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8 Abstract: Previous prediction models for soil compaction parameters were developed using 

9 limited data of specific soils and their accuracy also needs to be improved. This study 

10 presents the development of a new prediction model for the soil compaction parameters (i.e. 

11 optimum water content and maximum dry density) using the multi expression programming 

12 (MEP). Numerous soil compaction tests with a wide range of soil classifications and 

13 compaction energies are first collected to form a large database. Then, the optimal setting of 

14 the MEP code parameters is investigated and determined. The explicit formulations for the 

15 two key compaction parameters are finally proposed. The validity and the sensitivity analysis 

16 of the model are conducted. The results show that the proposed model enables to predict the 

17 soil compaction parameters for all kinds of soils in the database with high accuracy. The 

18 monotonicity analysis of the predicted compaction parameters with each input property (four 

19 physical properties of soil and one compaction energy) verifies the correctness and the 

20 validity of proposed model, showing consistency with the monotonicity concerning the actual 

21 data in the database. From the sensitivity analysis about the relevance of each input property 

22 on the predicted compaction parameters, it is indicated that the plastic limit and the fines 

23 content have more significant influences on the prediction results, while the effect of the 

24 liquid limit is the least pronounced. 
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28 Introduction

29 Soil compaction is the process of compacting the soil particles more closely together, by 

30 reducing the air void but maintaining the water content between the soil particles (Verma and 

31 Kumar 2019). Through soil compaction, the mechanical behaviors can be improved 

32 variously. Proctor (1933) recommended to compact the soil at a desired compaction energy 

33 with various water contents in the laboratory. In this way, the optimum water content and the 

34 maximum dry density can be obtained from the compaction curve. For the geotechnical 

35 practice, these two compaction parameters are widely used to maintain the long-term 

36 performance of numerous geotechnical structures, such as railway track-beds (Zhao et al. 

37 2017; Chen et al. 2018; Wang et al. 2018a, 2018b, 2018c; Chen et al. 2019; Wang and Chen 

38 2019; Wang et al. 2019a, 2019b; Zhao et al. 2019; Chen et al. 2020), highway embankments 

39 (Lim and Miller 2004; Kim et al. 2005; Rahman et al. 2008), earth dams (Di Matteo et al. 

40 2009; Ardakani and Kordnaeij 2019), nuclear waste disposal (Delage et al. 2006; Sun et al. 

41 2009), etc. Therefore, understanding and predicting the compaction parameters of different 

42 soils is of paramount importance for the construction and the maintenance of the geotechnical 

43 structures.

44 To date, the soil compaction parameters, i.e. optimum water content and maximum dry 

45 density, can be determined by both laboratory tests and analytical methods. As suggested by 

46 the widely accepted standards of ASTM D698 (ASTM 2012a, standard Proctor compaction) 

47 and ASTM D1557 (ASTM 2012b, modified Proctor compaction), the soil compaction curve 

48 can be obtained through the testing procedures of sample preparation, compaction with 

49 specified energy, measurement and calculation. In general, at least six tests need to be 
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50 appropriately performed to identify the compaction curve with reasonable accuracy. Thus, the 

51 laboratory test for soil compaction is still time- and labor-consuming. To determine the soil 

52 compaction parameters more efficiently, several prediction models were proposed. Most of 

53 these models were built based on the regression analysis using limited data of specific soils 

54 (Blotz et al. 1998; Omar et al. 2003; Gurtug and Sridharan 2004; Sridharan and Nagaraj 

55 2005; Di Matteo et al. 2009; Günaydın 2009; Mujtaba et al. 2013; Khuntia et al. 2015; 

56 Farooq et al. 2016). The prediction accuracies were scattered using these models, with the 

57 coefficients of determination ranging from 0.64 to 0.98. In addition, the prediction accuracy 

58 using these models appeared to decrease for a larger database (the number of samples for the 

59 regression analysis was smaller than 126 for these models, Verma and Kumar 2019).

60 To address the issue with a larger database and a higher accuracy, some machine 

61 learning techniques were applied to predict the compaction parameters. By the methods of 

62 artificial neural network (ANN, Sinha and Wang 2008) and evolutionary polynomial 

63 regression (EPR, Ahangar-Asr et al. 2011), the compaction parameters of 55 soil samples 

64 under standard Proctor compaction conditions were predicted. Ardakani and Kordnaeij 

65 (2019) used the group method of data handling (GMDH) type neural network to establish a 

66 more complex model to predict the compaction parameters for 212 samples. Based on 451 

67 soil samples, Kurnaz and Kaya (2020) predicted the soil compaction parameters using 

68 GMDH–type neural network, support vector machine (SVM), Bayesian regularization neural 

69 network (BRNN), and extreme learning machine (ELM), while no explicit expressions were 

70 provided. On the whole, these prediction models show relatively higher coefficients of 

71 determination (from 0.90 to 0.98) than those using the regression analysis. However, in these 
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72 studies, the soil type was limited. For example, in some studies, the soft clay with high 

73 plasticity was not considered, and in some others either the fine-grained soil or the coarse-

74 grained soil could not be related. Furthermore, the influencing factors for the compaction 

75 parameters were not completely integrated in these models. Although the prediction accuracy 

76 can be guaranteed for a specific soil range in the previous studies, the issue about the limited 

77 soil type and the deficient consideration of the influencing factors might lead to predicting 

78 errors for the soils with different properties. Hence, for more convenient engineering 

79 application, a comprehensive model with explicit formulations to predict the soil compaction 

80 parameters needs to be developed, considering the overall range of soil types and influencing 

81 factors.

82 To fulfill this purpose, a genetic programming method namely multi expression 

83 programming (MEP) has proven to be an alternative and efficient approach to solve nonlinear 

84 and complex prediction problems. The MEP method was firstly proposed by Oltean and 

85 Dumitrescu (2002). Using this approach, the problem with multi computer programs can be 

86 encoded into a single chromosome. The best encoded prediction equations can be generated 

87 through the calculation process and be easily manipulated in practical cases. With the 

88 advantages of high efficiency, easy implementation and high predicting accuracy, the MEP 

89 approach has been developed rapidly in the field of geotechnical engineering for the last 

90 decade. Successful applications of this approach can be found in predicting compressive and 

91 tensile strengths (Baykasoğlu et al. 2008), peak ground acceleration (Cabalar and Cevik 

92 2009), soil classification (Alavi et al. 2010), secant and reloading soil deformation moduli 

93 (Alavi et al. 2012), etc. Thereby, the prediction about the soil compaction parameters using 
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94 MEP is feasible, supported by previous relevant studies of this approach on the specific 

95 geotechnical problems.

96 In this study, the prediction model of soil compaction parameters, including the optimum 

97 water content and the maximum dry density, is developed using the approach of multi 

98 expression programming (MEP). A large database of soils encompassing various 

99 classifications (gravel, sand, silt, clay) are collected from the literature. The soils with the odd 

100 line number in the database are selected as the training data to generate the optimal 

101 formulations, which are then validated using the testing soils with the even line number in the 

102 database. Furthermore, the validity of the prediction model is evaluated by the analysis of 

103 monotonicity and sensitivity.

104

105 Multi expression programming (MEP)

106 Genetic algorithms (GA) is a stochastic method to search and to optimize the solution of a 

107 problem based on the principles of genetics and natural selection (Goldberg 1989). Through 

108 conventional optimization techniques, GA produces a series of binary strings to represent the 

109 solution. By evolving the string expression into the computer programs such as tree structures 

110 or functional programming language, the genetic programming (GP) was introduced as an 

111 extension of GA (Koza 1992). GP can be defined as a symbolic optimization technique, using 

112 Darwin’s natural selection to solve a problem through computer programs. In GP, the main 

113 goal is to identify a program, connecting the known input and the known output variables 

114 based on the fitness function. Generally, GP can be categorized into three types: tree-based 

115 GP, graph-based GP and linear-based GP (Alavi et al. 2013; Cheng et al. 2020). Compared to 
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116 the other two types of GP, the linear-based GP is more efficient as no expensive or slow 

117 interpreters are needed for this type. This leads to a more applicable value for the linear-based 

118 GP to improve the precision of the model in realistic timeframes. 

119 In considerations of efficiency and accuracy, a representative linear-based GP approach 

120 so-called multi expression programming (MEP) was selected to predict the soil compaction 

121 parameters in this study. The MEP uses linear chromosomes to encode solutions. Multiple 

122 computer programs (solutions) can be encoded into a chromosome. By checking the fitness 

123 values of the programs, the best encoded solution is chosen to represent the chromosome. The 

124 MEP algorithm starts by developing a random population of computer programs. The 

125 following steps are repeated to develop the best program until reaching the termination 

126 condition (Oltean and Grosan 2003):

127 1. Two parents are selected using a procedure of binary tournament and recombined with a 

128 fixed crossover probability; 

129 2. Two offspring are obtained through the recombination of two parents;

130 3. The offspring are mutated, and the worst individual in the current population is replaced by 

131 the best of them if the offspring is better than the worst individual in the current 

132 population.

133 The representation of MEP is similar to the way in which Pascal and C compliers convert 

134 mathematical expressions into machine code (Alavi et al. 2010, 2013). The MEP genes are 

135 represented by a string of expressions. The number of genes is defined as the chromosome 

136 length (code length), which is constant during the calculation. Each gene consists of one or 

137 two terminals (an element in the terminal set ) and a function symbol (an element in the T
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138 function set ). Note that the first gene of a chromosome must be a terminal randomly F

139 chosen from the terminal set, to obtain the syntactically correct program. A gene with a 

140 function contains a pointer towards the function arguments. In a specific gene, the expressed 

141 terminal indices have lower values than the position of the gene in the chromosome.

142 An example of a MEP chromosome is illustrated as follows:

143 0 1:  P x

144 1 2:  P x

145 2 0 1:   ,  P pow P P

146 3 3:  P x

147 4 2 3:  /  ,  P P P

148 5 4:  P x

149 6 4 5:   ,  P P P

150 In this example, the terminal set  and the function set   1 2 3 4,  ,  ,  T x x x x  ,  ,  /F pow 

151 are used. By reading the chromosome from top to bottom, the MEP genes can be translated 

152 into computer programs. The corresponding gene trees are plotted in Fig. 1. The genes 0, 1, 3 

153 and 5 encode a single terminal as: , , , , respectively. Gene 2 0 1P x 1 2P x 3 3P x 5 4P x

154 indicates the operation  on the operands at the locations 0 and 1 of the chromosome. pow

155 Hence, gene 2 encodes the equation . Similarly, gene 4 indicates the operation / on 2
2 1

xP x

156 the operands at the locations 2 and 3, developing the expression as . Finally, 2
4 1 3

xP x x

157 gene 6 can be expressed as . Thus, the chromosome can be demonstrated as 2
6 1 3 4

xP x x x 

158 a forest of gene trees (Fig. 1), with multi expressions. The best expression is chosen after 

159 controlling the fitness of all expressions in a MEP chromosome (Oltean and Grosan 2003). 
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160

161 Model development

162 Geological database

163 To develop a prediction model of the soil compaction parameters for a wide range of soil 

164 classifications with high precision, 226 soil compaction tests were collected from the 

165 literature (Al-Khafaji 1993; Daniel and Wu 1993; Othman and Benson 1993; Shelley and 

166 Daniel 1993; Delage et al. 1996; Miller et al. 2002; Fleureau et al. 2003; Inci et al. 2003; Lim 

167 and Miller 2004; Clariá and Rinaldi 2007; Vassallo et al. 2007; Ito and Komine 2008; Shafiee 

168 2008; Taïbi et al. 2008; Günaydın 2009; Horpibulsuk et al. 2009; Li 2009; Sawangsuriya et 

169 al. 2009; Agus et al. 2010; Akcanca and Aytekin 2012; Millogo et al. 2012; Heitor et al. 

170 2013; Burton et al. 2014; Fox et al. 2014; Duong et al. 2014; Vega and McCartney 2015; 

171 Zhang et al. 2015; Jotisankasa and Taworn 2016; Kiliç et al. 2016; Al-Hussaini 2017; Wang 

172 et al. 2017; Chen et al. 2019; Di Sante 2019). The details of the soil properties can be 

173 downloaded and referred in the supplementary data. From the supplementary data, the soil 

174 properties including gravel content , sand content , fines content , liquid limit GC SC FC

175 , plastic limit , compaction energy , optimum water content  and maximum LL PL E optw

176 dry density  are listed. Note that the gravel, sand and fines are differentiated by the maxd

177 grain size range of 75 mm to 4.75 mm, 4.75 mm to 0.075 mm and smaller than 0.075 mm, 

178 respectively (ASTM 2017). For the soil classification according to ASTM (2017), the 

179 investigated soils include lean clay (CL), silty clay (CL-ML), fat clay (CH), elastic silt (MH), 

180 silt (ML), clayey sand (SC), poorly graded sand with clay (SP-SC), well-graded sand with 

181 clay (SW-SC), silty sand (SM), clayey gravel (GC), poorly graded gravel with clay (GP-GC), 
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182 well-graded gravel with clay (GW-GC) and silty gravel (GM). The samples in the database 

183 are ordered by the soil classification from clay to gravel. For the same classification, the 

184 samples are ordered alphabetically by the name of the author.

185 Table 1 lists the descriptive statistics of the soil properties in the present database, with 

186 the minimum, the maximum, the mean and the standard deviation of each variable. Fig. 2 

187 plots the frequency histograms for each variable, also including the soil classification. From 

188 Fig. 2, it is indicated that for the present database, most soils have the gravel and the sand 

189 contents between 0 to 20 % (Figs. 2a and 2b), while the fines content in the soils lies mostly 

190 in the range of 80 % to 100 % (Fig. 2c). The majority of soils have the liquid limit from 0 to 

191 50 (Fig. 2d). Around 32 soils have the liquid limit higher than 300, with high plasticity. For 

192 the plastic limit, it mainly locates in the range between 10 and 30 (Fig. 2e). The present 

193 database has a relatively higher amount of lean clay, fat clay, clayey sand and clayey gravel 

194 than the other soils (Fig. 2f). Most of the compaction tests were performed under the standard 

195 Proctor or the reduced compaction energy (no more than 600 kJ/m3, Fig. 2g). About 30 

196 modified Proctor compaction tests were also investigated. For the optimum water content and 

197 the maximum dry density, the highest frequency shows in the range of 10 % to 20 % and 1.6 

198 Mg/m3 to 1.8 Mg/m3, respectively (Figs. 2h and 2i).

199 Figs. 3 and 4 depict the basic linear fittings of the optimum water content and the 

200 maximum dry density versus each input property, respectively. The coefficient of 

201 determination  is used to evaluate the fitting accuracy, defined as:2R
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203 where  and  are the actual and the predicted output values for the th output;  is the ih it i ih

204 average value of the actual outputs. The  ranges from 0 to 1, showing the higher 2R

205 prediction accuracy with the  value closer to 1. From Fig. 3, it can be observed that the 2R

206 optimum water content decreases with increase of gravel content, sand content or compaction 

207 energy, whereas it increases as the fines content, liquid limit or plastic limit increases. By 

208 contrast, the variation of the maximum dry density with each input property shows the 

209 opposite trend compared to the optimum water content (Fig. 4). For both compaction 

210 parameters, the fittings with the fines content or the plastic limit have relatively higher 

211 accuracy (with higher coefficient of determination ). The fittings with the compaction 2R

212 energy are the poorest. On the whole, all the  values for the simple linear fittings are 2R

213 smaller than 0.55. A more comprehensive approach is needed to improve the prediction 

214 precision.

215 Model overview 

216 From previous predictions on the soil compaction parameters, the properties of gravel 

217 content, sand content, fines content, liquid limit, plastic limit and compaction energy are the 

218 main influencing factors (Al-Khafaji 1993; Blotz et al. 1998; Omar et al. 2003; Gurtug and 

219 Sridharan 2004; Sridharan and Nagaraj 2005; Ito and Komine 2008; Sinha and Wang 2008; 

220 Di Matteo et al. 2009; Günaydın 2009; Ahangar-Asr et al. 2011; Mujtaba et al. 2013; Khuntia 

221 et al. 2015; Nagaraj et al. 2015; Farooq et al. 2016; Ardakani and Kordnaeij 2019; Kurnaz 

222 and Kaya 2020). However, as the soils are constituted by gravel, sand and fines, the gravel 

223 content can be calculated as the subtraction between 100 % and the contents of sand and 

224 fines. Thus, in the present prediction, the gravel content is not considered.
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225 In order to develop an accurate model for predicting the soil compaction parameters and 

226 to check the validity of this model, the soils with the odd line number in the supplementary 

227 database are chosen as the training data (totally 113 samples). The soils with the even line 

228 number (totally 113 samples) in the supplementary database are set as the testing data to 

229 evaluate the developed model. In this way, both the training and the testing data cover all 

230 kinds of soil types in the present database, due to the order of the samples by the soil 

231 classification and then the name of the author. To assess the accuracy of the prediction, three 

232 indicators of mean absolute error , root mean squared error  and coefficient of MAE RMSE

233 determination  [see Eq. (1)] are introduced as:2R

234                            (2)1
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h t
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236 where  is the number of outputs. For a specific group of data, the higher value of  and n 2R

237 the lower values of  and  indicate the higher precision of the model.MAE RMSE

238 The source code of MEP (Oltean 2004) was used for the present analysis. Various code 

239 parameters need to be set for the program (Oltean and Dumitrescu 2002). The population size 

240 is defined as the number of programs in the population. The number of generation defines the 

241 number of calculations before the run of a program terminates. The increase of either 

242 parameter increases the running time of the program. The probabilities of crossover and 

243 mutation determine the probability of an offspring is subjected to the crossover and the 

244 mutation operators, respectively. The uniform crossover type indicates the offspring genes 
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245 are randomly taken from one parent to another. The code length is the number of genes 

246 encoded in each chromosome. The replication number is the number of runs for each 

247 program (i.e. number of developed chromosomes).

248 New prediction model

249 To develop the model with optimal code parameters, three steps were followed. Firstly, 

250 typical initial code parameters were chosen from the suggested values of previous studies 

251 using the MEP approach to solve geotechnical problems. Trial and error method was applied 

252 on the training data to determine the initial optimal combination of the code parameters. 

253 Secondly, using the initial optimal combination as the basis, the investigation on the effect of 

254 each code parameter on the prediction accuracy was performed. That is to say, to study the 

255 influence of a specific code parameter, this parameter changes, while the other parameters are 

256 kept consistent with the initial optimal combination. Thirdly, the final optimal combination of 

257 the code parameters was adjusted according to the initial optimal setting and the parametric 

258 study. The explicit expressions were thus developed using the final optimal parametric 

259 combination.

260 Table 2 lists the initial parameter setting for the present MEP model of the training data, 

261 based on previous suggested values for the MEP method in geotechnical engineering (Oltean 

262 and Dumitrescu 2002; Baykasoğlu et al. 2008; Alavi et al. 2010, Shahnazari et al. 2010; 

263 Alavi et al. 2011, 2012, 2013; Mohammadzadeh et al. 2014). Note that the selection of the 

264 function set was also referred to previous predictions of the soil compaction parameters (Al-

265 Khafaji 1993; Blotz et al. 1998; Omar et al. 2003; Gurtug and Sridharan 2004; Sridharan and 

266 Nagaraj 2005; Ito and Komine 2008; Sinha and Wang 2008; Di Matteo et al. 2009; Günaydın 
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267 2009; Ahangar-Asr et al. 2011; Mujtaba et al. 2013; Khuntia et al. 2015; Nagaraj et al. 2015; 

268 Farooq et al. 2016; Ardakani and Kordnaeij 2019; Kurnaz and Kaya 2020). From Table 2, it 

269 is indicated that for the initial calculation of either optimum water content or maximum dry 

270 density, the number of combination is . From the trial and error 3 3 3 3 2 162    

271 calculations with the initial parameter setting (Table 2), the initial optimal parametric 

272 combination with the lowest  value was determined for both soil compaction MAE

273 parameters, as shown in Table 3. 

274 Then, the code parametric investigation was conducted. For the parametric study, the 

275 investigated code parameter was changed in a reasonable range, with the other parameters 

276 were set as the values listed in Table 3. Figs. 5 and 6 present the effect of each code 

277 parameter on the prediction precision of the optimum water content and the maximum dry 

278 density, respectively. On the whole, similar trend about the prediction precision of the 

279 optimum water content and the maximum dry density can be identified with each code 

280 parameter. The prediction accuracy of the soil compaction parameters increases with the 

281 increase of population size, code length and number of generation in the beginning and tends 

282 to stabilize after the values of around 1000, 50 and 1000 are reached for each aforementioned 

283 code parameter. The crossover probability appears to have an insignificant influence on the 

284 prediction accuracy, while the crossover probability of 0.9 in the initial optimal set (Table 3) 

285 still generates a relatively lower . As the mutation probability increases, the prediction MAE

286 accuracy decreases and tends to approach the minimum when the mutation probability 

287 reaches about 0.5. 

288 From the parametric study in Figs. 5 and 6, the parameter setting in Table 3 is verified to 
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289 induce the highest precision for the predicted model. However, the prediction accuracy with 

290 the code length of 50 enters the stable state, slightly lower than the case with the code length 

291 of 100 (Figs. 5b and 6b). Furthermore, the explicit expressions with the code length of 50 

292 have only half number of the expressions compared to the case with the code length as 100. 

293 Therefore, in combined consideration of the complexity and the precision of the prediction 

294 expressions, the code length of 50 is thus chosen to develop the model. The other code 

295 parameter setting can be referred to Table 3 as the optimal combination. Using the 

296 aforementioned final code parameter setting, the optimal expressions for predicting the 

297 optimum water content of the training data are generated as follows:
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303 The optimal expressions to predict the maximum dry density of the training data are 

304 developed as:
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309                                   (11)3 lgB PL

310                                     (12)4 lg FB C
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313 Fig. 7 plots the comparison of the predicted and reference soil compaction parameters 

314 using the developed model for the training data. It can be observed from Fig. 7 that both 

315 compaction parameters can be well predicted using the proposed model, showing slightly 

316 higher precision (higher ) for predicting the optimum water content than that of the 2R

317 maximum dry density. The values of ,  and  for the prediction of the MAE RMSE 2R

318 optimum water content are 1.206, 1.574 and 0.916, respectively. In terms of the prediction of 

319 the maximum dry density, the values of ,  and  are estimated as 0.050, MAE RMSE 2R

320 0.069 and 0.872, respectively.

321

322 Results and discussions

323 Model validity

324 The soils with the even line number in the database are used as the testing data to evaluate the 

325 validity of the developed model. The comparisons between the predicted and the reference 

326 soil compaction parameters are presented in Fig. 8, also listing the values of ,  MAE RMSE

327 and . The indicators showing high accuracy can be observed for both the optimum water 2R

328 content and the maximum dry density, with the  values as 0.923 and 0.858, respectively. 2R

329 This suggests that the prediction of both compaction parameters using the proposed model is 
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330 in good agreement with the testing data.

331 In addition, several previous prediction models of the soil compaction parameters are 

332 taken into comparison with the present model. Tables 4 and 5 list the expressions for 

333 predicting the optimum water content and the maximum dry density in the literature, 

334 respectively. In all the previous models, the liquid limit or the plastic limit was considered, 

335 while only some models included the compaction energy. In the models of Tables 4 and 5, 

336 the grain size distribution (the sand and the fines contents) was not taken into account. 

337 To compare the prediction accuracy, the three indicators of ,  and  are MAE RMSE 2R

338 calculated for the testing data in the database using the present and the previous models. Fig. 

339 9 shows the comparison result about each indicator for the predictions of the optimum water 

340 content. The  for Al-Khafaji (1993), Blotz et al. (1998), Farooq et al. (2016) and Ito and 2R

341 Komine (2008) is not applicable, with negative values (Fig. 9c). It can be seen from Fig. 9 

342 that the present model shows the highest prediction accuracy for the optimum water content, 

343 with the lowest  and , and the highest . The predictions from the previous MAE RMSE 2R

344 models present relatively poorer precision, with the  values all smaller than 0.5. Note 2R

345 that by checking the predicted output optimum water content of the previous models, the 

346 predicting error mainly locates for the soils with high plasticity (when liquid limit is higher 

347 than 300 for the testing data). Nevertheless, using the present model, the predictions for the 

348 testing data show much higher precision, even for this kind of soil.

349 The comparison about the prediction accuracy of the maximum dry density for the 

350 testing data between the present and the previous studies is plotted in Fig. 10. The  for 2R

351 Al-Khafaji (1993), Blotz et al. (1998), Farooq et al. (2016), Günaydın (2009) and Al-Khafaji 
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352 (1993)-2 is not applicable, with negative values (Fig. 10c). Similar to the optimum water 

353 content, the prediction of the maximum dry density using the present model shows the 

354 highest accuracy for the testing data. For the previous studies, the references of Sridharan and 

355 Nagaraj (2005), Nagaraj et al. (2015) and Günaydın (2009)-2 present relatively higher 

356 accuracies. By checking the predicting output values, these three models have lower 

357 accuracies for predicting the maximum dry density of the coarse-grained soils. Regarding the 

358 other previous models, the prediction error of the maximum dry density of the soils with high 

359 plasticity (when liquid limit is higher than 300) is the dominant issue to decrease the 

360 prediction precision. 

361 From these comparisons, it is indicated that the present model enables the prediction of 

362 the compaction parameters for soils with a wide range of classifications, while the previous 

363 models have limitations for predicting the compaction parameters of some specific materials 

364 such as soils with high plasticity or coarse-grained soils.

365 Monotonicity analysis 

366 To further validate the feasibility of the developed model for soil compaction parameters, the 

367 monotonicity analysis is performed. This analysis aims at implying whether the proposed 

368 expressions are correct or not (Jin et al. 2019; Jin and Yin 2020). Through the monotonicity 

369 analysis, one input soil property changes, while the other input soil properties stay constant. 

370 Using these input soil properties and the proposed model from the MEP, the variation of the 

371 predicted soil compaction parameter with the varying soil property can be identified. The 

372 basic setting of the soil properties for the monotonicity analysis is listed in Table 6. The sand 

373 content, the fines content, the liquid limit and the plastic limit are chosen as their respective 
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374 mean value from the whole supplementary database (see Table 1). For the compaction 

375 energy, several fixed values are used generally (ASTM 2012a, 2012b). It is not reasonable to 

376 use the mean compaction energy as the basis for the monotonicity analysis. Thus, the 

377 commonly used compaction energy of 593 kJ/m3 for the standard Proctor compaction test is 

378 selected. During the monotonicity calculation, the varying range of the input soil property 

379 cannot exceed the range defined by its minimum and maximum values as shown in Table 1. 

380 Note also that the sand content is not separately considered for the monotonicity analysis, 

381 because the cohesionless soil particles (including both the gravel and the sand) jointly 

382 influence the soil compaction parameters. To simulate the practical case, the summation of 

383 the contents of sand and fines cannot exceed 100 %.

384 Fig. 11 shows the variation of the predicted optimum water content with the fines 

385 content, the liquid limit, the plastic limit and the compaction energy, respectively. It is 

386 observed that the predicted  increases monotonically with the increase of fines content, optw

387 liquid limit or plastic limit, whereas the predicted value decreases monotonically as the 

388 compaction energy increases. These monotonic variations are consistent with the trend of the 

389 monotonicity concerning the actual optimum water content with each soil property in Fig. 3, 

390 suggesting the correctness of the proposed model.

391 The monotonicity analysis of the predicted maximum dry density with each input 

392 variable is presented in Fig. 12. Opposite to the optimum water content, the predicted  maxd

393 decreases with the increase of fines content, liquid limit or plastic limit, but with the decrease 

394 of the compaction energy. This observation corresponds to that for the monotonicity of the 

395 actual database shown in Fig. 4. Thereby, the consistency between the monotonicity analysis 
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396 and the database for the prediction of the maximum dry density also verifies the validity of 

397 the proposed model.

398 Sensitivity analysis 

399 To have a better understanding about the importance of the input soil property on the 

400 predicted soil compaction parameters, the sensitivity analysis on the overall database is 

401 conducted. For a specific input variable , the sensitivity  can be calculated as im senR

402 (Momeni et al. 2014; Ardakani and Kordnaeij 2019):
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404 where  is the predicted output variable using the proposed prediction model;  is the it N

405 number of the soil compaction tests in the supplementary database (in this study, 226). N 

406 The sensitivity value  ranges from 0 to 1, showing the related strength between each senR

407 input variable and the predicted output variable. With the  value closer to 1, the specific senR

408 input variable has a more significant influence on the predicted output variable.

409 Fig. 13 depicts the sensitivity distribution of each input property for the predicted 

410 optimum water content and maximum dry density regarding the whole database. All the five 

411 input variables affect the prediction of the soil compaction parameters using the proposed 

412 model (all sensitivity values are higher than 0.5), but with different impacts. For both soil 

413 compaction parameters, the sensitivities of the plastic limit and the fines content rank the 

414 highest, indicating that these two input parameters are the most significant properties 

415 affecting the prediction results. For the prediction of the optimum water content, the 

416 sensitivities of plastic limit and fines content are much higher than the others (Fig. 13a). 
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417 However, the distribution of the sensitivity is more uniform for the prediction of the 

418 maximum dry density: the sensitivities of sand content and compaction energy only show 

419 slightly smaller values than those of plastic limit and fines content (Fig. 13b). By contrast, the 

420 liquid limit has the lowest sensitivity value or the least influence for predicting both soil 

421 compaction parameters by the present model.

422

423 Conclusions

424 In this study, the prediction model of soil compaction parameters, i.e. the optimum water 

425 content and the maximum dry density, was developed using a method of genetic 

426 programming, namely multi expression programming (MEP). A large database of soils 

427 covering a wide range of classifications was formed by collecting data of published works. 

428 The optimal parameter setting in the MEP source code was first investigated. The 

429 prediction accuracy of both soil compaction parameters increases with the increase of 

430 population size, code length or number of generation, but decreases as the mutation 

431 probability increases. The crossover probability has an insignificant influence on the 

432 prediction accuracy. Through this investigation, the final optimal setting of the code 

433 parameters was obtained (population size: 2000; code length: 50; crossover probability: 0.9; 

434 crossover type: uniform; mutation probability: 0.01; number of generation: 2000; function 

435 set: +, -, ×, /, pow, lg; terminal set: problem input; replication number: 10).

436 Then, using the final optimal combination of the code parameters, the explicit 

437 formulations for the prediction of the soil compaction parameters were obtained. The 

438 proposed model predicts the optimum water content and the maximum dry density with 
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439 reasonable accuracy for the training data, with  higher than 0.87. This model is also valid 2R

440 for predicting the soil compaction parameters from the testing data ( 0.85). Compared to 2R 

441 the previous studies, the present model is more applicable and reliable for a wider range of 

442 soil classifications, even for the soils with high plasticity and coarse-grained soils from the 

443 database.

444 The validity of the proposed prediction model and the sensitivity of the input variables 

445 on the predicted results were further analyzed. The monotonicity analysis of the predicted 

446 compaction parameters shows similar variation trend as that for the actual data in the whole 

447 database, verifying that the proposed model is reasonable and valid. From the sensitivity 

448 analysis, the plastic limit and the fines content have more remarkable influences on the 

449 predictions of compaction parameters, while the effect of the liquid limit is the least 

450 significant.

451 The wide range of soils based prediction model requiring only four physical properties of 

452 soils and compaction energy should be practically useful and can be recommended for 

453 geotechnical application. For instance, for a given soil with the four basic physical properties 

454 known, the optimum water content and the maximum dry density can be estimated 

455 immediately by the proposed model assuming a big value of the compaction energy. Then the 

456 compaction energy can be easily determined according to the design required values of 

457 compaction parameters.

458

459 Notations

460 , ,  Parameters for predicting optimum water content1A 2A 3A
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461 , , , , ,  Parameters for predicting maximum dry density1B 2B 3B 4B 5B 6B

462  Fines contentFC

463  Gravel contentGC

464  Sand contentSC

465  Compaction energyE

466  Function setF

467  Actual output variableih

468  Average value of actual outputsih

469  Liquid limitLL

470  Input variableim

471  Mean absolute errorMAE
472  Number of outputsn

473  Number of soil compaction tests in the databaseN

474  Plastic limitPL

475  Plasticity index PI
476  Coefficient of determination2R

477  SensitivitysenR

478  Root mean squared errorRMSE

479  Predicted output variableit

480  Terminal setT

481  Optimum water contentoptw

482  Maximum dry densitymaxd

483  Maximum dry unit weightmaxd
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Tables

Table 1. Descriptive statistics of variables

Variable Minimum Maximum Mean Standard deviation

CG (%) 0.0 67.1 7.5 14.5

CS (%) 0.0 89.0 29.5 23.3

CF (%) 8.6 100.0 63.1 29.9

LL (%) 16.0 608.0 108.7 163.9

PL (%) 6.1 48.3 22.0 7.4

E (kJ/m3) 154.5 2755 893.8 733.9

wopt (%) 5.3 43.7 17.5 6.0

ρdmax (Mg/m3) 1.09 2.33 1.75 0.20

Table 2. Initial parameter setting for the MEP calculation

Parameter Setting

Population size 500, 1000, 2000

Code length 50, 100

Crossover probability 0.1, 0.5, 0.9

Crossover type Uniform

Mutation probability 0.01, 0.1, 0.9

Number of generation 500, 1000, 2000

Function set +, -, ×, /, pow, lg

Terminal set Problem input

Replication number 10
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Table 3. Initial optimal combination of MEP code parameters 

Parameter Setting

Population size 2000

Code length 100

Crossover probability 0.9

Crossover type Uniform

Mutation probability 0.01

Number of 
generation

2000

Function set +, -, ×, /, pow, lg

Terminal set Problem input

Replication number 10

Table 4. Prediction models for optimum water content in the literature

No. Reference Model

(1) Al-Khafaji (1993) 0.14 0.54optw LL PL 

(2) Blotz et al. (1998) (12.39 12.21lg ) lg 0.67 9.21optw LL E LL   

(3) Farooq et al. (2016) 0.133 0.02 5.99lg 28.60optw LL PI E   

(4) Günaydın (2009) 0.8442 0.1076optw PL 

(5) Gurtug and Sridharan (2004) ( 0.344lg 1.88)optw E PL  

(6) Ito and Komine (2008) 80.1
15.6 ln 29.9opt

PLw
E




(7) Nagaraj et al. (2015) 0.76optw PL

(8) Sridharan and Nagaraj (2005) 0.92optw PL
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Note: In the reference of (3), the plasticity index (PI) is used.
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Table 5. Prediction models for maximum dry density in the literature

No. Reference Model

(1) Al-Khafaji (1993)
max 2.27 0.019 0.003d PL LL   

(2) Blotz et al. (1998)
max (2.27 lg 0.94) lg 0.16 17.02d LL E LL    

(3) Farooq et al. (2016)
max 0.055 0.014 2.21lg 12.84d LL PI E     

(4) Günaydın (2009)
max 0.1008 21.16d LL   

(7) Nagaraj et al. (2015)
max 20.82 0.17d PL  

(8) Sridharan and Nagaraj (2005)
max 0.23(93.3 )d PL  

(9) Al-Khafaji (1993)-2
max 2.44 0.02 0.008d PL LL   

(10) Günaydın (2009)-2
max 0.2283 21.88d PL   

Note: In the references of (2), (3), (4), (7), (8) and (10), the maximum dry unit weight γdmax is 
introduced. In the reference of (3), the plasticity index (PI) is used.

Table 6. Basic setting of soil properties for the monotonicity analysis

Soil parameter Value

CS (%) 29.5

CF (%) 63.1

LL (%) 108.7

PL (%) 22.0

E (kJ/m3) 593
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Figure captions

Fig. 1. Expression of a MEP chromosome represented by gene trees

Fig. 2. Frequency histograms of the variables: (a) gravel content; (b) sand content; (c) fines 

content; (d) liquid limit; (e) plastic limit; (f) soil classification; (g) compaction energy; 

(h) optimum water content; (i) maximum dry density. Note: For brevity of Fig. 2f, the 

soil CL-ML is merged into CL; the soils SP-SC and SW-SC are merged into SC; the 

soils GP-GC and GW-GC are merged into GC.

Fig. 3. Basic linear fittings between optimum water content and each soil parameter: (a) 

gravel content; (b) sand content; (c) fines content; (d) liquid limit; (e) plastic limit; (f) 

compaction energy

Fig. 4. Basic linear fittings between maximum dry density and each soil parameter: (a) gravel 

content; (b) sand content; (c) fines content; (d) liquid limit; (e) plastic limit; (f) 

compaction energy

Fig. 5. Effects of code parameters on the prediction accuracy of optimum water content for 

the training data: (a) population size; (b) code length; (c) crossover probability; (d) 

mutation probability; (e) number of generation

Fig. 6. Effects of code parameters on the prediction accuracy of maximum dry density for the 

training data: (a) population size; (b) code length; (c) crossover probability; (d) mutation 

probability; (e) number of generation

Fig. 7. Comparison of MEP-predicted and reference output variables for the training data: (a) 

optimum water content; (b) maximum dry density

Fig. 8. Comparison of MEP-predicted and reference output variables for the testing data: (a) 

optimum water content; (b) maximum dry density

Fig. 9. Comparison of the prediction accuracy of optimum water content between the present 

and previous studies. Note: The coefficients of determination R2 for the references of Al-

Khafaji (1993), Blotz et al. (1998), Farooq et al. (2016), and Ito and Komine (2008) are 
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not applicable (being negative) for the testing data.

Fig. 10. Comparison of the prediction accuracy of the maximum dry density between the 

present and previous studies. Note: The coefficients of determination R2 for the references 

of Al-Khafaji (1993), Blotz et al. (1998), Farooq et al. (2016), Günaydın (2009) and Al-

Khafaji (1993)-2 are not applicable (being negative) for the testing data.

Fig. 11. Monotonicity analysis of the predicted optimum water content versus (a) fines 

content; (b) liquid limit; (c) plastic limit; (d) compaction energy

Fig. 12. Monotonicity analysis of the predicted maximum dry density versus (a) fines content; 

(b) liquid limit; (c) plastic limit; (d) compaction energy

Fig. 13. Sensitivity analysis about the effect of the input variables on the output variables: (a) 

optimum water content; (b) maximum dry density
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Fig. 2. Frequency histograms of the variables: (a) gravel content; (b) sand content; (c) fines content; 
(d) liquid limit; (e) plastic limit; (f) soil classification; (g) compaction energy; (h) optimum water 

content; (i) maximum dry density (Note: For brevity of Fig. 2f, the soil CL-ML is merged into CL; 
the soils SP-SC and SW-SC are merged into SC; the soils GP-GC and GW-GC are merged into GC.)
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Fig. 3. Basic linear fittings between optimum water content and each soil parameter: (a) gravel 
content; (b) sand content; (c) fines content; (d) liquid limit; (e) plastic limit; (f) compaction energy
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Fig. 4. Basic linear fittings between maximum dry density and each soil parameter: (a) gravel 
content; (b) sand content; (c) fines content; (d) liquid limit; (e) plastic limit; (f) compaction energy
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Fig. 5. Effects of code parameters on the prediction accuracy of optimum water content for the 
training data: (a) population size; (b) code length; (c) crossover probability; (d) mutation probability; 

(e) number of generation
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Fig. 6. Effects of code parameters on the prediction accuracy of maximum dry density for the 
training data: (a) population size; (b) code length; (c) crossover probability; (d) mutation probability; 

(e) number of generation 
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Fig. 7. Comparison of MEP-predicted and reference output variables for the training data: (a) 
optimum water content; (b) maximum dry density
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Fig. 8. Comparison of MEP-predicted and reference output variables for the testing data: (a) 
optimum water content; (b) maximum dry density
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Fig. 9. Comparison of the prediction accuracy of optimum water content between the present and 
previous studies (Note: The coefficients of determination R2 for the references of Al-Khafaji (1993), 

Blotz et al. (1998), Farooq et al. (2016), and Ito and Komine (2008) are not applicable (being 
negative) for the testing data.)
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Fig. 10. Comparison of the prediction accuracy of the maximum dry density between the present and 
previous studies (Note: The coefficients of determination R2 for the references of Al-Khafaji (1993), 
Blotz et al. (1998), Farooq et al. (2016), Günaydın (2009) and Al-Khafaji (1993)-2 are not applicable 

(being negative) for the testing data.)
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Fig. 11. Monotonicity analysis of the predicted optimum water content versus (a) fines content; (b) 
liquid limit; (c) plastic limit; (d) compaction energy 
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Fig. 12. Monotonicity analysis of the predicted maximum dry density versus (a) fines content; (b) 
liquid limit; (c) plastic limit; (d) compaction energy 
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Fig. 13. Sensitivity analysis about the effect of the input variables on the output variables: (a) 
optimum water content; (b) maximum dry density




