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Abstract

A theory for determining the effective refraction index of carbon nanotube array thin film is
developed based on Fresnel’s equation of wave normals. Here, the theory of a metallic film is
used to determine the reflectivity and then to analyze the results of previous experiments on the
optical properties of vertically aligned carbon nanotube arrays for different polarized incident
lights. Both transverse electric-polarized lights and transverse magnetic-polarized lights are
investigated, and the results agree well with the available experimental data. In a different case,
when considering the weighted average of the polarized lights, the theoretical reflectivity for a
non-polarized incident light is in excellent agreement with the experimental data. The
refraction efficiency of a grating-patterned carbon nanotube array thin film is also investigated
using the Fraunhofer diffraction theory. Based on the comparison of the theoretical and
experimental results, it is concluded that the proposed theoretical model reveals the optical

behavior of a carbon nanotube array thin film.
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1. Introduction

Nanomaterials and nanostructures have attracted much research attention and interest
because of their unique characteristics, which are derived from their special topology and nano-
metric dimensions [1]. Vertically aligned carbon nanotube (CNT) arrays can be grown on
nickel-coated glass [2] or quartz substrates [3] by catalytic chemical vapor deposition. The
vertically standing CNTs can be transferred, through special processing and handling, so that
they are aligned parallel to the substrate surface and are also virtually parallel to each other [4].

CNT arrays in which the CNTs are grown normal and parallel to the substrates are called /3 -

aligned CNT arrays and a-aligned CNT arrays, respectively [5]. In the past two decades, the
optical characteristics of these kinds of arrays have been explored in several experimental and
theoretical studies [4-13]. As the dielectric function differs for lights that are polarized parallel

(s polarization) and normal ( p polarization) to the CNTs, the CNT arrays display birefringent

characteristics [1, 4]. Birefringent materials have an optical refractive index that depends on the
polarization and propagation direction of light. To determine the effective dielectric functions
of aligned CNT arrays, several methods including the Maxwell-Garnett approximation [1],
effective medium approximation [5] and Fourier expansion [6] have been reported. To explain
the birefringence observed by Deheer et al. [4], previous studies have mainly focused on « -
aligned CNT arrays, although S-aligned CNT arrays have also attracted much recent attention.
By measuring reflectivity in the visible and near infrared ranges, de los Arcos et al. [8] presented
a non-destructive approach for characterizing CNT arrays and proposed a simple model for
determining their thickness and porosity. Most of their models focused on the optical behavior
of transverse electric (TE)-polarized light, while the transverse magnetic (TM)-polarized
component was not discussed [10].

In addition to the extensive studies on the special optical properties of CNT arrays, the

effects of the mirage generated by heated CNT thin films [14, 15] and the thermo-acoustics of



nano-structures and CNT thin film [16-20] have been investigated. Most recently, studies have
shown that a vertically aligned CNT array is an excellent black body [21-28] capable of
absorbing light from the visible to the far-infrared frequency range because of the approaching-
unity effective refraction index and highly anisotropic nanoscale filamentary structure [13, 21].
CNT arrays are therefore promising candidates for application in solar cells [29], radiometers
[30-32] and photonic devices [25]. The diffraction phenomena in grating-patterned [10] and
circular-patterned [33] CNT array thin film have also been experimentally investigated. Hsieh
et al. [10] examined the diffraction efficiency for different incident angles and detection angles,
and also reported the influence of convex and concave bending of CNT array thin film on the
diffraction efficiency.

In this study, the reflection of such CNT arrays is investigated theoretically for both TE-
and TM-polarized lights by treating the aligned CNT arrays on a substrate as an effective
uniaxial absorbing crystal. Different from previous studies, which only considered the effective
ordinary or extraordinary dielectric functions [8, 25], the effective refractive indices are
introduced here to study the reflectivity of the vertically aligned CNT arrays. The scattering
loss caused by the rough surface, which has also been neglected in many previous studies, is
shown to have a significant effect. The theoretical predictions are compared with the
experimental observations for both TE- and TM-polarized lights. The reflectivity of vertically
aligned CNT array thin film as a function of light incident angles is also analytically examined
and compared with experimental results. It is concluded that for a 600-um thick CNT array,
the reflectivity is quite small for a large range of incident angles. The findings demonstrate that
the CNT array can be used as an excellent black body absorber.

The diffraction phenomenon generated by grating-patterned CNT arrays was first
observed by Hsieh et al. [10], although without a thorough theoretical analysis. Therefore, a

theoretical analysis of the diffractive efficiency for this kind of grating-patterned CNT array



thin film is developed here and the theoretical prediction is compared with experimental results.
The peak values of the diffraction efficiency can be predicted from the theoretical and
experimental results. The overall trend is accurately and effectively revealed through the

theoretical analysis derived in this work.

2. Theory and Analytical Model
2.1 Effective Dielectric of CNT Array Thin Film

A vertically aligned CNT array thin film contains a large number of CNTs that are grown
normal to the substrate. To study its optical properties, the dielectric functions of the CNT
array thin film should be known at the outset. A CNT array thin film can be broadly viewed as
a mixture of carbon nanotubes and air. If the dielectric function of a single carbon nanotube is
known, the effective dielectric functions of a CNT array thin film can be determined using the
effective medium approaches [1, 34]. In general, a single CNT can be treated as a roll of
graphite. Hence, it can be considered as a dielectric continuum that is locally identical to

graphite. Then, the dielectric tensor of a CNT in cylindrical coordinates is [1]

e(w) =€, (0)(00+12z)+ ¢ (w)rr (1)
where r, 0 and z are the cylindrical base vectors; @ is the frequency and &, and ¢ are the

principal components of the dielectric tensor of graphite, perpendicular and parallel to the
normal axis of the graphite planes, respectively. For a vertically aligned CNT array thin film
regarded as a uniaxial absorbing crystal with the optical axis ¢ along the z -direction, as
illustrated in Fig. 1, the dielectric functions according to the Maxwell-Garnett effective medium

approach are [1, 25]
el =fe +1-f )

and
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where f is the volume fraction of CNTs, and &" and " are the effective dielectric

functions of the CNT array thin film for an electric field E normal and parallel to the upper
surface, i.e. parallel and normal to the optical axis, respectively.

In reality, the CNTs in the array thin film are not perfectly aligned [22, 25]. Thus, a
parameter representing the obliquity of the CNTs should be introduced. The resultant effective

ordinary dielectric function of the CNT array thin film can be expressed as [22, 25]

e =xe +(1-x) e (4)

o

For the same reason, the extraordinary dielectric function is
ff ff ff
e =xel +(1-x)& (5)
where x specifies the contributions of the two components and x =1 indicates perfectly

vertically aligned CNTs. The suffixes o and e stand for ordinary and extraordinary,

respectively.

2.2 Effective Refractive Indices

As shown in Fig. 1, the optical axis lies in the z -direction and the unit wave normal of

the incident optical wave is s=(s,.s,.s. ), in which s} +s} +s> =1. As the CNT array thin
film is viewed as a uniaxial crystal, three principal velocities are defined as v, =v =v, and

v, =v,. Fresnel’s equation of wave normals can be expressed as [35]

ot +—5——5=0 (6)



where v is the light velocity in the CNT array thin film. Considering s> +Sj =sin’ 0, and
s2 =cos’ 0., where 6, is the angle that the wave normal s makes with the z -axis, then Eq. (6)

can be transferred into a quadratic equation with respect to V' as
(v2—vf)[(vz—vf)sinzé’i+(v2—vf)cos26?l]:0 (7)
The two roots of Eq. (7) are

vi=y?
®)

v =v’cos’ 0 +v’sin’ 0,
The relation between the refractive index and light velocity is v =c¢/n, in which ¢ is the

light velocity in a vacuum and # is the refractive index. It is clear that one of these two
velocities depends on the angle between the direction of the wave normal and the optical axis.

For a non-magnetic CNT array thin film, the ordinary and extraordinary velocity can be

eff
0

and v’ =¢?/g"

obtained as v’ =c¢’ / £ o, respectively. Substituting these two expressions

into Eq. (8), the two effective refractive indices are obtained as

" et
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The second expression in Eq. (9) indicates that the refractive index is dependent on the

incident angle. These two refractive indices are different except in the special case of normal
incidence (6, =0). Therefore, for a non-normal incident optical beam, there are always two

transmitted beams in the CNT array thin film; i.e., the birefringence phenomenon occurs.
Furthermore, according to the theory of crystal optics [35], each transmitted wave should obey

the same law of refraction as in the case of an isotropic media. Thus,

sind, n  sinf n

(10)
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where n, is the refractive index of air, and 8, and 6, are the angles of refraction

corresponding to n oand n , respectively (see Fig. 1). The angles of refraction can be

determined from Eq. (10).

2.3 Reflectivity of CNT Array Thin Film

As explained in the previous section, an incident optical wave always corresponds to two
transmitted optical waves for non-normal incidence in CNT array thin film. Thus, if there are
two reflective optical waves that correspond to two transmitted optical waves, respectively (see
Fig. 1), then the total reflectivity is assumed to be the weighted average of these two
components. Because any arbitrarily polarized plane optical wave may be resolved into two
waves, a TE wave and a TM wave, and these two waves are mutually independent [35], it is
sufficient to study the reflectivity of TE and TM waves. A case of practical interest is a
vertically aligned CNT array thin film that sits on a substrate, as illustrated in Fig. 1. The
technical implication of this case is analyzed using the theory of metallic film [35]. The TE

and TM waves are discussed separately.

2.3.1 TE wave
As shown in Fig. 1, digits 1, 2 and 3 stand for three media: medium 1 is air, and media 2

and 3 are the CNT array thin film and substrate, respectively. It is assumed here that the
substrate is a homogenous medium with a refractive index #,. For clarity and convenience,
n,=n, n,=n and n, is the refractive index of air. To obtain the reflectivity of the CNT

array thin film, the reflection coefficients for interfaces 1-2 and 2-3 should be evaluated. As

explained previously, there are two reflection coefficients for each interface. The reflection



coefficients for interfaces 1-2 and 2-3 corresponding to 7,, according to the law of reflection

[35] are
1 1 ! —
r=p e = n,cos 6. —n,, cosb, (1)
12 12
n, cos 6. +n,, cosb,
and
1 1 1
~ n,, cos @, —n, cos b,
I3 = Pos '™ = : (12)

n,, cos 6, +n, cos b,
1 1
respectively, in which j=+/-1, p,, and p,, are the amplitudes of the reflection coefficients,

1 1
#, and ¢, are the phase changes and &, is the angle of refraction from the thin film to the

substrate. The reflection coefficients for interfaces 1-2 and 2-3 corresponding to 7,, are similar
to Egs. (11) and (12), which can be obtained directly by replacing superscript 1 with 2 and
replacing 6, and n,, with 6, and n,, , respectively. It should be noted that 8, and n,,
(i=1,2) are complex quantities. Accordingly, 7, siné, =n, siné, =n,,sind, =n,sin6;, and
the angle 6, can be determined by

0, = arcsinm (13)
1y

2.3.2 TM wave

The reflective coefficients for a TM wave can be obtained simply by replacing 7n, cos 6,
with cos, /n, in Eqs. (11) and (12) [35]. For example, 1, cos6, and n,, cos6, should be

replaced by cos6,/n, and cos6, /n,, , respectively.

Once the reflective coefficients and phase changes for each interface are known, the
reflectivity of a CNT array thin film can be immediately evaluated. For convenience, the

following notations are defined:



77=27”ha Uzizlm(nzicos‘gn)a u2i=Re(n2iC059ﬁ) (14)

where i =1,2, Im(C) and Re([) denote the imaginary and real parts, respectively, A is the

wavelength and / is the thickness of the thin film. The reflectivity of the thin film may be

1 1
obtained using the known quantities p,, , @, , etc. Thus, the reflective coefficients of a CNT

array thin film corresponding to n,, and n,, are [35]

1 1 1 1
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respectively, in which, p, and &, (i=1,2 ) are the amplitude and phase change, respectively.

From Egs. (15) and (16), it is observed that the phase changes of these two reflective

coefficients may be different, and interference occurs for the reflective lights corresponding to
n,, and n,,. Then, by taking the weighted average of 7, and 7,, the total reflective coefficient
becomes

r=pe’ = +(1-u)rn, (17)
where g is the weighted coefficient and g = 0.5 corresponds to the average of 7, and r,, and
p and O are the amplitude and phase change, respectively. From the total reflective
coefficient, the reflectivity of the CNT thin film can be evaluated as

R=|r[ (18)
Equations (15) to (18) are valid for both TE and TM waves. In reality, the transmissibility of a

CNT array thin film can also be evaluated; however, in this study, the reflectivity rather than



the transmissibility is the main subject of analysis. Because CNT array thin film is a strong
diffuser [21], the scattering loss caused by a rough surface should be considered. Hence, the

effective reflectivity should be revised as [24, 35, 36]

16,252 29752
Reff' =R-e 16707, cos” 6,/ A (19)

in which o, is the root-mean-square of the diffuser height.

S

2.4 Azimuth Angle of Reflected Light

A CNT array thin film is an effective light-absorbing material. For a thickness # with a
magnitude of tens of microns or greater, the intensity of light attenuates to zero before the light
reaches the interface 2-3. The reflected light is mainly attributable to the first reflected ray.
The azimuth angle of the reflected light in this case is discussed here. In fact, this case is

practical in many applications because most CNT array thin films are tens or hundreds of

microns thick. For an linearly polarized incident light with an azimuth angle «;, the azimuth
angle of reflected light «, satisfies the following relations [35]:

cos(6,-6,)

t — —
e cos(6,+6,)

tana, (20)

It is clear from Eq. (20) that for incident angle 6, =0 (normal incidence) or 8, = 7r/ 2 (grazing

incidence), the polarized direction of reflected light is unchanged with reference to the incident

light. Moreover, the polarization of reflected light remains unchanged for azimuth angles
a, =0 (TM wave) and «, = 7/2 (TE wave). The polarization of reflected light will change in

all except these special cases.

10



2.5 Diffraction of Grating Patterned CNT Arrays

In general, diffraction can be observed when an incident light is normal to the grating
direction [29, 30]. A grating-patterned CNT array thin film was fabricated and tested by Hsieh
et al. [10] to observe this effect. Although the diffraction efficiency for different circumstances
has been investigated experimentally [10], a rigorous theoretical analysis is still lacking. Hence,

in this study a theoretical model is proposed and analyzed. A grating-patterned CNT array thin
film is illustrated in Fig. 2. The grating period is d, the width of the grid is s and 6, and 6

denote the incident angle and diffraction angle, respectively.
According to Fraunhofer’s diffraction theory [35], the intensity of light at a point of

observation P is normalized as

1(P)= sin(Nkdp /2) | [ sin (ksp/2) T o
| Nsin(kdp/2) ksp /2

in which k=27z/4 is the optical wavenumber, p=sinf-sinf, and N is the effective

number of grids illuminated by the incident optical light. Due to light absorption in a CNT thin
film, the intensity of refractive light decreases along the path. Therefore, an attenuation factor
should be added to Eq. (21) to account for the effect of absorption. Thus, the effective intensity

of light is

. 2 . 2
1 (P)- s1n'(dep/2) sin (ksp /2) g 2o 22)
Nsin(kdp/2) ksp /2

where v, =(v,, +0,,) / 2, and 7 is defined in Eq. (14). It is clear that the refraction efficiency

is proportional to the effective intensity of light obtained in Eq. (22).

3 Results and Discussion
To verify the theory and model proposed here, the theoretical predictions are compared

with published experimental data in this section. In these examples, the optical constants of

11



graphite for the effective refractive index of CNT array thin film are taken from Bao et al. [9].

The weighted coefficient is = 0.5 in the following analysis unless otherwise stated.

3.1 Reflectance of TE and TM Waves

In the experiment of Hsieh et al. [10], the CNT array thin film was grown on a silicon
substrate. The thickness of the thin film used in their experiments was 2 um. The reflectivity
for different incident angles is presented for both the TE and TM waves with varying
wavelengths [10]. The theoretical predictions proposed in this study are compared with the
experimental results in Fig. 3 and Fig. 4 for TE and TM waves, respectively. Wang et al. [24]
used atomic force microscopy to observe the surface profile of a CNT array with a thickness of

166 um and the root-mean-square roughness was determined as 57 nm. Because the CNT

array studied here is relatively thin compared with that used by Wang et al. [24], a root-mean-
square roughness of 20 nm is adopted. Scanning electron microscopy determined that the
density of CNTs in a unit area ranges from 10'! to 10'2 cm™2 [10]. Assuming that the average
diameter of CNTs is 5 nm, as Garcia-Vidal et al. [1] suggested, the volume fraction may be
determined as approximately 2.6% to 26%. The theoretical predictions obtained from this work
are in good agreement with the experimental results for both TE and TM waves. The volume
fractions taken by TE and TM waves are 0.09 and 0.065, respectively. Figs. 3(a) and 3(b) show
that the oscillatory magnitude of reflectivity for a TE wave increases with increasing
wavelength, due to the higher absorption capacity of CNT thin film at shorter wavelengths and
to the decrease in scattering loss with increasing wavelength, as predicted by Eq. (19).

The optical properties for a TM wave are different, as shown in Fig. 4, which illustrates
the optical anisotropy of CNT thin films. The reflectivity is smaller for larger incident angles,
as shown in Fig. 4. An explanation is given as follows. As the direction of the electric field of

the TM-polarized light becomes increasingly parallel to the optical axis, the difference between

12



the two effective refraction indices in Eq. (17) becomes larger. Then the absorption of the CNT

thin film increases, reducing its reflectivity. Because n, cos 6, is replaced by cos 6, / n, (the

refractive index becomes a denominator rather than a nominator) when determining the
reflectivity of the TM wave, the reflectivity with respect to the incident angles for TE and TM
waves is expected to behave in an opposite manner, as observed in the experiment of Hsieh et
al. [10]. Fig. 4 shows that although some specific points in the experiment at an incident angle
of 20 degrees differ from the theoretical prediction, the general trend is consistent. For larger
incident angles, as shown in Fig. 4, the reflectance is quite small, and hence there is almost no

variation.

3.2 Reflectivity for Different Incident Angles

The incident angle significantly affects the reflectivity of the CNT array thin film.
Mizuno et al. [22] experimentally studied the reflectivity as a function of the incident angle. In
their experiment [22], the CNT array was 600-um thick and the volume fraction was 0.03. Here,

a very thick CNT array thin film is considered and the surface roughness is taken as

c,.=50nm. Tt is common knowledge that the volume fraction cannot be determined

precisely. In this work, to achieve good agreement with the experiments, the volume fraction
is chosen as 0.04. The wavelength of incident light is 5 pm, and it should be emphasized that
the incident light was non-polarized in the experiment of Mizuno et al. [22]. Because any
arbitrarily polarized plane optical wave may be resolved into two mutually independent TE and

TM waves, the reflectivity can be determined by the weighted average of the TE and TM waves
for an arbitrarily non-polarized light [21]. In this work, 0.2xR,,, +0.8x R, is chosen as the
total theoretical reflectivity. The comparison with the experimental results in Fig. 5 shows good
agreement. The total reflectivity increases with the increasing incident angle. The inset of Fig.
5 shows the reflectivity of the TM wave where the reflectivity reaches a minimum at the

13



Brewster angle of about 46°, which corresponds to an average refractive index of 1.035. It is
obvious that the small refractive index is responsible for the low reflectivity of the CNT array.
Furthermore, the reflectivity is quite small for a large range of incident angles. For instance,

with a 600-um thick CNT array, there is virtually zero transmissibility, and thus more than 99%

of optical energy is absorbed by the CNT array for an incident angle smaller than 50°. This is

why CNT arrays can be viewed as excellent black body absorbers.

3.3 Diffraction Efficiency of Grating-Patterned CNT Arrays

The diffraction phenomenon was first observed experimentally by Hsieh et al. [10] using
a grating-patterned CNT array thin film. The diffraction spectra of the CNT grating were
experimentally determined at a normal incidence for different detection angles. The grating
period used in their experiment was 1 um and the grid width was 0.5 pm [10]. The effective

absorbing height of patterned-grating CNT thin film is taken as 1 pm to determine 7 in Eq.

(22). Within an acceptable discrepancy, the average effective refractive index and extinction

coefficient are chosen as 1.07 and 0.038, respectively, for convenience [10]. Hsieh et al. [10]
reported the diffraction efficiency for detection angles of 35°and 40°. A comparison between

the theoretical prediction and the experimental data is presented in Fig. 6 (data for 30" is not

shown). Considering an incident optical beam with a small diameter, the effective number of

grids illuminated by the incident optical light N = 5 is selected for both 35" and 40° detection
angles. Good agreement is observed between the theoretical and experimental results. The
theoretical result is normalized for the sake of comparison. The peak diffraction efficiency can
be predicted precisely from the theory in this work. In Fig. 6, there is some disagreement for
points away from the peak, which could be the result of measurement errors or other
uncertainties. However, the general trend and response can be predicted quite comfortably

using the theory and analytical model developed here.
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4 Conclusions

Based on the Fresnel equation of wave normals, the effective refraction index of CNT
array thin film, which can be viewed as a uniaxial absorbing crystal, is obtained. Considering
an arbitrarily polarized plane optical wave that could be resolved into two mutually independent
waves, i.e. TE and TM waves, the reflectivity of the TE and TM waves are investigated
separately by applying the theory of metallic film. Comparisons between the theoretical and
experimental results for both TE- and TM-polarized light within the visible and near infrared
wavelength ranges indicate good agreement for these two optical waves. Both theory and

experiment indicate that reflectivity increases with the incident angle for a non-polarized light.

However, the reflectivity reaches a minimum at the Brewster angle of about 46° fora TM wave

when using a CNT array with a height of 600 um. The reflectivity of a 600- pum thick CNT

array is less than 1% with incident angles of less than 50°, indicating that the CNT array serves
as an excellent black body absorber. The diffraction efficiency of a grating-patterned CNT
array thin film is also investigated theoretically by applying the Fraunhofer diffraction theory.
The peak diffraction efficiency is predicted accurately and the general behavior and responses
are revealed precisely through the theoretical model and analysis. In conclusion, the optical
properties of vertically aligned CNT array thin film are analyzed using a theoretical approach.

The theory and model are verified using the published experimental data.
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Figure captions

Fig.1

Fig.2
Fig.3

Fig.4

Fig.5

Fig.6

A CNT array thin film on a substrate and the paths of an optical beam. 6, and 6. are

the incident and reflective angles, respectively. 6, (i =1,2) are the transmitted angles.

A grating patterned CNT array thin film.
Reflectivity of a 2-um thick CNT array thin film on Si substrate of TE wave for (a)

normal incidence and (b) incident angle 20°.

Reflectivity of a 2-pum thick CNT array thin film on Si substrate of TM wave at incident
angle 20" and 60°.

The reflectivity as a function of incident angle for a non-polarized light. The inserted

figure shows the reflectivity of TM wave.
Diffraction spectra of a patterned CNT thin film grating with detection angles (a) 35°,

and (b) 40° at normal incidence.

20



List of figures

(a)

8
2 CNT Array
—- etzi

- 3 Silicon wafer :
Silicon wafer :

Fig.1 A CNT array thin film on a substrate and the paths of an optical beam. 6, and 6, are

the incident and reflective angles, respectively. 8, (i =1,2) are the transmitted angles.
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Fig.2 A grating patterned CNT array thin film.
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Fig.3 Reflectivity of a 2-um thick CNT array thin film on Si substrate of TE wave for (a)

normal incidence and (b) incident angle 20°.
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Fig.4 Reflectivity of a 2-um thick CNT array thin film on Si substrate of TM wave at incident
angle 20" and 60°.
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Fig.S The reflectivity as a function of incident angle for a non-polarized light. The inserted

figure shows the reflectivity of TM wave.

T T T
(a) T (0)o] . ,
1.0 —=— Experiment |10] B i = Experiment [10]
= —e—"This work . r|—*— This work ‘ 4
S 08F 4 3 08F » -
2 < P4
~ 61 . 0
g osr 1 Fost s .
2 2 .
= k=] u
o 04| 1 B4t Te 1
g g o’
2 02F - s 0.2 ® A
&= = g 4
[= a | Iﬁ . ,.3
00+ . 00F o 1
Il Il 1 1 1 L ! L L 1
300 400 500 600 700 800 300 400 500 600 700 800

Wavelength (nm) Wavelength (nm)

Fig.6 Diffraction spectra of a patterned CNT thin film grating with detection angles (a) 35°,

and (b) 40" at normal incidence.
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