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13 Abstract: In this paper, a fourth-moment transformation technique is proposed to transform

14 correlated nonnormal random variables into independent standard normal ones. The procedure
15  mainly includes two steps: First, the correlated nonnormal random variables are transformed
16 into correlated standard normal ones using the fourth-moment transformation, where the
17  complete mathematical formula of the correlation coefficient in standard normal space, i.e.,
18  equivalent correlation coefficient, is developed and the upper and lower bounds of original
19  correlation coefficient are identified to ensure the transformation executable; Second, the
20  correlated standard normal random variables are transformed into independent standard normal
21  ones using Cholesky decomposition. For the cases of original correlation matrix with very small
22  eigenvalues, the equivalent correlation matrix might become a nonpositive semidefinite matrix.
23 A recently developed method for solving the problem is adopted to make Cholesky
24 decomposition ready. A first-order reliability method (FORM) for structural reliability analysis
25 involving correlated random variables is developed using the proposed transformation

26  technique. Several numerical examples are presented to demonstrate the efficiency and
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accuracy of the proposed method for structural reliability assessment considering correlated
random variables.
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moment transformation; Equivalent correlation coefficient.

1. Introduction
A fundamental problem in structural reliability theory is the computation of the following
multi-fold probability integral [1, 2]:

Jo 0 T ()X (1)

f
where Py is probability of structural failure; X = [Xi, X2, ..., Xu]” (where T denotes matrix
transpose) is an n-dimensional vector of random variables representing uncertain quantities
such as loads, material properties, geometric dimensions, and boundary conditions; fx(x) is the
joint probability density function (PDF) of X; G(X) is the performance function; and G(X) <0
is the domain of integration, which denotes the failure region of the structure.

The difficulty in computing the probability integral of Eq. (1) has led to the development of
various reliability approximation techniques, such as the first- and second-order reliability
method, moment methods and simulation methods for estimating the failure probability [3-6].
The first-order reliability method (FORM) [1, 7, 8] is considered to be one of the most reliable
computational methods [5, 9] and has become a basic method for structural reliability analysis.
As the random variables encountered in engineering practice are often nonnormally distributed
and correlated [10-17], a tractable procedure for efficient transformation from correlated
nonnormal random variables into independent standard normal ones (referred to as normal
transformation hereafter) is necessary for structural reliability analysis.

If the joint PDF of basic random variables, i.e., fx(x) in Eq. (1), is known, Rosenblatt

transformation [10] is available to realize the normal transformation. While this method leads
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to n! different transformations considering the ordering of the inputs, and not all of them give
rise to the same favourable numerical properties [2, 18]. Moreover, the joint PDF is seldom
available in many practical applications. Thus, the Nataf transformation [19] is a useful
alternative to normalize the inputs, which requires the marginal PDFs and correlation matrix of
the input random variables. It has been pointed out [18, 19] that the major obstacle for Nataf
transformation is to evaluate the equivalent correlation matrix in standard normal space that
should be determined by solving two-dimensional nonlinear integral equations. To avoid the
complexity, Der Kiureghian and Liu [20] developed 54 empirical formulas for 10 kinds of
distributions through numerical experiments. It was demonstrated that the formulas can produce
sufficiently accurate results and Nataf transformation has no shortcoming of varying with the
transformation order of random variables. In spite of many cases included, the empirical
formulas cannot cover arbitrary cases (e.g., the truncated distributions) because there are
various probability distributions in engineering practice [18]. More recently, using the first three
moments (mean, standard deviation, and skewness) and correlation matrix of basic random
variables, a third-moment transformation technique is proposed [17] for transforming the
correlated variables into independent standard normal ones, which complements normal
transformation when the joint PDF and marginal PDFs of the basic random variables are
unknown. However, the third-moment transformation is not flexible enough to reflect the fourth
moment, i.e., kurtosis, of a basic random variable or statistical data, which may lead to
inappropriate results when the kurtosis is important and should be accounted for. To efficiently
utilize the information of kurtosis as well as the mean, standard deviation, and skewness of the
basic random variables, a fourth-moment transformation has been proposed [21-25] to
transforming the independent random variables into independent standard normal ones.
However, the application and efficiency of the fourth-moment transformation technique for

normal transformation involving correlated random variables has not been investigated
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adequately yet.

The objective of the paper is to extend the fourth-moment transformation technique to
transform correlated nonnormal random variables into independent standard normal ones. The
paper is organized as follows: Section 2 presents a fourth-moment transformation for
normalization of correlated nonnormal random variables. The complete mathematical formula
of equivalent correlation coefficient is proposed, and the application regions of the proposed
fourth-moment transformation is also investigated; Section 3 presents a computational
procedure of FORM based on the proposed fourth-moment transformation for performance
function involving correlated random variables. In Section 4, the simplicity, efficiency and
accuracy of the proposed method are demonstrated through several numerical examples. Finally,

the findings of the paper are summarized in Section 5.

2. Fourth-moment transformation for correlated random variables
2.1. Inverse normal transformation based on fourth-moment transformation

Without loss of generality, a random variable X; can be standardized as:
Xis:(xi_/uxi )/Gxi 2)
where 4, and o, are the mean and standard deviation of X, respectively.

According to the fourth-moment transformation technique suggested by Fleishman [21], the
standardized variable Xis; can be approximated by:

Xis =S,(Z)=a +bZ, +CiZi2+diZi3 3)
where Z; is the ith correlated standard normal random variable; S:(Z;) is the third-order
polynomial of Z;; and a;, b;, ci, and d; are the polynomial coefficients, which can be determined
by making the first four central moments (i.e., mean, standard deviation, skewness, and kurtosis)
of S:(Z;) equal to those of Xis [21] as shown in Appendix A.

Combining Egs. (2) and (3), the relation between X; and Z; can be written as:



102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

X;=py +oy (& +bZ +cZ?+dZ7%), (i=1 2, ..., n) 4)

Assume that the correlation coefficient between X; and X is pij, and the correlation coefficient
between Z; and Z; is pu; referred as equivalent correlation coefficient. According to the
definition of correlation coefficient and the relation between X; and Z; given in Eq. (4), the

relationship between pijj and puij can be formulated as [26]:
p; = (0b; +3db, +30d; +9d,d;)- py; +2c,C; o5 +6d.d, o5 (5a)
It is worth noting that: (i) poij should be an increasing function of gij; (ii) poij = 0 for pij = 0;
and (iii) the valid solution of pij should be restricted by the following conditions to satisfy the
definition of the correlation coefficient:
—1<py; <1 and  p; - oy 20 (5b)
According to Eqg. (5a) and the properties of equation between pjj and pjj, the equivalent
correlation coefficient ppij can be determined and summarized at Egs. (6a)-(6¢). The detailed
derivations and the application regions of each formula are shown in Section 2.3.

(1) When did; # 0, pojj is formulated as:

—2rcos[(0+7)/3]-t,/3, dd; <0
YAn+3B-t,/3 dd; >0 and A>0 (62)
o= a
P 2rcos(6/3)-t,/3, dd;>0 and A<O and t, >0
—2rcos[(6—-x)/3]-t,/3, dd;>0 and A<0 and t, <0
(2) When didj = 0 and cicj # 0, oij is:
1
Poy :H[—(b,bj +30d,; +3db,) +,/(ob; +30d; +3db,)* +8cc;p; } (6b)
(|
(3) When didj = 0 and cicj = 0, pvjj is formulated as:
Lij
Poij = J (6¢)

bb, +30,d, +3d,b,

The parameters of r, 6, t2, A, B, and A in Eq. (6a) are given by Egs. (7a)-(7c¢).
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r=|-2 H:arccos(—zij, t, S (7a)

3 ) 2 3dd,
3 2
A=-3 Jx, B=-3_Va, a-[ 2] 42 (7b)
2 2 3) "2
oy 28 U,y _bb+3d, 30b, +04 o
3 972773 edd, 60,0,

From the preceding discussion, any two arbitrary correlated random variables with known
the first four moments and correlation coefficients can be approximated by two correlated
standard normal variables, in which the correlation coefficients of standard normal random
variables can be readily determined by Egs. (6a)-(6¢). Then, the correlation matrix in standard
normal variables can be summarized as Cz. The relationship between the correlated standard
normal random vector Z and the independent standard normal vector U can be expressed as:

Z=L,U (8)
where Lo is a lower triangular matrix obtained from Cholesky decomposition of Cz.

Theoretically, Cz is positive semidefinite once the fully correlated variables are extended.
However, because the probability information used in the fourth-moment transformation is
incomplete, small negative eigenvalues of Cz might appear during the transformation from
nonnormal variables to normal variables, especially in the cases of original correlation matrix
with very small eigenvalues. Under this circumstance, a method introduced by Ji et al. [27] is

adopted. Cz is rewritten as:

C,=VAV' 9)
where V and A are the eigenvector and diagonal eigenvalue matrices of Cz, respectively. The
small negative eigenvalues in A are substituted by small positive values, e.g., 0.001, to make
Cholesky decomposition ready.

According to Eq. (8), Zi is expressed as:
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Z =Zi:IikUk, (i=1 2, .-, n) (10)
k=1
where Z; is the ith correlated standard normal random variable; Uy is the kth independent
standard normal random one; and /i is the ith row kth column element of matrix L.
Substituting Eq. (10) into Eq. (4), the inverse normal transformation based on the fourth-
moment transformation is expressed as:
i i 2 i 3
X, = pty +0y [a1 +b Y LU, +¢ [Zlikukj +d, [ZlikUkJ } (i=1 2 -, n) (11)
k=1 k=1 k=1
2.2. Normal transformation based on fourth-moment transformation
According to Eq. (3) and (4), the X to Z transformation is to find the proper roots of the third-
order polynomial functions, i.e.,
Z.=S*(X,) (i=12:--n) (12)

where S;l(-) is the inverse function of S;(-). According to Zhao et al. [24], the completed

expression of S *(-) is summarized in Table 1.

Table 1. Complete expression of S*(-)

Parameter Range of X; Expression of S,*(x)
di<0 Jo<xi<h -2r.cos[(6 + )/ 3]-c, /(3d.)
di>0 pi<0 Ay 20 Ji<xi< 2r.cos(é /3)—c, /(3d.)
Xi > Jy A +3[B —c /(3d,)
ty <0 Ji<xi<d; —2r cos[(6, - ) /3] -, / (3d,)
Xi < Js 3A +3B —c /(3d,)
pi>0 (~o0,+0) A +3B —c /(3d,)
di=0 Gy 20 D2 +AC(C+X)20 [ +b7 +4c (g +x,)]/ (2¢)
oz =0 (00, +0) Xis

In Table 1, the parameters p;, ri, &, Ai, Bi, J1, and J> can be obtained using Eqg. (13a)-(13c).
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3b,d; _Ci2 Pi 0; 2Ci3 be ¢ X
P == =5 9(7} %=27¢7 3z o o P

A=—%+J§, Bi=—%—\/A_i, A =P +q7 (13b)

3
Jl :Uxidi[_2n3+ 2Ci —%—&j+

Then, according to Eq. (8), the correlated standard normal random vector Z can be
transformed into independent standard normal vector U,
U=L,Z (14)
where L is the inverse matrix of Lo, which is also a lower triangular matrix.

According to Eq. (14), Ui is computed as:

Ui:ihikzk, (i=1 2 -, n) (15)

k=1
where iz is the ith row kth column element of matrix L .

Substituting Eq. (12) into Eq. (15) and using the relation between X; and Xis given in Eq. (2),

the normal transformation based on the fourth-moment transformation is:

Ui :Zi:hikszl(xks):Zi:hikszl[(xk _‘lek)/axk :|’ (=12, - n) (16)

2.3. Application regions of the proposed fourth-moment transformation

The suitable regions of the fourth-moment transformation technique for the translation of
independent nonnormal random variables into independent standard normal ones, i.e., the
compatibility and limitations of the pairs of skewness and kurtosis, have been discussed by
Zhao et al. [25]. In this section, the selection of the formula for equivalent correlation coefficient,
i.e., Egs. (6a)-(6c¢), with detailed derivations and the applicable upper and lower bounds of
original correlation coefficient g are investigated.

If didj = 0, Eq. (5a) is a cubic equation about pvij and can be equivalently expressed as:
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Pi bibj +3b|dj +3dibj +9didj CC;
= Poij T
6didj 6didj 3didj

pgij + po3ij 17)

For convenience of exposition, the right side of Eq. (17) is expressed as h(puij), i.e.,

Bij

6didj = h(pou) = pgij +t2p02ij + 14,00 (18a)
_ bibj +3bidj +3dibj +9didj b= CiC; (18b)
6d,d, 3d,d

The first- and second-order derivative of /(o) with respect to po;; are formulated as:
W' () = dn(oy;) [ d pg; = 3,0(;] +2 0y +4 (19a)
() = 02h(py,) 1 d 02, =6 + 21, (195)
According to the compatibility and limitations of the pairs of skewness and kurtosis in the
fourth-moment transformation technique for independent non-normal random variables given

by Zhao et al. [25], the minimum of bib;j+3bid;+3dibj+9did; (i.e., the numerator of ti1) is

determined as a positive value. Accordingly, ¢ is positive for did; >0 and negative for did; <0.

(1) When did; < 0, there exist two real roots p, = (-1, —M)/B and
Poij_o = (-1, +ﬂ)/3 for the quadratic equation of h'(p,;) =0 due to the fact that its
discriminant D =(2t,)* —4-3-t, =4(t7 —3t,) is positive. It should be noted that poij1 and poij-
2 are not correlation coefficients but just the roots of Eq. (19a) equal to zero. Moreover, since

fn < 0 for didj < 0, it can be obtained that h(py; )-h(py;_,) =t/ (4t —t;)/27<0 and
Poii1" Poij2 =1,/3<0. According to the property of cubic function, the shape of 4(pv;) for did;

<0 is depicted in Fig. 1, in which the solid line denotes the region satisfying the condition that

Py Poij 20 and poj is an increasing function of pjj. Note that the correlation coefficient g is

a negative value when the vertical axis, pij/(6did)), takes a positive value, as did; <O0.
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6d.d.

]

7
/
7

(d) Intersections of /(o) and pij/(6did))
Fig. 1. The shape of h(,oij) for did; <0

To ensure pojj satisfies the definition of correlation coefficient, i.e., =1 < poij <1, pij should be

within a value interval, i.e., pij € [gij-min, pij-max], In Which gijmin and pij-max are the lower and

upper bounds, respectively. The upper bound, pij-max, IS first discussed as follows. When pij-2

> 1, h(1) (i.e., poij = 1) must be larger than 1/(6did;) (i.e., pij < 1) because |gij| < |ovij| is valid

for any type of random variables [20, 28], as shown in Figs. 1(a)-(b). From Figs. 1(a)-(b), the

upper bound pij-max for poij-2 > 1 can be determined as 6d;d;-h(1) to ensure poij < 1; When pij-2

< 1, as shown in Fig. 1(c), the upper bound can be determined as pijq-max = 6didj-h(ovij-2) to

ensure po; increasing with pyj. Therefore, when didj < 0, the suitable maximum original

correlation coefficient, i.e., the upper bound of pjj, can be summarized as:

otherwise

{6didj h(pgi_z), Poi-r <1
pij—max =

6d,d, -h(y),

10

(20a)
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Similarly, the lower bound of pjj can be determined as:

B 6d:d; -h(poj1): Py >—1
Pij—min = 6d,d, - h(-

D),

) (20b)
otherwise

The intersections of h(uij) and pij/(6did;) are depicted in Fig. 1(d). From Fig. 1(d), it can be

observed that there are three intersections for pij € [ij-min, gij-max], 1.€., (i) = pij/(6did;) have

three real roots. The equivalent correlation coefficient pvij is the medial horizontal coordinate

of these intersections. According to the solution of cubic equation and its property, as shown in

Appendix B, poij is expressed as:

Poij =—2r cos(

O+

(21)

j_t_z
3

(2) When didj > 0 and D=(2t,)* —4-3-t, =4(t; —3t,) <0, there always exists h'(p,;)>0

of () for didj > 0 and D < 0 is depicted in Fig. 2.

for arbitrary pvij. Therefore, the tendency of h(j;) is increasing for pvij € (—o, +0). The shape

Pij-min

1 Pij

-1

6d,d,

Fig. 2. The shape of /(pv;) for did; >0 and D <0

Because |pij| < |peoij| is valid for any type of random variables [20, 28], the horizontal

coordinate of the intersection of (o) and 1/6d,d; (i.e., pij= 1) is larger than 1, and that of /(00;)

and —1/6d.d; (i.e., pij = —1) is lesser than —1, as indicated in Fig. 2. To ensure —1 < pp; < 1, the

original correlation coefficient pjj should be in between pij-max and pij-min:

Pj-mex =60id; -h(D)

11

(22a)
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Pi_min =6d,d; -h(-1) (22h)

Because h(pvij) is a monotonical increasing function for gy € [0ij-min, pij-max], there is only one
intersection of h(poij) and pij/(6did;). Therefore, equation h(oui)) = pi/(6did;) has only one real
root. According to the solution of cubic equation shown in Appendix B, the equivalent

correlation coefficient pojj can be expressed as:

poy =B+ B2 (23)
(3) Whendidi>0and D=(2t,)*—4-3-t, =4(t; —3t,) >0, equation h'(p,;)=0 has two real
roots poij1  and  poij2.  Therefore, the tendency of /A(p;) is increasing for
Poij € (=0, Py 1)U (05, +0)  and  decreasing for oy €[04, Pyj.] - According to
h"(py;) =0 , the inflection point of A(pvy) is computed as po; = —t2/3. Moreover,
Poij1 " Poij—, =Y 13 is positive because #1 > 0. The shape of /(v for this case is depicted in

Fig. 3 for £ > 0 and Fig. 4 for 2 <0, in which the solid lines denote the region satisfying the

condition that p; - py; =0 and puj is an increasing function of pij.

Pi Pi
6dd, 6d,d;
pu—max /”” 3 pij—max /”77 3
A>0 _t72 6didj 3 A>0 _LZ 6didj !
A=0-Y .3 Poij2 -1 : A=0- ] 3 1Pz
A<0 //"/ Poij1 \\\‘:\\ ‘ L pi Ao Poij-1 ‘\‘i\\ 1 py
’ ) \ pij—min / \\‘\»\ P (;M
6d,d, 6dd;
(a) poij2<-1 (b) poij2 > -1

Fig. 3. The shape of /(;) for didi >0, D> 0, and 1, > 0

The derivation of the bounds of pj for didj > 0, D > 0, and t > 0 is similar to that of the

preceding cases. As shown in Fig. 3, the bounds of pij can be expressed as:

Py-me =600, (D) (242)

12
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P = {6didj 'h(poij—z)! Poij—2 > -1 (24b)

6d,d;-h(-1), otherwise

According to the properties of cubic equation, the discriminant A expressed in Eq. (7b) can
be used to determine the number of real roots. The values of A for didj >0, D >0, and t> > 0 are
also depicted in Fig. 3. It can be observed from Fig. 3 that there is only one real root for A > 0,
two roots for A = 0, and three roots for A < 0. According to Fig. 3 and the solution of cubic
equation given in Appendix B, the equivalent correlation coefficient pui; can be determined: (i)
when A > 0, there is only one intersection of h(oij) and pij/(6did;), and the solution of puij is the
horizontal coordinate of this intersection, which is identical with Eq. (23); (ii) when A =0, there
are two intersections, and the solution of pyjj is the larger of the horizontal coordinate of these
intersections, which is identical with Eq. (23); and (iii) when A < 0, there exist three
intersections, and the solution of ppij is the largest of the horizontal coordinate of these

intersections, which is expressed as:

) t
Poj =2rcos| — |—= (25)
3) 3
:DI]
6d,d, :
pu max /' A
6d,d;
-1 : A<O '/,’ A<0
1 Poija \\‘ Phij-2 ‘po” 1 Phij-2 ’pOij
Pi-min N o
l<— N [ . oo
6d,d,  A=0 R
A>0 v A>0
(@) pij-1 <1 (b) poij-1>1

Fig. 4. The shape of /(;) for didi >0, D> 0, and 1, <0

Similarly, as shown in Fig. 4, the application range of o for did; > 0, D > 0, and £, < 0 can

be determined as:

(26a)

_ 6d;d; -h(og;4) Pojs >1
Pi-max = 6d.d; -h(1), otherwise

13
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Pi-min =6d,d; -h(=1) (26b)
From Fig. 4 and with the solution of cubic equation given in Appendix B, the equivalent
correlation coefficient poij can be determined: (i) when A > 0, there is only one intersection of
h(oij) and pij/(6did;), and the solution of pujj is the horizontal coordinate of this intersection,
which is identical with Eq. (23); (i) when A = 0, there are two intersections, and the solution
of puij is the smaller of the horizontal coordinate of these intersections, which is identical with
Eq. (23); and (iii) when A < 0, there exist three intersections, and the solution of pujj is the
smallest of the horizontal coordinate of these intersections, which is expressed as:

t
Pyij =—2r COS (Tﬂj - 52 (27)

In summary, the solutions of equivalent correlation coefficient poujj for didj = 0 (i.e., Eq. (5a)
is a cubic equation about pojj) are summarized as indicated in Eq. (6a).
(4) If didj = 0 and cicj # 0, Eq. (5a) reduces to a quadratic equation. For brevity, the right side
of Eq. (5a) is expressed as ha2(povij), i.e.,
p; =(bb, +3db; +30d;)- o +2CiC,-,0§ij =h,(0y;) (28)
The axis of symmetry of /2(pu;) 1s at:

bb, +3bd, +3d,d,

Loii = Poij_sym = — (29)
0ij 0ij—sym 4CiCj
Py A Pi A
Pij-
Pimax | ) Pimax |
6dd, | / 6d,d,
pOij—sym -1 E \(\\ -1 pOij—sym ! =
SR e Y
e Pij-min \‘L\ : Pij-min
6d,d, N w 6d,d,
(@) pojj-sym > ~1 (b) poij-sym <1

Fig. 5. The shape of A2(poj) for cic; > 0

14
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Because bibj+3bidj+3dibj is larger than zero, poij-sym iS positive for cicj < 0 and negative for
ciCj > 0. The shape of hx(pv;) is depicted in Fig. 5 for cic; > 0, in which the solid lines denote

the region satisfying the condition that p; - py; 20 and poj is an increasing function of pij.

From Fig. 5, the application bound of pj for cicj > 0 is expressed as:

Pi-max = (D) (30a)
o = h2 (pOij—sym)’ poij—sym-> -1 (30b)
h,(-1), otherwise
And the equivalent correlation coefficient pyjj is obtained as:
1
Py = | ~(0b; +30d, +34b,) + (b, +30d, +30b,)7 +8cc,p | (31)

ij
Similarly, the solution of puij for didj = 0 and cicj < 0 can be determined, which is identical

with Eq. (31), and the application bounds of pij are expressed as:

o = h, (poij—sym)l Poij-sym -<1 (32a)
h, (D), otherwise
Pi-min = (1) (32b)

(5) If dd;=0 and cc;=0, Eq. (5a) reduces to a linear equation. The equivalent

correlation coefficient pj; can then be determined as:

Pij
- 33
i ~ b, +3bd, +3d,, 33

And the application bound of g is expressed as:
Pi_mex =00, +30,d; +3d}b; (34a)

Pij—min :_(blbj +3b|dj +3dibj) (34b)
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3. FORM for structural reliability analysis involving correlated random variables based

on fourth-moment transformation

Using the proposed fourth-moment transformation described above, FORM for structural

reliability analysis involving correlated random variables can be readily conducted. The

computation procedure for FORM based on the fourth-moment normal transformation is

described as follows:

1)

@)

(3)
(4)

()

(6)

(7)

Obtain the first four moments of each random variable and original correlation matrix Cx
by the probability information (e.g., the joint PDF or the marginal PDFs and correlation
matrix or statistical moments and correlation matrix);

Determine the polynomial coefficients in Eq. (3) if the pairs of skewness and kurtosis lie
in the suitable region given by Zhao et al. [25] and the equivalent correlation coefficients
Joij using Egs. (6a)-(6¢) if g lies in application region given in section 2.3. Then, determine
the lower triangular matrix Lo and its inverse matrix L' ;
Assume an initial checking point xo (generally is the mean vector of X);

Obtain the corresponding checking point in the independent standard normal space, uo,

using Eq. (16), and determine the initial reliability index fo;

Determine the Jacobian matrix J=06X/0U evaluated at ug, where the element of
Jacobian matrix derived from Eq. (11) is given by
oX. i | o
j:axilij b +2¢, > LU, +3d, (ZIikUkj (i,j=12,...,n) (35)
i k=1 k=1

Evaluate the performance function and gradient vector at uo:
9(ug) =G(X,), Vg(U,)=J"-VG(x,) (36)
where Vg(u,) is the gradient vector of performance function g(U) at uo; and VG(X,) is

the gradient vector of performance function G(X) at Xo;

Obtain new checking point u; in independent standard normal space:
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1
- VTg(uo)'Vg(uo)

[V 9(uy)- U, —g(u,) | Va(u,) (37)

u,

Then, the corresponding reliability index can be determined as = (u; -u,)”?; and

(8) Calculate the absolute difference between fand [, i.e., & = abs (/). If & > & where ¢
is the permissible error (generally &= 10), determine the new checking point in original
space using the following equation:

X, =X, +J(u; —Uu,) (38)
Repeat the step 4 through step 8 using x; as the new point until convergence is achieved.
Particularly, if the performance function G(X) is explicit, substituting Eq. (11) into the
performance function, it can be formulated as:
G(X)=G(X,, X,,---, X, )=9gU,U,,---,U,)=9(U) (39)
where g(U) is an explicit function including only independent standard normal random

variables. The reliability analysis can thus be readily conducted using the general FORM.

4. Numerical examples and investigations

To demonstrate the simplicity, efficiency and accuracy of the proposed method for structural
reliability analysis involving correlated random variables, four numerical examples are
investigated. The first example illustrates the computational procedure of the proposed method
step by step, and the advantages of the proposed method over FORM based on third-moment
transformation is demonstrated. In the second example, the proposed method having no
shortcoming of varying with the transformation order of input random variables is numerically
examined. The complexity of Nataf transformation for evaluating the equivalent correlation
matrix for truncated distributions in standard normal space is illustrated in the third example.
Finally, the application of the developed reliability analysis method for implicit performance

function, which involves correlated random variables with known marginal PDFs and
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correlation matrix, is shown in the fourth example by a three-bay five-story frame structure
with 21 random variables. Herein, the finite element method is utilized to conduct deterministic
structural analyses and numerical differentiation method is used to determine the gradient

vector of the performance function.

4.1 Example 1: Illustration of the computational procedure of the proposed method

The first example considers the following simple performance function:

G(X)=R-S (40)
where R is the resistance; S is the load; and R and S are log-normally distributed random
variables with means and standard deviations of wr = 100, or = 20, and us = 50, os = 20,
respectively. The correlation coefficient between R and S'is p=0.8.

Because R and S are both lognormal distributed random variables, the joint PDF of R and S
can be obtained from the marginal PDFs and correlation coefticient. The probability of failure
for Eq. (40) can be obtained directly by numerical integral as Py =1.5099x107 and the
corresponding reliability index is 2.97, which is taken as the exact value. According to the
probability distributions of R and S, their first four moments are readily obtained as ur = 100,
or =20, azr = 0.608, cur = 3.664, us =50, os = 20, azs = 1.265, and cus = 5.969, which lie in
the suitable region given by Zhao et al. [25]. Using Eq. (55) presented in Appendix A, the
polynomial coefficients are determined as ar = —Cr = —0.09740, br = 0.9706, dr = 6.6705x10"
3 as=—cs=-0.1804, bs = 0.8880, and ds = 0.02681, respectively. The suitable region of original
correlation coefficient is obtained as [-0.9253, 0.9956] using Eq. (22). According to Eq. (6a) or
(23), the equivalent correlation coefficient, po, is determined as 0.8093. For the initial checking
point x = (100, 50)’, the calculation results are summarized in Table 2, which shows that the
reliability index obtained by FORM based on the proposed fourth-moment transformation is in

close agreement with the exact one.
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Table 2. Summary of the iteration computation of the proposed method for Example 1

. Checking pOiIlt New checking Reliability
Iteration Jacobian matrix ]
Xo Z Uo point u; index S
[100] 0.0993 0.0993 19.803 0 —-1.5086
1 4.2923
50 0.1952 0.1955 15.563 11.285 4.0185
68.157 -1.8356 -1.836 13.610 0 1.3257 59433
2 68.157 0.9948 4.2227 21.472 15.584 2.6278 i
111.18 0.6342 0.6342 22.044 0 1.2994 59503
3 111.18 2.2608 2.9751 34.232 24.845 2.6488 i
125.84 1.2589 1.2589 24,951 0 1.2745 59541
4 125.84 2.5886 2.6724 38.216 27.736 2.6650 ’
126.23 1.2745 1.2745 25.028 0 1.2738 59541
> 126.23 2.5968 2.6650 38.320 27.812 2.6653 '

Since Eqg. (40) is an explicit performance function, it can be transformed into a function of
independent standard normal random variables by the fourth-moment transformation.

According to Eq. (11), if the transformation order R to S is used, G(X) can be formulated as:

G(X) =g,(U) =51.66+5.039U, —0.4156U7 —0.1508U° —10.43U, —3.431U U,
~0.6189U°U, —1.2450U7 —0.4492U U — 0.1087U°3

(41)

For an explicit function with inclusion of random variables being independent standard
normal random variables only, its reliability index can be obtained using the FORM. When
initial checking point is selected to be u = (0, 0)7, the iteration procedure for Eq. (41) is

summarized in Table 3.

If the transformation order S to R is used, the performance function can be formulated as:

G(X) = g,(U) =51.66—2.05U, —2.33U —0.47U; +11.40U, +1.85U,U,

(42)
+0.15U2U, +0.67U2 +0.11U,U % +0.027U°

Similarly, the reliability index can also be easily obtained using general FORM. The iteration
procedure is also summarized in Table 3. The two limit state curves corresponding to Egs. (41)
and (42), and their corresponding design points and reliability indices are illustrated in Fig. 6.

Table 3. Iteration computation of explicit performance function for Example 1
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391

392

393
394

395

396

397

398

399

400

Eq. (41) Eq. (42)

Iteration Checking point Reliability Checking point Reliability
u X index u X index
0 (Oj (98.052} 0 (Oj (98.052} 0
0 46.392 0 46.392
. (—1.9397) (66.753} 4.459) 0.7886 (66.753} 4.4590
4.0153 62.905 —4.3889 62.905
5 (1.2733 126.204 3117 2.7018 126.204} 3117
2.8452 131.289 —1.5548 131.289
1.3397 127.877 2.6319 127.877
3 (2.6348 127.907 29359 —1.3455 127.907} 29559
1.2713 126.154 2.5951 126.154
4 [2.6665 126.153 29541 —1.4113j 126.153} 29541
1.2740 126.220 2.5965 126.220
> [2.6665 126.220 29541 —1.4087} 126.220] 29541
8.0

-order approximation

60 First-order approximation’

4.0
9,(V) Design point,/

2.0
A

B,/ Design point

-8.0 gz&y

-80 -60 -40 -20 00 20 40 60 80
U

Fig. 6. Limit state curves in independent standard normal space for Example 1

Compare Table 2 with Table 3, it can be observed that the reliability index of explicit
performance function obtained from the different computational procedures is identical. From
Fig. 6 and Table 3, it can be observed that: (1) The first-order reliability indices obtained by
FORM based on the fourth-moment transformation are the same even the transformation order
is different; (2) Although the design points corresponding to the two limit state curves expressed

in Egs. (41) and (42) are different in independent standard normal space, they are identical in

20



401

402

403

404

405

406

407

408

409

410

411
412
413
414
415
416
417
418
419
420

421

original space.

If R and S are assumed to be Gumbel distributed random variables, with means and
coefficient of variations (COV) of wur, Vr = 0.2, and us = 50, Vs = 0.4, respectively, and the
correlation coefficient between R and S is p = 0.5. Reliability analysis based on Rosenblatt
transformation cannot be used because the joint PDF of R and S are unavailable. While the
reliability analysis can be realized using FORM based on the Nataf, fourth-moment, and third-
moment transformations since the marginal PDFs and correlation matrix of the basic random
variables are given. The corresponding first-order reliability indices varying with respect to the

mean of R, R, can be obtained and are illustrated in Fig. 7.

6:"H\HH\HH\HH\HHM‘H\HH\HH\HH T

- —— FORM based on Nataf transformation E
Fo----- FORM based on fourth-moment transformation
F —=—FORM based on third-moment transformation

First-order reliability index

1:””HH\HHHH\HHHH\HHHH\HHHH:
100 120 140 160 180 200
The mean of R

Fig. 7. Comparison of the first-order reliability indices by different methods for Example 1

From Fig. 7, it can be observed that: (1) FORM based on the fourth-moment transformation
provides almost the same results with FORM based on Nataf transformation for the entire
investigation range; (2) The differences between the reliability indices obtained from FORM
based on third-moment transformation and those of FORM based on Nataf transformations
become larger as the mean of R (ur) increases. The reason lies in that as the mean of R increases,
the corresponding absolute value of Uk in the standard normal space becomes larger. Previous
study [23] has shown that the third-moment transformation yields certain errors in the X-U and

U-X transformations when the absolute value of X; or U is relatively large. Since only the
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information of the first three moments is used, the underlying shortcoming of the third-moment
transformation is that it cannot be flexible enough to reflect the kurtosis of a basic random
variable or statistical data, which limits its applicable range and may lead to inappropriate

results when the kurtosis is important and should be accounted for.

4.2 Example 2: Investigation of the influence of transformation order
The second example considers the following performance function:
G(X) = X7 =2X, — X, (43)
where Xi is independent of X> and X3; X> and X3 are correlated random variables. Xi is a
lognormally distributed random variable with parameters A = 1.590 and = 0.198. X> and X3
are bivariate exponentially distributed random variables, and their joint PDF is expressed as:
fyx, (%1 %) = (% + X% +3,%,) €XP[—(X, + %, + X, %,)]; %,,% =0 (44)
Therefore, the joint PDF of X is given as:
£ 00 = fy, 00)- T, (%) (43)
where f, (X)) is the PDF of Xi.

Because the joint PDF of X and performance function are available, the probability of failure
can be obtained directly by numerical integral as 4.928x10*, and the corresponding reliability
index 1s 3.295, which is taken as the exact value. With the aid of the joint PDF of X, the
reliability indices with different transformation orders can be obtained by FORM based on
Rosenblatt transformation, which are listed in Table 4, together with the design points in
original space and in independent standard normal space. Because the marginal PDFs, the first
four moments, and correlation matrix of the basic random variables can be determined from the
joint PDF, the reliability indices can also be obtained using FORM based on the Nataf and
fourth-moment transformations. The corresponding design points and reliability indices are also

listed in Table 4 for comparison.
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Table 4. Comparison of results by FORM based on different transformations for Example 2

Transformation Transformation Design point Reliabilit
used in FORM order u’ = {uy, uz, uz} x' = {x1, x2, X3} y index
Xi—Xo—X; {-1.973,2.623, 0.069} {3.319,5.438, 0.136} 3.283
Xi—Xz—Xo {-1.920, -1.103, 2.277} {3.353,5.549, 0.145} 3.176
Rosenblatt Xo—X1— X3 {2.623,-1.973, 0.069} {3.319, 5.438, 0.136} 3.283
transformation Xo—-Xs—X {2.623, 0.069, -1.973} {3.319,5.438, 0.136} 3.283
Xs—Xi—Xo {-1.103, -1.920, 2.277} {3.353, 5.549, 0.145} 3.176
X Xo—X) {-1.103, 2.277, -1.920} {3.353,5.549, 0.145} 3.176
{-1.975, 2.631,
Xi—Xo— X5 {3.316, 5.460, 0.0776} 3.291
0.0571}
Xi—Xz—Xo {-1.975,-1.442,2.202}  {3.316, 5.460, 0.0776} 3.291
{2.631, -1.975,
Nataf Xo—=X1—X3 {3.316, 5.460, 0.0776} 3.291
. 0.0571}
transformation
Xo—Xs—X) {-1.442,-1.975,2.202}  {3.316, 5.460, 0.0776} 3.291
{2.631, 0.0571, -
Xi—Xi—Xo {3.316, 5.460, 0.0776} 3.291
1.975}
Xs—Xo— X, {-1.442,2.202,-1.975}  {3.316, 5.460, 0.0776} 3.291
Xi—Xo—X; {-1.970, 2.640, 0.006}  {3.319, 5.472, 0.0746} 3.293
Xi—»Xs—Xo {-1.970, -1.550, 2.137}  {3.319, 5.472, 0.0746} 3.293
Xo—-X1—X; {2.640, -1.970, 0.006}  {3.319, 5.472,0.0746} 3.293
Fourth-moment
_ Xo—Xs— X {-1.550, -1.970,2.137}  {3.319, 5.472, 0.0746} 3.293
transformation
{2.640, 0.0006, -
X—-Xi—Xo {3.319, 5.472, 0.0746} 3.293
1.970}
X—Xo— X, {-1.550,2.137,-1.970}  {3.319, 5.472, 0.0746} 3.293

Table 4 shows that: (1) The results of FORM based on Rosenblatt transformation are different

due to the variation of the transformation order of input random variables, and not all of them

give a good estimation to the exact value; (2) FORM based on the fourth-moment and Nataf

transformations have no shortcoming of varying with the transformation order of random

variables; and (3) The reliability indices obtained from FORM based on the fourth-moment and

Nataf transformation are in close agreement with the exact value.
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4.3 Example 3: A performance function with truncated probability distributions
The third example considers the following flexural limit state function in the midspan cross-

section of a simple steel beam subjected to a uniformly distributed load:
_ 2
G(X)—W-Fy—q-L /8 (46)
where W is the plastic modulus; F) is the yield stress; ¢ is the uniformly distributed load; and L
is the beam length. The probabilistic information of random variables is listed in Table 5. With
the exception of W and ¢ is correlated, the others are mutually independent. The correlation

coefficient between W and ¢ is p = 0.5.

Table 5. Probabilistic information of the basic random variables for Example 3

Variable Distribution Mean Standard deviation ~ Skewness  Kurtosis
w Truncated normal [90, 110] 100.0 cm? 4.3981 cm® 0.0 2.3655
F, Truncated normal [350, 450]  400.0 Mpa 19.0919 Mpa 0.0 2.6242
q Lognormal 5.0 kN/m 4.0 kKN/m 2.912 21.125
L Truncated normal [3.5, 4.5] 40m 0.1909 m 0.0 2.6242

Because the marginal PDFs and correlation matrix are known, FORM based on Nataf
transformation is theoretically available. However, the truncated normal distributions are not
included in the empirical formulas of evaluating the equivalent correlation coefficient in
correlated standard normal space developed by Der Kiureghian and Liu [20]. The determination
of the equivalent correlation coefficient po involves solving the following two-dimensional

nonlinear integral equation:

po R B0

—H
2. &, (21’ 25, Py ) dz,dz, (47)

q

where zaw, ow, and g, oy are the mean and standard deviation of W and g, respectively; F,*(?)

and qul () are the inverse CDF of W and ¢, respectively; ¢,(z,,2,,0,)is a bivariate normal

PDF of Z, and Z>; and F, () is expressed as:
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E ()= 1 (W= | 1-02) 48)
v 20(2) -1 Oy 20(2) -1

Obviously, it is not easy to obtain the explicit analytical expression between g and p because
the solution of Eq. (47) is quite complex. On the other hand, if the proposed method used, the
explicit analytical expression between pp and p can be expressed by Egs. (6a)-(6¢), and the
reliability index can be easily obtained as 2.109. According to Eq. (11), the random samples of
correlated random variables can be generated by the independent standard normal random
variables, based on which the probability of failure obtained by Monte Carlo simulation (MCS)
is 0.0173 (the coefficient of variation (COV) of the MCS result is 0.75%) with corresponding
reliability index of fucs = 2.113. It can be concluded that the proposed method is simpler than
FORM based on Nataf transformation for the cases of empirical formulas for equivalent

correlation coefficients being not included.

4.4 Example 4: Applications to reliability problems with implicit performance functions
The fourth example considers a three-bay five-story frame structure subjected to lateral loads
as shown in Fig. 8. The total height of the frame structural is H = 21.0 m. In this example, 21
random variables are considered. The random variables associated with the frame elements are
shown in Table 6, and their probabilistic information is listed in Table 7. The implicit
performance function is formulated as [29]:
G(X) =u,,, —u(X) (49)
where uim = H/350 = 0.06 m; and u(X) is the top-floor displacement, which is determined by

finite element analysis. The correlation matrix of basic random variables is given as:
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Fig. 8. Three-bay five-story frame structure considered in Example 4

Table 6. Characteristics of the frame elements in Example 4

Element Young’s modulus Moment of inertia Cross-sectional area
B] E[ I[ Al
B> E L A
Bs E Ve As
By E Ly As
G E, Is As
G E, Is Ags
G E, I; A7
Cy E> Is As

Because the joint PDF of random variables is not available, the reliability analysis based on
Rosenblatt transformation can no longer be used. While the reliability analysis can be realized
using FORM based on the proposed fourth-moment and Nataf transformations since the
marginal PDFs, the first four moments, and correlation matrix of basic random variables are

given. The gradient vector of the implicit performance function is determined by numerical
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differentiation method. The reliability indices obtained from FORM based on the proposed
fourth-moment and Nataf transformations with respect to the COV of lateral loads Vp ranging
from 0.1 to 1.5 are depicted in Fig. 9, together with results obtained from MCS. It can be
observed from Fig. 9 that the results obtained by reliability analysis methods based on the
proposed fourth-moment transformation are in close agreement with those based on Nataf
transformation for the entire investigation range.

Table 7. Probabilistic information of the basic random variables for Example 4

Variable  Distribution Mean Standard deviation =~ Skewness Kurtosis
P Gumbel 135.0 kN Vpx135.0 kKN 1.134 5.40
P, Gumbel 90.0 kN Vpx90.0 kN 1.134 5.40
Ps Gumbel 70.0 kKN Vpx70.0 kKN 1.134 5.40
E, Lognormal 2.1x107 kKN/m? 1.05x10° kN/m? 0.150 3.040
E> Lognormal 2.4x107 kKN/m? 2.1x10% kKN/m? 0.150 3.040
L Lognormal 8.11x107° m* 8.11x10* m* 0.301 3.162
L Lognormal 0.011 m* 1.1x10° m* 0.301 3.162
8 Lognormal 0.0213 m* 2.13x10°% m* 0.301 3.162
L Lognormal 0.0295 m* 2.95%10°% m* 0.301 3.162
Is Lognormal 0.0108 m* 1.08x10 m* 0.301 3.162
Is Lognormal 0.0141 m* 1.41x10°% m* 0.301 3.162
L Lognormal 0.0232 m* 2.32x10°% m* 0.301 3.162
Is Lognormal 0.0259 m* 2.59x10°% m* 0.301 3.162
A Lognormal 0.312 m? 0.0312 m? 0.301 3.162
A> Lognormal 0.372 m? 0.0372 m? 0.301 3.162
A3 Lognormal 0.505 m? 0.0505 m? 0.301 3.162
As Lognormal 0.557 m? 0.0557 m? 0.301 3.162
As Lognormal 0.253 m? 0.0253 m? 0.301 3.162
As Lognormal 0.291 m? 0.0291 m? 0.301 3.162
A7 Lognormal 0.372 m? 0.0372 m? 0.301 3.162
As Lognormal 0.418 m? 0.0418 m? 0.301 3.162

Note: V), denotes the COV of lateral loads, varying from 0.1 to 1.5.
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Fig. 9. Comparison of results by different methods for Example 4

5. Concluding remarks

The present paper propose a fourth-moment transformation technique for transforming the
correlated nonnormal random variables into independent standard normal ones, in which the
correlated nonnormal random variables are firstly transformed into correlated standard normal
random ones using the fourth-moment transformation and the complete explicit expressions of
equivalent correlation coefficients are proposed; and the correlated standard normal random
variables are then transformed into independent standard normal random ones using Cholesky
decomposition. The application scope of the proposed fourth-moment transformation is
investigated, in which the upper and lower bounds of original correlation coefficient are given.

Based on the proposed fourth-moment transformation, a FORM for structural reliability
analysis involving correlated random variables is developed. Four numerical examples
including explicit and implicit performance functions are studied, from which it can be
concluded that: (1) Since the proposed fourth-moment transformation efficiently utilizes the
kurtosis as well as the mean, standard deviation, and skewness of the basic random variable, it
generally provides more accurate results than the third-moment transformation; (2) The
proposed fourth-moment transformation has no shortcoming of varying with the transformation

order of random variables, which is considered to be the main weakness of Rosenblatt
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transformation; (3) In general, the proposed method provides almost the same results compared
with the FORM based on Nataf transformation, and the proposed method is simpler for the
cases of empirical formulas for equivalent correlation coefficients being not included in Nataf
transformation; and (4) Since only the first four moments and correlation matrix of input
random variables are used in the proposed method, it can be applied for structural reliability

assessment even if probability distributions of the basic random variables are unknown.
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Appendix A: Moment-matching method for determining the polynomial coefficients
The polynomial coefficient a;, b, ¢i, and d; in Eq. (3) can be obtained by making the first four

moments of left side of Eq. (3) equal to those of the right side, i.e.,

a+c =0 (51a)
b? +2c* +6bd +15d° =1 (51b)
Bbc, +8¢ +72bcd; +270c,d; = oz (51c)

3(b" +20b7d, +210b7d? +1260b,d;’ +3465d;") +12¢] (5b7 +5¢” +780,d; +375d) =, (51d)
Simplifying Egs. (51a)-(51d), the equations about b; and d; can be obtained as following:

2AA =gy (52a)

BAA +3A =a,y (52b)

in which,
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A =1-b’—6bd —15d*, A =2-+b’+24bd +105d? (53a)
A =5+50" +126hd, +675d>, A, =b*+20b%d, +210h°d? +1260bd’ +3465d"  (53b)
After the coefficients b; and d; have been obtained, a; and ¢; can be readily given as:

c=—-a=—- (54)

When |a,, |[£2 and (4053?Xi +7)/3<a, <12, the explicit expressions of the four
coefficients suggested by Zhao and Lu [23] can be used, which are expressed as:

3% 1-3k; k

a_—C_——I, b:—, = 55
! ' B6@+6k) T 1+a’-k? ' 1+a’+12k? (539)
k =i(\/6a ~8a2, —14-2) (55b)
i 36 4X; 3X

Appendix B: The solution of cubic equation and its property
According to Cardano formula [30], for a cubic equation x*+#x?+#1x+f = 0 with one variable

x, its number of real roots can be discriminate using A, which is expressed as:

3 2 2 3
p q t, 2ttt
A=| — -1, =t —-——=, q=—"-——=+t 56

(3)%2) P=t 30 47773 (56)

When A > 0, there is only one real root, which is expressed as:

x:%/K+§/§—%, A:—%+JZ, B=—2_Ja (57)

2
When A = 0, there are two real roots, one of which is horizontal coordinate of the stationary

point of cubic function f{x) = x*+tx*+tx. The real toots for A = 0 are expressed as:

3 3 t q R q ot
YV TR ) U ) e

2
In which xz is the horizontal coordinate of stationary point; and x; > x, for ¢ <0 and x1 < x» for
q=0.

When A < 0, there exist three real roots, which are respectively expressed as:

30



583

584

585

586

587

588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608

&zzrcos[g)—t—z, x2:—2rcos(9+ﬁj—t—2, x3:—2rcos['9_—”j—t—2 (59)
3) 3 3 3 3 3

where r =4/—p/3, 0 = arccos[—-g/(2r%)], According to the property of cosine function, there

exists X1 > Xz > x3 because 0 < 6= arccos[-g/(2r¥)] < «.
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