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10  Abstract: Civil infrastructure can be subjected to different deterioration scenarios (e.g.,
11  continuous deterioration and sudden events) during its service life. Time-dependent reliability
12 analysis of a deteriorating system is of vital importance in the structural design, assessment,
13  and management process. In this paper, a general and novel probability density function-
14  informed framework for time-dependent reliability analysis is developed, considering different
15  deterioration processes and system-level performance. Both continuous deterioration and
16  sudden events are considered within the proposed framework. For the scenario with random
17  sudden drops and/or significant differences in deterioration rates, a novel two-step translation
18 method is proposed to assess the probability density of the performance function within the
19  service life of a structure. In this method, translation operation is conducted twice; the first time
20  to build a virtual and differentiable performance function, and the second, to solve the actual
21  probability density function based on the results from the first step. Then, three illustrative
22 examples are assessed: a simple deteriorating case, a component-level case, and a system-level

23  case. The relevant results demonstrate the feasibility and efficiency of the proposed method.
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1. Introduction

Structural damage generally refers to the changes associated with the geometry and mechanical
properties of a structural component or integrated system, which may cause structural
performance degradation and affect long-term performance and functionality. During its service
life, a structure often suffers from structural deterioration caused by erosion (e.g., chloride
ingress, freeze-thaw damage, and concrete carbonation) and hazards (e.g., earthquakes and
hurricanes) [1,2] Generally, deterioration scenarios can be divided into two types: continuous
deterioration [3—-10] and sudden events [11-14]. Continuous deterioration, during the long-term
use of a structure, may produce a certain degree of cumulative damage and degradation. A
sudden event may result in structural loss of function and even endanger structural safety.
Ignoring the relevant single and multiple deteriorations may overestimate the safety and service
life of civil infrastructure. Thus, it is of great importance to develop a comprehensive
framework for time-dependent reliability assessment by systematically considering different
deterioration scenarios.

Within time-dependent performance assessments of deteriorating structures, there are
uncertainties associated with structural resistance (e.g., material properties and geometrical
characteristics), the occurrence of deterioration scenarios/hazards (e.g., corrosion, earthquakes),
operating conditions, and loading cases. Due to these uncertainties, a probabilistic approach is
needed for performance assessment. In general, life-cycle performance assessment of a
deteriorating structure can be divided into the following categories: state-based assessment,
reliability-informed, and renewal theory-based assessment. State-based assessment usually
refers to the evaluation of the condition and index of a structure based on inspection [15,16].
For instance, Frangopol and Das [17] proposed the Markovian theory-based approach to
conduct a state-based assessment for bridges. However, the residual loading capacity and
external load effect could not be identified within this process. Thus, reliability-informed
assessment was developed to comprehensively consider the condition and safety changes in the
life-cycle of a deterioration process, which became one of the most widely used methods in

performance engineering.
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Studies have been conducted on developing approaches for reliability analysis (e.g., first-
order second-moment method (FOSM) [4], time-series method [18], first-passage method
[19,20], and Monte Carlo simulation (MCS) [21-23]). The former two methods aim to calculate
the time-dependent reliability based on the probabilistic moments of target functions, while the
latter two methods focus on the computation of time-dependent failure probability. For example,
Kaminski [18] supposed a time series with Gaussian random coefficients and described a
deteriorating system through high order moments. Most of the existing reliability-based
assessment approaches focus on the single failure mode associated with reliability analysis
[3,24], except for a few studies. Zhang et al. [23] studied different failure modes of reinforced
concrete (RC) beams, i.e., flexural failure and bond failure on the reliability analysis of corroded
RC beams. Furthermore, Bastidas et al. [25] developed an analytical framework for the
coupling corrosion-fatigue deterioration of RC structures. Additionally, due to the diversities
and complexities of failure modes and deterioration mechanisms for components in a structural
system, only component-level reliability analysis is inadequate, and system-level reliability
analysis should be conducted. For instance, Stewart and Al-Harthy [21] conducted a reliability
analysis of a series system for corroded RC beams considering the spatial effect caused by
pitting corrosion. By using random field modeling, Tran et al. [26] evaluated series system
reliability for deteriorating RC bridges suffering from different erosion environments.

Some of the existing studies focus on specific deterioration scenarios and even fewer have
incorporated different mechanisms into time-dependent reliability analysis [27]. Thus, a general
approach is still needed to incorporate different deterioration scenarios and mechanisms. To
achieve such a target, renewal theory-based assessment has recently been employed to assess
the life-cycle performance of deteriorating structures, which could take both continuous
deterioration and sudden events into consideration. For instance, Yang and Frangopol [28]
proposed a life-cycle assessment approach for civil infrastructure under continuous
deterioration and hazards. Jia and Gardoni [29] adopted the renewal theory to analyze the time-
dependent failure probability of an RC bridge subjected to corrosion and earthquakes. Although

the renewal theory-based approach can reveal the random properties of different deterioration
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scenarios, such a method focuses on stochastic models rather than the physical nature of
deterioration processes and their combination effects. For complex scenarios, it is still
necessary to use MCS to capture probabilistic information about target variables, which can be
computationally burdensome [2]. Thus, it is of great significance to develop a novel and general
method for time-dependent reliability analysis.

In this paper, a general reliability-informed analysis framework is proposed by considering
various failure modes, system-level reliability, different deterioration scenarios, and physical
mechanisms. A novel probability density function (PDF)-informed method (i.e., PDFM) is
proposed to compute the system-level time-dependent reliability of a deteriorating structure
under different deterioration scenarios in a unified and comprehensive manner. Section 2 of the
paper introduces the proposed general framework for time-dependent reliability analysis under
both continuous deterioration and sudden events. The reliability of a deteriorating structure is
computed based on the PDF of performance function by solving the general density evolution
equation (GDEE). In Section 3, a novel approach is proposed to solve GDEE under different
deterioration scenarios. Section 4 presents the application and verification of the proposed
framework. MCS is employed to verify the results from the proposed method. Finally,

conclusions are drawn and further work is noted.

2. Time-dependent deterioration process and PDF-informed reliability analysis

2.1. General time-dependent deterioration process and reliability analysis

A general performance function of a deteriorating structure can be written as

g=0G(0,1b) (1)
where ¢ is the time parameter, @ = [@ 1, @ 2, ..., @ 4]" is a random vector with d-elements
representing all input variables, and b = {bx, k = 1, 2, ..., nda} is a mark vector containing nd

critical time instants, in which n4 and bk are random variables. The critical time instants refer to
the combination of various deterioration mechanisms or the occurrence of a sudden event (e.g.,

sudden damage and enhancement), which may cause a discontinuity in the G(@, ¢, b) or its

derivative function G (G,t, b). For instance, the failure mode of a deteriorating structure may
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change from ductile to brittle failure at random time instants [30]. However, structural
performance may be enhanced after the application of repair actions [31] and because sudden
events occur at random critical time instants, the deterioration rate may be aftected. For example,
RC structures that have just undergone seismic damage are more susceptible to the ingression
of chlorides and rainwater. As a result, the performance function may need to be updated. The
introduction of b could incorporate various deterioration processes within the time-dependent
performance assessment process. In this paper, the establishment of vector b is related to the
changing rate of performance function, and its detailed processes are introduced in section 2.3.2.

In this paper, two types of deterioration modes are considered: continuous deterioration
and sudden events. There are two categories of continuous deterioration: Type I and II. Type [

refers to differentiable deterioration, where G(@, ¢, b) is derivative subjected to #, and its
derivative function, G (@,t,b), denotes the rate of performance change due to the deterioration
process. Considering the unpredictable change of failure mode caused by a complex
deterioration mechanism [5,32], G(0, ¢, b) may remain continuous but G(@,t,b) may become

discontinuous at time instants b, which is called Type Il continuous deterioration. Furthermore,

considering hazards (e.g. earthquakes and hurricanes) [2,28] and repair actions [13], G(O, ¢, b)
may undergo sudden events and G(@,t, b) may become infinity at the time instants b. Both

Type 11 continuous deterioration and sudden events refer to non-differentiable deterioration. A
schematic of three deterioration modes is indicated in Fig. 1, where the PDFs are for illustrative
purposes. Fig. 1a presents some samples of G(0, ¢, b) without repair actions, associated with
the three deterioration modes (two samples for each deterioration mode), while Fig. 1b shows
the samples of G(@, ¢, b) of sudden events with repair actions, where performance function
would be enhanced after repair actions.

Within a service life, the number of critical time instants is random and three deterioration
modes could exist, which may form a mixture of deterioration. The introduction of b facilitates
considering multiple deterioration processes within the performance assessment process and

acts as a contribution to the proposed formulation of life-cycle performance.
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Fig. 1. Performance function G(, 1, b) under different deterioration scenarios: (a) without

repair actions and (b) with repair actions

For system reliability analysis, the systematic performance function needs to be
established based on the performance function of each component. For instance, the
performance function, G(0, ¢, b), of a series system can be denoted as an equivalent value event,

as shown in Eq.(2) [33].

g =G(®,t,b) =minG,(®t,b) @)
where Gi(0, ¢, b) is the performance function of the i-th component (i=1, 2, ...., m) and nﬁln ()
denotes the minimum value among m performance functions. For a parallel system, the function
in Eq.(2) could be replaced by ngalx () to obtain the maximum value amongst m performance

functions [33]. In practical engineering, there is also a mixed system containing both series and
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parallel subsystems. If only the performance function, G(0, ¢, b), of the system is expressed,
the proposed framework can be conducted.

A structure would reach its limit state once G(@, ¢, b) is equal to or below zero. The time-
dependent failure probability, pr (f), depends on prior performance history rather than

instantaneous performance. The p/(¢) can be computed as [34]

p(t)=1-Pr| [ G(®t,b)>0 (3)
e k=1,2,..,n
where t%(k=1, 2, ..., n) is a discrete-time instant. Considering the continuity of time ¢, Eq.(3)
can be rewritten as
p, (1) =1-Pr{G(@®,7,b) >0, 0< 7 <t} (4)

Eq.(4) could be solved using MCS. However, this is a time-consuming and inefficient
method that requires a prohibitive computational effort to obtain high accuracy, especially for
a small probability and high-dimensional problem. Therefore, a means of improving the
sampling efficiency was proposed, such as low-discrepancy sequences (e.g., Sobol sequence)
[35], Latin Hypercube sampling [36, 37], and importance sampling [38], among others.

In this paper, pA(t) will be calculated based on the PDF of performance function pa(g, ),
which can be called PDFM. To consider the first-passage problem, an absorbing boundary

condition is given as

Ps (9,t)];0= 0 (5)

, which is used to obtain residual PDF, p" (g, t). Meanwhile, p/(f) can be acquired by

p () =1~ " pe(9,t)dg (6)
To compute pr(¢), it is important to obtain the PDFs of performance function under

different types of deterioration modes, which will be discussed in the following section.

2.2. PDFM for Type I continuous deterioration

To facilitate the application of the proposed framework, the computational methods of PDFM
associated with time-dependent reliability analysis considering different deterioration processes

are discussed in this section. To begin with, the PDFM for Type I continuous deterioration

7
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(differentiable deterioration) is reviewed because relevant algorithms have already been studied
[39, 40]. However, there are a lack of approaches for achieving PDFM under non-differentiable
deterioration scenarios, i.e., Type II continuous deterioration and sudden events. Accordingly,
methods are proposed to compute time-dependent reliability by incorporating different
deterioration processes in a unified manner.

For differentiable deterioration, the PDF of performance function can be solved using

existing algorithms of PDFM. Without the vector of critical time instant b, G(®, t, b) can be
written as G(0, ¢), which is differentiable subjected to ¢, i.e., G(@,t). Furthermore, denoting

the joint probability density of G(@, f) and @, as pce(g, 8, t), based on the principle of
probability preservation, the integration of pce(g, 8, f) within an arbitrary augmented domain,

Q% Qe, remains unchanged with time [40].

g d
E{LXQ@ p@@(g,e,t)dgde} :E{Lzom@ pG®(g,0,t)|J|dgd9}

- {Mm(@,t)w}pmgw (7)
Q0 ot og

QxQq ot ! a9

where Qo denotes the time domain when ¢ = 0; J and d{-}/d¢ refer to the Jacobian matrix and
the total derivative, respectively.
Due to the arbitrariness of Q: and Qe, removing its integral sign in Eq.(7), a partial

differential equation could be obtained:

apGG)(gaeat) +G(®,t) apG@(g’evt) =0 (8)
ot a9

This is known as the generalized density evolution equation (GDEE) [39], which is similar

to the Liouville equation [41] or Dosupov-Pugachev equation [41] as follows

Peo(9.6:1) [ Pso(9,6,1)-G(O,1)]
ot a9

=0 )

However, compared with Eq.(9), G(0, ¢) and pce(g,0, f) in Eq.(8) are decoupled and can

be solved easier. The boundary condition and analytical solution are as follows

Peo(9,6,0) =0[g —G(O,0)] p, (#) (10)

8
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Peo(9,0,1) = 619 —G(0,1)]pe (0) (11)

where J(*) is the Dirac’s delta function, and pe(8) is the joint PDF of .

Although closed-form solutions might be obtained in some specific scenarios of GDEE,
numerical solutions are more common than closed-form solutions in most cases [42]. In this
study, the finite difference method (FDM) and point evolution method developed by Li et al.
[39] are employed to solve GDEE and more detailed information is presented in Appendix A.1.

Once the solution of GDEE, pge (g, 0, ?), is obtained, the PDF of G(0, ¢), that is, pc(g.¢),

can be calculated as
Po(@)=], Peo(9.6:) d0=[ 5[g-G(®@1)]p,(6) d6 (12)

Additionally, Eq.(5) needs to be imposed to consider the first-passage problem. According
to the point evolution method and Egs.(8), (10)-(12), pc'(g.f) could be obtained and then pA(f)

can be computed using Eq.(6).

2.3.  PDFM for Type Il continuous deterioration and sudden events

For a deterioration model with sudden events or Type II continuous deterioration, G (@,t, b)

might be infinity or discontinuous in some time instants. Both situations could be called non-
differentiable deterioration. Two main issues exist in conducting PDFM for non-differentiable
deterioration: (1) identifying vector b of critical time instants; (2) solving GDEE for a non-
differentiable performance function. In this study, vector b is regarded as the output of the
deterioration system and could be identified by analyzing performance function versus time.
Given an input vector, @, a sample of performance function, G(@, t, b), could be obtained and

then b could be captured by the time instants of the infinite and discontinuous derivative
function G(6,t,b). For instance, in Fig. 1, given input vector , the number ng and time instants

of sudden events or deterioration rate, changes could be identified, and b becomes a
deterministic vector. Then, G (8, t, b) could be expressed using a piecewise function

9=G(0,t,b)

= gl.lil_H (t_bl)]-l'nz_::gs '[1_H (t_bs)]'H (t_b5—1)+gnd+1'H (t_b”d) o

9
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where, H(x) is the Heaviside function and equals 1 when x > 0 and 0 when x <0, gs denotes the

performance function curve at different stages (i.e., 91, g, .;, and gs (1<'s <ng+1) denotes the

G(0 ., b) within [0, ba), [b, , +o0) , and [bs-1, bs), respectively). Then, the derivative function of

Eq.(13) can be written as

g=G(6.t,b)=g,-[1-H(t-b)]-g,-5(t-h)
+g,-[1-H(t=b,)]-H(t=b)-g,-5(t-b,)-H(t=b)+g, [1-H(t-b,) ] 5(t-b,)

n (g, [1-H(t-b)]-H(t-b,)-g,-5(t-b,)-H(t-b,,) (14)
' {+gs-[1H(tbs)}-§(tbsl) }
+0,,-H(E=b,)+9, . (t=h, )

s=3

where ¢,,s=1,2,...and ng + 1 is the derivative of gs. Due to the existence of Dirac’s delta

function J(*) in Eq.(14), its GDEE may not be obtained directly. If the critical time instants are
deterministic, such a GDEE could be easily established and solved by a piecewise GDEE [43].
However, in general, critical time instants are random variables, and a piecewise GDEE is not
easily established. Thus, to solve such an issue, two approaches are proposed: approximate

changing rate method and two-step translation method.

2.3.1. Approximate changing rate method

To solve the discontinuous issue for the derivative function of performance function (i.e., the

left side derivative does not agree with the right side derivative at a local time instant), a discrete
surrogate function, Y(¢), and its differentiable function, Y (t), under a given input random

vector, #, and time step, At, is created as follows

Y(6) = G(0, k-Atb), k=0,1,2,....n (15)
G(0.(k+1)-At,b)-G(0,k-At,b) )
At o
V(- G(a,(k+l)~At,b)2;t(3(0,(k—1)~At,b)’kzllz,m’nt_l (6
G(H,k-At,b)—(ASt(H,(k—l)-At,b),k:nt

10
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Then, denoting the joint PDF of (¥(?), 8, b) as pves(y, 0, t, b), the GDEE of Y(¢) can be

obtained

Pros (¥,0.1.) _ _y; 1y Pres (y.0.1,1) (17)
ot oy

which is similar to Eq.(8), and the PDF of ¥(¢) can also be obtained by the point evolution
method and FDM (Appendix A.1). In this method, the GDEE of non-differentiable deterioration
is treated as that of differentiable deterioration, and vector b of critical time instants does not
need to be identified.

However, to achieve of FDM, the parameters of the finite-difference grid, i.e., time step
At and space step Ax, need to be determined and subjected to the restriction of the Courant—

Friedrichs—Lewy (CFL) [44] condition in Eq.(18):

At
—V

<1
A (18)

where v is the velocity of the sampled performance function referring to Eq.(46). Regarding the
CFL condition, space step Ax must be not less than v-A¢, which means that v could limit the

selection of Ax and At. Thus, the “approximate changing rate method” may not work well with
a case with dramatic changes of G(@, ¢, b), as G(@,t,b) would limit the choice of space step

Ax.

2.3.2. Proposed two-step translation method

The principal idea of the “two-step translation method” is to establish a virtual and

differentiable performance function, G(8,t,b), in terms of G(6, 1, b) and then obtain the PDF
of G(8, 1, b) based on the PDF of G(6,t,b) indirectly. Removing the (") in the differentiable

function of G(8, ¢, b) in Eq.(14), the differentiable function of G(6,t,b), é(ﬁ,t, b), could be

written as

11
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G(O,t,b) =g, -[1-H (t-b)]+d, [L-H(t-b,)]- H(t-b,)

+igs J1-H(t=b)]-H(t-b)+d, ., -H(t-b,)
:Sc_-';s(a,t,b)—{gz.p—H(t—bz)]—gl}-§(t—b1) (19)
_Z”Z:{gm [1-H(t=b,,)]-g, -H(t-b,)l-5(t-b,)

~[9ha-9, H(t=by) |- 5(t-b, )

where (., ~[1— H (t - b5+1)} -g,-H (t —bs_l) could be calculated by the difference value of

G(0, t, b) between the time instants immediately before and after bs, i.e., bs” and bs"

Qs 'I:l_ H (t _bs+l)] -0 H (t _bsfl) = gs+1(bs+) - gs(bs_) (20)

where gs(bs) and gs+1(bs) denote G(@,bs,b) and G(6,bs*,b), respectively. Then, é(@,t,b)

could be rewritten as Eq.(21)

Ny

G(ﬂ,t,b) = G(a!tb)_Z[gsﬂ(b:)_ gs(bs_)}d(t_bs) (21

s=1

and G(8,t,b) could be obtained as Eq.(22) by integrating Eq.(21)

G(0,t,b) =G(0,t, b)—nZd[gsﬂ(b:) —~g,(b;) |- H(t-b,) (22)

s=1

Denoting the joint density probability of (G,8,b) as Pses (9:0,1,D) , its GDEE could be

obtained as in Eq.(17)
0P ,0,1,b 2 op ,0,t,b
p@@B(g ) :—G(o,t,b) pG@B(g ) (23)
ot g
The solution of Eq.(23) can be denoted as
pGQB(g,B,t,b):5[g—é(0,t,b)] p@(a) (24)

In terms of Egs.(22) and (24), pces(g, 0, t, b) can be rewritten as

12
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Peos (0,0,1,0) =5[ g -G (0,t,b) |- po (0)

= 5{9 _i[gm(b;)— gs(bg)]- H(t-b,)-G (0,t,b)}- Pe (0) (25)

= Pees {g _i[gsﬂ(b:)_ gs(b;)}' H (t—bs),ﬂ,t, b}

Being similar to Eq.(12), pc(g,f) can be described as

Po(@:)= [, Poes(9.0.t,b) dO
=], Peos {g —”Zd[gs+l<b:)—gs(b;)]- H (t—bs),a,t.b} do (26)
=], 5{9 —nZd[gsﬂ(b:) ~g,(b) |- H (t-h, )} Po (0) dO

As indicated above, GDEE for G(8, t, b) of discontinuous deterioration can be replaced by
solving Eq.(23). The establishment of G(6,t,b) and computation of pces(g, 0, t, b) are in

terms of Egs.(22) and (25), respectively, which are bridge elements translating between the
virtual performance function and the PDF of the target performance function. Thus, the
proposed method is named the “two-step translation method”.

In practical numerical achievement, a discrete surrogate function also needs to be
employed. Meanwhile, nsel representative points are acquired in terms of the point evolution
method. However, unlike the “approximate changing rate method”, the “two-step translation
method” is based on the intermediate PDF and the differences between the virtual and actual
performance functions. Thus, in practice, the negative effects of sudden events can be
diminished, and the selection of finite-difference grids becomes flexible. In theory, the approach
presented in this subsection can lead to more accurate computational results than the method
presented in section 2.3.1.

Taking one representative point without repair actions as an example, Fig. 2 illustrates the
schematics of the proposed method, whose main processes are as follows:

(1) For a given representative point, 84, (a =1, 2, ..., nsel), the discrete surrogate model, Y(k-Af)

(k=0,1,2,...,n:), and its differentiable function, Y (K-At) could be created by Eqgs.(15)

13
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and (16), as shown in Fig. 2a. From k= 1 to n,, each Y (K-At) would be compared with
Y ((k —l) . At) and the k-Af would be recorded as the critical time instant ba,s = ka,s'At Once

Y(k-At) exceeds a-Y((k—l)-At) (a is a custom index and not less than 1.0). All

recorded ba,s could be stored in vector b, and its length, 74,.4, determined by the number of

bas (s =1,2,....,nand).

(2) Next, the first translation establishes a virtual and differentiable Y (t). For each by, the
{Y(?), t> ba;} would be translated upwards to form Y (t), i.e., Eq.(27), with a distance Ags,
1.e., Eq.(28):

Y(t) =Y (t)+Ag, (27)
Ag, =—(9.,(b7,) ~0,(b;,)) = ‘2\( (kyo ) =Y (ko —2)-At) =Y (K, +1)-At)‘ (28)

where bas and bas" are the time instants immediately before and after bus, respectively, and

gs(ba, ") and gs+1(bs, s*) denote G(0, bs ,ba) and G(8, bs* ,ba), respectively. Steps (1) and (2) can
be repeated many times, until no more critical time instants are found. Then, Y~(t) could be
obtained, as presented in Fig.2a.

(3) Applying the point evolution method (Appendix A.1), the GDEE of Y~(t) would be

solved to obtain Py (V,0,t,b) . Then, the second translation could be conducted to obtain

pres(y, 0, t, b). As shown in Fig.2b, Py, (¥,0,t,b) would be translated back to pres(y,

0, ¢, b) by Eq.(29) and px(y, t) could be computed by summarizing all pres(y, 8, ¢, b) under
a given @by Eq.(30).

Pros (Y, 0,1,0) = Pog (wZAgs H (t—bs),ﬂ,t,bj (29)
s=1

P (Y1)=[_ Pres(y,0,t,b) do =] pYbB(y+ZAgs-H(t—bs),a,t,bj do (30
() () =1

For the scenarios with repair actions, the performance function might increase after the
critical time instants, then the direction of arrows in Figs. 2a and b should be reversed.
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Based on the proposed method, the non-differentiable deterioration model with sudden
events can be solved and its principal processes are presented in Fig. 3. Additionally, regarding
the selection of Az in Eq.(28), a small Az could increase the accuracy of the computational results
but increase the computational burden, whereas a large A may decrease the computational
accuracy but increase efficiency. In this study, the annual reliability index is investigated and
At is 0.5 years.

A A

Ag>
AQ1+AQ»

Agy

L o

Pa1 Pa2 t (year)

@ Original discrete performance function [> PDF of virtual performance function 6(6,t,b)
® Translated discrete performance function after b,;  [> PDF of performance function G(6.t,b)
@ Translated discrete performance function after b, ,

(a) First translation (b) Second translation

Fig. 2. Schematic of the “two-step translation method”

e A
Given arepresentative point 8, setup

discrete surrogate model Y(t) and identity
critical time instants b,

\ T J
e N
1st Translation Set a virtual and der!vable Y(t) by
translation
. J

|

_ Solve GDEE of Y (t) and obtain
2nd Translation | p, . (¥,0,t,b) then obtain pyes(y, 6,1, b)

by translation
\. Y,

Fig. 3. Computational flowchart of the “two-step translation method”

The PDFM-informed reliability analysis processes for three types of deterioration modes
are illustrated in Fig. 4; the steps of establishing the original deterioration model and point
selection remain unchanged for each scenario. The “approximate changing rate method” could
achieve PDFM for continuous deterioration, and its deterioration rate could be represented by
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establishing a simple surrogate model. For the deterioration process with sudden events or high
changing deterioration rates, the “approximate changing rate method”” may not be suitable, but
the “two-step translation method” can be used to solve the issue by applying a translated
surrogate model and obtaining the target PDF indirectly. Then, the time-dependent failure

probability could be computed by integrating the residual PDF.

Selection of ny, representative points

Set up a deterioration system and determine
the performance function G(@, t, b)

Derivable deterioration ?

Type | continuous|deterioration

NO

YES

Sudden event ?

NO
Type Il continuousldeterioration

Sudden]event

Apply “approximate changing rate method” Apply “two-step translation method” and
Set up GDEE for G(@,t,b) and build a discrete surrogate function of identified the time instants of sudden
Y(t) eventb,, a=1,2, ..., Ny
. 1st translation: translate Y(t) = G(0,, t, b,)
AIEY ALY RDERE E IS el Set up GDEE for Y(t) to ¥ (t) = G(0,, t, by) With a distance of
Pce (9,6, 1)
] ¢ T
Integrate all pygg(y,0, t, b) into py(y, t) AEAY BN @ SDEEILES gl g Set up GDEE for ?(t)
Pvo (.0, 1)
A Apply FDM to solve GDEE and obtain
Integrate all ,0, t, b) into Lt ~
g Pves(Y. ) py(y, 1) pres(, 6,t,b)
Integrate the residual PDF and then obtain 2nd translation: translate pyeg (¥, 6, t, b)
pi(t) back to pyeg(y.6, t, b)

End

Fig. 4. Time-dependent reliability analysis framework of a deteriorating structure under
different scenarios (the green, blue and yellow zones denote the processes for Type I
continuous deterioration, Type II continuous deterioration, and sudden events, respectively)

3. llustrative examples

This section presents three examples to illustrate the feasibility and applicability of the proposed
approach. The first investigates time-dependent performance under sudden events. The second
focuses on component-level time-dependent reliability analysis considering the integration of
different deterioration mechanisms (e.g., deterioration of reinforcement, bond-slip). The final
example illustrates the application of the proposed framework to estimate the system-level
time-dependent reliability of the deteriorating structure. All examples are coded using CPP and

compiled by Visual Studio 2019, with the programs running on Intel (R) Core (TM) i7-
16
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4790CPU@3.6GHz and 24GB of RAM.

3.1. A deteriorating system with sudden events

To demonstrate the efficiency and accuracy of the proposed PDFM considering sudden events,
numerical cases are made. Supposing a stochastic deterioration system with one sudden damage

at a random time instant #drop

f(t)=(1-6x10"t%)- f,—5-H(t—ty,,) (31)
where, both 7o and fdarop are Gaussian random variables (fo ~ N(20,1) and tarop ~ N(25,2)). Based
on the method in Appendix A.1, 144 representative points are selected to achieve PDFM and

Fig. 5 presents the PDF results of the “two-step translation method”, where sudden damage

occurs within 20-30 years.

PDF

0 10 20 30 40 50

Time (year)
(a) PDF surfaces (b) Contour plot of PDF surface

Fig. 5.PDF results of the “two-step translation method”

Besides, Fig. 6 compares the differences between the “two-step translation method” and
the “approximate velocity method” by the PDF under three-time instants (23, 25, and 27 years).
In Fig. 6, the PDF during 23-27 years has two peaks; the “two-step translation method” can
capture this feature with a smaller space step, Af, and larger time step, Az, than “approximate
changing rate method”. Thus, the “two-step translation method” is more suitable for
deterioration with sudden damage. Fig. 7 compares the cumulative distribution function (CDF)
between one million trails of MCS and the proposed PDFM, which demonstrates the accuracy

and efficiency of the proposed method.
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(d) “Approximate changing rate method”
At =0.1 year, Af=0.290

Fig. 6. Comparison of PDFs at 23, 25, and 27 years using different methods

CDF

MCS at 23 years
PDFM at 23 years |
MCS at 25 years
PDFM at 25 years |
MCS at 27 years

PDFM at 27 years

25 30

Fig. 7. CDFs at 23, 25, and 27 years using PDFM and MCS

Furthermore, considering multi-random and sudden events, a Poisson process N(t)

deteriorating system f{¢) is developed
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N(t) k
387 F(t) =(1-6x10°t°)- f,=2- 3" H (t =ty hyrops = 2T (32)
k=1 i=1
388  where, fdaropk is the time instant of k-th drop, and 7: is the i-th random variable following
389  exponential distribution with 4 of 0.04.
390 Considering repair after sudden events or threshold points, where performance would

391 recover to the initial condition, the performance function f{#) could be rewritten as

k

392 f(t) =(1-6x10°t°)- o+ H (t =ty )-(6x10°E% £ )ty = DT, (33)
i=1

393 According to Appendix A.1, 499 representative points were selected to achieve PDFM.

394  Using the “two-step translation method”, the PDF of f{¢), with and without repair actions, was
395  calculated and is shown in Fig. 8, which is associated with an increased variation in time.
396  Comparing Figs. 8c and d with Figs. 8a and b, essential maintenance could reduce the variation

397  of the performance function.

398
25
=
g
2
%
% 5
0 10 20 30 40 50
Time (year)
(b) PDF contour Eq.(32)
25
=
g
2
2
2 10 . . : :
0 10 20 30 40 50
Time (year)
(c) PDF surfaces Eq.(33) (d) PDF contour Eq.(33)
399 Fig. 8. PDF of a deteriorating system under multi-random sudden events
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For the given three-time instants, Figs. 9a and 9c present the PDFs, and Figs. 9b and 9d
present the CDFs, respectively. In Figs. 9a and 9c, the number of peaks increases with time,
which is caused by the introduction of the Poisson process. Comparing Fig. 9c with 9a, when a
repair action is applied at a given time instant, the mean of the performance function increases,
but its standard deviation (STD) decreases. As indicated in Fig. 9sb and 9d, the curves of the
CDF, computed by the PDFM, agree with those from MCS, which demonstrates that the
proposed “two-step translation method” can be applied to a deteriorating system with multi-
random sudden events. Furthermore, the effect of repair action on structural performance can

be assessed using the proposed method.

0.4 r T T T v 1 r v T
MCS at 10 years
PDF at 10 years PDFM at 10 years
---------- PDF at 25 years 0st MCS at 25 years
0.3 memmemees PDF at 45 years PDFM at 25 years
MCS at 45 years
. . 0.6r . PDFM at 45 years
Q0.2 @)
~y Q
0.4}
0.1F
: 02}
0 -ll"" e 0
0 5 10 30 -5 0 5 10 15 20 25
f,
(@) Ar=0.5 year, Af=0.122 (Eq.(32)) (b) CDFs of Eq.(32)
0.4 T r v 1 T v T
PDF at 10 years A MCS at 10 years
""""" PDF at 25 years i PDFM at 10 years
ok T PDF at 45 years 0.8 MCS at 25 years
=T I PDFM at 25 years
0.6 MCS at 45 years
o o PDFM at 45 years
Q0.2 A
[ Q
0.4
0.1}
0.2
0 0
0 5 10 15 20 25 30 0 5 10 15 20 25
1, fi
(c) At =0.5 year, Af=0.1214 (Eq. (33)) (d) CDFs of Eq. (33)

Fig. 9. (a) PDFs and (b) CDF at 10, 25, and 45 years using the PDFM and MCS
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3.2.Reliability analysis for one single section of an RC beam

In this section, a simply-supported beam with a cover of 25 mm was investigated. Its
dimensions are 6000 mm X% 200 mm X% 500 mm. The beam was subjected to dead load G and
live load Q. A single-row layout of reinforcement was designed: 4 ¢ 10 (4s = 314 mm?). The
relevant distribution parameters of load, geometric, and material variables are summarized in
Table 1. Considering the spatial variation of cross-sectional areas of corroded rebar, the beam
was divided into m elements of length J, as shown in Fig. 10.

In this case, length 0 and m are denoted as 500 mm and 12, respectively, but only the mid-
section of the RC beam is taken into consideration, and its performance function, Gmid(0, t, b),
1s

Gig ©,t,b)=M mid (©,t,b)- Srid (©,t,b) (34)
where Muia(@®, t, b) and Smid(®, t, b) are the flexural capacity and the load effect at time t,

respectively.

Table 1 Variables of load, dimensions, and material

Variables Distribution ~ Mean  Variation coefficient
Dead load G (kN/m) Gaussian 1.06Gx 0.07
Durable live loads of residential buildings (kN/m?) Gumbel 0.3530k 0.23
Temporary live loads of residential buildings (kN/m?) Gumbel 0.3920« 0.32
fc Compressive strength of concrete (MPa) Gaussian 40 0.20
E Elastic modulus of the steel bar (MPa) Gaussian 2x10° 0.05
Jyo Yield strength of 10 mm diameter steel bar (MPa)  Gaussian 423 0.10
Jyo Yield strength of 14 mm diameter steel bar (MPa)  Gaussian 419 0.10
ho Effective depth of cross-section (mm) Gaussian 480 0.02
b Width of cross-section (mm) Gaussian 200 0.02
Note: Gx= 2.5 kN/m and Qx= 2.0 kN/m?.
i=1i=2 ) i=m
T | I T T | I T I T I T I I T T T I T
L s T A (S A AN NN A B | hy
e e T R A I N AN N A B |
N L |
1 . 1
(a) A discretized RC beam
— The actual cross-sectional areas
The minimum cross-sectional area in each element
i=1i=2 £ i=m
L 4 o VAVAVZYA DASNANNCNAANNANNNNANN
RAASAT TN N TR IT R SN T TTTTANNV

(b) The distribution of cross-sectional areas in a corroded rebar
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Fig. 10. A discretized RC beam and cross-section of corroded rebar

3.2.1. Differentiable deterioration model of an RC beam

In this study, the mechanical performance of a corroded RC beam was evaluated using
analytical models. With more information, the finite element method (FEM) could be used to
assess structural performance. Given a well-anchored and completely bonded corroded RC
beam, the flexural capacity of a corroded beam of the i-th element at time z, Mi (t) can be

calculated as [45]

M, (t) = Fyi(t)-{ho - F”(t)} (35)
’ 2fb

where F),i (f) denotes the tensile capacity of corroded rebars of the i-th element at time 7 (), fe

denotes concrete compressive strength (MPa), and b and ho denote the width and effective

height (mm) of the beam section, respectively. The strength of the corroded rebar remains

unchanged, and its tensile capacity is affected by the minimum cross-sectional area Amin,i (j

=1,2,.., n and n is the number of tensile steel bars).

. 2
An. = Aav :”(DO_K.ICOI’I“t) :”Doz(l_ns) (36)
mR 4R 4R

where Aav is the average residual cross-sectional area of the steel bar, Do denotes the initial
diameter of the corroded steel bar, K is the Faraday constant at 0.0116 mm year '-(uA/cm?) !,
icorr 1S the corrosion density of the steel bar, #s denotes the average loss ratio of the cross-
sectional area, and R is the corrosion non-uniformity factor following Gumbel distribution,
whose parameters are denoted as u and o. In this case, icorr is supposed as 2.3 uA/cm?, and u and

o are determined as follows [45]
1 =1.55447n.+1.01, 0 =0.31947, +0.0006 (37)

More detailed information about the calculation of corrosion ratio and factor R can be

found in [45].

3.2.2. Non-differentiable deterioration model of an RC beam

Changing deterioration rate and sudden damage may happen within the service life of an RC

beam due to the failure mechanisms of the tensile bar: brittle tensile failure and bond strength
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loss. Fig. 11 compares the tensile capacity of steel bars under different failure modes, where
bond strength loss may induce changing deterioration rates, and brittle tensile failure may cause

sudden damage.

“ == =Derivative model

== Non-derivative model with brittle failure ofreinforcement

---------- Non-derivative model with bond strengthloss

wu NOn-derivative model with brittle failure ofreinforcement
& bond strength loss

F (kN)

Fig. 11. Degradation curve of the tensile capacity of a steel bar under different failure modes

Existing studies have demonstrated that, with the development of corrosion, the
mechanical performance of a corroded steel bar might change from ductile to brittle failure and
its yield strain, strain hardening, and ultimate strength would also decrease. For instance, Cairns
et al. [46] found that fracture strain declined to the yield strain under 20% corrosion degree,
which is adopted by Stewart [30] as a critical corrosion degree. Zhang et al.’s [47] study found
that the critical corrosion degree for the change of failure mode ranges from 20 to 30%. Gu et
al. [45] found that the hardening and ultimate strain of corroded steel may not be as much with
a higher corrosion degree and suggested using factor R as the critical factor of the change of
failure mode. In terms of the previous mechanical test of the corroded rebar, when R reaches
[R]er = 1.3, the yield platform disappeared and brittle failure dominated. Accordingly, F), (%)
could be calculated by [45]

I:y,i (t) = fyo : n}ialX[l : Anin,n+1—j,i (t):| H (R _[R]cr)

+f, {zl: Avin i (t)][l— H(R-[R],)]

where, Amin,i/(f) 1s the minimum cross-sectional area of the j-th rebar in the i-th element, which

(38)

is ranked in an ascending order, i.€., Amin,1, (£)< Amin2, (£) <***< Amin,n; ().
On the other hand, Torres-Acosta et al. [48] found that the flexural capacity of an RC beam
was dramatically reduced by bond strength loss under a corrosion ratio of 10%. Additionally,
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Auyeung et al. [49] found that a 2% corrosion loss can lead to an 80% decline of bond strength.
Thus, corrosion-induced loss of bond strength may significantly impair structural safety. In this
case, the flexural strength of a corroded RC beam considering bond strength loss was computed

by the model introduced in Appendix A.2.

3.2.3. Reliability results of one single section

Four failure modes were considered: the ductile tensile failure of the steel bar without bond
strength loss (N ductile), the brittle tensile failure of the steel bar without bond strength loss (N
brittle), the ductile failure of the steel bar with bond strength loss (Y ductile), and the brittle
failure of the steel bar without bond strength loss (Y brittle). There were 12 random variables,
including four factor-R and eight variables of load, dimensions, and material. Based on the
proposed algorithm of PDFM in section 2 and point set strategies in appendix A.1, 599
representative points were selected to solve GDEE and the residual PDF, pa(g, f), was
evaluated under different failure modes. Figs. 12 and 13 show the PDF surfaces at given time
intervals and the contour plot of p“c(g, #), which do not contain the negative part due to the
absorbing boundary condition. The PDF surface in Fig. 12a and contour in Fig. 13a were much
smoother than Figs. 12b, ¢, d, and Figs. 13b, c, d, respectively. Comparing Fig. 12a with Fig.12b,
p a(g, £) became rough from the 22nd to the 32nd year, considering the brittle tensile failure of
the steel bar. Then, p'c(g, f) became more rugged from the 14th to the 24th year after
considering bond strength loss. Furthermore, comparing Fig. 13c with 13d, the ruggedness of
p a(g, ) did not increase considering both the brittle failure of the corroded steel bar and bond

strength loss.
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(@) N ductile (b) N brittle

PDF

(c) Y ductile (d) Y brittle
498 Fig. 12. PDF surface of four failure modes at typical time intervals

50 50

0 10 20 30 40 20 0 10 20 30 40 50

Time (year) Time (year)
(@ N ductile (b) N brittle
50 T T T T 50

20 30 40 50

0 10 20 30 40 50

Time (year) Time (year)
(c) Y ductile (d) Y brittle
499 Fig. 13. PDF contour plot of four failure modes
500
501 Fig. 14 compares the mean and standard deviation (STD) of G(@,¢,b) calculated by the

502  proposed method, urpry, and oprprm, with those of 1,000,000 trials of MCS, uumcs, and oumcs. In
503  Fig. 14, the urprvm and oprprm agree with uvcs and oumcs. The relative errors of urprv and orprum,
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viz. e and ejg), can be calculated by the ratio of || zpper (t) = £yes (1) , to | £cs @) , and the

ratio of ||opper (t) —Oyes M), to [oyes ()], > respectively. Results of ey and ejq are listed in

Table 2 where e varies from 1.232% to 2.903% and e|¢|| varies from 1.101% to 1.883%. The
consumed time is 13 s using the PDFM but 112 s with MCS. Such a comparison of results

verifies the feasibility and efficiency of the proposed approach in time-dependent reliability

analysis.
S0 : : T
@: \\
O 100F 1
[T
o
o
s 1072 L 1 1 L PDFM N ductile
= 0 10 20 30 40 50 rereeeees MCS N ductile
Time (year) PDFM N brittle
---------- MCS N brittle
= (@) PDFM Y ductile
< 10 T T T . MCS'Y ductile
- PDFM Y brittle
@ T MCS'Y brittle
G
o
a 0 10 20 30 40 50
Time (year)
(b)
Fig. 14. Mean and STD of G(0, ¢, b) using the PDFM and MCS
Table 2. Relative errors of upprm and apprm
Failure mode N ductile N brittle Y ductile Y brittle
MUPDFM 2.372% 2.903% 1.314% 1.232%
OPDFM 1.883% 1.867% 1.101% 1.103%

Fig. 14a shows that the upprm of Y ductile and Y brittle declines rapidly in the 14" year,
while the upprm of N ductile and N brittle look much slower. However, in Fig. 14b, the aprprm
of Y ductile and Y brittle rises 19% from the 13" to the 17" year and then dropps rapidly. Thus,
considering bond strength loss may increase the uncertainty of the service life of a corroded RC

beam.
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Fig. 15. Time-dependent ps(¢) under different failure modes

The failure probability, pAt), can be calculated by Eq.(6). For simplified consideration, the
pAt) of N ductile 1s denoted as pn(?), the pA¢) of N brittle is pp(f), the pA¢) of Y ductile is pp(?),
and the p/(f) of Y brittle is pa(f). Fig. 15 presents the pA¢) calculated by the proposed method
and MCS of 1,000,000 trials (Fmcs), where Frorm agrees with Fucs.

3.3.Reliability analysis for a series system study of an RC beam

Due to the influence of the uncertain and random properties of environmental parameters, the
failure location of the RC beam might not be at the point of maximum load effect [5,21,50].
The length, ¢, is also denoted as 500 mm, the performance function of the whole beam, G(0, ¢,
b), refers to Eq.(2), and the performance function of the i-th element, G( O, ¢, b), could be

expressed as
G.(0,t,b) =M. (®,t,b)-S.(0O,t,b) (39)

where @ = [01, 62, ..., 6d4]" is the random vector with d-elements representing all related
variables, and Mi(@, t, b) and Si(®, t, b) are the flexural capacity and the load effect of the i-th
element at time t, respectively. Moreover, due to non-uniform corrosion-induced spatial effects,
Mi varies in each segment. Thus, G(®, t, b) may be non-differentiable several times, and its
progressive derivative is dramatic and towards minus infinity in several instantaneous time
instants, as illustrated in Fig. 1.

Two single-row layouts of reinforcement were designed: 4 ¢ 10 (As = 314 mm?) and 2 ¢

14 (As = 307.8 mm?). The distribution parameters of factor R are listed in Table 3. Six numerical
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cases were made to study the influences of failure mode, corrosion rate, and steel bar diameter
on the reliability of the corroded RC beam. All R factors were assumed to be independent
variables based on the autocorrelation function (ACF) analysis of cross-sectional areas. For
more detailed information, refer to [45].

For cases 1-5, there were 56 random variables, including 48 factor R and eight variables
of load, dimensions, and material. For case 6, there were 32 random variables, including 24
factor R and eight variables of load, dimensions, and material. Additionally, due to the
involvement of more random variables, 700 representative points were selected through the
method in Appendix A.1 to conduct the PDFM. Case 1 was then taken as an example to verify
the feasibility and efficiency of the proposed PDFM in finding the solution to PDF. For case 1,

PDFM and MCS take about 48 s and 1116 s, respectively.

Table 3 Distribution parameters of corrosion non-uniformity factor under the ¢ of 500 mm

Case Do icorr Gumbel distribution parameters
(mm) (uAlcm?) y o
1 10 2.3 1.5544p+1.01 0.3194#5+0.0006
2 10 45 1.44367s+1.01 0.3194#5+0.0006
3 10 9.1 1.2214ps+1.01 0.3194#5+0.0006
4 10 13 1.1ps+1.01 0.352775+0.0006
5 10 19 0.9673#xs+1.01 0.352775+0.0006
6 14 19 0.6235#7:+1.013 0.2508#s+0.0011

(@) N ductile (b) N brittle
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Fig. 16. PDF surfaces of case 1 at given time intervals under different failure modes

Figs. 16 and 17 show the PDF surfaces, p“c(g, t), of case 1, which do not contain the
negative part due to the absorbing boundary condition. PDF surfaces and contours in Figs. 16a
and 17a are much smoother than those in Figs. 16b, c, d, and Figs. 17b, c, d. Comparing Figs.
16a and 17a with Figs. 16b and 17b, PDF surfaces became rough from the 12'" to the 22" year,
considering the brittle tensile failure of the corroded steel bar. Additionally, PDF surfaces
became more rugged from the 6" to the 16" year after considering bond strength loss. Similarly,
comparing Figs. 16c and 17c¢ with Figs. 16d and 17d, the ruggedness of PDF surfaces does not

change apparently.

0 10 20 30 40 50 0 10 20 30 40 50

Time (year) Time (year)
(a) N ductile (b) N brittle
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Fig. 17. PDF contour plot of case 1 at given time intervals under different failure modes

=
= 107 ; ; ; ;
92
O 10°F 1
(-
g PDFM N1 ductile
3 10.2 . . . . RLLLLITIELY MCS N1 ductile
2 0 10 20 30 40 50 PDFM N1 brittle
Time (vear) T MCS N1 brittle
ime (year) PDFM Y1 ductile
— (a) MCS Y1 ductile
10 . . . . PDFM Y1 brittle
= MCS Y1 brittle
@/ I A
2 \
Gy
o
[
'-O. 0 L L L 1
N 0 10 20 30 40 50
Time (year)
(b)

Fig. 18. (a) Mean and (b) STD of G(0, ¢, b) using the PDFM and MCS in case 1

Fig. 18 also compares uporm, and aporm With umcs, and amcs, and the results of ey and ejq|
are listed in Table 4, where e varies from 0.917% to 1.941% and e+ varies from 0.826% to
1.272%. Fig. 18a also shows that the uporm Of Y ductile and Y brittle declines rapidly in the
ninth year, while the urorm 0of N ductile and N brittle look much slower. However, in Fig. 18b,
the orpry of Y ductile and Y brittle rises 11% from ninth to the 11" year and then dropps rapidly.

Thus, considering bond strength loss may increase the uncertainty in the service life of the

corroded RC beam.

Table 4 Relative error of upprm and opprm under case 1
Failure mode N ductile N brittle Y ductile Y brittle
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WUPDFM 0.984% 0.917% 1.941% 1.912%
OPDFM 1.257% 1.263% 1.272% 0.826%
579
MCS N ductile MCS N brittle MCS'Y ductile MCSY brittle
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580
581 Fig. 19. Calculation results of p/(?) in all cases
582 Fig. 19 presents the p/(¢) and f(¢) of all numerical cases under different failure modes and
583  were calculated by the proposed method and MCS of 1,000,000 trials (Fmcs), where Fpprm
584  agrees with Fmcs in all cases. Estimated results are summarized in Table 5, which shows the
585  relative errors in the pAf) range from 0.29% to 2.71%. Thus, in system-level cases, the proposed
586  method has high efficiency and precision in reliability calculation.
587 Table 5 Relative errors of p/(¢) for all cases

Case pn(0) pe(t) pp(t) Pt
1 1.08% 2.71% 0.53% 0.68%
2 0.75% 0.40% 0.58% 0.46%
3 0.44% 0.29% 1.50% 1.44%
4 0.55% 0.47% 0.44% 0.62%
5 0.36% 0.38% 0.40% 0.55%
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589
590
591
592
593
594
595
596

597
598

599
600
601
602
603

604
605

6 0.82% 0.86% 0.71% 0.78%

3.3.1. Influences of failure mode
Fig. 19 shows that failure mode has an apparent effect on p#(t). For ps(t) in Fig. 19, pr(t) has the
fastest varying rate, followed by prs(t), pr(t), and prn(t). Thus, bond strength loss has more
influence on the reliability of the corroded RC beam than the brittle failure of the corroded steel
bar. All curves of Y ductile and Y brittle in Fig. 19 are associated with a three-stage process:
pAt) increases slowly as N ductile and N brittle, pA¢) increases rapidly, and p(¢) increases
gradually, in which the differences between ps(f) and pa(f) appear mainly in the third stage.
Furthermore, all curves with N brittle experience a two-stage process: p/(¢) increases as slowly
as pn(t), and pA¢) grows faster than pn(¢). The critical time instants of the velocity change of

pA(?) are listed in Table 6.

Table 6. Critical time instants of p/(¢) evolution

Case 1 2 3 4 5 6

Y ductile 1% point (year) 9 4 2 1 0 1
&Y brittle 2" point (year) 15 8 4 3 2 3
N brittle 12 6 3 2 1 3

Comparing the values of py with different #s and icorr in Table 7, pr2(¢) is 1.16-2.22 times
pn(?), pr(f) is 1.20-35.43 times pa(t), pra(t) is 1.22-36.07 times pa(f), and pu(?) is 1.01-1.07
times ppa(f). The differences among pn(?), pr(t), prs(t), and pra(f) decrease with the increase of
ns. Thus, considering bond strength loss may dramatically increase failure probability and

diminish the effect brought by the brittle failure of the steel bar.
Table 7. prunder different #s and icorr

icorr Failure probability The ratio of failure probability

e (uAlcm?) pr1 Pr2 pt3 Pta Pr2/Pr1 pra/pr1 pral/Pr1 Pral P
2.3 0.020 0.026 0.681 0.691 1.32 34.59 35.11 1.02
4.6 0.018 0.023 0.631 0.643 1.30 35.43 36.07 1.02

0.1 9.1 0.015 0.019 0.431 0.445 1.28 29.56 30.55 1.03
13.0 0.013 0.019 0.323 0.346 1.41 23.95 25.69 1.07
19.0 0.013 0.022 0.221 0.232 1.62 16.53 17.35 1.05
2.3 0.257 0.447 0.890 0.926 1.74 3.46 3.60 1.04

0.2 4.6 0.228 0.414 0.881 0.919 181 3.86 4.02 1.04
9.1 0.179 0.351 0.861 0.904 1.97 4.82 5.07 1.05
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606

607
608
609
610
611
612
613

614
615

616

617
618
619
620
621
622

13.0 0.158 0.345 0.851  0.902 2.18 5.38 5.69 1.06

19.0 0.141 0314 0836  0.886 2.22 5.93 6.29 1.06
2.3 0.812 0941 0975  0.989 1.16 1.20 1.22 1.01
4.6 0.781 0929 0.972 0.987 1.19 1.25 1.27 1.02
0.3 9.1 0.688 0.886  0.962 0.982 1.29 1.40 1.43 1.02
13.0 0.644 0877 095  0.981 1.36 1.48 1.52 1.03
19.0 0.578 0.835  0.947 0.976 1.44 1.64 1.69 1.03

3.3.2. Influences of corrosion rate
Fig. 20 compares pp and pa under different icorr. In Fig. 20a, the increasing rates of pp (¢) and
pr (1) versus ¢ both increase with a rising corrosion rate. However, in Fig. 20b, the increasing
rates of pp (¢) and p (¢) versus 755 decrease with a rising corrosion rate, except for “pr4 of 19.0
wAlcm?” initially because 19.0 zA/cm? causes about 8% of 7, within the first year. In other
words, under a given corrosion degree and the consideration of corrosion non-uniformity, the

smaller the corrosion rate, the less safe the corroded beam is.

.......... Py of 23 pAfem’

ff"‘ ppyof23 pAlem?
0.8 S TR Py of 4.6 ,uA/sz
2
06 Py of 4.6 ,uA/cmz
{;:\ Pp of 9.1 pA/em
0.4 Py of9.1 pAlem?
3 p,, of 13.0 yA/cm?
0.2 Hif 12
| Py of13.0 yAlem?

IS A . . . MR F Py 0f19.0 yAlem?

0 10 20 30 40 50 30 40 50

t (year) UN (%)
(a) (b)

Py of 19.0 pA/em?

Fig. 20. (a) pr (¢) and (b) pa () under different icorr

3.3.3. Influences of rebar diameters
Fig. 21 shows pp (¢) and pa (¢) with different rebar diameters Dso (10 mm or 14 mm) and the
same corrosion rate (icorr = 19 uA/cm?). This figure illustrates that pp (f) and ppa () with small
Dso are higher than those with a larger Dso because the slopes of ¢ and o versus #s of the 10 mm
diameter rebar are both larger than those of the 14 mm diameter rebar. However, considering

bond strength loss, the influences of rebar diameter on p () seem to be diminished during the

first three years (75 ranges about 0-0.15). Hence, the pA¢) of the 10 mm diameter rebar may be
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higher than that of the 14 mm diameter rebar. Although such an effect may not be so apparent
with the consideration of bond strength loss, larger diameter rebar can increase the reliability

and safety of a corroded RC beam [45].
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Fig. 21. (a) pn (¢) and (b) pa () under different diameters

4. Conclusions

This paper proposed a general framework for time-dependent reliability analysis of
deteriorating structures in a life-cycle context. A novel PDFM approach was developed to
compute the time-dependent reliability under different deterioration processes: continuous
deterioration and sudden events. Then, three application examples were made to assess the
feasibility and efficiency of the proposed framework; the following conclusions were obtained:
(1) For Type I continuous deterioration (i.e., differentiable performance function), classical
PDFM could be applied to obtain PDF and reliability directly. For the deterioration system
with discontinuous derivative function, the “approximate changing rate method” could be
used. However, for the deterioration system with sudden events, the “approximate changing
rate method” not be appropriate to obtain satisfying analysis results, which was verified in
the first application example. To solve this issue, the “two-step translation method” was
developed, which was theoretically approved and numerically verified by the three
application examples.
(2) In reliability analysis of a single section at the corroded RC beam, the deviations of mean
and STD for performance function were about 1.1%—-2.9%, and the relative errors of failure

probability were quite small comparing the PDFM with 1,000,000 trials of MCS.
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(3) For reliability analysis at system level, the deviations of mean and STD for performance
function were about 0.9%-1.9%, and the relative errors of failure probability were about
0.29%-2.71%, comparing PDFM with 1,000,000 samples of MCS. A relatively low point
selection and relative error prove the efficiency and accuracy of the proposed method.
Sensitivity analysis shows that failure mode has an essential effect on reliability calculation,
especially in the degree of low corrosion. With the consideration of bond strength loss,
failure probability may increase about 34 times; considering the brittle failure of the steel
bar, failure probability may increase by 120%. Furthermore, whether considering bond
strength loss or not, a lower corrosion rate may cause lower reliability under a given
corrosion level. On the other hand, a steel bar with a large diameter may have higher
reliability, but such an effect was limited once bond strength loss was considered.

In summary, it is feasible, robust, and efficient to apply the proposed framework to conduct
time-dependent reliability analysis of deteriorating structures under different deterioration
mechanisms and scenarios. The proposed framework overcomes the demerits of previous
PDFM and enriches the toolbox to aid life-cycle design and maintenance. The analytical models
were employed in this paper for the development of the performance function. In the future,
more studies are needed to adopt the FEM technology and to take the effect of hazard events
on progressive deterioration, etc. into consideration. The proposed method could also be
extended to a larger scale application in other engineering fields. Additionally, illustrative
examples showed that the proposed method could be implemented in high-dimensional
scenarios (e.g. 56 random input variables). In the future, it would also be beneficial to apply the
proposed method to higher-dimensional situations and to enhance the robustness of the

proposed method.
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Appendix

A.1 A review: Point evolution method and FDM for PDFM

The computational process of point evolution is introduced herein. First, the random space is
divided into nsel sub-domains [39], i.e. msel representative points. Denoting the number of
random variables is d; each sub-domain can be represented by given vector 8. = [0a4,1, Oa2, ...,
0ad]’,a=1,2, ..., ns and the probability-assigned pa

p, =PHOeV,}=[ po(0) dd,a=12,.,n, (40)

where pe(8) is the joint PDF of random vector, ®, and V4 is the Voronoi volume of the a-th
subdomain Q. [51]. By using a low-discrepancy sequence (e.g. number-theoretical method
(NTM) [52] or Sobol sequence [53]), uniform point set, X, is acquired in terms of the number
of random variables, d, and representative point, nsel. Then, based on the distribution type of
random variables in the target case, initial point set, @, can be acquired, in which each point

Og,a (the g-th random variable and a-th representative point), can be yielded through
Opa =Fy'(%a):0=12,..,d,a=12,...n, (41)

where F, () is the inverse cumulative distribution function of the g-th random variable. Then,
the assign-probabilities, pa, of each representative point can be computed through integration
of Eq.(40). However, due to the high non-linearity of F,!(), the initial point set obtained
through Eq.(41) is usually unacceptable, unless sl is very large [54]. Thus, it is necessary to
refine the quality of the point set and rearrange it. In this study, Eq.(9) was used to obtain new
point, & 4 (the g-th random variable and j-th representative point) [54].
Nsel
6,,=F" {; p.-1{6,. <6,;}+05 pj} (42)
where 6y, ; is the initial g-th random variable in the j-th representative point, p; is the assign-
probability of the j-th representative point, and /{-} is an indicator function, which means that
I{-} = 1, if the condition is satisfied.
Then, the assign-probabilities, pa, need to be recalculated with Eq.(40). Existing studies

have proven that the above steps could significantly reduce the generalized F-discrepancy (GF-
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discrepancy) Dar of the point set (Eq. (43)), and improve its quality [54-56].

Der () = max {sup|F, 4 (0) - F, (0)]} (43)

where Fuseiq(*) and Fy(-) are the g-th marginal empirical and actual cumulative distribution
functions (CDF) of d-elements of the random vector, 0.
Once the selection of the point set is done, integrating the GDEE, Eq.(8), on an arbitrary

sub-domain, Qg

J‘ apG(-)(g70’t) d0+J. G(@,t) apG(-)(g’01t) d0
Q, ot Q, g

0 .~ 0
= ok, Poo(0.0.080 G0, 0 2 [ Poo(9,0,0d0 (44)

_ (00 55 nPlO) 510 p
ot 0 &g T

yreey Mgl

where p?c(g, ¢) is the integration of pce (g, 6, ) on Qu and G(@a ,t) is the derivative function
of {G(8, 1), € Qu}, which is denoted as G(@,,t).

The finite difference method (FDM) is employed to solve Eq.(44) through the total

variation diminishing (TVD) scheme [40]

a a l a 1 a
pi, = P = (Av= [ v ) A, —2(ave | av])apt

K, j+
2 2
1 (45)
S v )t a1z,
2 2 2 Y2
v=[G(6.t)+G(6, ) ]2 (46)

[a]

where 1 is the mesh ratio of time step Az to space step Ax, p,’; denotes p“c(g), t); ApH

1
k,j+=
JZ

and Apfi,l mean pii,, —pi and pftl - pif, respectively;

and y | are the flux
1 -1

j 1
2 2 2

limiters

(47)
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[a] [a] [a] [a] [a] [a] [a] [a]
+ pk,j+2_ pk,j+1 - pk,j - pk,j—l + o pk,j+1_ pk,j o= pk,j—l_ pk,j—z (48)

r’ = =
. [a] [a] ', [a] [a] * . [a] [a] ' [a] [a]
J% pk,j+l - pk,j “% pk,j+1 - pk,j ”% pk,j - pk,j—l ’% pk,j - pk,j—l

w,(r) =max(0, min(2r,1), min(r, 2)) (49)

Additionally, the absorbing boundary condition in Eq.(5) is imposed to get the residual
PDF p“c(g, f),a= 1,2, ..., nsel is calculated, p*c(g, £) could be obtained by summing all p**c(g,
1) Eq.(50), and P(¢) is calculated by Eq.(6).

Ps(9.t)=> pa(g.t) (50)

a=1

A.2 Flexural capacity of corroded RC beam considering bond strength loss

The prediction of bond degradation is based on the model proposed by Bhargava [57, 58].
Assuming the ultimate bond strength Touxj,i of the arbitrary j-th corroded steel bar at i-element
is higher than the critical bond failure strength 7ubrqd, the flexural capacity of the i-th element

Mux,i can be computed as

Anin,',i
Tubx,j,i = Tiraxo * Rbong [1_ A J (51
0
1,n, <1.5%
Rbond (ns) = 1'346e70l198n8 ’ H [Rbond (ns) _002] (52)

0.02- {1 H[Ryy (n,)—0.02]},n, >1.5%

f,,D
Toprgg = —— (53)

ub,rqd 4|
d

where Tmaxo is the bond strength between an uncorroded steel bar and surrounding concrete,
which could be calculated by [59]
Tmaxo = 20(}%)05 (54)

and /4 1s the development length of bond strength and can be calculated as [60]
l, =2, Dy (55)

where as is the shape coefficient (0.14 for a deformed bar and 0.16 for a plain bar [60]) and f; is
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the tensile strength of concrete.
A relationship between tensile strength, f;, and compressive strength, fc, for concrete is

used to evaluate fr [61]

f =0.26f2° (56)

If Toux,,i 1s lower than Tubrqd, anchorage failure occurs due to insufficient bond strength and
tensile force; Fisw,i of the j-th corroded steel bar at the i-th element, is governed by ultimate

bond strength rather than its yielding strength.

Foji () =7D, ;O T,

ubx, j,i (57)
where, Dsji(t) is the equivalent diameter of the j-th steel bar at the i-th element, which is

calculated by

Ds (t) = %Anin,j,i (t) (58)

Supposing the deformation of concrete at the steel bar surface is caused by plastic
deformation within the plastic equivalent region (Leq), the strain compatibility of corroded RC

beam can be expressed as

n

TU

g, . e b ] L. ) |h =Y,
gStX,I — 1_ 1_ j=1 1_& 0 X,i (59)
gccx,i IFlTubO Id Yx,i

Ly = 9.3Y,; (60)

where, Yx; is the neutral axis depth of the i-th element and 7uvo is the bond strength of the

uncorroded steel bar. The average strain of the steel reinforcing bar, & at the i-th element

stx.i

can be calculated by

— 1 . Fstx i
gsx,i = = (61)
t n ; Estp\nin,j,i

where, E is the elastic modulus of the corroded steel bar; Est remains unchanged but slightly
fluctuates with the degree of corrosion [45].
The elastic modulus of the corroded steel bar, Est, is regarded as a random variable herein.
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When anchorage failure occurs before the yielding of the steel bar, the tensile stress of the
corroded steel bar can be computed using Eq.(57) and then Yx; and M can be obtained as
Z Fstx,j,i
=1

o=dt__ 62
« =T (©2)

M, =F

i (Mo —O.SZYX) (63)
where Feex,i =1 A fcYx.i (1 and A are factors 1 and 0.8, respectively) and is the compressive force
of the cross-section.

When the steel bar yields before anchorage failure, its residual yield strength governs the

tensile force of the corroded steel bar. If the tensile bar yields and the concrete crushes before

anchorage failure, the strain of the steel bar is governed by the concrete crushing. Given &cex,i
and &cc, the average strain of the steel reinforcing bar, &..: , can be calculated by Eq.(59). Then,

stx.i 2
Fxi and Mi can be computed by Egs. (64) and (63), respectively.
I:stx,j,i = Estgstx,iAnin,j,i (64)
The bisection method could be applied to solve Yx, to satisfy Eqgs.(59), (62), and (64).

Apart from that, considering both the brittle parallel system and the degradation of bond

n Ngt
strength, ZTubX. ji inEq.(59) and Z Foji inEq. (62) can also be computed by Eq. (38).
i1

i=1
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