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Abstract

An atomistic-continuum multiscale approach is developed to simulate the
nonlinear dynamic behavior of simply-supported single layer graphene sheets subject
to a uniformly distributed out-of-plane load. The dynamic equation of motion is derived
and solved by the Newmark-f method. The evolution of surface morphology and the
nonlinear effect in terms of geometric and material nonlinearities can be captured by
iteratively updating the system stiffness. It is found that the natural frequency of simply-
supported graphene sheets almost remains constant when the external load is in a small

range. The present solutions are in good agreement with those results obtained from the
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linear vibration analysis by a semi-analytical method. As the applied load increases
continuously, this gives rise to an elongation of graphene to increase the natural
frequency. Based on the numerical approach, the surface morphology evolution of

graphene can be visualized and explored.
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approach; Natural frequency; Surface morphology evolution



1. Introduction

Graphene exfoliated from bulk graphite is the first isolated two-dimensional
material with a hexagonal lattice [1, 2]. Since the discovery of graphene, its superior
properties in chemical, electrical and mechanical aspects have advanced various fields
in nanoscience and nanotechnology. Many scholars have devoted great efforts on
graphene and countless research findings have unfolded the significance of this new
carbon allotrope. Among various promising applications of graphene, one important
usage is in nano-electromechanical systems (NEMS) [3-8], involving electromagnetic
sensors [3], advanced resonators [5], energy harvesters [7] and bistable actuator [8].
This is mainly due to its high Young’s modulus (in TPa order) and ultrahigh resonance
frequency (in THz order). In addition, graphene is also an ideal hydrogen storage
material as it has a large surface area to absorb hydrogen atoms [9, 10]. Hence, a
comprehensive study for the dynamic characteristics of graphene, especially the large
amplitude vibration behaviors [11-15], is highly desired for the design of nano-devices.

A series of theoretical studies have been reported on the vibration behavior of
graphene such as ab initio methods, density functional theory simulations, molecular
mechanics/dynamics, space frame approach, and classical/nonlocal continuum models.
He et al. [16] used a stacked plate model to investigate the linear vibration of multi-
layer graphene sheets. They found that the van der Waals interaction does not have
influence on the lowest natural frequency, but it can significantly affect the higher-order
natural frequencies. Subsequently, they also studied the nonlinear forced vibration of

multi-layer graphene sheets [17], in which the research finding can be applied to design



the separation of a multi-layer graphene sheet into a few-layer or even a single-layer.
Mianroodi et al. [18] adopted a membrane model to study the large amplitude vibration
of single layer graphene sheets. By increasing either the pre-tension or the initial
velocity can enhance the nonlinear fundamental frequency of graphene sheets, the
former one plays a dominant role and can weaken the effect of the latter one to a
negligible effect.

In addition, Sadeghi and Naghdabadi [19] introduced a hybrid atomistic-structural
element that is capable of modelling nonlinear behavior of graphene sheets. Singh and
Patel [20] employed a multi-scale model to incorporate the Cauchy-Born rule with a
standard finite element method for the nonlinear analysis of graphene sheets. The
results showed that the geometric nonlinearity contributes a dominant hardening effect
as compared to the material nonlinearity. It is also found that the graphene sheets with
simply-supported constraints can also exhibit a greater hardening nonlinear effect than
those with clamped boundaries. Along with the nonlocal elasticity theory, Shen et al.
[21] used molecular dynamics simulations to study the nonlinear transverse vibration
response of bilayer graphene sheets in thermal environments. They pointed out that the
nonlinear vibration response of bilayer graphene sheets is much sensitive to the small
scale effect as well as the temperature change, but it is not dependent on the nonlinear
van der Waals interaction coefficient. Furthermore, Naderi and Saidi [22] studied the
nonlocal postbuckling behavior of both uniaxially and biaxially loaded graphene sheets
in a nonlinear polymer medium. Zhu et al. [10] also investigated the nonlinear dynamics

and bifurcation of Al-doped graphene impacted by hydrogen atoms.



The aforementioned studies emphasized on the significance of the nonlinear
vibration characteristics of graphene in many engineering applications. Among all
methods employed, atomistic-based methods are successful to trace atomic trajectories
but at the cost of high computational resource. In addition, continuum methods always
work with the help of introducing some external parameters, which are not stationary
and size-dependent, e.g., elastic constants. In this paper, we use a bottom-up method,
namely the atomistic-continuum multiscale method [23, 24], for the nonlinear vibration
analysis of simply-supported graphene sheets. This newly developed approach not only
takes the advantage of tracing atomic trajectories as an atomistic-based method, and
also it possesses high-performance computation as a continuum method.

The atomistic-continuum multiscale method incorporates the higher-order
Cauchy-Born rule to link the deformation of covalent bond vectors and the
macroscopical deformation gradients. On one hand, the real nonlinear stress-strain
relationship is directly obtained from the atomic interactions, which can be described
by the widely used Tersoff-Brenner empirical interatomic potential [25, 26]. Therefore,
the material nonlinearity can be captured by updating the built stiffness matrix at each
iterative time step. On the other hand, the built stiffness matrix that depends on the
involved higher-order gradients has a significant effect when studying the large
amplitude vibration of graphene sheets. The Newmark-f method [27] is then used to
solve the dynamic equation, and thus the real-time morphology evolution of simply-
supported single layer graphene sheets under arbitrary external excitations can be traced.

Moreover, the effects of both geometric and material nonlinearities are captured to



investigate its dynamic properties. By using the fast Fourier transform algorithm, the

forcing natural frequencies of graphene sheets can also be determined.

2. Atomistic-continuum approach
2.1 Higher-order Cauchy-Born rule

A two-dimensional initial equilibrium planar graphene can be described by
introducing three geometrical parameters 4,, 4,, and @, which are the uniform
longitudinal stretch, transverse stretch and shear strain, respectively. According to the
repeated hexagonal lattice of a graphene sheet, i.e., the branch-like structure in Fig. 1,
the center atom covalently surrounded by three neighboring atoms with an angle of
120° is selected as a representative cell. The mapping relationship between the initial

equilibrium graphene and the reference one is [24]

x, =A4X, (1)
x, =A4X,sinf0+4,X,

in which x=x(x,x,) and X=X(X,,X,) are nodal coordinates in the initial
equilibrium and reference configurations, respectively.

A recently developed multiscale method, namely the atomistic-continuum
multiscale approach [24], is on the basis of the Cauchy-Born rule. Such a rule can offer
a refined linkage between the deformation of lattice vectors at a nanoscale and the
deformation gradients in a macroscopic continuum field. When this Cauchy-Born rule
is directly used to study one-atomic thick structures, e.g., carbon nanotube and graphene,
a zero bending stiffness is found [28]. To overcome this challenge, the higher-order

gradient Cauchy-Born rule was proposed to capture the bending effect [29, 30]. Based
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on the modified Cauchy-Born rule, Sun and Liew [31, 32] developed a mesh-free
computational framework to realize the whole numerical simulation for buckling
analysis of carbon nanotubes. This multiscale approach can exhibit superior
computational performance as the numerical simulation is carried out at a macroscopic
continuum viewpoint rather than at a nanoscale. Moreover, it can capture the
information of atomic structures and its atomic interactions.

Owing to the Bravais multi-lattice characteristics in graphene, it is non-
centrosymmetric in nature. In order to maintain the minimum potential of a system, an
inner shift vector 1 is introduced. The bond vector between I™ and J® atoms in the

current configuration r, can be calculated by that in the reference one R,, as [33]

1
r,=F-(R,+n)+ EG IR, +M)® (R, +1)] (2)

2
in which F=% and G=
oxX

— are, respectively, the first-order and second-order

deformation gradient tensors determined by the macroscopic continuum deformation in
Eq. (1).

As a widely used empirical potential, the Tersoft-Brenner multi-body potential is
applied to calculate the atomic interactions [25, 26], and the second set of parameters
is employed in this study. The energy stored in the system is a function of the bond
energy and the energy per atom, it can be calculated by adding the neighboring three

bond energy levels together as follows
1 3
W(F.Gow) == V(s riory) =V [F.Gom] 3)
J=1

As indicated, the hexagonal lattice of graphene is not centrosymmetric. For a given
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deformation description, the inner shift N can be determined by

ov;
—=0 4
on (4)
Equations (3) and (4) imply that the strain energy is only dependent on the first-order

and second-order deformation gradients F and G.

Define the area strain energy density as

o,(F,G) = VV[[F,G(,):](F,G)]’ . V,[F,G;;[](F,G)] .

343
in which Q, is the average area per atom Tr02 with 7 being the C-C bond length

in the initial configuration. To obtain the initial equilibrium configuration of graphene,
we minimize the potential of those representative cells. An arbitrary initial guess of the
C-C bond length can be used without any influence on the initial equilibrium
configuration. In the present study, the C-C bond length is semi-analytically determined

to be 0.14507 nm.

For the sake of completeness, the vector grad = [F G] denotes a combination of
the first-order and second-order deformation gradients. According to Eq. (4), the stress

tensor O and the tangential moduli matrix M can be finally determined [34, 35]

. oo, on(F,G(F,G)) oy _l_% om0y
ograd ograd ograd oOn ograd Ograd

(6)

Mo 0’ _ 0 ( O, - 0y, . 0%y, on,
ograd ®ograd oOgrad ograd® oOgrad®ograd ograd ® on ograd

(7
From the mapping relationship in Eq. (1), the first-order and second-order
deformation gradients are only relatedto 4, 4, and &.Hence, Eq. (5) can be written

as

vWIF,G,nl=v(4,4,,0,1,,1,) (8)



Denote A= x(@,&z,e, 771,772), then the geometrical parameters (A4,, 4,, @) and the
inner shift variables (7,,77,) can be determined by minimizing the potential of a

representative cell

M

= 0 ()]

Then, the Newton-Raphson method is applied to iteratively solve Eq. (9).

2.2. Dynamic equation by mesh-free method
The above-mentioned initial equilibrium graphene is used as a reference
configuration when studying the surface morphology evolution of graphene sheets

under external field stimuli. Consider the deformation process as

X, =X +u,
X, =x,+u, (10)
X3 =Us

in which (u1, w2, u3) are the nodal displacements of a relative to its undeformed
counterparts along x1, x> and x3 directions, respectively. The mesh-free method on the
basis of a moving Kriging (MK) interpolation [36-38] is adopted to accomplish the

nodal displacements
U =10(d,,0,,0,)" =) du, =®U (11)
i=1

where w, = (u,,u,,u;)" is the /™ nodal displacement, while @ is the MK
interpolation at the i node, and # is the total number of nodes covered in the compact
support domain. In the MK interpolation, a circular compact support domain is used.
The detailed procedures for the MK interpolation can be referred to the previous works,

which have been well constructed to model carbon nanotubes and graphene [24, 36,
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371.

Based on the Hamilton’s principle, the dynamic equation of graphene can be
derived. The real solution of the motion during a time period ¢~ #; is determined by the
minimization of the Lagrangian function as given by
5 j (E(t) =W (£)+ L(t))dt = 0 (12)
where E(f) and W(¢) denote the kinetic energy and the elastic energy stored in the system,
respectively, while L(¢) is the total work done by external forces on the body. The kinetic

energy and the elastic energy of the system are given by

5 j E(t)dr=5| . j% pU()" U (t)dVde =-| "S(0(0)") [ 0’ @0 ()dvdr (13)
1 4 v ] v
5 5ol T 62600 [ ~ T T ~

5th W(r)dz=5jtl .V[Egrad mgraddth:L U0, i (L®)"MLOU(dvd: (14

5 j L(nde=5[" [U@ (Ve = [ 5(0(0)") [ @"F(r)dvde (15)
1 [t v it v

where O is the area mass density calculated by m, /€ with m. being 1.9943x107

Substituting Eqs. (13)-(15) into Eq. (12), we have
j (0" | po'@U(e)dVde + j 5(ﬁ(z)T)j(ch)TMLofJ(z)dth = j PUGR) j O"f(¢)dVds (16)

Thus, the dynamic equation of the system becomes

[lp@ " @U ")+ (L®) MLOU(1)]dV = [@"F()dV (17)

Vv

The Newmark-f method [27] is then employed to solve Eq. (17). We assume that a

linear variation of the accelerated velocity during the time period ¢~ t+At is

U'(t+At) = ﬁ'(t)+[(1—5)ﬁ"(t)+5ﬁ "(t +At)]m (18)
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U(t+At) =01+ U'(H)At+ K%— ﬁjﬁ"(t) + AUt + At)}Atz (19)

Then, the accelerated velocity and the velocity can be expressed as,

(7 _ r T _L AT L_ 7

U(t+At)—ﬁAt2 (U(t+At) U(t)) ﬁAtU(t) (2ﬁ IJU(t) (20)

ﬁ’(t+At)=L(fJ"(t+At)—x)+ =2 0+ 1-— |act Q1)
PAt t B 2p

Based on Egs. (20) and (21), the dynamic equation (17) at the time step #+/\¢ can then

be re-written as

K(t+At)- U(t+ At) = f(t + At) (22)
in which
K(t+At) = j [(L®)"M(t+A)L®]V + J . j[ P® @V (23)
v PAL S
. - 1. A
— T T o an - " 24
f(t+At) icp f(t+At)dV + i [p® CI)]dVL;AtZ U(t) + o U'(t)+ ( 2 IJU (t)} (24)

Assume f (t): 0, Eq. (17) is then degenerated to a linear free vibration problem.

Consider the field function ﬁ(t) = Aexp(iwt), Eq. (17) can be re-written as:

j [(L®)"ML® — &’ p®"®]0dV =0 (25)
V
where @=2xf isan angular frequency. For brevity and simplification, we define

K= j (L®)"ML®dV ,and M, = j PO @AV (26)
14 Vv

In Eq. (25), the natural frequencies and its associated vibration modes can be obtained
by using a semi-analytical method. In the linear vibration analysis, both geometric and

material nonlinearities are neglected and the results are used for comparison.

3. Results and Discussion
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In this section, numerical simulations based on the above-mentioned approach for
the nonlinear free vibration of simply-supported rectangular graphene sheets are carried
out. Besides, the linear free vibration analysis is also conducted for comparison. A
numerical scheme with mxm nodes along both longitudinal and transverse directions of
a simply-supported graphene sheet is considered.

In many previous studies, it is found that the chirality is an insignificant factor on
the mechanical behavior of graphene. Therefore, this paper focuses on the effect of
graphene size but not the type of graphene. A graphene type (n, n)/(n, 0) with n
hexagons along both armchair and zigzag edges is selected for analysis. Figure 1 shows
a schematic diagram for a (10, 10)/(10, 0) graphene sheet. Using the atomistic-
continuum approach, the bond length 7. in the initial equilibrium graphene is
determined to be ~0.14507 nm by a structural optimized process. Hence, the size of a
(n, n)/(n, 0) graphene sheet can be evaluated by 3nr,__ x \/gnrcfc.

The linear free vibration of graphene sheets, in terms of natural frequency and
vibration mode, can be performed as described in Section 2. A series of nodal
arrangement schemes are conducted for comparison and convergence studies. The first
ten natural frequencies for the linear free vibration of simply-supported graphene sheets
with different sizes, i.e., (10, 10)/(10, 0) and (20, 20)/(20, 0), are listed in Tables 1 and
2, respectively. Only a slight deviation occurs in the 9x9 case as compared to other
cases, the tabulated data are quite closed to confirm its good accuracy and
computational stability. It is independent of the system size in the present atomistic-
continuum approach. Such an exciting computational accuracy with high performance

12



examines this atomistic-continuum multiscale approach to be promising for a whole
numerical simulation in large and complex systems as compared with the atomistic
simulation approaches, e.g., ab initio methods and classical molecular dynamics. For
example, a (10, 10)/(10, 0) graphene sheet contains 420 atoms and thus the degree of
freedom of the system is 4203 in atomistic simulation, while which is only 169%3 in
our present multiscale method when using the 13x13 nodal scheme. When the sample
increases to a (20, 20)/(20, 0) graphene sheet, the degree of freedom of the system
increases up to 1640%3 in atomistic simulation, while the 13%13 nodal scheme in the
multiscale method can steadily achieve a good prediction for the nonlinear dynamic
behavior of graphene. Another key issue of the atomistic simulation approaches is the
small time step problem, which can often limit the study to a nano-second level problem.
It is required to set as 1 /s due to the limit of lattice sizes. However, it is beneficial from
the larger distance between neighboring nodes in the multiscale method than that of the
lattice constants, the time step can be up to 5 fs for simulating (10, 10)/(10, 0) graphene,
and even continuously increases to 10 fs for (20, 20)/(20, 0) graphene without
influencing the accuracy of capturing the nonlinear effects (as discussed in Figs. 3 and
8). The first twelve vibration mode shapes of (10, 10)/(10, 0) simply-supported
graphene sheets are also plotted in Fig. 2.

The real-time morphology evolution of graphene under external out-of-plane loads,
involving geometrical and material nonlinearities, can be iteratively calculated by the
Newmark-£ method. Fig. 3 shows the deflection at the midpoint of (20, 20)/(20, 0)
simply-supported graphene sheets under two different out-of-plane uniformly

13



distributed loads (10~ eV/nm? and 102 eV/nm?). The curves almost coalesce together
in both figures, this confirms the present atomistic-continuum multiscale approach with
good convergence to investigate the dynamic behavior of graphene again. The enlarged
drawing in Fig. 3(a) demonstrates that the nodal schemes 9%9 and 11x11 sit nearly on
the two sides of the other three schemes, while the nodal scheme 9x9 is parallel to the
other four schemes but with no conspicuous deviation in Fig. 3(b). It is also noteworthy
that the wavenumber increases during the same simulation time as the external load
increases. In other words, the nonlinear effect becomes noticeable as the external load
increases, and it plays a significant role on the natural frequency of graphene. In the
subsequent analysis, the nodal scheme 13x13 is adopted to investigate the nonlinear
effect in terms of geometric and material properties on the dynamic behavior of
graphene.

The effect of nonlinearity is closely related to the deformation of graphene subject
to external loads. Figure 4 demonstrates the deflection at the midpoint of (20, 20)/(20,
0) simply-supported graphene sheets under various uniformly distributed out-of-plane
loads, ranging from 107 to 102 eV/nm®. The time step is set as 10 f5. As mentioned
before, the wavenumber increases as the external load increases. By using the fast
Fourier transform algorithm, the corresponding frequency spectra for simply-supported
graphene sheets under various external loads are presented in Figure 5. It is obvious
that the highest peak occurs at 0 Hz. This is because that the graphene sheets will seek
a new equilibrium state to adapt the imposed loads. In terms of a physical perspective,
the motion of the system contains not only periodic vibration but also translation motion
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under a constant load, of which the period is infinitely long. In Fig. 5, the curves show
that the translation motion pre-dominates most of the system energy and then the
fundamental vibration. In another aspect, as shown in Fig. 4, the dynamic deflection at
the midpoint of the graphene sheets under a load of 0.01 eV/nm? is ~0.059 nm, which
corresponds to a static deflection of graphene under a load of 0.02 eV/nm? [24], as
expected. The curves demonstrate that the fundamental frequency is extracted to be
0.0354 THz when a small load (e.g., 10 eV/nm?) is imposed. This is in good agreement
with the linear free vibration analysis, i.e., 0.0348 THz with less than a 2% difference.
As the external load increases, the fundamental frequency increases slowly first and
then sharply when the load is larger than 102 eV/nm®. When the load increases to 10~
eV/nm®, the fundamental frequency increases to 0.0638 THz accordingly, with about
an 80% amplification. We also found that the amplitude increases almost linearly when
the load is less than 107 eV/nm?, see Figs. 5(a)-5(c). This corresponds to a small
deformation problem and the elongation of graphene can be neglected with no obvious
influence on the results, but the effect becomes nonlinearly when the load goes beyond
107 eV/nm?, see Figs. 5(c) and 5(d).

The nonlinear vibration behavior of graphene sheets with different sizes is also
investigated in detail. Figures 6-9 depict the time history responses and the
corresponding frequency spectra of simply-supported graphene sheets (i.e., (15, 15)/(15,
0) and (10, 10)/(10, 0)) under various uniformly distributed loads. In Figs. 4, 6 and 8,
the curves demonstrate that the fluctuation of the deflection at the midpoint of simply-
supported graphene sheets becomes pronounced as the external load increases. As a

15



matter of fact, this is due to the higher-order natural frequencies. When the load
increases, the proportion of the second natural frequency becomes larger. From the
frequency spectrum curves, it is also found that the decrease of the graphene size gives
rise to an increasing effect on the fluctuation. Besides, the same phenomenon that the
highest peaks occur at 0 Hz in Fig. 5 is found in both Figs. 7 and 9.

In Figs.10-12, the variation of the fundamental and higher-order natural
frequencies of these three types of graphene sheets is presented. These figures clearly
show that the fundamental frequencies for these three types of graphene sheets keep
almost unchanged when the external load is small. To clearly illustrate this issue, we
take the (10, 10)/(10, 0) case as an example. When the external load is 10" eV/nm?, the
fundamental frequency is 0.1400 THz. It is in good agreement with that obtained from
the linear vibration analysis, i.e., 0.1393 THz. When the external load reaches to 10
eV/nm?>, a hundredfold as large as the previous one, it increases to 0.1440 THz, with
only a 3.4% amplification. As the load continues to increase, e.g., 0.05 eV/nm’, it
increases to 0.1821 THz, ~30% amplification, and then to 0.2201 THz as the load
increases to 0.1 eV/nm?®, ~58% amplification. The same tendency is also observed in
the higher-order natural frequencies for all three sizes of graphene sheets. Besides, they
can also be determined by the surface morphology evolution depicted in Fig. 13 as
compared with the vibration modes presented in Fig. 2.

In addition, the atomistic-continuum multiscale approach can also be used to trace
the evolution of graphene under arbitrary excitations such as pulse excitations. The
deflection at the mid-point of these three types of graphene sheets under different pulse
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time steps are plotted in Figs. 14-16. Similarly, the fluctuation of the amplitude occurs
and becomes evident under the effects of the pulse time and the graphene size. Figures
17-19 show the frequency spectra of simply-supported graphene sheets under different
pulse excitations. The relationship between the natural frequency and the pulse time is

also illustrated. As expected, the natural frequency increases as the pulse time increases.

4. Concluding remarks

An atomistic-continuum multiscale approach to investigate the nonlinear dynamic
behavior of graphene, in terms of both geometric and material nonlinearities, has been
developed. The nonlinear effect on the dynamic behavior of graphene can be captured
by iteratively updating the system stiffness when it is subject to external loads. As
compared with the results obtained by a semi-analytical method, the present method is
highly accurate to trace the evolution of surface morphology. The results demonstrate
that the nonlinear effect becomes pronounced in both fundamental and higher-order
natural frequencies as the external load increases. The size of graphene has also an
evident effect on the dynamic behavior. As the graphene size decreases, the proportion
of the higher-order natural frequencies becomes larger. The present investigation offers

a better understanding for the nonlinear dynamic behavior of graphene sheets.
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Table 1 Convergence and comparison of natural frequencies for the linear free vibration

ofa (10, 10)/(10, 0) simply-supported graphene sheet.

Mode Natural frequency (THz)

No. 9%9 11x11 13x13 15x15 17x17 19x19  25x25
1 0.1379 0.1391 0.1393 0.1393 0.1393 0.1392 0.1390
2 0.2457 0.2459 0.2457 0.2454 0.2451 0.2448 0.2441
3 0.4117 0.4159 0.4172 0.4177 0.4179 0.4179 0.4175
4 0.4444 0.4413 0.4419 0.4435 0.4451 0.4463 0.4484
5 0.5564 0.5572 0.5576 0.5588 0.5594 0.5597 0.5589
6 0.6131 0.6384 0.6473 0.6519 0.6544 0.6558 0.6577
7 0.7259 0.7395 0.7423 0.7436 0.7436 0.7430 0.7396
8 0.8395 0.8974 0.9254 0.9405 0.9460 0.9478 0.9548
9 0.9270 0.9644 0.9515 0.9466 0.9493 0.9544 0.9621
10 0.9929 0.9701 0.9847 0.9897 0.9915 0.9915 0.9879
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Table 2 Convergence and comparison of natural frequencies for the linear free vibration

of'a (20, 20)/(20, 0) simply-supported graphene sheet.

Mode Natural frequency (THz)

No. 9%9 11x11 13x13 15%15 17x17 19x19  25x25
1 0.0345 0.0348 0.0348 0.0348 0.0348 0.0348 0.0348
2 0.0614 0.0615 0.0614 0.0614 0.0613 0.0612 0.0610
3 0.1029 0.1040 0.1043 0.1044 0.1045 0.1045 0.1044
4 0.1111 0.1103 0.1105 0.1109 0.1113 0.1116 0.1121
5 0.1391 0.1393 0.1394 0.1397 0.1399 0.1399 0.1397
6 0.1533 0.1596 0.1618 0.1630 0.1636 0.1640 0.1644
7 0.1815 0.1849 0.1856 0.1859 0.1859 0.1858 0.1849
8 0.2099 0.2244 0.2313 0.2351 0.2365 0.2369 0.2387
9 0.2317 0.2411 0.2379 0.2367 0.2373 0.2386 0.2405
10 0.2482 0.2425 0.2462 0.2474 0.2479 0.2479 0.2470
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Fig. 1. Atomic structure of a (10, 10)/(10, 0) graphene sheet.
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Fig. 2. Contour plots for the first twelve modes of a (10, 10)/(10, 0) simply-supported

graphene sheet.
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Fig. 18. Frequency spectra for a (15, 15)/(15, 0) simply-supported graphene sheet under
0.1 eV/nm? at different pulse time (a)-(d), and natural frequency versus pulse time (e).
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Fig. 19. Frequency spectra for a (10, 10)/(10, 0) simply-supported graphene sheet under
0.1 eV/nm? at different pulse time (a)-(d), and natural frequency versus pulse time (e).
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