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12 

Abstract: In this paper, a fourth-moment transformation technique is proposed to transform 13 

correlated nonnormal random variables into independent standard normal ones. The procedure 14 

mainly includes two steps: First, the correlated nonnormal random variables are transformed 15 

into correlated standard normal ones using the fourth-moment transformation, where the 16 

complete mathematical formula of the correlation coefficient in standard normal space, i.e., 17 

equivalent correlation coefficient, is developed and the upper and lower bounds of original 18 

correlation coefficient are identified to ensure the transformation executable; Second, the 19 

correlated standard normal random variables are transformed into independent standard normal 20 

ones using Cholesky decomposition. For the cases of original correlation matrix with very small 21 

eigenvalues, the equivalent correlation matrix might become a nonpositive semidefinite matrix. 22 

A recently developed method for solving the problem is adopted to make Cholesky 23 

decomposition ready. A first-order reliability method (FORM) for structural reliability analysis 24 

involving correlated random variables is developed using the proposed transformation 25 

technique. Several numerical examples are presented to demonstrate the efficiency and 26 
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accuracy of the proposed method for structural reliability assessment considering correlated 27 

random variables.  28 

Keywords: Correlated random variables; Structural reliability; Normal transformation; Fourth-29 

moment transformation; Equivalent correlation coefficient.  30 

31 

1. Introduction32 

A fundamental problem in structural reliability theory is the computation of the following33 

multi-fold probability integral [1, 2]: 34 
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where Pf is probability of structural failure; X = [X1, X2, …, Xn]
T (where T denotes matrix 36 

transpose) is an n-dimensional vector of random variables representing uncertain quantities 37 

such as loads, material properties, geometric dimensions, and boundary conditions; fX(x) is the 38 

joint probability density function (PDF) of X; G(X) is the performance function; and G(X) ≤ 0 39 

is the domain of integration, which denotes the failure region of the structure. 40 

The difficulty in computing the probability integral of Eq. (1) has led to the development of 41 

various reliability approximation techniques, such as the first- and second-order reliability 42 

method, moment methods and simulation methods for estimating the failure probability [3-6]. 43 

The first-order reliability method (FORM) [1, 7, 8] is considered to be one of the most reliable 44 

computational methods [5, 9] and has become a basic method for structural reliability analysis. 45 

As the random variables encountered in engineering practice are often nonnormally distributed 46 

and correlated [10-17], a tractable procedure for efficient transformation from correlated 47 

nonnormal random variables into independent standard normal ones (referred to as normal 48 

transformation hereafter) is necessary for structural reliability analysis. 49 

If the joint PDF of basic random variables, i.e., fX(x) in Eq. (1), is known, Rosenblatt 50 

transformation [10] is available to realize the normal transformation. While this method leads 51 
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to n! different transformations considering the ordering of the inputs, and not all of them give 52 

rise to the same favourable numerical properties [2, 18]. Moreover, the joint PDF is seldom 53 

available in many practical applications. Thus, the Nataf transformation [19] is a useful 54 

alternative to normalize the inputs, which requires the marginal PDFs and correlation matrix of 55 

the input random variables. It has been pointed out [18, 19] that the major obstacle for Nataf 56 

transformation is to evaluate the equivalent correlation matrix in standard normal space that 57 

should be determined by solving two-dimensional nonlinear integral equations. To avoid the 58 

complexity, Der Kiureghian and Liu [20] developed 54 empirical formulas for 10 kinds of 59 

distributions through numerical experiments. It was demonstrated that the formulas can produce 60 

sufficiently accurate results and Nataf transformation has no shortcoming of varying with the 61 

transformation order of random variables. In spite of many cases included, the empirical 62 

formulas cannot cover arbitrary cases (e.g., the truncated distributions) because there are 63 

various probability distributions in engineering practice [18]. More recently, using the first three 64 

moments (mean, standard deviation, and skewness) and correlation matrix of basic random 65 

variables, a third-moment transformation technique is proposed [17] for transforming the 66 

correlated variables into independent standard normal ones, which complements normal 67 

transformation when the joint PDF and marginal PDFs of the basic random variables are 68 

unknown. However, the third-moment transformation is not flexible enough to reflect the fourth 69 

moment, i.e., kurtosis, of a basic random variable or statistical data, which may lead to 70 

inappropriate results when the kurtosis is important and should be accounted for. To efficiently 71 

utilize the information of kurtosis as well as the mean, standard deviation, and skewness of the 72 

basic random variables, a fourth-moment transformation has been proposed [21-25] to 73 

transforming the independent random variables into independent standard normal ones. 74 

However, the application and efficiency of the fourth-moment transformation technique for 75 

normal transformation involving correlated random variables has not been investigated 76 
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adequately yet.  77 

The objective of the paper is to extend the fourth-moment transformation technique to 78 

transform correlated nonnormal random variables into independent standard normal ones. The 79 

paper is organized as follows: Section 2 presents a fourth-moment transformation for 80 

normalization of correlated nonnormal random variables. The complete mathematical formula 81 

of equivalent correlation coefficient is proposed, and the application regions of the proposed 82 

fourth-moment transformation is also investigated; Section 3 presents a computational 83 

procedure of FORM based on the proposed fourth-moment transformation for performance 84 

function involving correlated random variables. In Section 4, the simplicity, efficiency and 85 

accuracy of the proposed method are demonstrated through several numerical examples. Finally, 86 

the findings of the paper are summarized in Section 5.  87 

 88 

2. Fourth-moment transformation for correlated random variables 89 

2.1. Inverse normal transformation based on fourth-moment transformation 90 

Without loss of generality, a random variable Xi can be standardized as:  91 

    
i iis i X XX X  (2) 92 

where 
iX and 

iX  are the mean and standard deviation of Xi, respectively.  93 

According to the fourth-moment transformation technique suggested by Fleishman [21], the 94 

standardized variable Xis can be approximated by: 95 

 
2 3( )is z i i i i i i i iX S Z a bZ c Z d Z       (3) 96 

where Zi is the ith correlated standard normal random variable; Sz(Zi) is the third-order 97 

polynomial of Zi; and ai, bi, ci, and di are the polynomial coefficients, which can be determined 98 

by making the first four central moments (i.e., mean, standard deviation, skewness, and kurtosis) 99 

of Sz(Zi) equal to those of Xis [21] as shown in Appendix A.  100 

Combining Eqs. (2) and (3), the relation between Xi and Zi can be written as: 101 
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2 3( )
i ii X X i i i i i i iX a b Z c Z d Z      , ( 1, 2, , ) i n  (4) 102 

Assume that the correlation coefficient between Xi and Xj is ij, and the correlation coefficient 103 

between Zi and Zj is 0ij referred as equivalent correlation coefficient. According to the 104 

definition of correlation coefficient and the relation between Xi and Zi given in Eq. (4), the 105 

relationship between ij and 0ij can be formulated as [26]:  106 

2 3

0 0 0( 3 3 9 ) 2 6ij i j i j i j i j ij i j ij i j ijbb d b bd d d c c d d          (5a) 107 

It is worth noting that: (i) 0ij should be an increasing function of ij; (ii) 0ij = 0 for ij = 0; 108 

and (iii) the valid solution of 0ij should be restricted by the following conditions to satisfy the 109 

definition of the correlation coefficient:  110 

01 1ij   and 0 0ij ij   (5b) 111 

According to Eq. (5a) and the properties of equation between 0ij and ij, the equivalent 112 

correlation coefficient 0ij can be determined and summarized at Eqs. (6a)-(6c). The detailed 113 

derivations and the application regions of each formula are shown in Section 2.3.  114 

(1) When didj  0, 0ij is formulated as:115 
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(2) When didj = 0 and cicj  0, 0ij is:117 

2
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(3) When didj = 0 and cicj = 0, 0ij is formulated as:119 

0
3 3

ij

ij

i j i j i jbb b d d b


 

 
(6c) 120 

The parameters of r, , t2, A, B, and  in Eq. (6a) are given by Eqs. (7a)-(7c). 121 
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From the preceding discussion, any two arbitrary correlated random variables with known 125 

the first four moments and correlation coefficients can be approximated by two correlated 126 

standard normal variables, in which the correlation coefficients of standard normal random 127 

variables can be readily determined by Eqs. (6a)-(6c). Then, the correlation matrix in standard 128 

normal variables can be summarized as CZ. The relationship between the correlated standard 129 

normal random vector Z and the independent standard normal vector U can be expressed as:  130 

 0Z L U   (8) 131 

where L0 is a lower triangular matrix obtained from Cholesky decomposition of CZ.  132 

Theoretically, CZ is positive semidefinite once the fully correlated variables are extended. 133 

However, because the probability information used in the fourth-moment transformation is 134 

incomplete, small negative eigenvalues of CZ might appear during the transformation from 135 

nonnormal variables to normal variables, especially in the cases of original correlation matrix 136 

with very small eigenvalues. Under this circumstance, a method introduced by Ji et al. [27] is 137 

adopted. CZ is rewritten as: 138 

 
TZC V V   (9) 139 

where V and Λ are the eigenvector and diagonal eigenvalue matrices of CZ, respectively. The 140 

small negative eigenvalues in Λ are substituted by small positive values, e.g., 0.001, to make 141 

Cholesky decomposition ready.  142 

According to Eq. (8), Zi is expressed as: 143 
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where Zi is the ith correlated standard normal random variable; Uk is the kth independent 145 

standard normal random one; and lik is the ith row kth column element of matrix L0.  146 

Substituting Eq. (10) into Eq. (4), the inverse normal transformation based on the fourth-147 

moment transformation is expressed as:  148 
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     
     (11) 149 

 150 

2.2. Normal transformation based on fourth-moment transformation 151 

According to Eq. (3) and (4), the X to Z transformation is to find the proper roots of the third-152 

order polynomial functions, i.e.,  153 

 
1( )i z isZ S X  ( 1,2, , )i n  (12) 154 

where 
1( )zS   is the inverse function of Sz(). According to Zhao et al. [24], the completed 155 

expression of 
1( )zS   is summarized in Table 1.  156 

 157 

Table 1. Complete expression of 
1( )zS    158 

Parameter Range of Xi Expression of 
1( )z isS x

  

di < 0    J2 < xi < J1 2 cos[( ) / 3] / (3 )i i i ir c d      

di > 0 pi < 0 3 0
iX   J1 < xi < J2 2 cos( / 3) / (3 )i i i ir c d    

   xi  J2 
3 3 / (3 )i i i iA B c d    

  3 0
iX   J1 < xi < J2 2 cos[( ) / 3] / (3 )i i i ir c d      

   xi  J1 
3 3 / (3 )i i i iA B c d   

 pi  0  ( , )    3 3 / (3 )i i i iA B c d   

di = 0  3 0
iX   

2 4 ( ) 0i i i isb c c x     
2[ 4 ( )] / (2 )i i i i is ib b c c x c     

  3 =0
iX  ( , )   xis 

In Table 1, the parameters pi, ri, i, Ai, Bi, J1, and J2 can be obtained using Eq. (13a)-(13c).  159 
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Then, according to Eq. (8), the correlated standard normal random vector Z can be 163 

transformed into independent standard normal vector U,  164 

 
1

0

U L Z   (14) 165 

where 
1

0


L  is the inverse matrix of L0, which is also a lower triangular matrix. 166 

According to Eq. (14), Ui is computed as: 167 

 
1
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i

i ik k

k

U h Z i n


    (15) 168 

where hik is the ith row kth column element of matrix 
1

0


L .  169 

Substituting Eq. (12) into Eq. (15) and using the relation between Xi and Xis given in Eq. (2), 170 

the normal transformation based on the fourth-moment transformation is:  171 

 
1 1

1 1
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k k
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 173 

2.3. Application regions of the proposed fourth-moment transformation 174 

The suitable regions of the fourth-moment transformation technique for the translation of 175 

independent nonnormal random variables into independent standard normal ones, i.e., the 176 

compatibility and limitations of the pairs of skewness and kurtosis, have been discussed by 177 

Zhao et al. [25]. In this section, the selection of the formula for equivalent correlation coefficient, 178 

i.e., Eqs. (6a)-(6c), with detailed derivations and the applicable upper and lower bounds of 179 

original correlation coefficient ij are investigated. 180 

If didj  0, Eq. (5a) is a cubic equation about 0ij and can be equivalently expressed as: 181 
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For convenience of exposition, the right side of Eq. (17) is expressed as h(0ij), i.e.,  183 

 3 2
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The first- and second-order derivative of h(0ij) with respect to 0ij are formulated as:  186 

 
2

0 0 0 0 2 0 1( ) ( ) / 3 2ij ij ij ij ijh dh d t t           (19a) 187 

 
2 2

0 0 0 0 2( ) ( ) / 6 2ij ij ij ijh d h d t         (19b) 188 

According to the compatibility and limitations of the pairs of skewness and kurtosis in the 189 

fourth-moment transformation technique for independent non-normal random variables given 190 

by Zhao et al. [25], the minimum of bibj+3bidj+3dibj+9didj (i.e., the numerator of t1) is 191 

determined as a positive value. Accordingly, t1 is positive for didj >0 and negative for didj <0. 192 

(1) When didj < 0, there exist two real roots 2

0 1 2 2 1( 3 ) / 3ij t t t       and 193 

2

0 2 2 2 1( 3 ) / 3ij t t t       for the quadratic equation of 0( ) 0ijh    due to the fact that its 194 

discriminant 
2 2

2 1 2 1(2 ) 4 3 4( 3 )D t t t t       is positive. It should be noted that 0ij-1 and 0ij-195 

2 are not correlation coefficients but just the roots of Eq. (19a) equal to zero. Moreover, since 196 

t1 < 0 for didj < 0, it can be obtained that 
2 2

0 1 0 2 1 1 2( ) ( ) (4 ) / 27 0ij ijh h t t t        and197 

0 1 0 2 1 / 3 0ij ij t     . According to the property of cubic function, the shape of h(0ij) for didj 198 

< 0 is depicted in Fig. 1, in which the solid line denotes the region satisfying the condition that 199 

0 0ij ij    and 0ij is an increasing function of ij. Note that the correlation coefficient ij is 200 

a negative value when the vertical axis, ij/(6didj), takes a positive value, as didj < 0.  201 
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(a) 0ij-2  1 and h(0ij-2)  1/(6didj) (b) 0ij-2  1 and h(0ij-2) > 1/(6didj)  

  

(c) 0ij-2 < 1 (d) Intersections of h(0ij) and ij/(6didj) 

Fig. 1. The shape of h(0ij) for didj < 0 
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To ensure 0ij satisfies the definition of correlation coefficient, i.e., 1  ij 1, ij should be 203 
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upper bound ij-max for 0ij-2  1 can be determined as 6didjh(1) to ensure 0ij  1; When 0ij-2 208 

< 1, as shown in Fig. 1(c), the upper bound can be determined as ij-max = 6didjh(0ij-2) to 209 

ensure 0ij increasing with ij. Therefore, when didj < 0, the suitable maximum original 210 

correlation coefficient, i.e., the upper bound of ij, can be summarized as:  211 
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Similarly, the lower bound of ij can be determined as:  213 
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The intersections of h(0ij) and ij/(6didj) are depicted in Fig. 1(d). From Fig. 1(d), it can be 215 

observed that there are three intersections for ij  [ij-min, ij-max], i.e., h(0ij) = ij/(6didj) have 216 

three real roots. The equivalent correlation coefficient 0ij is the medial horizontal coordinate 217 

of these intersections. According to the solution of cubic equation and its property, as shown in 218 

Appendix B, 0ij is expressed as:  219 

 2
0 2 cos

3 3
ij

t
r

 


 
   

 
  (21) 220 

(2) When didj > 0 and 
2 2

2 1 2 1(2 ) 4 3 4( 3 ) 0D t t t t       , there always exists 0( ) 0ijh    221 

for arbitrary 0ij. Therefore, the tendency of h(0ij) is increasing for ij  (, +). The shape 222 

of h(0ij) for didj > 0 and D  0 is depicted in Fig. 2.  223 

 224 

Fig. 2. The shape of h(0ij) for didj > 0 and D  0 225 

 226 

Because |ij|  |0ij| is valid for any type of random variables [20, 28], the horizontal 227 

coordinate of the intersection of h(0ij) and 1/6didj (i.e., ij = 1) is larger than 1, and that of h(0ij) 228 

and 1/6didj (i.e., ij = 1) is lesser than 1, as indicated in Fig. 2. To ensure 1  0ij  1, the 229 

original correlation coefficient ij should be in between ij-max and ij-min:  230 

 max 6 (1)ij i jd d h      (22a) 231 

0ij

6

ij

i jd d



1

1

1

6 i jd d



1

6 i jd d

0 

min

6

ij

i jd d

 

max

6

ij

i jd d

 
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 min 6 ( 1)ij i jd d h       (22b) 232 

Because h(0ij) is a monotonical increasing function for ij  [ij-min, ij-max], there is only one 233 

intersection of h(0ij) and ij/(6didj). Therefore, equation h(0ij) = ij/(6didj) has only one real 234 

root. According to the solution of cubic equation shown in Appendix B, the equivalent 235 

correlation coefficient 0ij can be expressed as:  236 

 3 3 2
0

3
ij

t
A B      (23) 237 

(3) When didj > 0 and 
2 2

2 1 2 1(2 ) 4 3 4( 3 ) 0D t t t t       , equation 0( ) 0ijh    has two real 238 

roots 0ij-1 and 0ij-2. Therefore, the tendency of h(0ij) is increasing for 239 

0 0 1 0 2( , ) ( , )ij ij ij        and decreasing for 0 0 1 0 2[ , ]ij ij ij     . According to 240 

0( ) 0ijh    , the inflection point of h(0ij) is computed as 0ij = t2/3. Moreover, 241 

0 1 0 2 1 / 3ij ij t     is positive because t1 > 0. The shape of h(0ij) for this case is depicted in 242 

Fig. 3 for t2 > 0 and Fig. 4 for t2 < 0, in which the solid lines denote the region satisfying the 243 

condition that 0 0ij ij    and 0ij is an increasing function of ij.  244 

  

(a) 0ij-2  1 (b) 0ij-2 > 1 

Fig. 3. The shape of h(0ij) for didj > 0, D > 0, and t2 > 0 

 245 

The derivation of the bounds of ij for didj > 0, D > 0, and t2 > 0 is similar to that of the 246 

preceding cases. As shown in Fig. 3, the bounds of ij can be expressed as:  247 

 max 6 (1)ij i jd d h      (24a) 248 

0ij

6

ij

i jd d



0 1ij 

0 2ij 

0 

0 

2

3

t


0

1

1

max

6

ij

i jd d

 

min

6

ij

i jd d

 

0ij

6

ij

i jd d



0 1ij 

0 2ij 

0 

0 

2

3

t


0

1

max

6

ij

i jd d

 

min

6

ij

i jd d

 

1
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0 2 0 2

min

6 ( ),   1

6 ( 1),      otherwise

i j ij ij

ij

i j

d d h

d d h

 


 



  
 

 

  (24b) 249 

According to the properties of cubic equation, the discriminant  expressed in Eq. (7b) can 250 

be used to determine the number of real roots. The values of  for didj > 0, D > 0, and t2 > 0 are 251 

also depicted in Fig. 3. It can be observed from Fig. 3 that there is only one real root for  > 0, 252 

two roots for  = 0, and three roots for  < 0. According to Fig. 3 and the solution of cubic 253 

equation given in Appendix B, the equivalent correlation coefficient 0ij can be determined: (i) 254 

when  > 0, there is only one intersection of h(0ij) and ij/(6didj), and the solution of 0ij is the 255 

horizontal coordinate of this intersection, which is identical with Eq. (23); (ii) when  = 0, there 256 

are two intersections, and the solution of 0ij is the larger of the horizontal coordinate of these 257 

intersections, which is identical with Eq. (23); and (iii) when  < 0, there exist three 258 

intersections, and the solution of 0ij is the largest of the horizontal coordinate of these 259 

intersections, which is expressed as:  260 

 2
0 2 cos

3 3
ij

t
r




 
  

 
  (25) 261 

  
(a) 0ij-1  1 (b) 0ij-1 > 1 

Fig. 4. The shape of h(0ij) for didj > 0, D > 0, and t2 < 0 

 262 

Similarly, as shown in Fig. 4, the application range of ij for didj > 0, D > 0, and t2 < 0 can 263 

be determined as:  264 

 
0 1 0 1

max

6 ( ),   1

6 (1),         otherwise

i j ij ij

ij

i j

d d h

d d h

 


 



 
 



  (26a) 265 
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

0ij0 1ij  0 2ij 
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0

0

min
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i jd d

 

max

6
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 
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1 0ij0 1ij  0 2ij 
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0

min

6
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 

max

6

ij

i jd d

 

1

1

6

ij

i jd d


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 min 6 ( 1)ij i jd d h       (26b) 266 

From Fig. 4 and with the solution of cubic equation given in Appendix B, the equivalent 267 

correlation coefficient 0ij can be determined: (i) when  > 0, there is only one intersection of 268 

h(0ij) and ij/(6didj), and the solution of 0ij is the horizontal coordinate of this intersection, 269 

which is identical with Eq. (23); (ii) when  = 0, there are two intersections, and the solution 270 

of 0ij is the smaller of the horizontal coordinate of these intersections, which is identical with 271 

Eq. (23); and (iii) when  < 0, there exist three intersections, and the solution of 0ij is the 272 

smallest of the horizontal coordinate of these intersections, which is expressed as:  273 

 2
0 2 cos

3 3
ij

t
r

 


 
   

 
  (27) 274 

In summary, the solutions of equivalent correlation coefficient 0ij for didj  0 (i.e., Eq. (5a) 275 

is a cubic equation about 0ij) are summarized as indicated in Eq. (6a).  276 

(4) If didj = 0 and cicj  0, Eq. (5a) reduces to a quadratic equation. For brevity, the right side 277 

of Eq. (5a) is expressed as h2(0ij), i.e.,  278 

 
2

0 0 2 0( 3 3 ) 2 ( )ij i j i j i j ij i j ij ijbb d b bd c c h           (28) 279 

The axis of symmetry of h2(0ij) is at: 280 

 
0 0 sym

3 3

4

i j i j i j

ij ij

i j

bb b d d d

c c
  

 
     (29) 281 

  

(a) 0ij-sym > 1 (b) 0ij-sym < 1 

Fig. 5. The shape of h2(0ij) for cicj > 0 
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Because bibj+3bidj+3dibj is larger than zero, 0ij-sym is positive for cicj < 0 and negative for 282 

cicj > 0. The shape of h2(0ij) is depicted in Fig. 5 for cicj > 0, in which the solid lines denote 283 

the region satisfying the condition that 
0 0ij ij    and 0ij is an increasing function of ij.  284 

From Fig. 5, the application bound of ij for cicj > 0 is expressed as: 285 

 
max 2(1)ij h     (30a) 286 

 
2 0 sym 0 sym

min

2

( ),  1

( 1),        otherwise

ij ij

ij

h

h

 


 



 
 


  (30b) 287 

And the equivalent correlation coefficient 0ij is obtained as:  288 

 2

0

1
( 3 3 ) ( 3 3 ) 8

4
ij i j i j i j i j i j i j i j ij

i j

bb b d d b bb b d d b c c
c c

         
 

  (31) 289 

Similarly, the solution of 0ij for didj = 0 and cicj < 0 can be determined, which is identical 290 

with Eq. (31), and the application bounds of ij are expressed as: 291 

 
2 0 sym 0 sym

max

2

( ),  1

(1),           otherwise

ij ij

ij

h

h

 


 




 


  (32a) 292 

 
min 2( 1)ij h      (32b) 293 

(5) If 0i jd d   and 0i jc c  , Eq. (5a) reduces to a linear equation. The equivalent 294 

correlation coefficient 0ij can then be determined as:  295 

 
0

3 3

ij

ij

i j i j i jbb b d d b


 

 
  (33) 296 

And the application bound of ij is expressed as: 297 

 
max 3 3ij i j i j i jbb bd d b       (34a) 298 

 
min ( 3 3 )ij i j i j i jbb bd d b        (34b) 299 

 300 

 301 
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3. FORM for structural reliability analysis involving correlated random variables based 302 

on fourth-moment transformation 303 

Using the proposed fourth-moment transformation described above, FORM for structural 304 

reliability analysis involving correlated random variables can be readily conducted. The 305 

computation procedure for FORM based on the fourth-moment normal transformation is 306 

described as follows:  307 

(1) Obtain the first four moments of each random variable and original correlation matrix CX 308 

by the probability information (e.g., the joint PDF or the marginal PDFs and correlation 309 

matrix or statistical moments and correlation matrix); 310 

(2) Determine the polynomial coefficients in Eq. (3) if the pairs of skewness and kurtosis lie 311 

in the suitable region given by Zhao et al. [25] and the equivalent correlation coefficients 312 

0ij using Eqs. (6a)-(6c) if ij lies in application region given in section 2.3. Then, determine 313 

the lower triangular matrix L0 and its inverse matrix 1

0


L ;  314 

(3) Assume an initial checking point x0 (generally is the mean vector of X);  315 

(4) Obtain the corresponding checking point in the independent standard normal space, u0, 316 

using Eq. (16), and determine the initial reliability index ; 317 

(5) Determine the Jacobian matrix /  J X U   evaluated at u0, where the element of 318 

Jacobian matrix derived from Eq. (11) is given by 319 

 

2

1 1

2 3      ( , 1,2, , )
i

i i
i

X ij i i ik k i ik k

k kj

X
l b c l U d l U i j n

U


 

   
     

    
    (35) 320 

(6) Evaluate the performance function and gradient vector at u0:  321 

 0 0( ) ( )g Gu x , 
0 0( ) ( )Tg G  u J x   (36) 322 

where 0( )g u  is the gradient vector of performance function g(U) at u0; and 0( )G x  is 323 

the gradient vector of performance function G(X) at x0; 324 

(7) Obtain new checking point u1 in independent standard normal space: 325 
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 1 0 0 0 0

0 0

1
( ) ( ) ( )

( ) ( )

T

T
g g g

g g
       

u u u u u
u u

 (37) 326 

Then, the corresponding reliability index can be determined as 1/2

1 1( )T  u u ; and 327 

(8) Calculate the absolute difference between  and 0, i.e., r = abs (0). If r > , where  328 

is the permissible error (generally  = 10-6), determine the new checking point in original 329 

space using the following equation:  330 

 1 0 1 0( )  x x J u u  (38) 331 

Repeat the step 4 through step 8 using x1 as the new point until convergence is achieved.  332 

Particularly, if the performance function G(X) is explicit, substituting Eq. (11) into the 333 

performance function, it can be formulated as: 334 

 1 2 1 2( ) ( , , , ) ( , , , ) ( )n nG G X X X g U U U g  X U  (39) 335 

where g(U) is an explicit function including only independent standard normal random 336 

variables. The reliability analysis can thus be readily conducted using the general FORM.  337 

 338 

4. Numerical examples and investigations 339 

To demonstrate the simplicity, efficiency and accuracy of the proposed method for structural 340 

reliability analysis involving correlated random variables, four numerical examples are 341 

investigated. The first example illustrates the computational procedure of the proposed method 342 

step by step, and the advantages of the proposed method over FORM based on third-moment 343 

transformation is demonstrated. In the second example, the proposed method having no 344 

shortcoming of varying with the transformation order of input random variables is numerically 345 

examined. The complexity of Nataf transformation for evaluating the equivalent correlation 346 

matrix for truncated distributions in standard normal space is illustrated in the third example. 347 

Finally, the application of the developed reliability analysis method for implicit performance 348 

function, which involves correlated random variables with known marginal PDFs and 349 
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correlation matrix, is shown in the fourth example by a three-bay five-story frame structure 350 

with 21 random variables. Herein, the finite element method is utilized to conduct deterministic 351 

structural analyses and numerical differentiation method is used to determine the gradient 352 

vector of the performance function. 353 

 354 

4.1 Example 1: Illustration of the computational procedure of the proposed method 355 

The first example considers the following simple performance function: 356 

 ( )G R S X   (40) 357 

where R is the resistance; S is the load; and R and S are log-normally distributed random 358 

variables with means and standard deviations of R = 100, R = 20, and S = 50, S = 20, 359 

respectively. The correlation coefficient between R and S is  = 0.8.  360 

Because R and S are both lognormal distributed random variables, the joint PDF of R and S 361 

can be obtained from the marginal PDFs and correlation coefficient. The probability of failure 362 

for Eq. (40) can be obtained directly by numerical integral as Pf =1.509910-3 and the 363 

corresponding reliability index is 2.97, which is taken as the exact value. According to the 364 

probability distributions of R and S, their first four moments are readily obtained as R = 100, 365 

R = 20, 3R = 0.608, 4R = 3.664, S = 50, S = 20, 3S = 1.265, and 4S = 5.969, which lie in 366 

the suitable region given by Zhao et al. [25]. Using Eq. (55) presented in Appendix A, the 367 

polynomial coefficients are determined as aR = cR = 0.09740, bR = 0.9706, dR = 6.670510-368 

3, aS = cS = 0.1804, bS = 0.8880, and dS = 0.02681, respectively. The suitable region of original 369 

correlation coefficient is obtained as [-0.9253, 0.9956] using Eq. (22). According to Eq. (6a) or 370 

(23), the equivalent correlation coefficient, , is determined as 0.8093. For the initial checking 371 

point x = (100, 50)T, the calculation results are summarized in Table 2, which shows that the 372 

reliability index obtained by FORM based on the proposed fourth-moment transformation is in 373 

close agreement with the exact one.  374 
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Table 2. Summary of the iteration computation of the proposed method for Example 1 375 

Iteration 
Checking point 

Jacobian matrix 
New checking 

point u1 

Reliability 

index  x0 z0 u0 

1 
100

50

 
 
 

 
0.0993

0.1952

 
 
 

 
0.0993

0.1955

 
 
 

 
19.803

15.563 11.285

0 
 
 

 
1.5086

4.0185

 
 
 


 4.2923 

2 
68.157

68.157

 
 
 

 
1.8356

0.9948

 
 
 


 

1.836

4.2227

 
 
 


 

13.610

21.472 15.584

0 
 
 

 
1.3257

2.6278

 
 
 

 2.9433 

3 
111.18

111.18

 
 
 

 
0.6342

2.2608

 
 
 

 
0.6342

2.9751

 
 
 

 
22.044

34.232 24.845

0 
 
 

 
1.2994

2.6488

 
 
 

 2.9503 

4 
125.84

125.84

 
 
 

 
1.2589

2.5886

 
 
 

 
1.2589

2.6724

 
 
 

 
24.951

38.216 27.736

0 
 
 

 
1.2745

2.6650

 
 
 

 2.9541 

5 
126.23

126.23

 
 
 

 
1.2745

2.5968

 
 
 

 
1.2745

2.6650

 
 
 

 
25.028

38.320 27.812

0 
 
 

 
1.2738

2.6653

 
 
 

 2.9541 

 376 

Since Eq. (40) is an explicit performance function, it can be transformed into a function of 377 

independent standard normal random variables by the fourth-moment transformation. 378 

According to Eq. (11), if the transformation order R to S is used, G(X) can be formulated as: 379 

 

2 3

1 1 1 2 1 2

2 2 2 3

1 2 2

1

1 2 2

51.66 5.039 0.4156 0.1508 10.43 3.431

                          0.6189 1.2450 0.4492 0.108

) (

7

( ) U U U U U U

U U U U U

G

U

g      

   

X U
  (41) 380 

For an explicit function with inclusion of random variables being independent standard 381 

normal random variables only, its reliability index can be obtained using the FORM. When 382 

initial checking point is selected to be u = (0, 0)T, the iteration procedure for Eq. (41) is 383 

summarized in Table 3.  384 

If the transformation order S to R is used, the performance function can be formulated as: 385 

 

2 3

1 1 1 2 1 2

2 2 2 3

1 2 2

2

1 2 2

51.66 2.05 2.33 0.47 11.40 1.85

                           0.15 0.67

( ) ( )

0.11 0.027

U U U U U U

U U U U U

G g

U

    

   

 X U
  (42) 386 

Similarly, the reliability index can also be easily obtained using general FORM. The iteration 387 

procedure is also summarized in Table 3. The two limit state curves corresponding to Eqs. (41) 388 

and (42), and their corresponding design points and reliability indices are illustrated in Fig. 6.  389 

Table 3. Iteration computation of explicit performance function for Example 1 390 
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Iteration 

Eq. (41) 

 

Eq. (42) 

Checking point Reliability 

index 

Checking point Reliability 

index u x u x 

0 
0

0

 
 
 

 
98.052

46.392

 
 
 

 0 

 

0

0

 
 
 

 
98.052

46.392

 
 
 

 0 

1 
1.9397

4.0153

 
 
 

 
66.753

62.905

 
 
 

 4.4592 
0.7886

4.3889

 
 
 

 
66.753

62.905

 
 
 

 4.4592 

2 
1.2733

2.8452

 
 
 

 
126.204

131.289

 
 
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Fig. 6. Limit state curves in independent standard normal space for Example 1 393 

 394 

Compare Table 2 with Table 3, it can be observed that the reliability index of explicit 395 

performance function obtained from the different computational procedures is identical. From 396 

Fig. 6 and Table 3, it can be observed that: (1) The first-order reliability indices obtained by 397 

FORM based on the fourth-moment transformation are the same even the transformation order 398 

is different; (2) Although the design points corresponding to the two limit state curves expressed 399 

in Eqs. (41) and (42) are different in independent standard normal space, they are identical in 400 
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original space.  401 

If R and S are assumed to be Gumbel distributed random variables, with means and 402 

coefficient of variations (COV) of R, VR = 0.2, and S = 50, VS = 0.4, respectively, and the 403 

correlation coefficient between R and S is  = 0.5. Reliability analysis based on Rosenblatt 404 

transformation cannot be used because the joint PDF of R and S are unavailable. While the 405 

reliability analysis can be realized using FORM based on the Nataf, fourth-moment, and third-406 

moment transformations since the marginal PDFs and correlation matrix of the basic random 407 

variables are given. The corresponding first-order reliability indices varying with respect to the 408 

mean of R, R, can be obtained and are illustrated in Fig. 7.  409 
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Fig. 7. Comparison of the first-order reliability indices by different methods for Example 1 412 

 413 

From Fig. 7, it can be observed that: (1) FORM based on the fourth-moment transformation 414 

provides almost the same results with FORM based on Nataf transformation for the entire 415 

investigation range; (2) The differences between the reliability indices obtained from FORM 416 

based on third-moment transformation and those of FORM based on Nataf transformations 417 

become larger as the mean of R (R) increases. The reason lies in that as the mean of R increases, 418 

the corresponding absolute value of UR in the standard normal space becomes larger. Previous 419 

study [23] has shown that the third-moment transformation yields certain errors in the X-U and 420 

U-X transformations when the absolute value of Xs or U is relatively large. Since only the 421 
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information of the first three moments is used, the underlying shortcoming of the third-moment 422 

transformation is that it cannot be flexible enough to reflect the kurtosis of a basic random 423 

variable or statistical data, which limits its applicable range and may lead to inappropriate 424 

results when the kurtosis is important and should be accounted for. 425 

 426 

4.2 Example 2: Investigation of the influence of transformation order 427 

The second example considers the following performance function:  428 

 2

1 2 3( ) 2G X X X  X   (43) 429 

where X1 is independent of X2 and X3; X2 and X3 are correlated random variables. X1 is a 430 

lognormally distributed random variable with parameters  = 1.590 and  = 0.198. X2 and X3 431 

are bivariate exponentially distributed random variables, and their joint PDF is expressed as:  432 

 
2 3 2 3 2 3 2 3 2 3 2 3 2 3( , ) ( )exp[ ( )]; , 0X Xf x x x x x x x x x x x x        (44) 433 

Therefore, the joint PDF of X is given as: 434 

 
1 2 31 2 3( ) ( , )( ) X X Xf f x f x xX x   (45) 435 

where 
1 1( )Xf x  is the PDF of X1.  436 

Because the joint PDF of X and performance function are available, the probability of failure 437 

can be obtained directly by numerical integral as 4.92810-4, and the corresponding reliability 438 

index is 3.295, which is taken as the exact value. With the aid of the joint PDF of X, the 439 

reliability indices with different transformation orders can be obtained by FORM based on 440 

Rosenblatt transformation, which are listed in Table 4, together with the design points in 441 

original space and in independent standard normal space. Because the marginal PDFs, the first 442 

four moments, and correlation matrix of the basic random variables can be determined from the 443 

joint PDF, the reliability indices can also be obtained using FORM based on the Nataf and 444 

fourth-moment transformations. The corresponding design points and reliability indices are also 445 

listed in Table 4 for comparison. 446 
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 447 

Table 4. Comparison of results by FORM based on different transformations for Example 2 448 

Transformation 

used in FORM 

Transformation 

order 

Design point Reliabilit

y index uT = {u1, u2, u3}
 xT = {x1, x2, x3} 

Rosenblatt 

transformation 

X1→X2→X3 {-1.973, 2.623, 0.069} {3.319, 5.438, 0.136} 3.283 

X1→X3→X2 {-1.920, -1.103, 2.277} {3.353, 5.549, 0.145} 3.176 

X2→X1→X3 {2.623, -1.973, 0.069} {3.319, 5.438, 0.136} 3.283 

X2→X3→X1 {2.623, 0.069, -1.973} {3.319, 5.438, 0.136} 3.283 

X3→X1→X2 {-1.103, -1.920, 2.277} {3.353, 5.549, 0.145} 3.176 

X3→X2→X1 {-1.103, 2.277, -1.920} {3.353, 5.549, 0.145} 3.176 

Nataf 

transformation 

X1→X2→X3 

{-1.975, 2.631, 

0.0571} 
{3.316, 5.460, 0.0776} 3.291 

X1→X3→X2 {-1.975, -1.442, 2.202} {3.316, 5.460, 0.0776} 3.291 

X2→X1→X3 
{2.631, -1.975, 

0.0571} 
{3.316, 5.460, 0.0776} 3.291 

X2→X3→X1 {-1.442, -1.975, 2.202} {3.316, 5.460, 0.0776} 3.291 

X3→X1→X2 
{2.631, 0.0571, -

1.975} 
{3.316, 5.460, 0.0776} 3.291 

X3→X2→X1 {-1.442, 2.202, -1.975} {3.316, 5.460, 0.0776} 3.291 

Fourth-moment 

transformation 

X1→X2→X3 {-1.970, 2.640, 0.006} {3.319, 5.472, 0.0746} 3.293 

X1→X3→X2 {-1.970, -1.550, 2.137} {3.319, 5.472, 0.0746} 3.293 

X2→X1→X3 {2.640, -1.970, 0.006} {3.319, 5.472, 0.0746} 3.293 

X2→X3→X1 {-1.550, -1.970, 2.137} {3.319, 5.472, 0.0746} 3.293 

X3→X1→X2 
{2.640, 0.0006, -

1.970} 
{3.319, 5.472, 0.0746} 3.293 

X3→X2→X1 {-1.550, 2.137, -1.970} {3.319, 5.472, 0.0746} 3.293 

 449 

Table 4 shows that: (1) The results of FORM based on Rosenblatt transformation are different 450 

due to the variation of the transformation order of input random variables, and not all of them 451 

give a good estimation to the exact value; (2) FORM based on the fourth-moment and Nataf 452 

transformations have no shortcoming of varying with the transformation order of random 453 

variables; and (3) The reliability indices obtained from FORM based on the fourth-moment and 454 

Nataf transformation are in close agreement with the exact value.  455 

 456 
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4.3 Example 3: A performance function with truncated probability distributions 457 

The third example considers the following flexural limit state function in the midspan cross-458 

section of a simple steel beam subjected to a uniformly distributed load: 459 

 
2( ) / 8yG W F q L   X   (46) 460 

where W is the plastic modulus; Fy is the yield stress; q is the uniformly distributed load; and L 461 

is the beam length. The probabilistic information of random variables is listed in Table 5. With 462 

the exception of W and q is correlated, the others are mutually independent. The correlation 463 

coefficient between W and q is  = 0.5.  464 

 465 
Table 5. Probabilistic information of the basic random variables for Example 3 466 

Variable Distribution Mean  Standard deviation Skewness Kurtosis 

W Truncated normal [90, 110] 100.0 cm3 4.3981 cm3 0.0 2.3655 

Fy Truncated normal [350, 450] 400.0 Mpa 19.0919 Mpa 0.0 2.6242 

q Lognormal 5.0 kN/m 4.0 kN/m 2.912 21.125 

L Truncated normal [3.5, 4.5] 4.0 m 0.1909 m 0.0 2.6242 

 467 

Because the marginal PDFs and correlation matrix are known, FORM based on Nataf 468 

transformation is theoretically available. However, the truncated normal distributions are not 469 

included in the empirical formulas of evaluating the equivalent correlation coefficient in 470 

correlated standard normal space developed by Der Kiureghian and Liu [20]. The determination 471 

of the equivalent correlation coefficient 0 involves solving the following two-dimensional 472 

nonlinear integral equation:  473 

 
   

 
11

21

2 1 2 0 1 2

( )( )
, ,

q qW W

W q

F zF z
z z dz dz


  

 


 

 

  
      (47) 474 

where W, W, and q, q are the mean and standard deviation of W and q, respectively; 1( )WF   475 

and 
1( )qF  are the inverse CDF of W and q, respectively; 2 1 2 0( , , )z z  is a bivariate normal 476 

PDF of Z1 and Z2; and ( )WF  is expressed as: 477 
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1 1 (2)

( )
2 (2) 1 2 (2) 1

W
W

W

w
F w





  
   

    
  (48) 478 

Obviously, it is not easy to obtain the explicit analytical expression between 0 and  because 479 

the solution of Eq. (47) is quite complex. On the other hand, if the proposed method used, the 480 

explicit analytical expression between 0 and  can be expressed by Eqs. (6a)-(6c), and the 481 

reliability index can be easily obtained as 2.109. According to Eq. (11), the random samples of 482 

correlated random variables can be generated by the independent standard normal random 483 

variables, based on which the probability of failure obtained by Monte Carlo simulation (MCS) 484 

is 0.0173 (the coefficient of variation (COV) of the MCS result is 0.75%) with corresponding 485 

reliability index of MCS = 2.113. It can be concluded that the proposed method is simpler than 486 

FORM based on Nataf transformation for the cases of empirical formulas for equivalent 487 

correlation coefficients being not included.  488 

 489 

4.4 Example 4: Applications to reliability problems with implicit performance functions 490 

The fourth example considers a three-bay five-story frame structure subjected to lateral loads 491 

as shown in Fig. 8. The total height of the frame structural is H = 21.0 m. In this example, 21 492 

random variables are considered. The random variables associated with the frame elements are 493 

shown in Table 6, and their probabilistic information is listed in Table 7. The implicit 494 

performance function is formulated as [29]:  495 

 lim( ) ( )G u u X X   (49) 496 

where ulim = H/350 = 0.06 m; and u(X) is the top-floor displacement, which is determined by 497 

finite element analysis. The correlation matrix of basic random variables is given as:  498 
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 500 
Fig. 8. Three-bay five-story frame structure considered in Example 4 501 

 502 

Table 6. Characteristics of the frame elements in Example 4 503 

Element Young’s modulus Moment of inertia Cross-sectional area 

B1 E1 I1 A1 

B2 E1 I2 A2 

B3 E1 I3 A3 

B4 E1 I4 A4 

C1 E2 I5 A5 

C2 E2 I6 A6 

C3 E2 I7 A7 

C4 E2 I8 A8 

 504 

Because the joint PDF of random variables is not available, the reliability analysis based on 505 

Rosenblatt transformation can no longer be used. While the reliability analysis can be realized 506 

using FORM based on the proposed fourth-moment and Nataf transformations since the 507 

marginal PDFs, the first four moments, and correlation matrix of basic random variables are 508 

given. The gradient vector of the implicit performance function is determined by numerical 509 
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differentiation method. The reliability indices obtained from FORM based on the proposed 510 

fourth-moment and Nataf transformations with respect to the COV of lateral loads VP ranging 511 

from 0.1 to 1.5 are depicted in Fig. 9, together with results obtained from MCS. It can be 512 

observed from Fig. 9 that the results obtained by reliability analysis methods based on the 513 

proposed fourth-moment transformation are in close agreement with those based on Nataf 514 

transformation for the entire investigation range.  515 

Table 7. Probabilistic information of the basic random variables for Example 4 516 

Variable Distribution Mean Standard deviation Skewness Kurtosis 

P1 Gumbel 135.0 kN VP135.0 kN 1.134 5.40 

P2 Gumbel 90.0 kN VP90.0 kN 1.134 5.40 

P3 Gumbel 70.0 kN VP70.0 kN 1.134 5.40 

E1 Lognormal 2.1×107 kN/m2 1.05×106 kN/m2 0.150 3.040 

E2 Lognormal 2.4×107 kN/m2 2.1×106 kN/m2 0.150 3.040 

I1 Lognormal 8.11×10-3 m4 8.11×10-4 m4 0.301 3.162 

I2 Lognormal 0.011 m4 1.1×10-3 m4 0.301 3.162 

I3 Lognormal 0.0213 m4 2.13×10-3 m4 0.301 3.162 

I4 Lognormal 0.0295 m4 2.95×10-3 m4 0.301 3.162 

I5 Lognormal 0.0108 m4 1.08×10-3 m4 0.301 3.162 

I6 Lognormal 0.0141 m4 1.41×10-3 m4 0.301 3.162 

I7 Lognormal 0.0232 m4 2.32×10-3 m4 0.301 3.162 

I8 Lognormal 0.0259 m4 2.59×10-3 m4 0.301 3.162 

A1 Lognormal 0.312 m2 0.0312 m2 0.301 3.162 

A2 Lognormal 0.372 m2 0.0372 m2 0.301 3.162 

A3 Lognormal 0.505 m2 0.0505 m2 0.301 3.162 

A4 Lognormal 0.557 m2 0.0557 m2 0.301 3.162 

A5 Lognormal 0.253 m2 0.0253 m2 0.301 3.162 

A6 Lognormal 0.291 m2 0.0291 m2 0.301 3.162 

A7 Lognormal 0.372 m2 0.0372 m2 0.301 3.162 

A8 Lognormal 0.418 m2 0.0418 m2 0.301 3.162 

Note: Vp denotes the COV of lateral loads, varying from 0.1 to 1.5.  517 

 518 
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Fig. 9. Comparison of results by different methods for Example 4  520 

 521 

5. Concluding remarks 522 

The present paper propose a fourth-moment transformation technique for transforming the 523 

correlated nonnormal random variables into independent standard normal ones, in which the 524 

correlated nonnormal random variables are firstly transformed into correlated standard normal 525 

random ones using the fourth-moment transformation and the complete explicit expressions of 526 

equivalent correlation coefficients are proposed; and the correlated standard normal random 527 

variables are then transformed into independent standard normal random ones using Cholesky 528 

decomposition. The application scope of the proposed fourth-moment transformation is 529 

investigated, in which the upper and lower bounds of original correlation coefficient are given.  530 

Based on the proposed fourth-moment transformation, a FORM for structural reliability 531 

analysis involving correlated random variables is developed. Four numerical examples 532 

including explicit and implicit performance functions are studied, from which it can be 533 

concluded that: (1) Since the proposed fourth-moment transformation efficiently utilizes the 534 

kurtosis as well as the mean, standard deviation, and skewness of the basic random variable, it 535 

generally provides more accurate results than the third-moment transformation; (2) The 536 

proposed fourth-moment transformation has no shortcoming of varying with the transformation 537 

order of random variables, which is considered to be the main weakness of Rosenblatt 538 
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transformation; (3) In general, the proposed method provides almost the same results compared 539 

with the FORM based on Nataf transformation, and the proposed method is simpler for the 540 

cases of empirical formulas for equivalent correlation coefficients being not included in Nataf 541 

transformation; and (4) Since only the first four moments and correlation matrix of input 542 

random variables are used in the proposed method, it can be applied for structural reliability 543 

assessment even if probability distributions of the basic random variables are unknown.  544 
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 551 

Appendix A: Moment-matching method for determining the polynomial coefficients 552 

The polynomial coefficient ai, bi, ci, and di in Eq. (3) can be obtained by making the first four 553 

moments of left side of Eq. (3) equal to those of the right side, i.e.,  554 

 0i ia c    (51a) 555 

 2 2 22 6 15 1i i i i ib c bd d      (51b) 556 

 
2 3 2

36 8 72 270
ii i i i i i i i Xb c c bc d c d       (51c) 557 

4 3 2 2 3 4 2 2 2 2

43( 20 210 1260 3465 ) 12 5 5 78 375( )
ii i i i i i i i i i i i i i Xb b d b d bd d c b c bd d           (51d) 558 

Simplifying Eqs. (51a)-(51d), the equations about bi and di can be obtained as following: 559 

 
2 2

1 2 32
iXA A    (52a) 560 

 
1 3 4 43 3

iXA A A     (52b) 561 

in which,  562 
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 2 2

1 1 6 15i i i iA b bd d    , 2 2

2 2 24 105i i i iA b bd d      (53a) 563 

 2 2

3 5 5 126 675i i i iA b bd d    , 4 3 2 2 3 4

4 20 210 1260 3465i i i i i i i iA b b d b d bd d       (53b) 564 

After the coefficients bi and di have been obtained, ai and ci can be readily given as:  565 
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When 
3| | 2

iX    and 
2

3 4(4 7) / 3 12
i iX X     , the explicit expressions of the four 567 

coefficients suggested by Zhao and Lu [23] can be used, which are expressed as:  568 
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36 i ii X Xk        (55b) 570 

Appendix B: The solution of cubic equation and its property  571 

According to Cardano formula [30], for a cubic equation x3+t2x
2+t1x+t0 = 0 with one variable 572 

x, its number of real roots can be discriminate using , which is expressed as:  573 
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t t t
q t     (56) 574 

When  > 0, there is only one real root, which is expressed as: 575 

 3 3 2

3

t
x A B   , 

2

q
A     , 

2

q
B       (57) 576 

When  = 0, there are two real roots, one of which is horizontal coordinate of the stationary 577 

point of cubic function f(x) = x3+t2x
2+t1x. The real toots for  = 0 are expressed as:  578 
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  (58) 579 

In which x2 is the horizontal coordinate of stationary point; and x1  x2 for q < 0 and x1 < x2 for 580 

q  0.  581 

When  < 0, there exist three real roots, which are respectively expressed as:  582 
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 
  (59) 583 

where / 3r p  ,  = arccos[q/(2r3)], According to the property of cosine function, there 584 

exists x1  x2  x3 because 0   = arccos[q/(2r3)]  .  585 

 586 
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