadays still debated (Davies and 38 

McSaveney, 2016; Wang et al., 2017). Nonetheless, the widespread presence of fragmented 39 

material in the avalanche deposits and their morphology support the fragmentation hypothesis, 40 

and so do several simulations and laboratory experiments (Davies and McSaveney, 2002; Locat 41 

et al., 2006; McSaveney and Davies, 2006; Crosta et al., 2007; Taboada and Estrada, 2009; Imre 42 

et al., 2010; Bowman et al., 2012; McSaveney, 2015; De Blasio and Crosta, 2015; Jiang et al., 43 

2016; Dufresne and Dunning, 2017; Zhao et al., 2017).  44 

Furthermore, a correct evaluation of the post-runout physical and mechanical properties of 45 

deposits of rock clasts residing on hillslopes and in drainage channels (such as those generated 46 

by the 2008 Mw 7.9 Wenchuan Earthquake in Sichuan, China; Gorum et al., 2011; Huang and 47 

Fan, 2013; Zhang et al., 2016b) is crucial for understanding their likelihood to exhibit instability, 48 

collapse, liquefaction, and to move again with catastrophic effects due to seismic shaking or 49 

strong hydrological events (Koi et al., 2008; Tang et al., 2012; Xu et al., 2012; Hu et al., 2015, 50 

2017a, 2017b).  51 

Clasts fragmentation (also termed grain breakage) may occur during compression and 52 
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shearing, especially under high confining stresses and dynamic loadings (Harireche and 53 

McDowell, 2003; McDowell and Lu, 2010; Kaproth et al., 2010; Coop and Altuhafi, 2011; 54 

Kimura et al., 2014; Liu et al., 2017; Zhang and McSaveney, 2017). The amount of 55 

fragmentation can be quantified from the change of grain size distribution (GSD). Different 56 

measures of its evolution have been proposed (Lee and Farhoomand, 1967; Marsal, 1967; Hardin, 57 

1985; Lade et al., 1996; Nakata et al., 1999; Einav, 2007). The influence of grain breakage on 58 

various physical and mechanical properties has been investigated (Miura et al., 1984; McDowell 59 

et al., 1996; Biarez and Hicher, 1997; McDowell and Bolton, 1998; Cheng et al., 2003; Coop et 60 

al., 2004; Indraratna et al., 2009; Bandini and Coop, 2011; Miao and Airey, 2013; Zhang and 61 

Baudet, 2013, 2014), and introduced into constitutive and numerical modelling (Simonini, 1996; 62 

Daouadji et al., 2001; Cecconi et al., 2002; Russell and Khalili, 2004; Yao et al., 2008; Kikumoto 63 

et al., 2010; Ma et al., 2017; Zhou, 2017). However, how the breakage amount can be measured 64 

and how this measure can be correlated with mechanical properties explicitly are still a challenge. 65 

The three following issues need to be investigated: (1) what are suitable measures for the amount 66 

of grain breakage; (2) how to determine these measures based on stress-strain histories; and (3) 67 

how to relate these measures to mechanical properties of the granular assembly. Once these three 68 

points are solved, the quantity measuring the amount of grain breakage can be introduced as a 69 

variable to control the influence of grain breakage on the mechanical properties of a granular 70 

material subjected to a generic stress-strain history. 71 

For the first issue, a breakage measure varying from zero to one with the changes of GSD 72 

might be convenient. Among the proposed measures, the modified relative breakage index Br
* of 73 

Einav (2007), and the relative uniformity Bu, based on the fractality of the GSD (McDowell and 74 

Bolton, 1998; Cheng et al., 2003; Coop et al., 2004) and on the coefficient of uniformity Cu, 75 

seem good choices. Various methods to quantify the GSD change under different loading 76 

conditions were developed and validated through tests under monotonic loading: i.e. the crushing 77 

surface approach by Simonini (1996) and Kikumoto et al. (2010), and the energy approach by 78 

Lade et al. (1996) and Einav (2007). So far, these two approaches haven’t been fully examined 79 
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under different loading conditions, including under cyclic loading. Therefore, in this paper we 80 

propose a unified approach to quantify the change of GSD (in terms of Bu and Br
*) for different 81 

loading conditions. 82 

As fragmentation can influence the mechanical behavior of crushable granular materials 83 

significantly, the GSD change can be correlated to the evolution of mechanical properties. 84 

Several properties (stress-dilatancy, peak shear strength, plastic modulus, etc.) depend on the 85 

distance between the current stress state (p’, e) and the corresponding critical state (p’, ec) of the 86 

granular material (Wroth and Bassett, 1965; Been and Jefferies, 1985). Hence, how 87 

fragmentation-induced changes of GSD affect the location of the critical state line (CSL) is 88 

crucial for quantifying the influence of grain breakage on mechanical properties. The CSL-GSD 89 

relationship has been demonstrated by experiments on crushable sands (Biarez and Hicher, 1997; 90 

Bandini and Coop, 2011) and by discrete element simulations on crushable granular materials 91 

(Bolton et al., 2008). This idea is also supported by experimental results showing the evolution 92 

of the CSL with grading on sand with various fine contents (Thevanayagam et al., 2002) and by 93 

numerical results on granular materials with different GSDs by means of discrete element 94 

simulations (Kikumoto et al., 2010; Muir Wood and Maeda, 2007). Therefore, the third task of 95 

this paper is to propose a relation between the evolution of the CSL location and the breakage 96 

measures (Bu and Br
*) during loading. 97 

We first investigate the measures of grain breakage amount. Laboratory tests on crushable 98 

limestone grain assembly with various stress strain paths under both monotonic and cyclic 99 

loadings were carried out to propose a unified determination method for the measure of grain 100 

breakage. Secondly, the test results are also used to propose a relation between these measures 101 

and the CSL location. Finally, the relations obtained on limestone grain material are applied on 102 

other materials with different mineral contents for the validation of the method. 103 

2. MEASURE OF GRAIN BREAKAGE AMOUNT 104 

Different measures have been proposed in the literature, such as: (1) B15=D15i/D15f, where D15 105 

is the grain diameter for a percentage of passing equal to 15% in weight, and subscript “i” and 106 
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“f” represent the samples before and after testing, respectively, as proposed by Lee and 107 

Farhoomand (1967), shown in Fig. 1(a); (2) R/100: increase in percent passing the sieve having 108 

the greatest increase, measured from the grading curves before and after testing by Marsal (1967), 109 

shown in Fig. 1(b); (3) the relative breakage Br=Bt/Bp: Bp is the area between the line defining 110 

the upper limit of the silt size d=0.074 mm and the part of the initial grading curve for which d > 111 

0.074 mm, and Bt is the area between the part of the initial grading curve (the initial grading 112 

means the natural grading of the granular materiel before loading) and the part of the grading 113 

curve after loading for which d > 0.074 mm) by Hardin (1985), shown in Fig. 1(c); (4) the 114 

particle breakage factor B10=1- D10f/D10i by Lade et al. (1996), shown in Fig. 1(d); (5) the change 115 

of the uniformity coefficient Cu=D60/D10 related to the amount of grain breakage by Biarez and 116 

Hicher (1997). shown in Fig. 1(e); (6) the simple particle breakage factor Bf=R/100 where R is 117 

the percentage of particles smaller, after testing, than the minimum particle size in the initial 118 

grading curve by Nakata et al. (1999), shown in Fig. 1(f); (7) the modified relative breakage 119 

index Br
*=Bt/Bp, obtained by replacing the cut-off line of silt particle size by an ultimate GSD in 120 

the definition of Hardin’s Bp and Bt, proposed by Einav (2007), shown in Fig. 1(g); (8) the 121 

grading state index IG=Bt/Bp with the initial grading curve determined by lower limit of the 122 

biggest particle size by Kikumoto et al. (2010). Note that IG has an initial value for samples 123 

without uniform particle size, shown in Fig. 1(h). 124 

Since the GSD tends to approach a fractal distribution according to compression tests by 125 

McDowell and Bolton (1998) and shear tests by Coop et al. (2004), only the breakage measure 126 

Br
* by Einav (2007) varies from zero to one with changes in GSD. This particular aspect might 127 

be convenient in practice. Therefore, the modified relative breakage index Br
* should be a good 128 

choice to describe the breakage amount. 129 

Another possible way is to define another coefficient, called the relative uniformity Bu, 130 

based on the uniformity coefficient Cu=D60/D10 which varies with grain breakage, as follows 131 

 u ui
u

uf ui

C C
B

C C

−
=

−
 (1) 132 

where Cui represents the initial uniformity coefficient; and Cuf represents the ultimate uniformity 133 
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coefficient corresponding to the fractal GSD. Thus, Bu varies also from zero to one. Note that Bu 134 

includes also the change of D10 which is a factor influencing the mechanical properties as 135 

pointed out by Lade et al. (1996). Since the definition of Bu is based on Cu which is a common 136 

coefficient in engineering practice and can be easily measured, the use of Bu is convenient from a 137 

practical point of view to describe the grain breakage amount, provided that it can be related to 138 

mechanical variables influencing grain breakage. Therefore, in addition to B*
r, Bu is also 139 

examined in this study in connection with the amount of grain breakage. 140 

3. UNIFIED APPROACH IN DETERMINING GRAIN BREAKAGE AMOUNT 141 

As grain breakage is produced by mechanical loading, the breakage amount can be related to 142 

the input energy. Based on this idea, Lade et al. (1996) proposed a hyperbolic relation between 143 

the particle breakage factor B10 and the total energy input calculated by stresses and total strains. 144 

Einav (2007) proposed to link the breakage energy, using stresses and total strains, with the 145 

relative breakage Br
* for compression tests. Different from the energy methods, Simonini (1996) 146 

and Kikumoto et al. (2010) defined a crushing surface to determine the breakage amount based 147 

on the distance between the stress state and this crushing surface. However, the accumulation of 148 

grain breakage during cyclic loading cannot be described by these different approaches.  149 

Another possible variable related to the breakage amount can be the plastic work as 150 

proposed by Daouadji et al. (2001). To avoid the non-uniqueness of the summation of the plastic 151 

work along a loading path where stresses or strains are reversed, we adopted the following 152 

classical definition of the plastic work, differently from Daouadji et al. (2001): 153 

 p

pw d =   (2) 154 

where  and dp are stress and incremental plastic strain tensors, respectively, and the use of 155 

Macaulay’s brackets implies that ( ) 2F F F= + . Using the Eq. (2), the plastic work can be 156 

accumulated during cyclic loading. Thus, linking the plastic work to the measure of breakage 157 

amount makes it possible to take the additional grain breakage after the first loading into 158 

account. 159 

In order to establish the relationship between the breakage measures (Bu and Br
*) and the 160 
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plastic work, drained triaxial tests under both monotonic and cyclic loadings on crushable 161 

limestone grain assemblies were carried out. For each test, the GSD was measured after testing 162 

and the plastic work was calculated along the loading path. 163 

3.1. PHYSICAL AND MECHANICAL PROPERTIES OF TESTED MATERIAL 164 

The tested material is an assembly of limestone grains from a quarry located in Prefontaines, 165 

in the center of France. This material is often used for the construction of small embankments 166 

and is very crushable. The shape of the particles is classified as sub-angular according to the 167 

ASTM D2488-10 standard. The unit weight of the material is 17.1 kN/m3 and the specific weight 168 

is 2.70 g/cm3. The prepared samples have an initial uniformity coefficient Cu = 1.8. The mean 169 

grain size is D50 = 6 mm. The minimum grain size dm is 1 mm and the maximum grain size dM is 170 

10 mm. The maximum and minimum void ratios are 1.43 and 0.83, respectively. The initial void 171 

ratio e0 for all tested samples varies from 1.05 to 1.1. All samples have a diameter of 70 mm and 172 

a height of 105 mm. The rate of axial displacement for all triaxial tests was 0.03 mm/min. All 173 

samples were saturated before testing. The correction of the cross section and the correction of 174 

membrane penetration are considered by applying the French Standard NF P 94-074 and the 175 

method of Head (1992). 176 

Fig. 2 shows the photographs of the material before testing and after a drained triaxial test 177 

under a constant mean effective stress p’ = 400 kPa. Comparing Fig. 2(b) and Fig. 2(a), one can 178 

see that some grains were crushed into smaller pieces, and some grains were damaged with 179 

visible cracks, while some others appear still intact. The breakage amount can be estimated by 180 

the GSD measured after testing. 181 

Fig. 3a presents the results of two conventional drained triaxial tests with confining stresses 182 

p’0 = 50 and 100 kPa. The elastic properties can be measured on the stress-strain curves. We 183 

assume a non-linear elasticity and we adopt the formulation proposed by Richart et al. (1970), 184 

 
( )

0.52

0

2.97

1
at

at

e p
G G p

e p

−  
=  

+  
 (3) 185 
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+  
 (4) 186 

where pat = 101.325 kPa is the atmosphere pressure; e is the void ratio. 187 

The shear modulus was measured on the stress-strain curves up to a deviatoric strain of 0.1% 188 

in Fig. 3(a). We found G0 = 80. The bulk modulus was measured from the isotropic compression 189 

tests (Fig. 3b). We found K0 = 105 which corresponds to a Poisson’s ratio of 0.2. Taking into 190 

consideration the decrease of the shear modulus with the strain level for various sands (Hicher, 191 

1996; Jovicic and Coop, 1997; Clayton, 2010), we can assume that the elastic modulus at very 192 

small strain is approximately five times bigger than the elastic modulus at 0.1%. Therefore, G0 = 193 

400 and K0 = 525 corresponding to the very small strain level were used hereafter on to estimate 194 

the elastic strain component. 195 

3.2. TESTS UNDER MONOTONIC LOADING 196 

According to McDowell et al. (1996), the grading curve for both initial and tested samples 197 

can be approximately expressed as follows 198 

 ( )
3

( ) / MF D D d
−

=  (5) 199 

where F(D) is the percentage of passing corresponding to the grain size D. In agreement with 200 

Einav (2007), a fractal GSD was assumed with  = 2.6 according to Coop et al. (2004). 201 

Therefore, the relative breakage index Br
* for each test can be obtained as proposed by Einav 202 

(2007).  203 

For the measure of Bu, the current Cu and the ultimate Cuf are needed besides Cui. Cu can be 204 

obtained from the grading curve at the end of each test. Cuf corresponding to fractal GSD can be 205 

determined using Eq. (5) with  = 2.6 as follows: for F(D) = 60% and 10%, 60% = (D60/dM)3- 206 

and 10% = (D10/dM)3-2.6, then Cuf = D60/D10 = 61/(3-) = 88.18 is obtained. Therefore, based on Eq. 207 

(1), the value of Bu can be obtained once Cu is measured at the end of each test. 208 

3.2.1. Tests at different confining stresses 209 

Drained triaxial tests under different constant confining stresses (constant-’3 tests) varying 210 

from 22 kPa to 800 kPa were carried out (see Fig. 4). One can notice that, for elevated confining 211 
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stresses, the material appears very ductile and the stress ratio q/p’ continues to increase even at 212 

large strains (Fig 4a). This is due to a large amount of particle breakage developing during 213 

loading as shown in Fig. 4(c). 214 

Fig. 4(b) presents the volume changes during the drained triaxial tests. They show a dilative 215 

behaviour under low confining stresses of 22 kPa and 50 kPa, and a contractive behaviour under 216 

higher confining stresses of 100 kPa, 400 kPa and 800 kPa. For samples under high confining 217 

stresses, the large contraction is also a consequence of a significant grain breakage. 218 

The GSDs after testing were measured, as shown in Fig. 4(c). The tested material is very 219 

crushable, even under low confining stresses. The relative uniformity Bu and the modified 220 

relative breakage index Br
* were then obtained for each test, and the values summarized in this 221 

figure. The results show that a higher confining stress induces a higher amount of grain breakage, 222 

thus raises the values of Bu and Br
*. 223 

3.2.2. Tests with different loading paths 224 

A drained triaxial test under a constant mean effective stress (constant-p’ test) p’ = 400 kPa 225 

up to a = 25 % was carried out, as shown in Fig. 5. The results are compared to the constant-’3 226 

test results at the same consolidation stress. During the constant-p’ test, the lateral stress is 227 

reduced in order to keep p’ constant, which also results in a smaller amplitude of the deviatoric 228 

stress. As a consequence, less grain breakage occurred compared to the constant-’3 test (Fig. 229 

5c). This leads to a stiffer stress-strain relationship and a smaller volume change for the 230 

constant-p’ test. The evolution of the stress-strain relationship with the grading change is similar 231 

to the one obtained for the previous constant-’3 tests. Note that the variability of the grading 232 

measurements for a given stress history is mainly due to the amount of fine particles (e.g. < 2 233 

mm). In Fig. 5c, the difference in the gradation curves between the constant p’ and the constant 234 

’3 tests is statistically significant, especially for particles bigger than 2 mm. 235 

The values of Bu and Br
* for the constant-p’ test are smaller than those for the constant-’3 236 

test. 237 

3.2.3. Tests with different consolidation histories 238 
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A conventional drained triaxial test at ’3 = 100 kPa up to a = 25 % on a sample 239 

isotropically consolidated up to 800 kPa and unloaded to 100 kPa was carried out, and compared 240 

to the constant-’3 test with ’3 = 100 kPa without an over-consolidation history (see Fig. 6). 241 

Although the whole difference of grading between the two tests is small (see Fig. 6c), the 242 

difference of distribution for particles bigger than 2 mm was adequately measured. The results 243 

show the influence of the stress history on the grain breakage: the test with the 244 

over-consolidation process results in slightly more grain breakage than the test without the 245 

over-consolidation history (Bu and Br
* for the former are higher than for the latter). This is 246 

essentially due to the isotropic loading phase up to 800 kPa where plastic strains developed (see 247 

Fig. 3b). The shearing phase did not bring any significant additional grain breakage and, 248 

therefore, the stress-strain relationship and the volume change for these two tests are in 249 

agreement with what is usually observed by comparing normally and over-consolidated material 250 

behaviours: a stiffer and less contractive behaviour for the over-consolidated sample. 251 

3.3. CYCLIC LOADING TESTS 252 

In order to seek a unified approach for determining the breakage amount under different 253 

loading conditions, three types of drained cyclic triaxial tests on samples isotropically 254 

consolidated at 400 kPa were carried out:  255 

▪ Series 1: two tests with constant confining stress, CYC-CCS1 in which qmax and qmin increase 256 

from one cycle to another, CYC-CCS2 with constant qmax and qmin, in order to investigate the 257 

influence of the axial loading amplitude on grain breakage;  258 

▪ Series 2: three tests under constant p’ with different number of cycles Ncycle = 0, 5, 20 259 

(CYC-CP0, CYC-CP5 and CYC-CP20) to investigate the influence of the number of cycles 260 

on grain breakage;  261 

▪ Series 3: a test with constant deviatoric stress with varying p’ (CYC-CDS) to investigate the 262 

influence of the stress ratio on grain breakage. 263 

3.3.1. Tests at constant confining stress 264 
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Fig. 7 shows the stress-strain curves and GSDs for two tests at constant confining stress 265 

(Series 1). The test CYC-CCS1 was strain-controlled with axial strains up to 1%, -1%, 2%, -2%, 266 

3%, -3%, 4%, and ending by -4%. qmax reached 370, 570, 770 and 890 kPa, and qmin reaches to 267 

-250, -310, -310, -310 kPa. The test CYC-CCS2 was stress-controlled with the axial stress 268 

varying between qmax = 865 kPa and qmin = -310 kPa for 4 cycles. The stress-strain curves in Fig. 269 

7(a) and the evolution of the volumetric strain in Fig. 7(b) can be used to calculate the plastic 270 

work during the tests. The amount of grain breakage in Test CYC-CCS1 is lower than the one in 271 

Test CYC-CCS2 (Fig. 7c), because the values of qmax during the first three cycles for Test 272 

CYC-CCS1 are smaller than those applied in Test CYC-CCS2 (Fig. 7a). 273 

3.3.2. Tests with constant mean effective stress 274 

Fig. 8 shows the GSDs for tests at constant p’ with different number of cycles (Series 2). For 275 

the test CYC-CP0, the sample was only monotonically sheared up to q = 730 kPa with a = 10 % 276 

and q/p’ = 1.83. The other two tests CYC-CP5 and CYC-CP20 were carried out with qmax = 730 277 

kPa and qmin = -420 kPa (q/p’ between 1.83 to -1.05) up to 5 and 20 cycles, respectively. The 278 

stress-strain curves in Fig. 8(a) and the evolution of the volumetric strains in Fig. 8(b) can be 279 

used to calculate the plastic work. The amount of grain breakage observed after testing increases 280 

with the applied number of cycles (Fig. 8c). Fig. 8(d) shows the evolution of Bu and Br
* with the 281 

number of cycles Ncycle, which demonstrates that the grain breakage occurs very fast at the 282 

beginning of the loading, and then slows down. Based on this figure, the evolution of these two 283 

variables can be expressed by 284 

 
( ) ( )* *

max 0max 0 * *

0 0B  ;    
r r cycleu u cycle

u u r r

cycle cycle

B B NB B N
B B B

a N b N

−−
= + = +

+ +
 (6) 285 

with B*
r0 = 0.065, B*

rmax = 0.215, a = 4; and Bu0 = 0.0054, Bumax = 0.037, b = 11 obtained by 286 

curve fitting. 287 

3.3.3. Tests with constant deviatoric stress 288 

The GSD for the test at constant deviatoric stress CYC-CDS (Series 3) is shown in Fig. 9. In 289 

this test, the sample was sheared up to q = 180 kPa with a = 0.1 % and p’ = 460 kPa after an 290 
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isotropic compression up to 400 kPa; then it was stress-controlled by changing the axial stress 291 

and the confining stress simultaneously, keeping constant the value of q and varying p’ from 460 292 

kPa to 140 kPa (q/p’ varies from 0.39 to 1.29, less than q/p’=1.46 of the constant-’3 test at 293 

’3=400 kPa) with three cycles. Such low values of q and p’max were applied to ensure that little 294 

grain breakage would be caused by the applied stresses during the first loading. Therefore, the 295 

test can be used to investigate the influence of the stress ratio (changing between 0.39 and 1.29) 296 

on grain breakage. Note that the deviatoric stress varies from 190 to 170 kPa with an average 297 

value of 180 kPa due to the lack of very accurate test control; this average value is considered for 298 

the interpretation. The stress-strain curve in Fig. 9(a) and the volume change in Fig. 9(b) show 299 

that only small strains developed during the test. The increase of the volumetric strain during the 300 

stages of decreasing p’ is mainly due to elastic unloading. The amount of grain breakage 301 

observed after testing was very small (Fig. 9c), which demonstrated that the cyclic change of 302 

stress ratios at moderate amplitudes had little influence on grain breakage. 303 

3.4. RELATION BETWEEN GRAIN BREAKAGE MEASURES AND PLASTIC WORK 304 

An energy input is needed for grains to break (see McDowell et al., 1996). We decided to 305 

adopt the plastic work as a measure of this energy and to link it to the breakage measures Bu and 306 

Br
* representing the evolution of GSD. Under axisymmetric loading condition, the plastic work 307 

wp defined in Eq. (2) can be expressed as follows 308 

 d dp p

p v dw p q = +  (7) 309 

where dv
p and dd

p are the volumetric and deviatoric plastic strain increments, respectively. The 310 

plastic strain increment can be calculated by subtracting the elastic strain increment to the total 311 

strain increment (dp = d-de) with dv
e = dp’/K and dd

e = dq/(3G). Under axisymmetric 312 

condition, d = 2(a-r)/3 and q = (a-r). The Macaulay function in Eq. (7) implies that the 313 

negative plastic work due to shear induced dilation (dv
p <0) does not influence grain breakage. 314 

Based on the stress-strain curves of all the above-mentioned tests, the plastic work was 315 

obtained by using Eqs. (3), (4) and (7). Then, Bu and Br
* were plotted versus the plastic work, as 316 

shown in Fig. 10. For both monotonic and cyclic loading tests, the evolution of GSD can be 317 
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expressed by a unique function of the plastic work, independent of the loading condition  318 

 * ;     
p p

u r

p p

w w
B B

a w b w
= =

+ +
 (8) 319 

with a = 6000 and b = 1000. Eq. (8) implies that the two breakage indexes increase 320 

asymptotically to the value of 1 when the plastic work increases. There is no further breakage 321 

once the ultimate grading is reached, which agrees with Coop et al. (2004). 322 

Therefore, the plastic work appears to be a suitable variable to determine Bu and Br
*, and 323 

therefore the evolution of the GSD, for different stress paths under both monotonic and cyclic 324 

loadings. 325 

4. INFLUENCE OF GRAIN BREAKAGE ON THE EVOLUTION OF CSL 326 

In the literature, three main methods for describing the influence of grain breakage on the 327 

CSL have been developed: (1) movement of CSL with the amount of plastic work (e.g., Biarez 328 

and Hicher, 1997; Daouadji et al., 2001); (2) direct description of CSL by one or several 329 

segments for different stress levels (e.g., Coop, 1990; Russell and Khalili, 2004; Bopp and Lade, 330 

2005); (3) movement of CSL with the change of the grading state index IG (see Kikumoto et al., 331 

2010). The concept of the CSL is based on the assumption that at the critical state the material 332 

remains at a constant volume while being subjected to continuous distortion. If ever the CSL is 333 

able to move with the change of grading due to grain breakage during loading, this concept 334 

becomes dynamic and its evolution needs to be specified. This study specifies the concept of 335 

critical state along above studies by defining the position of the CSL at a given loading stage, 336 

corresponding to the present gradation. 337 

For the tested material, in order to investigate whether the CSL moves or not when grain 338 

breakage occurs, drained triaxial tests at a confining stress of 100 kPa but with different stress 339 

histories (Fig. 11a) and tests with constant ’3 and constant p’ (Fig. 11c) were carried out (see 340 

Section 3.2.3). Based on the e-logp’ curves of the two tests in Fig. 11(a) with different amount of 341 

grain breakage (Fig. 6c), the hypothesis of a shift of the CSL can be justified. If we assume that 342 

the CSL evolves with grain breakage, we need to determine its initial position. For the limestone 343 
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grain material, it is difficult to measure the initial location of CSL, because it is very easily 344 

crushed even during triaxial tests at low confinement. We assumed that the test performed at the 345 

very low confining stress of 22 kPa could indicate the location of the initial CSL because the 346 

amount of crushing, if not completely null, was very limited and could not provoke a significant 347 

change in the GSD (Fig. 6c).  348 

Furthermore, it is debatable on whether the slope of CSL is dependent or not on the GSD 349 

(Biarez and Hicher, 1997; Daouadji et al., 2001; Bandini and Coop, 2011). For the sake of 350 

simplicity, we assumed in this study a constant slope of CSL. This trend is also in agreement 351 

with the change of the CSL with gradation found when fines are added to sands for a limited 352 

stress level (Thevanayagam et al., 2002). Therefore, the CSL ca, be written: 353 

 lnc ref c

at

p
e e

p


 
= −  

 
 (9) 354 

where ec is the critical void ratio corresponding to the current p’; eref is the reference critical void 355 

ratio for a reference stress (taken equal to pat for convenience); c is the slope of the critical state 356 

line in the e-lnp’ plane (Fig. 11b). 357 

Test results under different confining stresses in Fig. 11(b) show the shift of CSL with 358 

increasing confining stress due to increasing amount of grain breakage (Fig. 4c). Fig. 11(c) 359 

shows that the CSL for the constant ’3 test (’3 = 400 kPa) is lower than that for the constant p’ 360 

test (p’ = 400 kPa) due to more amount of grain breakage in the former test (Fig. 5c). Note that 361 

for the tests under high confining stresses it is difficult to reach the critical state (Fig. 4). In fact, 362 

as indicated by Bandini and Coop (2011) for crushable granular materials, a second (i.e. 363 

unloading and shearing) loading phase is usually needed to measure the critical state line. 364 

However, the tested limestone grains are easily crushed even under low confining pressures 365 

(Fig.4c). Therefore, in this study the final states at strain level of 25% for all tests were used to 366 

represent the “dynamic” critical state. This specific treatment does not affect the trend of the shift 367 

in the CSL. If the reference critical void ratio for each test is plotted as a function of the breakage 368 

measures Bu and Br
* (Fig. 12b), the evolution of the CSL location can be linked to the evolution 369 

of GSD, as follows: 370 



15 

 
*

0 0 *
  ;    u r

ref ref ref ref ref ref

u r

B B
e e e e e e

c B d B
= −  = − 

+ +
 (10) 371 

with eref0 = 1.43, eref = 0.5, c = 0.006 and d = 0.035 obtained by curve fitting. The proposed 372 

formulation for the evolution of the CSL location with the grain breakage measures takes a 373 

different form than the one proposed by Kikumoto et al. (2010) with the grading state index IG.  374 

Substituting Eq. (8) into Eq. Error! Reference source not found., the reference critical void 375 

ratio can also be directly related to the plastic work, as follows 376 

 
( ) ( )

0 0  ;    
1 1

p p

ref ref ref ref ref ref

p p

w w
e e e e e e

ac c w bd d w
= −  = − 

+ + + +
 (11) 377 

In Eq. Error! Reference source not found., the values of (1+c) and (1+d) can be taken 378 

approximately equal to 1 because the values of c and d are much smaller than 1. Thus, only ac 379 

and bd control the evolution rate of the CSL location with the plastic work. It was found that the 380 

fitting curves based on Bu and Br
* in Fig. 12(c) are very close with ac = 39 (based on Figs. 10a, 381 

12a) and bd = 35 (based on Figs. 10b, 12b). It should be noted that the CSL location cannot be 382 

directly measured in cyclic tests. If we assume that the results obtained from monotonic tests 383 

hold for more general loading condition, then the CSL location for cyclic tests can be estimated 384 

by using Fig. 12(c) and Eq. Error! Reference source not found.. This is a reasonable 385 

assumption, since the grain breakage measures appear to be a unique function of the plastic work 386 

for various loading conditions including monotonic and cyclic loadings (Eq. 8). 387 

Therefore, it appears suitable to use the breakage measures Bu and Br
* to determine the CSL 388 

location, which is of practical importance for constitutive modelling. 389 

5. APPLICATION OF RELATIONS TO OTHER GRANULAR MATERIALS 390 

The above relations between breakage measures, plastic work and CSL location based on 391 

the results obtained on the limestone grain material were applied to other materials: granite 392 

fragments (Kim, 1995), Cambria sand (Bopp and Lade, 2005; Lade and Bopp, 2005; Yamamuro 393 

and Lade, 1996), and Sydney sand (Russell and Khalili, 2004). 394 
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5.1. VALIDATION FOR DIFFERENT CRUSHABLE MATERIALS 395 

The granite fragments consist of sub-angular grains (made of quartz with feldspars) with 396 

sizes between 0.3 mm and 2 mm. The material has an initial uniformity coefficient Cu = 2.0, a 397 

median grain size D50 = 0.85 mm and a specific gravity Gs = 2.65 g/cm3. The minimum and 398 

maximum void ratios are 0.83 and 1.23, respectively. The initial eref0 = 1.28 and c = 0.088 were 399 

obtained adopting the correlation by Biarez and Hicher (1997). The relative uniformity, modified 400 

relative breakage index, CSL location and applied plastic work were obtained using drained 401 

triaxial tests carried out by Kim (1995) with confining stress of respectively 1 MPa, 5 MPa, 10 402 

MPa, 30 MPa and 60 MPa.  403 

Cambria sand consists of sub-rounded grains (made of quartz with small quantity of 404 

gypsum) with sizes between 0.83 mm and 2 mm, a median grain size D50 = 1.43 mm and with an 405 

initial uniformity coefficient Cu = 1.3. The minimum and maximum void ratios are 0.503 and 406 

0.792, respectively. The specific gravity is Gs = 2.69 g/cm3. The initial eref0 = 0.73 and c = 0.088 407 

were measured from drained and undrained triaxial tests under low confining pressures (100, 200, 408 

500 kPa) with no change of grading (Yamamuro and Lade, 1996), thus Biarez and Hicher’s 409 

correlation is not needed. The relative uniformity, modified relative breakage index, CSL 410 

location and applied plastic work were obtained using drained and undrained triaxial tests under 411 

high confining pressures up to 52 MPa (Bopp and Lade, 2005; Lade and Bopp, 2005; Yamamuro 412 

and Lade, 1996). 413 

Sydney sand is a predominantly quartz sand collected from sand dunes at Kurnell, Sydney. 414 

The sand has a median grain size D50 = 0.31 mm, initial uniformity coefficient Cu = 1.83, specific 415 

gravity Gs = 2.65 g/cm3. The minimum and maximum void ratios are 0.60 and 0.92, respectively. 416 

The initial eref0 = 0.97 and c = 0.07 were obtained from drained and undrained triaxial tests 417 

under low confining pressures (50, 150 and 200 kPa) with no change of grading (Russell and 418 

Khalili, 2004). The relative uniformity, modified relative breakage index, CSL location and 419 

applied plastic work were obtained using drained and undrained triaxial tests under high 420 

confining pressures up to 7.8 MPa (Russell and Khalili, 2004). 421 
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Using Eq. (8), the relative uniformity and the modified relative breakage index were plotted 422 

versus the applied plastic work in Figs. 13(a) and 13(b) respectively, for the three granular 423 

materials. Furthermore, using Eq. Error! Reference source not found., the reference critical 424 

void ratio was plotted with the relative uniformity and the modified relative breakage index in 425 

Figs. 13(c) and 13(d), respectively. Comparisons between experimental results and calculations 426 

demonstrate that the proposed relationships based on limestone grains are also suitable for other 427 

crushable granular materials. 428 

5.2. ANALYSIS OF MINERAL COMPONENT EFFECT ON GRAIN BREAKAGE  429 

As shown in Fig. 13, the values of a, b, c and d control the breakage amount and the CSL 430 

location, and thus can represent the ease of grain breakage and its effect on the mechanical 431 

behaviour of granular materials. The ease of grain breakage depends on several parameters 432 

linked to grain nature, grain size distribution, assembly void ratio. It has been shown by different 433 

authors that a badly graded material is more prone to grain breakage than a well graded one (see 434 

Lee and Farhoomand, 1967; Biarez and Hicher, 1997; Muir Wood and Maeda, 2007). For a given 435 

material more grain breakage occurs for a same stress amplitude when the void ratio is larger. 436 

This last result can be connected to the fact that a lower coordination number creates a higher 437 

concentration of the inner forces applied to the grains. There are several parameters describing 438 

the grain nature (Lo and Roy, 1973; Hardin, 1985; Coop, 1990; Lade et al., 1996; Nakata et al., 439 

1999; Leleu and Valdes, 2007): mineralogy, shape, size, degree of alteration, and so on. All these 440 

parameters play a significant role in the crushing of the grains. In this study we focus on the 441 

influence of the mineralogy, which is an important factor relating to the grain breakage according 442 

to Lo and Roy (1973) and Leleu and Valdes (2007). The granular materials examined above have 443 

all similar grain sizes and similar grain size distributions characterized by a uniformity 444 

coefficient Cu between 1.3 and 2. We will, therefore, examine the eventual links between the 445 

values of the material constants determined previously and the grain mineral components. In 446 

order to examine the possible links, we carried out analyses of the mineral components of the 447 

selected materials. 448 
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The Mohs scale characterizes mineral hardness, and it is often adopted to represent the 449 

nature of the mineral constituting the rock material. Because of a lack of data concerning the 450 

individual grain strength for the selected sands, we adopted in this study the Mohs hardness as a 451 

mineral index to investigate the mineral effect on the rate of grain breakage due to plastic work 452 

and the rate of CSL movement due to grain breakage. It is clear that this index can only be 453 

considered as a rough estimate of the mechanical properties of the grains. According to their 454 

mineral contents, the values of hardness for all selected materials were estimated based on 455 

Cordua’s work (Cordua, 1998) as follows: (1) For the limestone grains, the hardness is estimated 456 

between 3 and 4 with an average value of 3.5; (2) for the granite fragments consisting of quartz 457 

with feldspars, the hardness of quartz is 7 and the hardness of feldspars varies from 2 to 6 458 

depending on weathering. Thus, we retained a hardness varying from 4.5 to 6.5 with an average 459 

value of 5.5; (3) for Cambria sand consisting of quartz with a small quantity of gypsum, the 460 

hardness of gypsum is 2. Assuming that less than 10 % of gypsum exists in Cambria sand, we 461 

retained a hardness varying from 6.5 to 7 with an average value of 6.75; (4) for Sydney sand 462 

which is predominantly a quartz sand, we retained a hardness of 7. 463 

The values for the constants a, b, c and d were plotted versus Mohs’ hardness ranges and 464 

mean values for all selected materials in Fig. 14. The evolutions of a, b, c and d with the 465 

hardness appear all similar (Figs. 14a-b). The values of ac and bd are very close for each material, 466 

as already obtained for limestone grains (Fig. 14c). The evolution of ac and bd with the hardness 467 

follows the same pattern as the ones obtained for each individual constant and can be expressed 468 

by the following equation 469 

 mH
y e

=  (12) 470 

where y represents a, b, c, d, ac or bd; Hm is Mohs’ harness; the values of the parameters  and  471 

can be determined from Fig. 14. For instance, for ac or bd we obtained:  = 0.33 and 472 

 =  From Fig. 14, we can conclude that the mineral component may also be a very 473 

important factor influencing the grain breakage of materials.  474 
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6. CONCLUSIONS 475 

Clasts fragmentation is a key issue in assessing the evolution of mechanical properties of 476 

granular materials subjected to compression and shearing, especially under high confining 477 

stresses and dynamic loadings, such as those that can occur during the runout of rock and debris 478 

avalanches. In this work, we first discussed existing measures for the amount of grain breakage. 479 

We selected the modified relative breakage index Br
* by Einav (2007) as a convenient measure 480 

for the engineering practice. For more convenience, we proposed the use of the relative 481 

uniformity Bu, based on the evolution of the uniformity coefficient Cu, that is widely used to 482 

characterize the GSD. 483 

Triaxial tests with different stress paths under both monotonic and cyclic loadings on 484 

limestone grain assemblies have been carried out. Based on experimental observations, the 485 

evolution of the breakage measures Bu and Br
* have been shown to be both a hyperbolic function 486 

of the plastic work, independently of the nature of the loading. Furthermore, the shift of the 487 

critical state line due to grain breakage was also investigated. Based on the results obtained on 488 

the limestone grains, a relation between the breakage measures and the CSL location was 489 

proposed. In this way, the shift of the CSL can be determined at any stage of a mechanical 490 

loading by calculating the plastic work. 491 

The relations between breakage measures, plastic work and CSL location were applied to 492 

other granular materials: granite fragments, Cambria sand and Sydney sand. The results showed 493 

that the relations based on limestone grains were also suitable for other crushable granular 494 

materials. 495 
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Fig. 1. Illustration of different measures of grain breakage. 708 

 709 

   710 

(a)            (b) 711 

Fig. 2. Photographs of a tested sample: (a) before testing, and (b) after testing under constant p’ = 712 

400 kPa. 713 
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Fig. 3. (a) Deviatoric stress-strain curves of drained triaxial tests under constant confining 715 

stresses at 50 kPa and 100 kPa, and (b) isotropic compression tests in e-log(p’) plane. 716 
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Fig. 4. Drained triaxial tests under constant confining stresses varying from 22 to 800 kPa: (a) 719 

stress ratio versus axial strain, (b) volumetric strain versus axial strain, (c) grain size 720 

distributions. 721 
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Fig. 5. Comparison of drained triaxial tests under constant confining stress and under constant p’: 724 
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(a) stress ratio versus axial strain, (b) volumetric strain versus axial strain, (c) grain size 725 

distributions. 726 
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Fig. 6. Comparison of drained triaxial tests with different consolidation histories: (a) stress ratio 729 

versus axial strain, (b) volumetric strain versus axial strain, (c) grain size distributions. 730 
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Fig. 7. Comparison of drained triaxial tests with different stress strain levels: (a) deviatoric stress 733 

versus axial strain, (b) volumetric strain versus axial strain, (c) grain size distributions. 734 
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Fig. 8. Comparison of drained triaxial tests with different number of cycles: (a) deviatoric stress 738 

versus axial strain, (b) volumetric strain versus axial strain, (c) grain size distributions, (d) Bu and 739 

B*r versus number of cycles. 740 
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Fig. 9. Results of drained triaxial tests with constant deviatoric stress: (a) deviatoric stress versus 743 
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axial strain, (b) volumetric strain versus axial strain, (c) grain size distributions. 744 
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Fig. 10. (a) Relative uniformity versus plastic work, and (b) modified relative breakage index 747 

versus plastic work. 748 
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Fig. 11. Movement of CSL in e-log(p’) plane for: (a) tests with different consolidation stress 751 

histories, (b) tests with different confining stresses, and (c) tests with different stress paths. 752 
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Fig. 12. (a) Reference critical void ratio versus relative uniformity, (b) Reference critical void 755 

ratio versus modified relative breakage index, and (c) Reference critical void ratio versus plastic 756 

work. 757 
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Fig. 13. (a) Relative uniformity versus plastic work, (b) Modified relative breakage index versus 761 
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plastic work, (c) Reference critical void ratio versus relative uniformity, (d) Reference critical 762 

void ratio versus modified relative breakage index. 763 
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Fig. 14. (a) a and b values versus Mohs’ hardness of materials, (b) c and d values versus Mohs’ 766 

hardness of materials, (d) ac and bd values versus Mohs’ hardness of materials. 767 




