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Abstract

We study a system with heterogeneous parallel servers, each with an infinite waiting
room. Upon arrival, a job is routed to the queue of one of the servers, possibly depend-
ing on the dynamic state information such as the real-time queue lengths, the arrival and
service history of jobs. The objective is to find the routing policy that best utilizes the
available state information to minimize the expected stationary queue length. In this pa-
per, we establish the diffusion limit for the round-robin policy (resp. arrival-chasing policy,
service-chasing policy), and show that with properly chosen parameters, it achieves the opti-
mal performance asymptotically within the class of admissible policies that require no state
information (resp. require arrival history, service history). Like the join-the-shortest-queue
and the balanced routing policies that use real-time queue length information, the optimal
service-chasing policy is also asymptotically optimal over all admissible policies. Further
analysis of the diffusion limits yields a number of insights into the performance of these rout-
ing policies and reveals the value of various state information. We numerically demonstrate
the effectiveness of the estimators derived from the diffusion limits for the policies being
studied and obtain interesting observations. We also address the problem of interchange of
limits under the aforementioned policies, which justifies the stationary performance of the
diffusion limit as a valid approximation to that of the original system under respective poli-
cies. Methodologically, this study contributes to the application of the BIGSTEP method for
constructing control policy to optimize stationary performance and the recipe for justifying
the interchange of limits in the heavy-traffic analysis of stochastic processing networks.

Keywords: parallel server system, routing control, round robin, arrival chasing, service
chasing, heavy traffic analysis.

1 Introduction

Routing control is an important component in many engineering and management systems, such
as allocating processing orders in a machine shop, assigning cases to a panel of judges, or a web
server routing requests to back-end servers. In this paper, we study a queueing system with
parallel servers, each with an infinite waiting room, as depicted in Figure 1. One stream of
jobs arrives at the system following a renewal process, and each job upon its arrival is routed
immediately to one of the servers. At each server, the jobs are served according to the first-in
first-out discipline, and their service times are independent and identically distributed (i.i.d.).
The servers are heterogeneous and may have different service rates and service time distributions.

Imagine that upon the arrival of each job, a controller will evaluate the available (dynamic)
state information and make a decision to dispatch the job to one of the servers. The state
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Figure 1: Network with parallel servers

information can be queue length, arrival history, service history, etc., depending on the nature
of the application. For example, it would be costly for the domain name server (the router)
to communicate intensively with the geographically distributed web servers to retrieve all the
state information. Thus, the router may use only the information about the arrival history of
requests (jobs) for routing control, or simply cyclically forwards the requests to servers. In this
study, we consider non-anticipating routing policies only; that is, future information, such as
the service time of a job before its service completion, will not be available for routing decision-
making. We aim to identify the optimal routing policy that will dynamically employ the available
state information to minimize the expected stationary (total) queue length, or equivalently, the
average waiting time an arriving job experiences in steady state.

It is well-known that the join-the-shortest-queue (JSQ) and the balanced routing (BR) poli-
cies achieve the optimal performance asymptotically when the queue length state is observable
(e.g. [16]). However, it would be useful to know what the optimal routing policy would be when
the controller cannot observe any state of the system. Furthermore, we also want to understand
the optimal policy when only a part of the system’s state information can be observed, such
as only the arrival history or service history. Answering these questions will help to reveal the
value of various state information for routing control, which is particularly valuable for modern
applications that are becoming more and more complicated and as new control mechanisms
are being examined (e.g., [3,54]). However, the dynamic nature of the system being studied,
coupled with the complicated routing mechanism and arrival and service patterns, make it very
difficult to answer these questions through exact analysis. To overcome this difficulty we apply
the heavy-traffic analysis, which is an asymptotic approach that has been used to study a broad
range of stochastic processing network systems.

We carry out the heavy-traffic analysis in two parts. In the first part, we establish the
diffusion limit for a sequence of systems in heavy traffic, and use the limit to derive the optimal
routing policy and the performance estimation heuristically. This is done in the spirit of the
BIGSTEP method suggested by Harrison [30,31]. For our problem, it includes formulating
the diffusion limit for admissible routing policies, proposing the routing policy that optimizes
the performance of the original system by examining the limit, and establishing diffusion limit
theorem for the proposed policy to demonstrate its optimality and analyze its performance.

To illustrate the idea more formally, let Q(¢), a vector process, denote the queue length at
time ¢ in the original parallel server system. For technical and conceptual reasons, we consider an
infinite sequence of copies or variations of the original system, indexed by n. Hence, let Q" (t)
denote the queue length associated with the n-th system in the sequence; and let Q"(t) =
Q"(n?t)/n denote its diffusion-scaled version.

First, with the mindset that a practical routing policy must drive the system to certain



stationarity, we identify a class of admissible policies that are non-anticipating and will induce
a diffusion limit for the sequence of systems in heavy traffic (class D and Proposition 1). We
will see that the admissible class contains a wide range of policies of interest, such as the JSQ
and BR policies, and yet are amenable to analysis. Focusing on this class, we study the routing
control when certain state information is available for making routing control decisions.

Take the case that there is no dynamic state information available for routing upon each
job arrival as an example (mainly, Section 4). We then identify the best possible limit Q(t)
that involves no state information in routing. This is done through investigating the stationary
performance of the general diffusion limit (for class D) with the condition on that there is no
relationship between the routing component and the arrival and service processes. It turns out
that we interpret a blind routing policy, which is indeed a generalized round-robin (RR) policy,
from the limit. Next, we justify the interpretation by establishing the diffusion limit theorem
(Theorem 3). That is, under the RR policy, the sequence of systems does converge to the
limit we identify, or Q”(t) = Q(t) Finally, the stationary performance of the limit, Q(oo), is
taken as an approximation of the stationary performance of the (original, discrete) system of
interest, Q"(oo), which yields an approximation of the performance objective, i.e., the expected
stationary queue length, immediately (cf. the estimator derived in (106)). Using the diffusion
limit, we are able to gain useful insights into the RR policy too (cf. Subsection 4.1).

In a similar way, we establish and analyze an arrival-chasing (AC) policy and a service-
chasing (SC) policy, which are asymptotically optimal when the controller can use the arrival
history and service history information, respectively.

So far, we have followed a conventional approach to approximate the stationary performance
Q™ (c0) using Q(c0), based on the pathwise diffusion limit (Q"(¢) = Q(t)) heuristically. Thus,
in the second part of our heavy-traffic analysis, we provide a more rigorous justification for
such a heuristics by establishing the convergence of stationary performance, Q"(oo) = Q(oo)
This leads to the study of the famous interchange-of-limits problem, and we apply the recipe
developed in Ye and Yao [66,67] to address the problem.

The crucial step in such a recipe is to bound the p-th moment of the state process (p > m+1,
when the convergence of the m-th moment of the queue length is required). To do so, we establish
a pathwise bound for the queue length process, known as the bounded workload condition in [66],
under the RR, AC, SC and JSQ policies, respectively. It is a condition that the queue length
can be bounded by a “free process” plus the initial queue length. Whereas for the BR policy,
we do so by requiring a higher moment (p*-th moment, with p* > 2(p + 2)) condition on the
primitive arrival and service processes, as in [67]. Once the p-th moment is established, along
with the uniform stability property, we can establish all other required properties leading to the
convergence of stationary distribution and performance (cf. Theorems 8 and 9).

The contribution of this study is two-fold. First, in modeling analysis, we have formulated
asymptotic optimal routing policies that utilize various kinds of state information. Using diffu-
sion limits, we also analyze their performances and reveal the value of various state information
as follows:

1. When there is no state information available for routing control, we establish that an RR
policy is asymptotically optimal and derive its performance (Theorem 3). In the optimal RR
policy, the routing rate (the portion of jobs dispatched to each server in the long run) exhibits
a certain form of the square-root rule.

Examining the performance of the diffusion limit under the RR policy reveals interesting
insights. The optimal RR policy can attain the performance of the JSQ policy (the globally
optimal policy under heavy traffic) if and only if all service times are deterministic, and in this
case, jobs are routed to each server proportional to the service rate. On the other hand, it could
perform arbitrarily worse than the JSQ policy, say, when there are many servers in the system.

A conventional option in the class of RR policies, the proportional RR policy, is generally
suboptimal within the class of RR policies, and can be arbitrarily worse than the optimal RR



policy. It coincides with the optimal RR policy if and only if variance-to-mean ratios of service
times for all servers are the same.

2. When there is no state information and in addition the control is restricted to the class
of probabilistic proportional (PP) routing policies, we identify and characterize the optimal one
over this class (Theorem 4). In this optimal PP policy, the routing rate also exhibits certain
form of square-root rule. The optimal PP policy performs strictly, and can even be arbitrarily,
worse than the optimal RR policy.

3. When the arrival history information is available, we formulate a class of AC policies and
show that an AC policy, with properly chosen parameters, is asymptotically optimal over all
policies that utilize arrival history only (Theorem 5). In the optimal AC policy, the routing rate
exhibits certain form of square-root rule once again.

Compared with the JSQ policy, the optimal AC policy, using only arrival history information,
can achieve the JSQ performance when all servers, except at most one, have deterministic service
times.

Comparing the optimal AC policy and the optimal RR policy, we find that when the variance-
to-mean ratio of service times at all servers are equal, both policies yield the same expected
stationary queue length, and thus using the arrival information does not help to minimize the
queue length. Nevertheless, compared with the optimal RR policy, the optimal AC policy
performs better in general, and can reduce up to 50% of the expected stationary queue length
by utilizing the arrival history information.

4. When the service history information is available, we formulate a class of SC policies and
show that an SC policy, with properly chosen parameters, is asymptotically optimal over all
admissible policies (Theorem 6). Hence, the optimal SC policy achieves the JSQ performance.
Interestingly, the diffusion limit under the optimal SC policy presents a postponed state-space
collapse property; that is, the queue lengths, starting with any value, will evolve simultaneously
and proportional to the service rates after some finite time.

5. We derive the heavy-traffic estimators of the system performance under the RR, AC
and SC policies from the corresponding diffusion limits, and demonstrate through numerical
studies that the estimators approximate the simulated performance (the proxy of the theoretical
performance) of the original discrete system closely as the traffic intensity gets close to one
(Section 8).

6. We address the problem of interchange of limits under the RR, AC, SC, JSQ and BR
policies (Theorems 8 and 9), which justifies the stationary performance of the diffusion limit as
a valid approximation to that of the original (diffusion-scaled) system under respective policies.

Second, in methodology, we have generated new ideas to execute the BIGSTEP method, and
enriched the recipe in [66,67] for justifying the interchange of limits in heavy-traffic analysis:

1. We have presented a comprehensive example of applying the framework of the BIGSETP
method for constructing control policy to optimize stationary performance. Furthermore, we
provide a rigorous justification of (stationary) diffusion approximation via the study of the
interchange-of-limits problem. We believe these extensions to the method can be carried over
to similar studies.

2. In [66,67] we have developed a recipe for justifying the (steady-state) diffusion approxima-
tion for a wide range of stochastic processing networks, such as the multiclass queueing network
and the resource-sharing network. In the current study, we demonstrate that an additional
routing mechanism feature can be incorporated and handled using the recipe straightforwardly,
by enclosing a chasing process that captures the routing information in the Markovian state
descriptor. In addition, we have refined the approach to establishing a uniform continuity prop-
erty (Lemma 29), an important step in the recipe. This refinement of the recipe is transferable
to the study of the interchange-of-limits problem for other models.

A brief review of the related literature is in order. On the optimal routing for the paral-
lel server system, most of the earlier works assume that the controller can observe the queue



lengths of all (or some) of the servers. With the assumption of Poisson arrival and homogeneous
exponential service, Winston [61] established the optimality of the JSQ policy in minimizing the
long-run average delay for customers. This result was then extended in Weber [56] to allow more
general arrival and service processes, with the service time having a non-decreasing failure rate.
Readers are referred to Whitt [57] and Gupta et al. [26] for the literature review on the earlier
work of the optimal routing control. Reiman [47] and Zhang [68] proved the heavy-traffic limit
theorem for the system with the JSQ policy, and Chen and Ye [16] obtained a similar result for
the BR policy. These results imply the asymptotic optimality of the JSQ and BR policies.

Closely related to optimal control, the stability of the JSQ and BR policies is also well
understood in the literature (cf. [10, 16, 38]). We also provide a proof of the stability of the
parallel system under various routing policies using the fluid model approach. Note that these
stability results are established with all model parameters estimated accurately and the rout-
ing policy executed correctly; otherwise, refer to [46] for a recent study on systems involving
“routing errors.” These stability results ensure the existence of the stationary distribution and
the stationary moments of the system, according to Dai and Meyn [17,19]. Hurtado-Lange and
Maguluri [34] established the convergence of stationary distributions for the JSQ systems in
heavy traffic (interchange of limits) using a transformation method. Their result is a special
case of the one here (Theorem 8) since in their model the interarrival times have all moments
and the service times are bounded.

Another line of research related to the JSQ policy (and its variants) is concerned with large-
scale systems where the number of servers and the associated queues increases to infinity along
the sequence of systems. And, to analyze such systems, it would be natural to adopt the many-
servers’ assymptotic regime; refer to, e.g., [6,22,23,29,45,54].

In most parts of the paper (except the numerical studies), we take the JSQ policy as the
“benchmark.” Nevertheless, some other policies, for example, the shortest-expected-delay (SED)
policy and the MinDrift policy, are also globally asymptotic optimal for our model under heavy
traffic and thus closely related to our study. The SED policy, which routes an arriving job
to the queue that has the shortest expected delay, is a generalization of the JSQ policy. As
pointed out by Selen et al. [49], if in addition to the real-time queue length information, we
can estimate the expected service times, then the natural choice is to route the jobs according
to SED, rather than JSQ. Stolyar [53] introduced the MinDrift routing rule in a multi-class
output-queued system where the customer service time depends on both the customer class and
server, and showed that the rule is asymptotically optimal under a complete resource pooling
condition. The JSQ and SED policies for our model, a single-class system, are actually a special
case of such a MinDrift policy. Indeed, it would be interesting to extend some of our studies
(e.g., the optimal round-robin control) to such a multi-class system.

When the controller cannot observe any state information, the JSQ policy or its variations
is not applicable. In the case of identical servers, the conventional RR routing policy is widely
used, which in its simplest form assigns the incoming jobs to each server equally in a rotating
fashion. It is shown that such an RR routing policy minimizes the long-run average total queue
length in the system over all blind routing policies (Hajek [28] and Altman et al. [1]). Refer
to, e.g., [35,41,42,55,63] for more related studies. Using heavy-traffic analysis, Tsoukatos and
Makowski [55] established asymptotic optimality of the RR policy for the identical parallel server
system. In their paper, the class of admissible policies that require no state information and
admit a certain diffusion limit is introduced to demonstrate the optimality of the RR policy
over all blind routing policies. In our study, we focus on a similar class of admissible policies,
which may depend on certain state information, in the framework of the BIGSTEP method. We
not only extend the asymptotic optimality of the RR policy to the case of heterogeneous server
system, but can also identify the asymptotically optimal policies when the information about
the arrival or service history is available for routing control.

In the situation that the controller can enclose the arrival or service history for routing



control, to the best of our knowledge the optimal control problem is not addressed in the
literature. As mentioned above, we have formulated the AC and SC policies and characterized
their optimality in such a situation, which also reveals the value of arrival and service history
information for routing control. These results fill a gap in the literature, and have the potential
for real-life applications.

There has been a vast volume of literature on heavy traffic analysis for queueing systems,
which is the major tool for the theoretical analysis in this paper. Readers may refer to Chen and
Yao [15] for earlier literature on heavy-traffic analysis. Here we briefly highlight a few methods
that play key roles in our paper.

In establishing the diffusion limit theorems (Theorems 5 and 6) and the convergence of sta-
tionary performance (Theorem 9), we have adopted the hydrodynamic approach of Bramson [9]
and its variations (e.g., [43,52,53,64-67]). By this technique, the order O(n?)-long time interval
of the diffusion-scaled process is broken down into O(n) pieces of O(n)-long time intervals, and
thereafter the diffusion-scaled process is converted to O(n) pieces of fluid-scaled “magnifiers” of
the corresponding processes. Then the properties developed for the fluid-scaled process can be
applied to establish the key properties of the diffusion-scaled process. This approach has been
applied for establishing diffusion limit for many complex stochastic processing network systems;
refer to the references just mentioned.

The BIGSTEP method we follow to identify the optimal policies was first suggested by
Harrison [30,31]. A distinct example for this method is presented in Bell and Williams [5] for
the optimal scheduling of a two-server system in heavy traffic, where the optimality is justified
via a diffusion limit theorem. More examples of using this method to study the optimal control
of queueing networks can be found in, e.g., [2,18,33,37,44]. These studies are based on the
pathwise minimality of the diffusion limit under the proposed control policy, whereas in this
paper, we demonstrate a comprehensive example of studying the optimal control for stationary
performance following the method.

Justifying the diffusion limit as the valid approximation of the stationary performance of the
original system leads to the problem of interchange of limits. Refer to [66,67] and the references
there for a detailed account on this subject. Recent studies on this problem have been initiated
by Gamarnik and Zeevi [24] and Budhiraja and Lee [11] for the generalized Jackson network.
These works take advantage of the Lipschitz continuity property of the Skorohod (reflection)
mapping associated with the network system concerned, so as to convert the uniform moment
bound of arrival and service processes to that of the key performance measures such as the
queue length processes. The latter turns out to be the key property for addressing the problem.
However, the Lipschitz continuity property is often difficult to establish or is even not available
for many other models, and subsequent works (e.g., [25,66,67]) attempt to relax this requirement.
Particular, the recipe we developed in [66,67] will be used to address the problem of interchange
of limits for the parallel server system being studied. As mentioned above, the key is to verify
the bounded queue length (or workload) condition or the p*-th moment condition. These two
conditions do not imply each other. To verify the bounded queue length condition requires
effort, but once it is verified, the interchange is justified without requiring any higher order
moments on the primitives. In contrast, the p*-th moment condition is trivial to verify, and
indeed automatically holds in networks where the primitives have moments of all orders (e.g.,
renewal arrivals with phase-type interarrival times and i.i.d. phase-type service times). The
approach is applied to address the interchange-of-limits problem for a queueing system with
customer abandonment recently (cf. [39,40]) and for the parallel server system being studied.

The paper is organized as follows. The parallel server system is described in the next section.
In Section 3, we introduce the class of admissible policies within which we will study the optimal
routing policies. We establish the lower-bound performance of the admissible policy and show
that the JSQ and BR policies are admissible and achieve the lower bound. In the next four
sections, we formulate and characterize the asymptotically optimal routing policies. Specifically,



in Section 4, we identify the optimal RR policy when there is no state information available for
routing control decision-making. We demonstrate its optimality by establishing a (process-wise)
diffusion limit theorem, and use the diffusion limit to understand the performance of the RR
policy. The PP policy, another class of policies that require no state information, are studied in
Section 5. Following the similar approach, in Section 6 and 7, we study the optimal AC and SC
policies that utilize the arrival history and service history respectively. Numerical studies for
evaluating the heavy-traffic estimators are presented in Section 8, where preliminary observations
about the performance of various policies for a non-heavily loaded system is also illustrated via a
simulation study. While in the above the analysis of the stationary performance and optimality
of various policies are built on process-wise diffusion limit theorems, Section 9 is devoted to
the study of the interchange-of-limits problems. It justifies the stationary performance of the
diffusion limit as a valid approximation of the stationary performance of the pre-limit systems.
Some preliminaries about the Skorohod mapping and all proofs for main results are presented
in the Appendix. (Section 9 and the Appendix are available in the Electronic Companion.)

2 Model and Preliminary

We consider a queueing system with K (> 2) servers, indexed by k € K = {1,--- , K}, following
[16]. Each server has an infinite waiting room. Jobs arrive at the system following a renewal
process with arrival rate A. Upon arrival, each job is routed to one of the queues to attain
service. At server k, jobs are served at a rate of uj following the order of arrival.

Denote the interarrival time between consecutive arrivals by ug, £ = 1,2,---. Denote the
service time of /-th job at server k by vy, £ =1,2,---, and k € K. That is, the service time of
a job is server-dependent. We assume that the interarrival time sequence {ug, ¢ > 1}, and the
service time sequences {vy¢,¢ > 1}, k € K, are mutually independent i.i.d. random sequence,
all with finite second moments. In particular, let u, have mean 1/ and coefficient of variation
Ca, and let vy, have mean 1/, and coefficient of variation ¢, k € K.

For ease of presentation, we denote the sum of a set of numbers and functions, say {z;,i € Z}
or {fi(t),i € I}, as x4 = Y ;c 4% and fa(t) = Y .. 4 fi(t), respectively, for any A C Z. The
Li-norm of a vector is then |z| = ), 7 |z;]. These representations of summation and L;-norm
will be used interchangeably in this paper. Hence, jx = Y, cx i denotes the total service rate
of the system, and then p = \/ux is the (nominal) traffic intensity of the system.

Next, we introduce the following related processes:

L L L
T() = Z up, E(t) =sup{l: Z up <t},  Sk(t) =sup{l: Z v e <t}
=1 r=1 =1

We call E(t), t > 0, the (exogenous) arrival process, which denotes the number of arrivals during
the time interval [0,t]. Y(¢) records the arrival time of the ¢-th job (for ¢ = 0,1,2,---, with
T(0) = 0), and hence can be referred to as the arrival time process. We call S(t) = (Sk(t))rex,
t > 0, the service process, where Si(t) denotes the number of class-k service completions (job
departures) after server k is busy for a total of ¢ time units.

To describe the routing of jobs, we define routing sequence ¢(¢) = (¢r(¢))ker, £ =0,1,2,- -,
as
1 if the ¢-th arrival is routed to class-k,
0 otherwise.

a0 = {

Let the routing process be ®(¢) = (P (4))reic, £ =0,1,2,- -+, where @, (¢) is the number of jobs
among the the first ¢ arrivals that are dispatched to the server k. The total number of jobs
routed to servers must be equal to the total arrivals:

l
Op(0) =D Gll), D TRt =t (1)

=1 kek



We assume the routing policy is non-anticipating; that is, at each time ¢ of a job arrival, the
policy depends only on past history in a measurable way (cf. Williams [59], Section 3.1.5). For
example, the controller cannot observe and hence is not allowed to utilize the service time of
any job before its service completion.

We focus on the routing controls that will minimize the performance objective, expected
stationary (total) queue length, i.e., EQx(00) (= E)_,cx Qr(00)), where Qi (00) represents the
stationary queue length of server k, if exists. Then, according to the Little’s Law, the expected
waiting time of jobs (the time between a job’s arrival and its service completion in stead-state)
can be derived by dividing EQx (cc0) by the arrival rate A\. Therefore, minimizing the waiting
time and total queue length in stead-state are equivalent.

Some routing policies that dictate the routing process ®(¢) are studied in this paper. Below,
we describe JSQ, BR, RR and PP routing policies, which are both theoretically and practically
important and are widely studied in the literature. The first two are state-dependent policies
that use the real-time queue length information in dispatching new arrivals, while the latter two
are blind policies that do not use any state information. Later, we introduce two additional
routing policies for improving system performance: an AC policy and an SC policy, both of
which are non-anticipating and utilize some real-time information about the arrival and the
service processes respectively.

The JSQ policy dispatches a new arrival to the queue that has the shortest queue length. The
BR policy with a given integer ¢ (2 < ¢ < K) and a probability distribution 7 = (7, --- ,7x) is
described as follows. When a job arrives, ¢ servers are first chosen sequentially — at each step,
server k is chosen with probability 7, (k € K), independent of the choice made for the previously
arrived jobs; repeat until ¢ distinct servers are chosen. Then the job is routed to the server that
has the shortest queue among the ¢ chosen servers. Typically, choosing 7 in proportional to
the service rate (i.e., mp = pur/pxc) will yield an asymptotically optimal performance; and it is
interesting to note that BR policy is robust subject to small change in the value of 7 (cf. [16]).
By letting ¢ = K, the BR policy is reduced to the JSQ policy.

In the above JSQ and BR policies, if there is a tie by having more than one shortest queue,
the job can be routed to any one of the tied servers. Actually, the main results remain the same
under any tie-breaking methods in our asymptotic analysis. Here and below, we omit the detail
of tie-breaking methods in all the routing policies being studied.

Under the RR policy with the weight parameter (also a probability distribution) p =
(p1,- - ,pK) satisfying >, - pr = 1, a fraction pj, of jobs is sent to the server k according
to a pre-specified splitting sequence. For example, when all the servers are treated equally, i.e.,
all pg’s are the same, the RR policy routes incoming jobs to servers in order and in rotating
fashion; specifically, the (/K +k)th job is sent to the kth server, k =1,--- K and £ =0,1,2,---.
Indeed, this conventional RR routing control is often applied to the identical server setting.

More generally, the sequence of arrivals should be split so that the number of jobs dispatched
to each server k is “close” to its quota, a fraction pg of the total arrival, at any time instance.
More specifically, in addition to equation (1), the RR policy should satisfy the following require-
ment: for some constant x,

|Px(0) —pil| <k, £=1,2,---, kek. (2)

Here, we have specified a condition that characterizes a (generalized) RR routing, which is
sufficient for our purpose in the asymptotic analysis below. As a concrete example, an imple-
mentation is as follows. Upon the ¢-th arrival (¢ = 1,2,---), pick (one of) the server, denoted
k', that has the smallest “surplus”:

K = argmin(®y (¢ — 1) — pyf). (3)
kek

Then, send the ¢-th job to server ¥/, i.e., let
O (0) =Pp (£ —1)+1, and Pp(f) = Pp({ — 1),k # K.



The PP policy is also specified with the weight parameter p = (p1,--- ,px). That is, upon
the ¢-th arrival, this job is dispatched to the server k with probability ps,

P{o(£) = '} = pr, (4)

where e* a K-dimensional vector with its k-th component being one and other components being
zero. The routing sequence {¢(¢),¢ = 1,2,---} are mutually independent random vectors, and
are also independent of all the interarrival times and service times. Note that, by allowing ¢ = 1,
the BR policy will become a PP policy.

Clearly, given the weight parameter p, the RR and PP policies use no dynamic state infor-
mation and hence are “blind” policies. We will see later that to specify the weight (control)
parameter optimally requires a priori knowledge of all model parameters, i.e., the first two
moments of the interarrival and service times.

Here we describe the key performance measure of the system. Let Q(t) = (Qx(t))rex be the
queue length at time ¢, where Qg (f) denotes the number of jobs in queue k at time t. Then,
the number of arrivals routed to server k during [0,¢], is given as ®x(E(t)), and satisfies the
requirement in (1):

Y eu(E() = E(t). (5)

kek

Let B(t) = (Bg(t))kex, where Bg(t) denotes the busy time, i.e., total amount of the time
that server k has served jobs during [0,¢]. With the busy time process, the number of service
completions at server k up to time ¢ is given as Sk(Bg(t)). Then, the dynamics of the queueing
system is characterized by

Qr(t) = Qr(0) + ®x(E(t)) — Sk(Bk(t)) > 0, (6)
By (t) :/0 L{Qy(s)>0yds. (7)

The first equation is a balanced equation, assuming the initial queue length (at time 0) is Qx(0)
for £ € K. The second equation specifies a work-conserving condition, i.e., the server must
work at its full capacity when there is at least one job in its queue. Define the idling processes
Y (t) = (Yi(t))kex as follows,

Ylt) = pelt = B(®) = e [ 1iou-0pds. ®)

It is immediately observed from the above expressions that for k € K,

/ Qu(s)dYi(s) = (9)

% (t) is non-decreasing in ¢ > 0, and Y;(0) = 0. (10)

To carry out the heavy traffic analysis, we introduce a sequence of systems, indexed by n € N,
where A can be chosen as the set of natural numbers, or more generally, a sequence of positive
real numbers that increase to +0c. Each system is like the one introduced above, but may differ
in their arrival rates. Specifically, for the n-th system, the interarrival times and service times
are denoted as uy and vy ,, with the first and second order parameters (A", cj) and (u, cp ),
respectively. For convenience, we assume that the mean and variance of service times do not
change with n, hence the index n is omitted for these parameters (i.e., (13, ¢y.) = (b cok)). The
processes defined for the n-th system are then the arrival process E"(t), the arrival time sequence

T"(¢), the service process S™(t) = (SP(t))rek, the routing sequence ¢™(¢) = (o7 (¢))rek, the



routing process ®"(¢) = (P} (¢))kek, the queue length process Q" (t) = (Q}(t))kek, the busy
time process B"(t) = (B} (t))rek, and the idling process Y"™(t) = (Y(t))rex- These processes
satisfy the relationships in equations (5-10), with the index n properly appended.

We assume the sequence of systems are linked through the limit,

A" = Ai=px and ¢, — ¢4, asn — oo,
and furthermore the following heavy traffic condition is satisfied,
n(A" — ux) — 0 <0, asn — oo. (11)

From now on, the parameter A denotes the limit of A" rather than the arrival rate of a particular
system. Though A takes on the same constant value as ui, it explicitly indicates that the value
is arrived at through a convergence procedure; this is useful when we infer the heuristic policy
for the pre-limit system from the limit theorems to be established below. Moreover, the above
condition implies that the (nominal) traffic intensity approaches one,

)\n
= — — 1, asn — oo.

U

7

Without loss of generality, we assume A" < i, or p™ < 1, for all n € N. We also assume at
least one of the coefficients of variation, ¢, and ¢, (k € K), is positive; otherwise, the system
becomes deterministic and is trivial in heavy traffic analysis.

In addition, to guarantee the convergence of the fluid-scaled and diffusion-scaled primitive
processes below, we make the following standard assumption: there exists a function g(a),
satisfying g(a) — 0 as a — oo, such that the following holds uniformly on n,

E[(u})*1{u} > a}] < g(a) and E[(vge)Ql{vﬁe >a}] <g(a), forke K, and alla >0. (12)

This assumption, first introduced by Bramson [9] (see also [16,43,52]), imposes control on the
fluctuation of the arrival and service processes and thus the sample paths of the system state.

We apply the standard fluid scaling to the primitive processes associated with the sequence
of systems:

(E"(t),S"(1), T"(t)) = % (E"(nt), S"(nt), T"(|nt])) (13)

where the floor function || gives the greatest integer less than or equal to x for any real number
x. Similarly, define the fluid-scaled version of the derived processes:

(Q"(1),@"(t), B"(t),Y"(t)) = % (Q"(nt), ®"([nt]), B"(nt),Y" (nt)) . (14)

For the scaled primitive processes, when n — oo and under the assumption (12), we have the
following functional strong law of large numbers with probability one,

(E™(t),S™(), T™(t)) — (M, ut, A7),  wo.c. of t > 0. (15)

This convergence is a direct consequence of Lemma 13 (in Appendix A.1l), which is useful in
heavy-traffic analysis.

In addition to the fluid scaling defined in (13,14), it would be convenient to introduce an
alternative version by replacing the scaling factor n by n?,

(E"(1), 5" (), T"(HQ" (1), 8" (1), B"(1), V(1))

= % (E"(n2t), S (1), Y™ (|n*t]), Q"(nt), 8" (|n*t]), B"(n*t), Y "(nt)) .

10



Clearly, the following functional strong law of large numbers, just like (15), continues to hold
with probability one,

(E”(t),S‘”(t),T”(t)) — (M, ut, A1), wouc. of t > 0. (16)

Define the diffusion scaling (along with centering) for the primitive processes:

(E"(t), (), S;;(t)) = % (E™(n2t) — A™n2t, Y™(|n2t]) — (A") "L |n2t], Sp(n?t) — ppnt) .

By the functional central limit theorem for the renewal process (see, for example, Chapter 5
of [15]), we have the following weak convergence,

(E™(), T™(¢),S™(t)) = (E(t), -A"'E(\"'),5(t)), as n — 00, (17)

where E(t) is a (one-dimensional) Brownian motion with zero mean and variance Ac2; and
S(t) = (S (t))kex is a K-dimensional Brownian motion with independent coordlnates whose
kth coordinate, Sy(t), is a Brownian motion with zero mean and variance ,ukcb I E(t) and S(t)
are independent.

For the routing process, we introduce a set of parameters (p})rex satisfying Y, - pp =1
and p; > 0, and denote formally:

Ln?t]

(@17~ hln?t]) = - 3 (GFO) ), kek.  (18)

(=1

By (1) =

3\'—‘

A routing policy for the sequence of systems just introduced actually refers to a sequence of
policies, with the n-th policy associated with the n-th system. As we will see below, when
the routing policy and the parameters p} are properly specified, the scaling in equation (18) is
indeed a proper diffusion-scaling and satisfies a central limit theorem.

For the other derived processes, we write:

A 1 - 1
Q" (t) := EQ”(nzt), Y™ (t) := EY"(nzt), kek. (19)
Rewrite equation (6) for the n-th system as:

Qr(t) = Q(0)+ Pp(E"(1)) — S (Bi (1))

= Qp(0) + Xp (@) + V' (D), (20)
Xi(t) = [®g(E"(t) — ppE"(1)] + pg[E™(t) — A"
—[SE(BE (1) — me B (O] + (P A" — )t (21)

Then, the dynamics given in equations (5-10) can be written in diffusion scaling for the n-the
system: for all k € K and t > 0,

Qi (1) = QF(0) + Xji(t) + V(1) > 0, (22)
| @aize —o (23)
Y (t) is non-decreasing in t > 0, and Y{*(0) = 0, (24)
where
Xi(t) = PR(E™(1)) + pRE™(t) — SE(BE () + n(pfA" — m)t, (25)
> dp(t) =0. (26)

kek

Once the routing control ®"(¢) and the initial state Q™(0) are specified, the above Skorohod
problem will determine the queue length process Q" (t) (cf. Lemma 10).

11



3 Admissible Control and Lower Bound

A routing policy for the sequence of systems introduced above, denoted as D, is called diffusion-
admissible, or simply admissible, if they are non-anticipating and there exist positive constants
p" = (p})kex for each n € N, satisfying >, s pif = 1, such that the followings hold:

(a) For some constants § = (0j)rex < 0, the following holds for 6™ = (6} )rex,

ni=n(pp A" — uk) — 0k, as n — oo. (27)

(b) We can find a set of states G C RY (the non-negative orthant of the K-dimensional real
space), which serves as “good” initial (limiting) states and typically includes the origin.
(We write G = G(D) when we want to highlight its dependence on the policy D.) When
the initial states satisfy Q"(0) = Q(O) € g (eg, Q"(O) = Q(O) = 0), the scaled routing
processes defined in equation (18) satisfy the central limit theorem, i.e., the following weak
convergence:

() = B(t) := (Pp(t))rek (28)

where ®,(t), k € K, are (possibly correlated) Brownian motions with zero means and finite
and constant variations. Furthermore, putting the arrival, service and routing together,
(®(t), E(t), S(t)) also constitutes a multi-dimensional Brownian motion with a zero drift
and a finite constant covariance matrix.

We will see that an admissible policy indeed induces a well-defined diffusion limit for the queue
length process under heavy traffic. Denote the class of all admissible routing policies as D.

We call p} the (approximate) routing rate to server k in the n-th system. The (approximate)
arrival rate to and traffic intensity of server k are then denoted as p A" and p} = ppA" /s,
respectively. Hence, the condition in (a) requires that the arrival rates to the queues ppA"
are within the service capacities (rates) ux and approach the capacities proportionally. This
condition also implies

i = pp = > 0 = bk (29)
HE ek

Observe that the convergence in (28) holds if pf is replaced by any p} satisfying n(pf —p) — 0,
and therefore, the choice of pj is not unique. Also note that should the routing sequences satisfy
the law of large numbers too, i.e., for some constants p; > 0,

lim ®3(¢)/¢ =p; a.s., for all n,
{—00

it can be seen that n(py — p}) — 0, which justifies p}! as an “approximate” rate. The condition
(a) causes no loss of generality for our study since, if it does not hold, we can always focus on
any convergent subsequence of {6"}.

Unlike the parameter 0y, which is given in (11) and is fixed, we have some room to adjust the
parameters 0;’s when we try to find the optimal routing policy below. Also note from (29) that
Pk is the limit of the sequence {p}} rather than the routing rate for a specific system. Though
pr. takes on the same value as py/px, it indicates intentionally that the value is arrived at via
a sequence. This is similar to different roles of A and ux, and is useful for constructing routing
policy for the original (pre-limit) system from the diffusion limit theorems (to be established)
heuristically.

The condition (b) imposes the central limit theorem on the routing processes ®”(t). There
is vast amount of literature for characterizing conditions for the central limit theorem to hold,
which relate to the notion of asymptotic independence. For examples, refer to: Gut [27], Section

12



5 of Chapter 9; Whitt [58], Section 4.4; and Shiryaev [50], Section 8 of Chapter VII. From
a practical perspective, a useful routing policy should lead to an asymptotically stationary
system, or simply a stationary system if it starts from a “nice” initial state, and the resulting
routings, {¢"(¢),{ = 1,2,---}, must be an asymptotically independent sequence. Therefore,
we believe that the class D contains a wide range of non-anticipating routing policies that are
well behaved and of practical interest, which indeed includes all the policies being studied.
Particularly, it includes some policies, such as the JSQ and BR policies (cf. Proposition 2),
that are asymptotically optimal over the set of all routing policies (a strict superset of D). By
restricting our attention to the more tractable class D, we are able to identify the optimal policies
and characterize the system performances given the availability of state information such as the
queue length state, the arrival history, and the service history.

3.1 Diffusion Limit and Lower Bound

The proposition below illustrates that an admissible policy induces a diffusion limit, which is
amenable to further analysis, and establishes a lower bound for the class of admissible poli-
cies. This lower bound is indeed achievable by applying the JSQ and BR policies, as shown in
Proposition 2.

Proposition 1 Suppose the routing policy D is admissible (D € D), and the initial states
satisfy

Q"(0) = Q(0) € G(D). (30)
(a) (Diffusion limit) We have the following weak convergence: as n — oo,
(@) X", 7" ®)) = (Q1), X (1), ¥ (1)), (31)

where the limit is the unique solution of the following Skorohod problem:

Qk(t) = Qr(0) + Xi(t) + Yi(t) > 0, (32)
Y} (t) is non-decreasing in ¢ with Y3(0) = 0, (33)
| auwano = o (34
with X (1) = (Xg(t))rex
Xp(t) = Qp(At) + peE(t) — Sk(t) + Ot. (35)

(b) (Lower bound) Moreover, we have the following asymptotic lower bound for the system:

(Q(1), Yic(t)) = (Q*(1), Y*(¢)), (36)
where (Q*(t),Y*(t)) is the unique solution to the following Skorohod problem,
Q*(t) = Qr(0) + X (t) + Y*(t) > 0, (37)
Y*(t) is non-decreasing in ¢ with Y*(0) = 0, (38)
/ T o mar(n) =0, (39)

and

Xie(t) (Z ZXk(t)> = E(t) - Z Sk(t) + Okt.

kel kel
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The proposition is proved by applying the continuity and the minimality properties of the
one-dimensional Skorohod mapping (Lemma 10); a detailed proof is given in the Appendix.

It is known that given Q;(0) and X(t), the relations in (32-34), which constitute the Sko-
rohod problem, uniquely define the processes Qi and Yj: Qp = ®(Qr(0) + X3) and Ve =
W(Qr(0) + Xj), with &(-) and W(-) being Lipschitz continuous mappings (cf. Lemma 10). In
particular, when Xk(t) is a Brownian motion, Qk(t) is a one-dimensional reflected Brownian
motion (RBM), and Yj(t) is the associated regulator. As the free process Xj(t) has a negative
drift 6, < 0, the process Qk(t) has a stationary distribution, which is exponential with rate
20y, /var(®(\) + prE(1) — S(1)) (cf. Lemma 11). Therefore, under the policy D (specified in
the above proposition) the expected stationary queue length in the limit is

var(®,(\) + prE(1) — Si(1))
20,

EQk(00; D) = : (40)
Here, Qk(oo; D), k € K, is a random variable following the stationary distribution of Qk(t). In
this notation, the routing policy D is attached to explicitly indicate that the variable (as well as
the associated diffusion limit Qx(t)) is derived under the policy D, and such an argument will
be omitted if it causes no confusion. X R R

Similarly, the lower bound described in (37-39) can be characterized by Q* = ®(Qx(0)+ Xx)
and Y* = W(Qx(0) + Xx), where the free process X (t) has a negative drift x and a variation
A2 + Y okek ukcg,k. The expected stationary queue length in the limit is

A Acq + Dkex MrChr
EQ"(o0) = oL (41)

where Q*(oo) follows the stationary distribution of Q*(t) Clearly, it is the lower bound perfor-
mance over all admissible policy, i.e.,

EQ*(0) < EQk(o0; D), D € D.

Furthermore, it can be noted that Q*(¢) is indeed a lower bound in a stronger sense of stochastic
order and pathwise dominance (e.g., [16], Theorem 5(b) and its proof) over all feasible routing
policies, which might even not be non-anticipating or induce a diffusion limit. Nevertheless, it
is sufficient for our purpose to restrict our discussion to class D.

3.2 JSQ and BR Policies Revisited

Proposition 2  Consider the JSQ policy and the BR policy (with ¢ > 2 and 7} = g/ k).
(a) ( [16,47,68]) Suppose the initial states satisfy

Q"(0) = Q(0) € G(JSQ) =={q: q e RE, g1 = = qr};

that is, all queue lengths are asymptotically equal. Then, under either the JSQ or BR policy,
we have the weak convergence: as n — oo,

(@), X, 7"(1)) = (Q(1), X (1), Y (1)) (42)
where in the diffusion limit the lower bound performance is achieved:
(@ (1), Xk (1), Yic(8)) = (Q* (1), Xxc(8), Y*(1)),

and all queues are equal: for all k£ € IC,

(@ult), Xel0), V(1) = -(@"(0), i), V" (1), (13)

Br(M) = (Il{ - pk> B(t) — %Z Si(6) = Su(t) |, and (44)
Jjex

O = O /K. (45)
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(b) The JSQ policy and BR policy belong to the class D, where the approximate routing rates
and traffic intensities, pi and p}!, can be chosen such that

1 MK
— PP\t = — —\" 1—p=—=—(1-p"). 46
[tk — D 7 (e = A"), Pk K,U«k( ") (46)
Observe that under the JSQ (or BR) policy, the diffusion limit attains the lower bound
system given in Proposition 1(b), i.e., a one-dimensional RBM with drift fx and variation
)\cg +> chg,k- Hence, the expected stationary queue lengths for the whole system and each
server are (cf. (40)),

ACE 4+ Yk kG, 5y
o0, = (=1L%), (47)

EQx (003 JSQ) — %L (48)

EQx(00; JSQ) =

From equality (43), we see that the state-space collapse property holds, that is, the queue
length of the diffusion limit evolves within the one-dimensional space G(JSQ). This subspace
is called the fixed-point state space or invariant manifold in literature. Furthermore, the total
queue length in the diffusion limit, Qx (t), is same as the one for a sequence of G/G/1 queueing
systems — in the n-th system, the interarrival arrival times have a mean 1/A\" and a squared
coefficient of variation (c?)?, and the service times have a mean 1/, and a squared coefficient
of variations of ),y ,ukcik /pic. That is, the (original) parallel server system behaves like a
G /G /1 queue and its servers appear pooled together to form an aggregated server in the diffusion
limit. This is known as the resource pooling effect, which also exhibited for some other stochastic
network models in previous studies (e.g., [32,37,43]).

Moreover, the initial states are required to “collapse” into the subspace G(JSQ) with all
queue lengths being equal in the proposition. If we relax this requirement and allow initial
states to be a tight sequence, then the initial states will jump to the fixed-point state space
instantaneously. Consequently, the weak convergence in (42) still holds with a modification on
the convergence of the inital period (cf. [9,43,52,66]). This extension is indeed required when
we study the interchange of limits below (cf. Propositions 20 and 21).

4 Round-Robin Routing: No State Information

Consider a sub-class of D, denoted H, which includes all admissible policies such that <i>()\t)
and (E(t), S(t)), the limits derived in Proposition 1, are not correlated for all ¢ > 0. Let
Ho be a further sub-class of H containing the blind routing policies such that the routing
{®"(¢),£ =1,2,---} is independent of {(E™(t),S™(t)),t > 0}. Hence, under any policy in H the
routing is uncorrelated with the arrival and service history asymptotically, whereas under any
policy in Hg the routing is independent of the arrival and service history. Also observe that the
system dynamics, mainly described by Q" (t), is driven by the primitive processes (E™(t), S™(t))
and the routing control ®"(¢) (cf. (22-24)). Thus, by using a blind policy (in Hg), the controller
can “see” at most its own decisions {®"(¢)}. In contrast, the JSQ policy will review the queue
length state, which has encoded the information about the arrival, service and routing available
up to the epoch for routing decision-making.

For any policy H € H, since it belongs to D as well, Proposition 1 applies, and following the
equality in (40) the expected stationary queue lengths of the diffusion limit are written as:

. var(®(\)) + pEACE + pci
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Observe that the expected stationary queue length is lower bounded by the following, given the
same drift parameter 6(< 0):
PRACE + 1kCh

EQx(00; H) > h(0) := ) —20,

ke
Solving the optimization problem,
min h(0), st > Or =6k, O <0for k€K, (49)
F kek

yields a lower bound of expected stationary queue lengths over all class ‘H policies,

2
(Sh \frircd + a3 ) \JPRACE T+ 1k
h(0*) = . with 0 = (6] )kex, 0f = O.  (50)

—26 2 ;K
Kk Z_j ijCg+Mjcb,j

Now, for the n-the system, apply the RR control policy (as described in Section 2) with the
weight parameter p” = (p})rek satisfying the requirement in (2). We further require that the
condition in (27) is satisfied for some 0 = (0;)rex < 0, and denote such an RR policy sequence
as RR({p" }nen,0), or RR(0) for short, since we will see that the parameters {p™} take effect on
the limit only through 6. The following theorem shows that the routing policy RR(6), a blind
policy belonging to Hg, can achieve the lower bound performance in (50) over the larger class

H.

Theorem 3 (a) Suppose the RR policy, RR(0), is in force, and the initial states satisfy Q”(Q) =
Q(0) € G(RR(0)) := RE. Then, the weak convergence described in (31-35) holds with ®j(t)

and X (t) satisfying
$p(t) =0, Xp(t) = ppE(t) — Si(t) + Oxt. (51)

The “free process” Xj(t) is a Brownian motion with drift 6, and variance (PINC + pkch ).

Hence, for each k € K, Qk(t) is an RBM with drift 6, and variation p?Ac2 + ,ukcg’k, and the
expected stationary queue lengths for the server k is:

PRAC + [uCh .
—20y,

(b) The routing policy RR(#) belongs to Ho(C H C D), where the approximate routing rates

for the n-th system can be given as p" = (p}})rek-

(c) Let 6 be set to 6* = (0 )rek given in (50), or alternatively, choose some approximate routing
rates such that

EQx(o0; RR(6)) = (52)

R R R T
e =X \/(p}l)QN”L(CZf)2 + Kich

Then, the RR policy RR* := RR(6*) is asymptotically optimal in H; that is, for any policy
H € H, we have

(53)

EQx (c0; RR*) < EQxc(o00; H).

Moreover, the expected stationary queue lengths of the diffusion limit under RR* are given as,

2
(Zk \/p%AcZ + chl%,k)
; RR") = (54)

. \/PRACE + HkChy, (Zj PiACE + ujCE,j)
EQx(oc; RR") = - (55)

—20x

16



The key to proving the above theorem is to establish the convergence of the routing processes
to zero, i.e., the first equality in (51). And this follows from the property that the RR policy
dispatches jobs to each server in a deterministic manner, as stipulated by the requirement in
(2). Consequently, similar to the proof of Proposition 2, we can apply the Skorohod mapping to
establish the diffusion limit (process-wise convergence) and subsequently the other properties in
the theorem.

Note that in part (c) of the above theorem, (ur — A"pj) and (ux — A") are the surplus
capacities of the server k and the whole system, respectively; and ((p{)2A"(c?)? + ,ukci i) is the
combined variability owing to the arrival and service processes of the class k. Hence, under
the optimal RR policy, the overall surplus capacity is distributed to each server in proportional
to the square root of its combined variability. This is reminiscent of the square-root rule in
various queueing models (e.g., [7,12,62]). Furthermore, in the special case of Poisson arrival and
exponential service (¢! =1 and ¢ = 1), the terms inside the square roots become ((p})*A\™ +
ik), a combination of the arrival and service rates. Hence, our square-root rule appears to be
a generalization of the conventional forms that involve the square root of either arrival rate or
service rate.

4.1 Comparison and Observation

Comparison between the optimal RR policy and the JSQ/BR policy. As the JSQ and BR policies
yield the same diffusion limit, we discuss JSQ only.

From the optimality of the JSQ policy in Proposition 2, we know that the expected stationary
queue length under the optimal RR policy RR* cannot be smaller than the JSQ policy. Here,
we first compare their performances in (47,54) and reveal when an RR policy can achieve the
performance under JSQ policy, i.e., the optimal performance over all admissible policies (class
D).

To this end, we focus on the case ¢2 > 0, while the other degenerate case (c2 = 0) involves
a tedious discussion but yields little new insight. To compare the performances, consider the

function:
2y .2 2
(EBET) vy

—20x —20x

A(fL‘l, s ,:L‘K) =

Clearly, we have
A0, ,0) =0, A(uiciy, -, uKxci ) = EQx(00; RR*) — EQx(00; JSQ),

and when (z1, -+ ,xx) >0,

2y .2 [12 )2
A 1 2j\/PiAca+x; 1 1 piXci +x;
0 NI — = L>O, kelk.

Ik —20x \/p%)\c?l + xp, —20x —20x FER\K} A /p%)\cg + xp,

This implies that the equality, A(,ulcz,l, e ,,chaK) =0, or EQ,C(OO;RR*) = EQ;C(OO; JSQ),
holds only when

Cg,k =0 for all k € K.

Under the above condition, the parameters ¢; and p} specified in Theorem 3(c) can be simplified

as:
0; = pr, pf = X
12
In other words, the optimal RR policy can attain the performance of the JSQ policy if and
only if all service times are deterministic, and in this case, jobs are routed to each server in

proportional to the service rate.
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Wu and Down [63] studied the same model under the RR routing, but assuming that the
job arrivals follow a Poisson process and the service times follow a discrete requirement and
are known upon arrival. Under the latter assumption, their model is reduced to the one with
multiple job classes, each class having a Poisson arrival stream, deterministic service times, and
priority scheduling at servers. Then, they derive the diffusion limit under the RR routing policy,
and show (in Theorem 3.3) that the RR policy, assigning jobs in proportional to the service rates
for each class, is asymptotically optimal and has the same diffusion limit as the JSQ policy, as
well as the ¢-SRPT policy in their paper. Their optimality result (more specifically, in the
special case with a single job class) is consistent with our observation above, i.e., the RR policy
achieves the JSQ performance only when all service times are deterministic.

We now consider an example, and illustrate that the optimal RR policy can yield an expected
stationary queue length arbitrarily longer than the JSQ policy. In this example, assume all
servers are identical, services times are exponentials, and arrivals follow the Poisson process.
Then, we have p, = 1/K and ¢2 = ¢, = 1, and thus 6§ = 0x/K according to the above
discussion. Consequently, according to Theorems 2 and 3, the expected queue lengths are
reduced to the following,

EQx(00; RE) = (”25” EQx (003 1SQ) = —p—.
—<UKKC —UK
When the number of servers K grows, the performance under the optimal RR policy can be
arbitrarily worse than the JSQ policy, i.e.,

. *
M — o0 as K — oo.
EQic(00; JSQ)

Comparison between the optimal RR policy and the proportional RR policy. For the RR
policy RR(0), a conventional option is, as we have seen above, to distribute the jobs to servers
in proportion to the service rate, i.e., to set the parameters as p; = ui/px and thus from the
condition in (27),

Op = 0, .= L2y, (56)
MK
We call it the proportional RR policy. From Theorem 3(a), the expected stationary queue length
under this policy is

PRACE + ey,

EQ}C(OO;RR(HI)) = Z —20x

kek

(57)

Putting (57,54) together, and taking into account the relationships py = pr/pxc and A = ug,
then yield the ratio between the performances under the proportional and the optimal RR
policies:

EQx(o0; RR(0)))  Lpex(prca +¢iy)

EQx (00; RR(6)) (Zkelc \/Pr(ppcs + cik)>2 -

where the inequality is due to the conclusion in Theorem 3(c) and alternatively can be shown
directly using the concavity of the square root function. Furthermore, let us examine an example:
assume Poisson arrival and exponential service (hence, ¢2 = 1, Cl%,k =1), and pick py =1-1/K+
1/K? and pp = 1/K? for k = 2,--- , K. Then, the above performance ratio is reduced to

i

EQx(c0; RR(0)) K+1
EQx(co; RR(0%))  3+2v2+ 0(1/K)

— 00, as K — oo.
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Therefore, the performance of the proportional RR policy is generally suboptimal within the
class of RR policies, and can be arbitrarily worse than the optimal RR policy.

Next, observing the definitions of 6’ and 6* in (56) and (50), respectively, we note that the
proportional RR policy coincides with the optimal RR policy if and only if

\/PIACE + ,ukcik
kek. (58)

= Pk,
2 2
Zjelc pj )‘Cg + HjiCy j

By simple algebra, this is reduced to /~01_10§1 = gy 1022 = ... = ,uf_(lcg - Recall uglcgk =

Ul?,k: / u,;l, where Ul?,k denotes the variation of the service time (of server k) and thus oik Juit
is the variance-to-mean ratio. Consequently, the proportional RR policy coincides with the
optimal RR policy if and only if variance-to-mean ratios of service times for all servers are
the same. Therefore, in the special case that all servers are identical, the (asymptotically)
optimal RR policy will route incoming jobs in order and in rotating fashion. This policy is
indeed the optimal routing policy for a discrete system with identical parallel servers, renewal
arrival, general service time at each server, and no real-time information of the system state

(cf. Hajek [28] and Altman et al. [1]).

5 Probabilistic Proportional Routing: No State Information

Consider the PP routing policy (as described in Section 2) with the weight parameter p" =
(P})kex satisfying the requirement in (4) and the condition in (27) for some # < 0. Denote
such a PP policy sequence as PP({p" }nen, ), or PP(0) for short. In the following theorem we
identify the optimal PP policy.

Theorem 4 (a) Suppose the PP policy, PP(#), is in force, and the initial states satisfy Q"(O) =
Q(0) € G(PP(# )) = R Then, the weak convergence depicted in (31-35) holds. In the limit, the
routing process d(At) = (P(\t))rex is a K-dimensional Brownian motion that is independent
of (E(t),S(t)) and has a correlation matrix I' = (Cre) {k,ecxcy with Tre = App(1 — pg) and
Iy = —Apgpe for k # €. The “free process” XkA(t) is a Brownian motion with drift 8, and
variance (Apx(1 — pg) + pk)\c + pkch, 2 ). Hence, Q(t) is an RBM with drift 6, and variation
Api(1 = pi) + pRAcs + [k Ch, 2 for each k € K, and the expected stationary queue lengths are:

Apk(1 = pr) + PRAca + pncy
—20; ’
Aok (1 — pr) + pirc + Mkcbk
(0)) = Z 50,

EQx(00; PP(6)) =

(59)

EQx(o0; PP (60)

kel
(b) The routing policy PP(f) belongs to Ho(C H C D), where the approximate routing rates

for the n-th system can be given as the weight parameter p" = (p}})rek-
(c) Let 6 be set to 0* = (0} ) ek, with

. \//\pk (1= pr) + ppAc2 + pxcy

k — Ky
> \//\p] —pj) +pj)\02+ujcb]

or alternatively, choose some approximate routing rates such that

e = PRA" \/A”p’;;”(l = Pi) (PPN (eR)? + i

e = A > \/A”p}-"‘(l — P} + (P])2A(cn)? + pjcy

(61)
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Then, the policy PP* := PP(6*) is asymptotically optimal over all PP policies; that is, for any
PP policy PP(6), we have

EQx (00; PP*) < EQx(00; PP(6)).

Moreover, the expected stationary queue lengths under the optimal PP policy PP* are given
as:

2
(Zk \//\pk(l — Pk) + DRACE + puncy k)
—20x ’
\/)\pk(l — Pr) + PRACE + pkcy (Ej \/)\pj(l —pj) +PIACE + Mjcg,j)
~20,

EQi(oc0; PP*) = (62)

EQp(o0; PP*) = {63)

Conclusion (a) in the above theorem is a special case of the diffusion limit for the (generalized)
Jackson network (e.g., [15]). Conclusion (b) is obvious, and (c) is established by choosing the
best drift parameter 6 to minimize the expected queue length given in (a). Detailed proof is
omitted.

Similar to the optimal RR policy, the optimal PP policy, particularly the routing rate in
(61), also exhibits a certain form of the square-root rule. In particular, in the case of Poisson
arrival and exponential service (hence, ¢ = 1 and ¢, = 1) and for large n (hence, \"p}} = ),
the routing rate is approximated as,

ik — P A" &

Therefore, in this special case, the overall surplus capacity (ux —A") is distributed to each server
in proportion to the square root of the service rate py.

Observe from the equalities in (52,60) that with the same drift parameter 6, the RR policy
has an expected stationary queue length strictly less than the PP policy. Hence, the optimal RR
policy also asymptotically outperforms the optimal PP policy strictly. Moreover, by comparing
the equalities in (54,62), it is direct to see that the performance ratio between the optimal PP
and RR policies, EQ;C(OO;PP*)/EQ;C(OO;RR*), can be arbitrarily large when ¢, and ¢ are
sufficiently small.

6 Arrival Chasing: Using Arrival History Information

Consider a sub-class of D, denoted &£, which includes all admissible policies such that <i>()\t) and
S (t) are not correlated for ¢t > 0. Let &) be a further sub-class of £ containing policies such that
the routing {®"(¢),¢ =1,2,---} is independent of {S"(t),t > 0} for each n.

Clearly, any policy E € £ belongs to D as well, and therefore we apply Proposition 1 (the
equality in (40) in particular), along with the definition of £, to write the expected stationary
queue lengths as:

var(®r(\) + prE(1)) + ,ukcik

EQx(o0; E) = o0 , EQi(o0sB) = EQi(oos E).  (64)
kek
A lower bound of EQx (oc0; E) can be estimated as follows. If we let
1o = BB
k — ( ) )
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which satisfies ), hx = 0 (since >, x ®;(\) = 0); then, the variation terms in EQj (oc; E)
can be estimated as

var((\) + piB(1)) = var ((@4(\) = hieB(1)) + (i + ) E(1) )

A

= var (@x(\) = meB(1)) + (g + pi)?var(B(1) = (o + pr)*Ac,
where the equality is attained if
(M) = hi E(t). (65)
Hence, we have the following for some constants h = (hy)rex satisfying » ;o hi = 0,

(hi, + pr)?Ae2 + 'ukcl%,k
—20y, '

EQc(00; E) > f(0,h) = Y

kel

And consequently, solving the following optimization problem will yield a lower bound for
EQx (co; E) over the class &:

wnin f(6,h), s.t. Z hi =0, Z O = Ox. (66)

kel kel

Applying the KKT condition, it is direct to solve the above for the optimal solution (hj, 6;)

[, 2

. o* HECy g,

hk—i-pkze—k:iQ, (67)
K Zj A/ HiCpj

and the lower bound for EQK(m; E),

2
R = A + (Zk \/Mk%k) (©8)

—20x ’

with the corresponding estimate for EQk(m; E):

fu(07, %) = (hy + pr) f(67, h). (69)

(Here and below, some constants and parameters (e.g., 8* and h*) are redefined to represent
different values. As this appears under different classes of routing policies, we hope no confusion
will arise.)

Next, we introduce the so-called arrival-chasing (AC) routing policy in the class &, which
will indeed lead to a limit in the form of (65) and achieve the lower bound in (68).

6.1 Arrival-Chasing Policy and Its Optimality

An AC routing policy for the n-th network is specified with the parameters p"” = (p}})rex > 0
and h™ = (h})rex satisfying

d pp=1 and > hf=0 (70)

ke ke

as follows: Upon the ¢-th arrival (¢ =1,2,---), pick any server k' such that

k' =argminal(¢), with af(€) := (PF(€ — 1) — ppl) — h (£ — X" Y™ (¥)), (71)
kel
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and then let
w(l) =05l —-1)+1 and P(4)=DL({—1), k# K. (72)

If we denote t = Y™(¢) and 7 = Y™ (¢ — 1), then, the function o} (¢), defined for choosing server
in the above, can be written as:

aj(6) = (P (E™(7)) — prE™(1)) — hy(E"(t) = A"1). (73)

Take a closer look into how a server is selected upon the arrival of a job in (73) (or (71)).
Note that the term E™(t) — A", called “arrival deviation” here, is the (real-time) deviation of
the external arrival from its mean. A portion of this arrival deviation will be assigned to server
k as specified by the parameter h}’ (which could be either positive or negative), and acts as the
“targeted deviation”. Given the parameter p—the long-run fraction of jobs assigned to server
k, the term ppE"(t) can be viewed as the nominal amount of jobs dispatched to server k, or
the “mean routing”. Then, the term ®}(E™(7)) — pp E™(t) is the (real-time) deviation from the
mean routing, and can be called “routing deviation”. Now, the difference, o} (¢), represents the
“surplus” of routing deviation to be minimized. Thus, the AC policy steers the routing deviation
to “chase” the targeted deviation — hence, the name arrival-chasing. Observe that when A" = 0
(i.e., the history of past arrivals is ignored), the AC policy will be reduced to an RR policy.

It would be useful to define a chasing process, " (t) = (V7 (t))kek:

Wi (t) == (PR (E" (1)) — pp E" (1)) — hig (E™(t) — A™1). (74)

Note that aj(¢) gives some state information (upon the ¢-th arrival at time t) excluding the
routing information of the arriving job, while the process ¥"(¢) has embodied the routing infor-
mation of that job. Clearly, at time ¢ = T™(¢), we have

V() = ap(0) + ¢ (0), Y Wi(t) =) aj(t)+1=0. (75)

ke ke

The AC policy can be implemented iteratively. Given W} (7), the information of the chasing
process upon the (¢ — 1)-th arrival (or, time 7 = Y™(¢ — 1)), it is only necessary to monitor the
interarrival time u"(¢) till the next arrival, and then, calculate o} (¢) as

aj(6) = Vi (7) — pi — h(1 = A"u"(£)). (76)

This determines the routing ¢™(¢) (or ®"(¢)) following (71,72), and thus the chasing process
at time t = Y"(¢) (of the ¢-th arrival) is updated as in (75). Clearly, given the parameters
(g, A, A™), the routing decision of an AC policy depends only on the information about the
arrival and routing available up to the decision epoch, and is independent of the service process.
And, as we will see in the next theorem, to specify the control parameters (p}, h}}) optimally
requires a priori knowledge of the model parameters (A", pu, cp ).

Now, apply the AC routing policy defined in (71,72) with the parameters (p™, h") satisfying
the requirements in (70). We further require that the condition in (27) is satisfied for some
f# <0, and

hy — hg, asn — oo, for k € K, (77)

for some h = (hy)rex satisfying ), o hi. = 0. Denote such an AC policy sequence as AC({p", h" }nen, 0, h),
or AC(6, h) for short. The following theorem shows that the routing policy AC(6, h) belongs to
&o, and can achieve the lower bound performance in (68) over a larger class €.
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Theorem 5 (a) Suppose the AC policy, AC(0,h), is in force, and the initial states satisfy
Q"(0) = Q(0) € G(AC(0,h)) := RE. Then, the weak convergence depicted in (31-35) holds
with ®y(t) satisfying (65) and
X (t) = (hx + pr) E(t) — Sk(t) + Okt

Hence, Qi (t) is an RBM with drift 6; and variation (hy + pr)?Ac2 + ,ukcak, and the expected
stationary queue lengths are:
(hi + Dr)* Al + ey

—20; ’
(hi + pk)QACZ + “kcg,k

—20 '

EQx(00; AC(0, 1)) = (78)

EQic(00; AC(0,h)) = ) (79)

kek

(b) The routing policy AC(6, h) belongs to & (C € C D), where the approximate routing rates
for the n-th system can be given as p" = (p})kek.
(c) Let (0, h) be set to (6%, h*) given in (67), or alternatively, choose the sequence of parameters

(" 1" e as
/ 2
— A" ,uch

hi + pg

—\n ’
He 225/ HiCh;
Then, the policy AC* = AC(6*, h*) is asymptotically optimal in £; that is, for any policy E € &,
we have
EQx(00; AC™) < EQic(00; E).
Moreover, the expected stationary queue lengths under AC* are given in (68,69), i.e.,
2
Acq + (Zj wcij)

EQi(00; AC*) = - : (81)

X X \/ HECh X
EQu(o0; ACY) = (hi+pi) EQi(o0; ACY) = — X EQp(00; ACY).  (82)
Zj Mjcz%,j

Similar to the proof of Theorem 3, the key is to show the convergence of the routing processes
to the limit in (65). Under the AC policy, the routing deviation chases the arrival deviation
(adjusted with the coefficient h}}); refer to (71) or (73). With this property, we can apply the
hydrodynamic approach to establish the required convergence (cf. Lemmas 14 and 15).

From the above theorem, we observe that a square-root rule exhibits in the optimal AC
policy once again, similar to the optimal RR and PP policies. Completely analogous to the
optimal PP policy, in the case of Poisson arrival and exponential service (hence, ¢ = 1 and
¢y = 1) the routing rate under the optimal SC policy, given in equation (80), is written as,

pi — PRA” =

That is, the overall surplus capacity is distributed to each server in proportion to the square
root of the service rate.

A subtle point relates to the trivial case that all servers are deterministic (¢ = 0 for all k).
In this case, it can be checked that part (c) of the theorem still holds if the coefficient in (80,82)
(or, the last term in (67)), which has a zero in the denominator, is interpreted as an arbitrarily
valid weight parameter w = (wy)rex satisfying w > 0 and ), .y wx = 1. In other words, it only
requires the first equality in (67) for the AC policy to be optimal. We omit a detailed discussion
of this case to avoid complicating the presentation.
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6.2 Comparison and Observation

Comparison between the optimal AC policy and the JSQ policy. Since the JSQ policy asympti-
cally minimizes the expected stationary queue length globally (even beyond class D), it performs
better than the optimal AC policy, i.e.,

EQx(00; AC*) > EQxc (003 JSQ) (= L7).

From the expressions in (81,47), we note that the equality takes effect if and only if ¢ > 0 for
at most one of the servers. That is, when all servers, except at most one, have deterministic
service times, the optimal AC policy AC*, using only the information of arrival history, can
achieve the JSQ performance.
In addition, if the service time for some server k is deterministic (¢ = 0), we have hj +pj, =
» =0 from (67). Thus, using the optimal AC policy, we will choose h}} = —pj and pp A" = p,
for the n-th system, according to Theorem 5(c). Recall the definition of the AC policy in (73),
and note that the job stream routed to a server k is generally variable inherent in the use of

arrival information,
OR(E™ (1)) = (p + hi) E"(t) — hg A"t

Then, given the above choice of parameters, the arrival stream to server k becomes (nearly)

deterministic,
DL(E™(t)) =~ pp A"t = ugt.

Therefore, the optimal AC policy strikes to cancel out the variability of the stream routed to
any deterministic server. Given the deterministic arrival and service processes, such a server
can be fully utilized while its queue length maintains near zero.

Comparison between the optimal AC policy and the optimal RR policy. Recall that the
optimal RR and AA policies, described in Theorems 3(c) and 5(c) respectively, are specified
by the optimal solutions to the problems in (49) and (66) respectively. Both problems have
a strictly convex objective function and thus have their unique solutions (cf. (50) and (67)).
Comparing these two problems yields that

EQx(00; AC*) < EQx(o0; RRY),

and that the equality in the above holds if and only if b} = 0 for all k. From the equalities in
(67), it is direct to verify that the latter condition holds if and only if ,u,;lcak, k € K, are all
equal. Recall that u;lcik = oik / ,u,;l, where Ug,k denotes the variance of class-k service times.
In other words, when the variance-to-mean ratio of service times at all servers are equal, both
the optimal RR and AC policies yields the same expected stationary queue length, and thus
using the arrival information does not help minimize total queue length.

Next, we investigate to what extent the arrival information can help improve performance
— the value of arrival information.

For the performances under the optimal RR and AC policies in (54,81), we have

2 2
<Z pICE + /Akcik> < (Z <\/p%/\cg + \/ukcgk)>

kel kel

9 2
_ <,@g+2@> s Acg+(zm) ,

kek kek

where the first inequality is due to the triangle inequality and the second to the convexity of
square function. Note that there must be a strict inequality in the above. Otherwise, the equality
in the first inequality would require that either pzkcz or ,ukcik must be zero for each k, i.e.,
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c2 =0 or (¢, )kex = 0. This would prohibit the equality in the second inequality. (Recall, the
trivial case that ¢, and ¢, are all zero is not considered in this paper.) Hence, the performance
ratio between two policies is strictly less than 2:

EQx(00; RR") _ (Zk \/PiAC + chg,k:>2
QR AC) szt (5 fincdy )

Moreover, if we pick some parameters such that ¢2 > 0, cgk =0 for k=2---,K, and

< 2.

05,1 = (1/p1 + 2)c2, by simple calculation, we can reduce the above ratio to:

EQx(c0; RR*) 2
EQi(c0; AC*)  14p1

Therefore, the ratio can be arbitrarily close to 2, the upper bound ratio, if p; is sufficiently
small.

In summary, as compared with the optimal RR policy, the optimal AC policy can reduce up
to 50% of the expected stationary queue length by utilizing the arrival information.

7 Service Chasing: Using Service History Information

Consider a sub-class of D, denoted S, which includes all admissible policies such that @()\t) and
E(t) are not correlated for ¢ > 0.

Since & C D, Proposition 1 applies to any routing policy in §. Hence, under any policy
S € S, the expected stationary queue lengths can be written as

piACE + var(®(\) — Sy(1)) '

(83)

Below we derive a lower bound for EQkE;C(oo; S) in a way similar to the AC policy in Section 6.
Denote h = (hii)k,ick, with

L—hpe = M, for k € K
ESj(1)2
—hy; = w’ for k #1i, k,i € K,
ES;(1)2

which satisfies for all ¢ € IC,

The variation term in EQy(00; S) can be estimated as

var(®5(\) — Si(1)) = var (((Dk()\ ( =) hiiSi )) - h,m-sm))

€K €KX

= var (fl)k()\ ( =) haSi )) + ) hEE(S(1)2 =) hipich . (84)

ek ek ek

Note, in the second equality, we have applied the following,

o (s ) s
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which is due to the definition of hy; in the above. Observe that the equality in (84) is attained
if
O () = Sk(t) = > hriSi(t). (85)
ek

Applying the bound (84) to the stationary queue length in (83), we have

Z pi)\cg + D iex h%i/‘icg,z‘

EQic(00;5) > g(0,h) := —20),

kek

Hence, the optimal solution to the following optimization problem will give a lower bound for
EQx (c0;S) over the class S:

min g(6,h), s.t. Y Op=0c, > hy=1forick.
Orc Pk kex keK

Applying the KKT condition, we can find the optimal solution (6, hj},),
9}: = pkﬂjc, h};z =pr, k,i€ K. (86)
Consequently, a lower bound for EQ;C(oo; S) is given as,

2 2
)\Ca + Zk‘EK ,lL]ng’k ~

g9(6%, h") = o0, (= L7). (87)

This is indeed the lower bound over the class D and can be attained if the policy S € § induces
a limit satisfying

dp(At) = —pr Y Silt (88)
€K

As motivated by the above discussion, particularly the expression in (85,88), we introduce the
so-called service-chasing (SC) policy in the class S below. Such a routing policy, with properly
chosen parameters, will indeed lead to a limit in the form of (88) and achieve the lower bound
n (87).

7.1 Service-Chasing Policy and Its Optimality

An SC routing policy for the n-th network is specified with parameters p" = (p})rexc > 0 and
h"™ = (h};)kicx satisfying

STpi=1,and Y hp=1forieKk, (89)
keK ke

as follows: Upon the ¢-th arrival (¢ =1,2,---), pick any server k' such that

K = argerlrclin Br(€), with (90)
B () = (25 (£ = 1) — pit)
- [(SI?(BI?(T"(@)) i BE(TM(0)) = Y Wi (STBI(X™(£))) — wi B (X"(€))) |, (91)
ek

and then send the job to that server, i.e.,

n(f) =3 (0—1)+1 and BP(() =Pl —1), k £ K. (92)
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If we denote t = Y™(¢) and 7 = Y™ (¢ — 1), then, the function 3}(¢), defined for choosing server
in the above, can be written as:

BR(0) = (RR(E™(7)) = pRE™ (1) — | (SR(BE(1)) — e BE(1)) = Y his(SP(BP (1) — mi B (1)) .(93)
i€

Note that upon the ¢-th arrival at time ¢ = Y"(¢), the amount of time that server k has
been busy is B}(t), and the server k has served the amount, S} (B} (t)), of jobs. Hence, by
time ¢, (SP(BJ(t)) — weBj(t)) is the (real-time) deviation of the service completions from its
mean (during the busy period before time t), and we call it the “service deviation” for server k.
The term inside the squared bracket in (91) then acts as the “target deviation”. Thus, by the
SC policy the routing deviation will “chase” the target (service) deviation. Observe that when
hi, =1 and hy, =0 (k # i) (i.e., the “target” vanishes), the SC policy will also be reduced to
an RR policy.

Similar to (74) (for AC policy), we introduce a chasing process under the SC policy, ¥"(t) =
(W% (8))kex:

W (t) = (R(E" (1)) — pRE" (1)) — | (SR(BE(D) — ik Bi(8) = D his(SP(BI(8)) — maBE(1))] . (94)
i€

Note that 3} (¢) gives some state information (upon the ¢-th arrival at time ¢) excluding the rout-
ing information of the arriving job while the process U™ (¢) has embodied the routing information
of that job. Clearly, at time ¢ = T™(¢), we have

p(t) = Br(0) + ¢p(0), D> Wrt) = Bi(t)+1=0. (95)

ke ke

In the iterative implementation of the SC policy, we must keep track of the changes in
the busy time and the service completion in each server whenever a service is completed or
an arrival triggers a routing decision. Consider two consecutive events at times ¢; and tg,
and the chasing process at t1, ¥"(t1), is known. Denote dpy := B} (t2) — B} (t1) and dgy :=
SP (B (t2)) — Sp (B (t1)) for convenience. The busy time changes as dp , = to — t; if the server
k is busy during time interval [t1,?2), and dp = 0 otherwise. If there is a service completion at
time t, say, in server k', then we have dgj = 1, and dg = 0 for k # k. The chasing process is
updated as:

Wi (ta) := Wi (t1) — [5s,k — kb — Y hii(0si — ui5B,i)]
ieK

On the other hand, if it is an arrival event at time 9, say, of the /-th arrival, then 65 = 0 for
all servers. The arrival process E™(t) must increase by 1 at time 5, and we calculate 3 (¢) as:

Br(0) == Wi(t1) — pf — [5S,k — Bk — Y hii(ds — Mi5B,z')]-
iek

This determines the routing following (90-92), and thus the chasing process is updated as in
(95):

Wi (ta) = Bi (0) + ¢ (0).

Observe that given the parameters (py}, hy;, pix), the routing decision of an SC policy utilizes the
information about the service and routing available up to the decision epoch. And, as we will
see in the next theorem, to specify the control parameters (p}, h};) optimally requires a priori
knowledge of the model parameters p only. Also note that the routing process and the arrival
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process need not be mutually independent due to the busy time process, but they do in the
diffusion limit to be established.

Now, apply the SC routing policy defined in (90,91) with the parameters (p", h") satisfying
the requirements in (89). We further require that the condition in (27) is satisfied for some
0 = (Ox)rex <0, and

hy; — hi;, asn — oo, for k,i € IC, (96)
for some h = (hyi)kicx satisfying >,y hy; = 1 for i € K. Denote such an SC policy sequence
as SC({p", h" }nenr, 0, h), or SC(0,h) for short. The following theorem shows that the routing

policy SC(0,h) belongs to S, and can achieve the lower bound performance in (87) over the
same class S as well as the larger class D.

Theorem 6 (a) Suppose the SC policy, SC(0, h), is in force, and the initial states satisfy
Q"(0) = Q(0) € G(SC(6, h)) := RE. (97)
Then, the weak convergence depicted in (31-35) holds with @)k(t) satisfying equation (85) and
X(t) = ppE(t) Z Ry Si(t) + Oyt
1€

Hence, Qk( t) is an RBM with drift 6 and variation pfAc2 + Yiexh kz,ukcbk, and the expected
stationary queue lengths are:

pi)\cg + ek himwii
—20;

Z )\C +Zz€l€ kzlu‘lcbz
—20;

EQr(00; SC(0,h)) = (98)

EQk(00; SC(0, h)) =

(99)
ke

(b) The routing policy SC(6,h) belongs to S(C D), where the approximate routing rates for

the n-th system can be given as p" = (p}})rek-

(c) Let (0, h) be set to (6%, h*) given in (86), or alternatively, choose the sequence of parameters

{p™,h"} as

==t kiek. (100)

Then, the policy SC* := SC(0*,h*) is asymptotically optimal in D; that is, for any policy
D € D, we have

EQx(00; SC*) < EQic(00; D). (101)
The limit satisfies (88) and
Xe(t) = pe(B(t) = 3 Si(t) + bxt) = pX (). (102)
i€

The postponed state-space collapse property holds, i.e.,

Qx(t) = pkQx(t), t>T, (103)
with
; (0
T:min{s : —Xxk(s) :rélealé(Q;i)}. (104)

The expected stationary queue lengths under SC* are given in (87), i.e.,

A+ 3 ek HiCh . . .
_;g}c bR (= 1), EQu(c0; SC*) =pj-L*.  (105)

EQic(00; SC*) =
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Similar to the proof of Theorem 5, to prove the above theorem, we now employ the chasing
property of the SC policy (i.e., the routing deviation chases the service deviation; refer to (91) or
(93)) to establish the convergence of the routing processes to the limit given in (85). We again
apply the hydrodynamic approach (cf. Lemmas 17 and 18), but with an extra care in handling
the busy process embedded in the service process (cf. Lemma 16).

From the above theorem (part (c) in particular), we note that the optimal SC policy does
not require estimating the arrival rate. Hence, the policy (just like the JSQ/BR policy) will
remain effective when the arrival rate changes over time, which is a desirable feature in real
applications.

It would be interesting to observe the SSC properties under various policies here.

Recall from Proposition 2 that the well-known state-space collapse property holds true for
all time under the JSQ/BR policy; that is, the convergence Q"(t) = Q(t) requires the initial
states to (asymptotically) collapse to a one-dimensional space G(JSQ@), and the limit Q(t) also
then evolves within the space.

In contrast, the state-space collapse property does not exhibit under the RR, PP and AC
policies. This is because under these policies, the arrival and routing (E(t) and CiJ(t)) are
independent of the service (5(t)), and therefore the “free process” X (t) (= ®(t)+pE(t)—S(t)+0t)
evolves in ]Rff . Consequently, the diffusion limit Q( ) also evolves in the whole space of Rf

Most interestingly, under the SC policy, the SSC property need not hold for the initial
states (see (97)). But the queue length process does collapse to the one-dimensional space
{g e RE : q1/p1 = -+ = qx/uK} at one time and evolves within the space afterward. In other
words, the arrival and routing processes are coupled with the service process, via the mechanism
of the SC policy, so that the queue lengths evolve simultaneously and in proportion to the service
rates as shown in (103). Such a postponed SSC phenomenon is new in the literature.

8 Estimators and Numerical Studies

Using the diffusion limit theorems established in the above sections, we can derive heavy traffic
estimators, or estimators for short, of the performance objective heuristically.

From part (a) of Theorem 3, we can turn the result in (52) into the estimators for the expected
queue lengths under the RR policy RR(A) (i.e., RR({p"},0)), by replacing the parameters
(A, Ca» Pk, Ok) with the pre-limit counterparts (A", ¢y, py, n(ppA™ — pux)) and then “un-scaling”
the diffusion scaling through the relationship in (19), for the n-th system:

(PR)?A™ () + pci
2(pp — Amplt)

(PR)2A" () + by,
EQ% (0o; RR(0)) ~ E :
Kl ®) o 2w = Ampy)

Recall that the policy RR() refers to a sequence of RR policies, in which the n-th policy is
applied to the n-th system and is specified by the weight parameter p™ satisfying (27). Then,
the random variable Q}(co; RR(6)) represents the stationary distribution of @} (t) under the
policy sequence RR(0), or more specifically, the n-th policy in the sequence.

For the optimal RR routing policy RR*, following Theorem 3(c), the weight parameters
p" = (p})kex can be specified by solving equation (53) described in the theorem. The estimators
of the expected stationary queue lengths, for the server k& and the system, are

3 (Z \/ )27 (en) +Mjcz,j)2
2(c — A™)
O + e, (/023 () + i)
2 — A™) '

EQ) (00; RR(0)) ~

V2

EQ(c0; RR*) L(RRY), (106)

EQ(00; RRY) ~
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As indicated by the weak convergence in Theorem 3(a), the closer the arrival rate A" is to the
total service rate px (i.e., the larger the index n is), the more accurate the above estimators
must be.

Similarly, from Theorem 5, part (a) in particular, an estimator under the AC policy AC(6,h)
(i.e., AC{p", h" }nenr, 0, h)), with the parameters (p™, h™) satisfying in (70), can be written as

(hi + PPN ()% + pncy
2(px — Anpl) ’
(hi + PR A (ca)? + prcy
2(puk — A"p}) '

EQj (00; AC(0, 1)) =

EQk(00; AC(6,h)) ~ Z

kek

And from part (c), an estimator under the optimal AC policy AC* with the parameters (p™, h™)
specified in (80), can be written as

w2 + (S Juset,)

EQk (00; AC™) = )

= L(AC™), (107)

" . ,U'kcak .
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From part (a) of Theorem 6, an estimator under the SC policy SC(, h) (i.e., SC({p", h" }nen, 0, b)),
with the parameters (p", h") satisfying (89), can be written as:

(pZ)zAn(CZL)Q + Ziem(hﬁi)zui@
2(pr — A" ’
(RPN (c)? + Xiexc (PR pich
2(pp — A"py) '

EQ} (00; SC(8,h)) =

EQ (00 SC(0,h) = >

kel

And from part (c), an estimator under the optimal SC policy SC* with the parameters (p™, h™)
specified in (100), can be written as:

A"(ea)® + Nk rcon g EQ}(00; SC*) ~ EELx. (108)

EQ¥(00; SC*) ~
Qklo0 ) 2(pc — A™) s

For comparison, we also write the estimator under the JSQ (or BR) policy using Proposition
2 (cf. (47,48)) as follows,

A(eR)? 4+ Dpex 1k,
2(p — A"pl)

Clearly, the estimator of the expected stationary queue length under the SC policy attains the
lower bound estimate as the JSQ policy does. (We have not discussed the PP policy in this
section since it has been widely studied in the literature.)

In our study, we have assumed prior (static) information about key parameters (i.e., first
two moments of the arrival and service processes — A", ¢, pu, and ¢ ), which may require
effort to determine in many applications. It is interesting to observe that an optimal routing
policy requires specifying some of these parameters a priori but is insensitive to the others.
Specifically, when no (dynamic) state information is available, determining the optimal RR
policy requires all the first two moments (cf. (3,53)). In contrast, the JSQ policy uses none of
these parameters; the queue length state synthesizes the arrival and service state information
for purpose of routing control. The optimal AC and SC policies lie in between in terms of

EQx (00; JSQ) =~ =L* EQL(oc0;JSQ) ~ %L*. (109)
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the “usage” of these parameters. That is, using the state information of the arrival (E"(t)),
the optimal AC policy depends on A", pj and ¢y, but not ¢ (cf. (73,80)); while with the
state information of the service (S} (t)), the optimal SC policy requires a less amount of prior
information, i.e., the mean of service times (uy) only (cf. (93,100)).

In application, the above estimators apply to a specific, original heavily-loaded system,
without artificially introducing a system sequence and the resulting diffusion limit. Thus, the
parameters like A", p™, p™ and A" refer to those in the original system of interest, and the index
n is not required. In the reminder of this section, we omit the index n to lighten the burden of
notation.

To carry out the simulation studies, we consider a system with five servers. The ser-
vice times in each server follow an exponential distribution with service rates (p1,--- ,pus) =
(0.1,0.1,0.2,0.2,0.4) and total rate pux = 1. Jobs arrive following a Poisson process with arrival
rate A\. The coefficients of variation are then ¢2 = ¢, = --- = ¢, = 1. The system traffic
intensity is p = A (= A/ux), and this parameter will vary in the numerical studies.

First, we examine the accuracy of the estimators by comparing it with the simulated per-
formances under various policies. For each of the routing policies (i.e., RR*, AC*, SC* and
JSQ), we compute the expected stationary queue length for the system traffic intensity p =
0.80,0.81,---,0.99, by using the respective estimators in (106,107,108,109) (the “estimated”
performance) and by simulation (the “simulated” performance). By adjusting the length and
the number of simulation runs, we ensure the width of 99% confidence interval is always within
1% of the mean for all the simulation results reported in the paper. Thus, we use the simulated
mean total queue length performance as the proxy of the (theoretical) expected performance.

In the comparisons shown in Figures 2-5, the estimated mean total queue length (contin-
uous/red curves) generally approximate the simulated performance (dashed/blue curves) more
closely when the traffic intensity p approaches 1, which is predicted by the associated heavy
traffic results in Theorems 3, 5 and 6 and Proposition 2, respectively. For the optimal RR policy
RR*, as indicated by the dot/green line in Figure 2, the estimator yields an over estimation of
the expected stationary queue length as compared with the simulated performance. The ratio of
the estimated to the simulated performance, i.e., (the proxy of) L(RR*)/EQx(oco; RR*), ranges
from 1.17 to 1.09 for “moderate” traffic intensity p = 0.80,---,0.90, and then drops to 1.036,
1.030 and 1.024 for p = 0.97, 0.98 and 0.99. For the optimal AC policy AC*, we observe in Fig-
ure 3 that the estimator first over-estimates and then gets very close to the expected stationary
queue length. The performance ratio (dot/green line), L(AC*)/EQx (co; AC™), decreases from
1.14 to 1.00 when p increases from 0.80 to 0.99.

Both estimators for the optimal SC and the JSQ policies under-estimate the expected perfor-
mances, as indicated by the performance ratios (dot/green line) in Figures 4 and 5, respectively.
The performance ratios, L*/EQx(co; D) (D = SC*, JSQ), raise from 0.53 to 0.98 for the op-
timal SC policy and from 0.57 to 0.96 for the JSQ policy, when p increases from 0.80 to 0.99.
We should note that, though both policies achieve the optimal performance assymptotically,
they require different parameters and state information in implementation. Moreover, when the
realtime queue length information is available, the JSQ policy is often easy to implement and
does not require a priori knowledge of system parameters.

To close this section, we deviate from the heavy traffic analysis slightly, and present some
preliminary simulation studies for systems under varying traffic loads. We aim to shed light on
the selection of routing policy when the traffic intensity, variability of interarrival and service
times, and number of servers vary in application, keeping in mind that different policies may
employ different state information and apply in different settings. We will look at the average
waiting time (including both queueing and service), instead of the average queue length, for a
different performance perspective.

It is known that the JSQ policy may not be optimal in the usual sense (rather than asymptot-
ically) when the servers are not identical ( [57]). Thus, when real-time queue length information
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is available, many policies have been proposed to improve the performance (e.g., [4,49] ). Hence,
we include some of those policies in the simulations and describe them following Banawan and
Zeidat [4].

e The shortest expected delay policy (SED) tries to minimize the expected waiting time of
a job by dispatching the job, upon its arrival at time ¢, to the server &/ = arg min,, q’:jk_l.
Here, g := Qp(t—) is the number of jobs at server k (including the one being served, if
any) immediately prior to the time ¢.

e The never queue policy (SEDNQ) is a variation of the SED policy. It assigns a new arrival
to an idle server, if any; and if there are more than one idle server, assign the job to the
fastest server. On the other hand, if all servers are busy, the policy behaves similar to the
SED policy.

e The greedy throughput policy (GTP) aims at maximizing the (approximate) system through-
put by assigning an arrival to the server ¥’ = arg maxk(m’:j_ /\)Qk+1.

e The adaptive separable policy (ASP) provides another improvement over the SED policy by
adjusting the service rate of the server based on its traffic intensity (utilization) in estimat-
ing the expected delay. It dispatches the incoming job to the server k' = arg min,, ﬁ.

Here, the traffic intensity of server k, px, depends on the routing policy and is estimated

and updated by keeping track of the server’s busy time in implementation.

We continue to examine the system with five servers considered just above, and compare
the average waiting times of different policies as the traffic intensity changes from p = 0.10 to
0.98 for four different cases in Figures 6-9. We assume a Poisson arrival process in all cases.
In the first case (Figure 6), the service times are exponentially distributed with the same rates
(1, ,p5) = (0.1,0.1,0.2,0.2,0.4) as above. In the second and third case (Figures 7 and
8), we consider a more realistic service time distribution, the Gamma distribution, with the
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same service rates. The service times in the second case have a large coefficient of variation
for all servers (with cz = 10). In contrast, in the third case, the servers have imbalanced
variabilities. SpeciﬁcaH’y, a slow server has a coefficient of variation much larger than the others
(with ¢f, = 10, and cg’k = 0.1 for k = 2,3,4,5). In the fourth case (Figures 9), we replicate
the five-server model by 10 times and merge the arrival streams of the 10 identical models to
form a single Poisson arrival stream. Same as the first case, all service times are exponentially
distributed. Thus, we examine a many-server system with 50 servers in total.

From the simulations, we can see that the RR* policy, without using any state information,
may be comparable to (or even better than) certain policies that use state information for systems
under light or moderate traffic intensity. While the AC* and SC* policies are asymptotically
optimal (Theorems 5 and 6), their behaviors look more complicated when p drops to moderate
or light traffic. For example, the AC* policy outperforms the RR* policy apparently in the third
case (Figure 8) when the system is heavily loaded. However, its advantage diminishes when the
traffic intensity p drops below 0.9, and its performance even falls behind the RR* policy when
p moves from 0.88 to 0.80. Figure 9 shows that when there are many servers, the performance
of the SC* policy degrades significantly even when the traffic intensity is close to one. This
highlights the need for many-server regime in the study of large-scale systems again, as pointed
out in the Introduction.

When the real-time queue length information is available, none of the policies dominate all
the others for the four cases. Nevertheless, it appears that the GTP policy performs well when
the traffic intensity, server heterogeneity and number of servers vary. In contrast, the JSQ policy
does not require estimating any model parameter, but yields a waiting time significantly longer
than the GTP policy. The JSQ policy is inferior to the SEDNQ policy too; this is because,
while both policies enforce the use of idle servers, the SEDNQ policy incorporates the service
rates to speed up services. The SED policy appears less reliable and performs worse when the
traffic intensity and the number of servers increase, as illustrated in Figure 9. As a variation
of SED, the SEDNQ policy yields a more reliable performance though it is less favorable for
highly heterogeneous servers under light traffic (cf. [4]). Indeed, further investigation is required
to understand when the “no queue” strategy gives improvement and whether the strategy can
be applied to improve the other routing policies (cf. [23]). Another variation of SED, the ASP
policy often gives a good performance comparable to the GTP policy, but similar to SED in
Figure 9, appears less reliable when the traffic intensity and the number of servers increase.

In summary, when moving beyond the heavy traffic setting considered in this paper, the
performance of a routing policy depends on multiple factors in a complex manner, e.g., the traffic
intensity p, the number of servers, the heterogeneity of servers (in service rates, variability and
distribution of service times), tie-breaking method of the policy, and even the order of servers.
Therefore, further research about the efficient use of various state information in the non-heavy
traffic setting is required.

9 Interchange of Limits

We have established process-wise convergences in diffusion limit theorems, Theorems 3, 4, 5 and
6, under various routing policies, which indicate that the limit Q(t) is “close” to the pre-limit
process Q" (t) for all finite time (t < 00). Presuming that their stationary performances (at time
t = 00) are also close to each other, we use EQx (c0) as an approximation of EQ’,%(oo) to derive
the heavy traffic estimators heuristically in the previous section.

The foregoing presumption can be justified more rigorously by studying the interchange of
limits. This idea is illustrated more formally by the rectangle in Figure 10, a setup due originally
to Gamarnik and Zeevi [24]. We take the RR policy as an example and follow Ye and Yao [67]
to describe the idea.

First, in Theorem 3(a), we have established the diffusion limit under the heavy traffic condi-
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tion, “Q(t) = limy, 00 Q™(t)”, which is the task designated to the left vertical side, edge I, of the
rectangle. (Equations in quotation marks give an intuitive description rather than a rigorous
formulation.) Next, for each n, we want to claim that Q"(¢) has a stationary distribution as
t — oo, with Q”(oo) denoting the random variable associated with this limiting distribution.
This step is represented on edge II of the rectangle, and can be accomplished by applying the
fluid model approach developed by Rybko and Stolyar [48], Dai [17], Chen [13] and Stolyar [51],
etc. It will be a by-product of establishing edge IV in this section. Analogously, as represented
by the edge III, Theorem 3(a) also implies that the diffusion limit ((t) has a stationary dis-
tribution, embodied by Q(oo) The diffusion approximation is then to use this last stationary
distribution, that of the diffusion limit Q(t), as an approximation for the stationary distribution
of the queue length in the original network. This is tantamount to claiming weak convergence
on edge IV,
" lim, Q"(00) = Qoo or * im lim Q"(1) = lim, [ Q"()” (110
Thus, to justify the diffusion approximation boils down to justifying the interchange of two
limits, n — oo and t — oo.
From the above description, it remains to establish edges II and IV of the rectangle, partic-
ularly the convergence of the stationary distributions, and furthermore the stationary moments,
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of pre-limit queue lengths to those of the diffusion limit for the routing policies being studied.
Recall that the RR policy can be viewed as a special case of the AC or SC policy. In addition,
our parallel system under the PP routing is a special case of the generalized Jackson network,
for which the interchange-of-limits problem has been thoroughly studied in [11]. Hence, the
following discussions focus on the AC, SC, JSQ and BR policies, with the RR policy treated as
a special case.

To establish the interchange of limits, we will modify the sequence of systems to allow
more general initial states, construct a Markovian representation for the systems, and introduce
additional conditions on distributions of interarrival and service times.

First, we allow the initial residual arrival and service times, u7 and v}’ ;, to be any nonnegative
numbers while the rest of the interarrival time and service time seqdences, {up,¢ > 2} and
{vi ¢ > 2}, remain mutually independent i.i.d. random sequences. The arrival and service
proéesses, E™(t) and S} (t), are then delayed renewal processes. Moreover, we include the “initial
surplus” of routing deviation to the chasing processes in (74) and (94), for AC policy,

Wi (8 AC(0, h)) := WE(0) + (PE(E"(1) — ppE™ (1)) — hy(E™(8) = A"t),  (111)
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and for SC policy,
Uy (t; SC(0,h)) := U(0) + (PL(E" (1)) — pr E" (1))

(Sk (B (1)) — B (¢ Zh (Si*(Bi' () — paBi (1)) | - (112)

Under either AC or SC policy, the following initial condition is imposed,

> TR(0) =0. (113)

kel

For JSQ or BR policy, the chasing process is not necessary, and therefore for ease of presentation,
we denote

Vi (t; D) =0, for D=JSQ,BR. (114)

We follow the standard approach (e.g., [11,17,24,25]) to construct a Markov process rep-
resentation of the network by appending supplement information to the queue length state.
First, we denote the residual interarrival and service times (at each time instant) as U™(t) and
Vr(t) = (Vi (t))kek, t > 0, where:

E™(t)+1 SP(BP()+1
Z ug —t,  Vi'(t) = Z vge — Bi ()| - Ligpm>oy- (115)
=1 =1

That is, at any given time ¢, U"(¢) is the remaining time before the next arrival, and V;*(t) is
the remaining service time for the class-k job that is in service. (If there is no class-k job and
the server k is idle, V;*(t) is the “remaining” service time for the class-k job that has just left,
i.e., Vi'(t) = 0.) Observe that at time ¢ = 0, we have U"(0) = uf and V;"(0) = vy, (if the server
k is busy), the residuals at time zero introduced above. (Note, the residual service time process
defined here is a slight refinement of those in previous studies (e.g., [11,17]) by introducing the
non-idling component, 1(gn()~0}.) Hence, below we shall refer to U™ (t) and V' (t) as “residuals”
(at time t) as well.

Then, Z"(t) = (Q™(t),U™(t), V"(t),¥"(t)) is a strong Markov process, taking values on the
nonnegative orthant of the (3K + 1)-dimensional real space, denoted by X (cf. [17,21, 36]).
Clearly, the dynamics of the Markov process Z™(t) will be completely determined when the
initial state Z"(0) is given. Below, we will often consider many copies of the same network,
each starting from a different initial state. To highlight the dependence on the initial state, we
will append it to the argument of the corresponding Markov process and queue length process.
Hence, instead of Z"(t) and Q"(t), we will write Z"(¢; ) and Q" (t;z), with E"(0) = 2z € X
being the initial state.
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The above Markov representation of the network is necessary for much of the proofs below,
which rely heavily on the theory of Markov processes. It would be useful, however, to keep in
mind that in the special case of Poisson arrivals and exponential service times, the queue length
Q" (t), plus the chasing process W"(t) if the routing policy is AC or SC, already constitute a
Markov process, instead of the more elaborate Z"(¢). Focusing on this special case, as the
reader may choose to do below, has the advantage of getting directly to the main ideas, without
interference from all the technicalities involving the appended states U"(¢) and V" (¢).

As previously stated, we require the primitives of the network, the interarrival and service
times, to possess a finite second moment. In the following, we justify not only the conver-
gence of stationary distributions but also the convergence of stationary moments. This requires
strengthening the second moment to a higher (p-th) moment condition that holds uniformly for
all the systems. To avoid technicality, we assume that the system sequence is driven by the
same primitives except the initial arrival and service times; that is, assume for all n € N,

N = M) and Vg = v,i/, t>2, kek. (116)

The p-th moment condition reads: for a given p > 2, assume all interarrival and service times
have uniform bounded p-th moments, i.e.,

sup E [(uz + Z Uk p] <oo, or E [(u%)p + Z(v,ﬁz)p] < 0. (117)

neN kek kek

Clearly, this strengthens Bramson’s uniform second moment condition in (12). As we will see,
we need p > m + 1 when the convergence of the m-th moment of the queue length is required.
And, to justify our (first moment) heavy-traffic estimators as valid stationary approximations
amounts to requiring m = 1 and thus a uniform bounded (2 + ¢)-th moment condition.

In addition, we assume that for all n and ¢ > 2,

P{uy > a} >0, for any a > 0; (118)

and that for some integer j > 2 and some nonnegative function p(x) satisfying fo ) > 0, the
following inequality holds:

J b
P {a < ZU? < b} > / p(z)dx, for any 0 < a <b. (119)
=2 @

These are certain forms of “spread-out” condition, required to guarantee the positive (Harris)
recurrence and hence the uniqueness of the stationary distribution of the pre-limit systems in
edge II of Figure 10. They also appeared in prior works, e.g., [8,17].

Moreover, to avoid non-essential technicalities, we assume that the interarrival times {u}}
are continuous random variables. Consequently, the time of a job’s arrival will not coincide
with the time of any service completion or any other arrival almost surely. (It should be noted
that to remove this assumption involves a tedious discussion about the possible simultaneous
events of arrivals and service completions. This can be done since at any time of job arrival,
the number of simultaneous arrivals follows a geometric distribution if we allow uy = 0 with a
positive probability, and this number has a moment of any order. We leave a formal discussion
to the interested reader.)

Given the Markovian state descriptor and additional conditions on the interarrival and service
times described above, we are ready to study the interchange-of-limits problem.
For edge II in Figure 10, we have the following theorem.

Theorem 7 Consider the sequence of systems { m(
n

)nen under the RR(0), AC(0,h), SC(6, h),
JSQ or BR policy. For any sufficiently large n, = (t

t
(t) = (Q™(t),U™(t), V™(t), U™ (t)) is positive
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recurrent and has a unique stationary distribution. Furthermore, if the p-th moment condition
in (117) also holds, the stationary queue length has a finite (p — 1)-th moment and

tl_i)m E|Q™(t; 2)[P~! = E|Q™(c0)[P~! < 00, for any initial state Z7(0) = , (120)

where Q™(c0) stands for a random variable (vector) following the stationary distribution of

Q" (t)-

Note that this theorem holds under the heavy-traffic condition in (11) with fx < 0 in
particular, which is enforced throughout the paper and guarantees the usual traffic condition,
A" < pg, for sufficiently large n. The second moment condition in (12) is used to ensure the
positive recurrence of é”(t) while the “furthermore” part of the theorem requires the stronger
p-th moment condition.

It should be pointed out that the stability of our parallel server system under the JSQ/BR
policy, a conclusion in the above theorem, is known in the literature (cf. [10, 16, 38]). For
example, Bramson [10] studied stability of the JSQ policy for systems with sophisticated service
disciplines, which implies the stability of JSQ for the parallel server model being studied. In Chen
and Ye [16], the fluid model associated with the JSQ/BR policy (without initial residuals) is
well-understood, and thus the stability and the positive recurrence of the system with JSQ/BR,
as stipulated in Theorem 7, can be inferred immediately.

We establish the above theorem following the fluid model approach that relates the stability
of a queueing (network) system to the stability of the associated fluid model. To apply the
approach, we first identify the fluid model corresponding to each of the pre-limit systems (Lemma
19(a)). Intuitively, it is obtained by replacing the random arrival and service processes by
deterministic fluid flows. Then, for each (the n-th) system é”(t), we show that the corresponding
fluid model, mainly the queue length analogy ¢"(t), is stable (Lemma 19(b)). That is, starting
with any initial state bounded by 1, the queue length ¢"(¢) drains to zero by a time ¢y that is
independent of k. Once these steps are accomplished, the results of [17,19] can be invoked to
complete the proof of the above theorem.

Notably, the above stability property is uniform in the sense that the time ¢y can be spec-
ified independent of the (sufficiently large) index n. Such a wuniform stability will be used as
an important tool in establishing the edge IV below. For more general stochastic processing
networks, we have shown that such a uniform stability property is guaranteed by the stability
of fluid model corresponding to the diffusion limit (cf. [66]). Those networks may involve more
complicated features such as the complex network topology, feedback mechanism, and current
resources. That approach, somewhat detoured, can be applied to establish the uniform stability
for our model. Nevertheless, as our (pre-limit) parallel server systems involve simple fluid mod-
els only, which are one-dimensional reflecting mappings, we are able to establish the property
directly.

Now, we are ready to establish our main results for the edge IV, the convergence of stationary
distributions and moments, in the following two theorems.

Theorem 8 Consider the sequence of systems {Z"(t) },epr under the RR(6), AC(6, h), SC(6, h)
or JSQ policy. Then, the following weak convergence holds:

Q"(c0) = Q(c0), as n — oco.
Furthermore, if the p-th moment condition in (117) also holds, we have, for any m € [0,p — 1),

lim E|Q"(o0)[™ = E|Q(c0)[™.

n—oo
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Theorem 9 Consider the sequence of systems {Z"(t)}penr under the BR (with ¢ > 2) policy.
Then, the following weak convergence holds:

Qn(OO) = Q(oo), as n — 0o.

Furthermore, suppose for some p* > 2(p+2), a p*-th moment condition is in force: all interarrival
and service times have bounded p*-th moments,

sup E
neN

(up )P + Z(vge)ﬁ*] < 0. (121)

kek

Then, for any m € [0,p — 1), we have:
lim E|Q" (00)|™ = E|Q(c0)|™.

n—oo

In [66,67], we developed a recipe for studying the interchange-of-limits problem for a wide
range of stochastic processing networks under heavy traffic. Here, we adopt the recipe, by
carefully handling the additional features due to the routing control mechanisms, to prove the
above two theorems.

As we mention in the introduction, the crucial step in the recipe is to bound the p-moment
of the state process, which is mainly to bound Esupgy<<, |Q"(s)[P (cf. (209,266)). For the AC,
SC and JSQ policies, we will do so by verifying a pathwise bound, meaning that the queue
length process Q”(t) can be bounded by the free process comprising primitive processes E”(t)
and S™(t) along with the initial state (Lemma 23). This is possible because under the AC and
SC policies, the routing process ®"(t) “chases” the (scaled) arrival and the service processes,
and thus can be bounded by the respective processes. For the JSQ policy, the pathwise bound
is established through a delicate analysis of the sample path. As the processes E™(t) and S"(t)
has a moment bound, the pathwise bound then yields the required p-moment bound (Lemma
24).

However, for the BR policy, it is not obvious how to establish a similar pathwise bound.
To overcome this difficulty, we assume a higher moment condition, the p*-th moment of the
primitives (cf. (121)). Under this condition, we are able to identify and focus on a sequence
of “regular” events, in which the state processes behave “nicely,” and the probabilities of these
events occurring approach 1 at a certain rate (cf. Lemma 28). We then apply the hydrodynamic
approach to derive a pathwise bound for the queue length process for sample paths in regular
events (cf. Lemmas 29 and 30). Therefore, the queue length processes, when restricted to the
regular events, possess a bounded p-th moments. On the other hand, the p-th moment of the
queue length processes, restricted to the non-regular events, have the same bound owing to the
small probability of such events. Combining these two cases leads to the desired p-th moment
of queue length processes (cf. (266)).

Once the p-th moment bound is established for queue length processes, along with the
uniform stability established on edge 11, we can prove the uniform p-th moment stability of the
queue length processes (cf. (212,267)), which will lead to the tightness of {Q"(c0),n € N} and
the convergence of stationary distributions and moments on edge IV, following the approach (by
now standard) in [11,19,66,67].

A Appendix

A.1 Preliminary: One-Dimensional Reflection Mapping, Reflecting Brown-
ian Motion, Law Of Large Numbers

We first collect some useful results about the reflection mapping and reflecting Brownian motion.
(Note, notation introduced in the following three lemmas, except the mappings ® and W, are
valid only within this subsection, and should not be confused with those elsewhere in the paper.)
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Lemma 10 (e.g., [15], Theorem 6.1) Let z(t), ¢ > 0, be any one-dimensional real-valued
function that is right-continuous and with left limits (RCLL). Then, there exists a unique pair
of RCLL functions (y(t), 2(t)) satisfying

z2(t) = 2(t) +y(t) = 0, (122)

y(t) is non-decreasing in ¢, with y(0) =0, (123)
h =0. (124)
0

In fact, the unique pair (y(t), z(t)) can be expressed as

y(t) = Oiggt[_x(S)]+7 (125)
2(t) = a(t) + Oiggt[—w(«?)]*- (126)

We call the functions y(t) and z(t) the regulator and reflected process of the function (“free”
process) x(t), respectively. Hence, the relationships in (122-124) define a one-dimensional re-
flection mapping, known as the Skorohod mapping, denoted as: (z,y) = (®(z), V(x)). The
mappings ¢ and W are Lipschitz continuous under the uniform topology (e.g., [15], Exercises 1
and 2 of Chapter 6): for any RCLL functions x and 2/, the following inequalities hold for any
t>0,

sup [W(z)(s) - V() (s)] < sup |(s) - a'(s)l, (127)
sup [®(2)(s) — @(a')(s)] < 2 sup |a(s) —'(s)]. (128)

Let X(t), t > 0, be a one-dimensional Brownian motion that starts at X (0), and has drift 0
and standard deviation o. Then, we call the process Z(t) := ®(X)(t), t > 0, a one-dimensional
reflecting Brownian motion (RBM), which we characterize in the lemma below.

Lemma 11 (e.g., [15], Theorem 6.2) The RBM Z(t) has a stationary distribution if and only
if § < 0, in which case the stationary distribution is exponential with rate —26/02, and has a
mean as follows,

0,2

EZ(00) = 2
where Z(o0) stands for a random variable following the stationary distribution of Z(t).

The following lemma describes the least element characterization of the reflection mapping
and a relaxed dynamic complementarity property, and is adapted from Section 2 in Chen and
Shanthikumar [14].

Lemma 12 (a) (Least element property) Suppose that x(t) is an RCLL function on [0, c0). If
a pair of functions (y(t), z(t)) satisfy the following conditions for all ¢ > 0,

z(t) = z(t) + y(t) =2 0,
y(t) is non-decreasing in ¢, with y(0) =0,

then the following inequalities hold,

z(t) > ®(x)(t) and y(t) > W(x)(t), forall ¢t > 0.
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(b) (Relaxed dynamic complementarity property) Suppose that z(t) is an RCLL function on
[0,00). For any fixed e > 0, if a pair of functions (y(¢), z(t)) satisfy the following condition for
all t > 0,

z(t) = z(t) + y(t) >0,
y(t) does not increase at t if z(t) > € (or, (2(t) — €)dy(t) <0),

then, the following inequalities hold,
y(t) <V(z(-) —€)(t) and z(t) —e < P(z(-) —€)(h).

Next, the following strong law of large numbers is concerned with the fluid scaling of the
primitive renewal processes defined in (13). It is often used in heavy-traffic analysis. Its proof
can be found in the Appendix A.2 of Stolyar [52], which is based on the weak law estimate in
Bramson [9].

Lemma 13 Let t* > 0 and u* > 0 be any given time lengths, and assume the condition (12).
Then, the following convergence of the fluid scaling given in (13) holds with probability one: as
n — oo,

sup  sup |[(E™(t+u)— E"(t)) — Au| — 0,
0<t<nt* 0<u<u*

sup  sup [(S"(t+wu) — S™(t)) — pu| — 0,
0<t<nt* 0<u<u*

sup  sup |(Y"(t4u) — T™(t)) — A" tu| — 0.
0<t<nt* 0<u<u*

A.2 Proofs for Sections 3 and 4
Proof of Proposition 1. First, we establish that

Bp(t) — t, u.o.c. of t > 0. (129)

Qk(t) = QR(0) + DR(E" () — SE(BR(t) = 0, (130)
YH(t) := pg(t — B2(t)) is non-decreasing in ¢t > 0, and Y;*(0) = 0, (131)
i QR (s)dY;"(s)ds = 0. (132)

From the assumption in (28), along with the convergence of E”(t) in (16) and the definition in
(18), we can apply random time change theorem (e.g., Chapter 5 of [15]) to obtain

DUE™(t)) — ppAt, w.o.c. (133)

Let N7 be any subsequence of N. As Bg(t) is continuous and non-decreasing, we can find a
further subsequence N5 of N7, such that as n — oo along N5

B(t) — Bi(t), wo.c., (134)

where the limit By(t) is also (Lipschitz) continuous and nondecreasing. Moreover, by using the
convergence of S™(t) in (16), we have, as n — oo along N3,

ST(BMt)) = urBi(t), w.o.c. (135)
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Given (30,133,134,135), letting n — oo along A5 in (130-132) yields
(QR(1), Y1) — (Qr(t), Yi(1)), wo.c.,

where the limit satisfies the followings,

Qk(t) Yi(t) [= p(t — Bi(t)] >0, (136)
%(t) is nondecreasing, with Y;(0) = 0, (137)
/ Qr(t)dYi(t (138)

According to the uniqueness of the solution to the one-dimensional Skorohod mapping (cf. Lemma
10), we have

Qr(t) =0(=(0)), forallt>0,
which implies
Br(t) =t, forallt > 0. (139)

Since N is arbitrarily given, the convergence in (134) is along the full sequence of N, with
By(t) = t, too. That is, the claim in (129) holds.

Next, it follows from (17,28,129), along with the random time-change theorem (e.g., Chapter
5 of [15]), the process X™(t) given in (25) converges weakly as follows,

X"t = X(t), as n — 0o, (140)

where the limit X (¢) is given in (35) and is a Brownian motion with drift  and a finite covariation

matrix. Now, applying the continuity property of the Skorohod mapping (cf. (127,128)) to the

Skorohod problem in (22-24), we have the convergence in (31), with the limit satisfying (32-34).
From (32,33), we have

Qr(t) = Qic(0) + Xic(t) + Yie(t) > 0,

t) (z Z Yk(t)) is non-decreasing in t with YK(O) =0.
ke

Note that the complementarity property is not necessarily satisfied for (Q;C(t), YK(t)) Hence,
according to the minimality of the reflection mapping (cf. Lemma 12) we have the lower bound
n (36). O

Proof of Proposition 2 (for part (b) only). It suffices to find p} such that the properties in
(27,28) hold. Along with (45), this requires that as n — oo,

N 1 PR, I

— 141

Moo KT T Ky (14D

which is indeed (46). Now, given (46), we can use the expression of XJ'(t) in (25) and its

convergence in (42) to verify that the property in (28) hold with ®(t) given in (44). O

Proof of Theorem 3. From (2), we have |®}(E"(t)) — ppE"(t)| < k, or, |<§Z(E”(t))] <z
This implies,

PU(E™(t)) = 0, as n — co. (142)

Similar to the argument for (129), we can show that B"(t) — ut (w.o.c.) under the given RR
policy. Then, for the service process, we also have,

SP(BR(t)) = Sk(t), as n — oco. (143)
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Putting the convergences in (142,143,16) and the expression in (25) together yields the con-
vergence of the “free process”: X}'(t) = X (t) as n — oo, where Xj(t) is given in (51). The
diffusion limit for the queue length process is then,

Qr(t) = Qu(t) = Qr(0) + Xy (t) + Yi(t), (144)

which satisfies the Skorohod problem (32-34) too and therefore is an RBM with drift 6 and
variation pfAc2 + pgci . This RBM has an expected stationary mean as given in (52)
The property in (b) follows directly from the definition of the RR policy and the weak

convergence in (a), and the property in (c) can be seen from the discussion prior to the theorem.
O

A.3 Proof of Theorem 5: AC Policy

Write o} (¢) (given in (71)) under the diffusion scaling as, for any (real number) ¢ > 0,
AN 1 n HN 1 n ny\nAn
6 (1) = Taf(ln?t) = B1) — af(ln’t]) + HEXTR(0). (145)

We adopt the hydrodynamic approach of Bramson [9] (also see, e.g., [43,52,64]) to rewrite & (t).
Let "> 0 be a (given) constant, and denote for any integer j > 0 and any u > 0,

679 (u) 1= GR((T + u)/m)
= [9R(UnGT + W)~ AEGT + )] — G(nGT + )]

[l )]~ XTG4 )]

It can be further expressed as,
a3 ) = a77(0) + a7 () — a7 0)

= ap(0)+ - [SR(UnGT + ) - (LT )|

_%75 (LT +w)] = ngT)] | - % (G (nGT +w)) = 63 (LniT)))]
E N (nGT 4w g ) = X (nGT ) - (T (146)

Lemma 14 Let A > 0 be any given time length. Consider any sequence of indices {jy, }nen
satisfying 0 < j, < nA/T, and suppose {a™7"(0)},en is a bounded (vector) sequence. Then,
for any subsequence of A, there exists a further subsequence N7 such that the followings hold:
(a) (Fluid limit) a"™/(u) converge to a “fuid limit” a(u) as n — oo along A7,

dz’jn (u) — ag(u) := ag(0) + @ (u) — pru, w.o.c. of u >0,
where @ (u) is a Lipschitz continuous function in u, with a Lipschitz constant 1 and ®;(0) = 0.
Consequently, ®;(u) and ag(u) are differentiable for almost all u > 0.
(b) Denote aumin(u) = mingei @i (u). For any regular time u > 0 (at which &(u) is differentiable),
if Gumin(u) < 0, then
miny, py
—%

Qmin(u) > 0p =

(c) @(u) =0 for all u > |a(0)|/op.
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Proof. Part (a). Denote for convenience the four terms with the squared brackets in (146) as
(), -+, fi(u), all with j being replaced by j,. First, the term fJ'(u) converges (u.o.c.) to
—pru as n — oo. Since ¢p(¢) is equal to either 0 or 1, the term f§'(u) vanishes. According to
Lemma 13, the term ff'(u) converges (u.o.c.) to 0.

Next, note that fJ'(u) is nondecreasing in u and satisfies f{'(0) = 0. Therefore, for any
subsequence of N/ we can find a further subsequence N such that for some nondecreasing
function ®(u) with ®4(0) = 0, the following convergence holds for all those times u > 0 where
@y, (u) is continuous,

f(u) — ®x(u), as n — oo along Nj. (147)

Since {a™/(0)} is a bounded, the subsequence Nj can be chosen such that, along which,
a™In(0) — a(0). Note that for any times 0 < uy < ug (< T),

([n(T +u2)| = [n(GT + u1)]) = ug — w,

3|

0 < fi'(u2) — fi'(u1) <

which implies the Lipschitz continuity of ®;(u), with a Lipschitz constant 1 and ®;(0) = 0. The
Lipschitz continuity also implies that the convergence in (147) is not only pointwise, but also
u.o.c. of u > 0.

Part (b). From (75) (>, a}(¢) = —1), we have ), ap(u) = 0; hence for any u > 0,
either a(u) = 0 or ag(u) < 0 for some k € K. Consider any regular time uy > 0 such that
&min (1) < 0. Denote K™ = arg ming¢x g (up), i-e., the set of servers that have minimum (and
negative) surplus of routing deviation (cf. the definition in (71-73) and the remark following the
definition). From the conclusion (a), we can find (small) positive constants ¢ and e such that
for any k; € K™, ky € K\ K™, u € [ug, ug + d], we have the following for sufficiently large
n(EAﬂ,

apl (u) — &’ (u) > e

This inequality implies that JC™™ must contain the server with the minimum surplus of routing
deviation during the time interval [ug, up + d] for the fluid scaled process ™= (u) (i.e., the f-th
job, [n(jnT +uo)| <€ < |n(jnT +uo+6)] in the original scale of o™ (¢)) for sufficiently large
n € N1. Hence, according to the policy in (71,72), all jobs are routed to servers in K™* during
this time interval; that is, for any time u € [ug, ug + 6],

> [@R(nGnT +u)]) = QR[0T +wo)])] = [n(inT + )] = [n(jnT + uo)].(148)
kekmin

Applying the above to (146) (for j = j,), with simple algebra, we have the following,
> |ap ) - 6o (o)
k.elcrnin
1 n . .
= 1= X w | |[[nGaT + )] = [nGaT +uo))

kefcmin

S [T + )~ G([GT + o))

kelCmin

_> % [(Ln(jnT +u)| = [n(jnT + uo)])

keCmin
N ([T + ) ]) = T[0T +10))))] - (149)
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Letting n — oo along N7, we have
D law(w) = ax(uo)l = (1= Y pr)(u—up).
kelcrnin kelcmin
Since the above equality holds for all u € [ug, ug+ 0] and the time ug is regular, the above implies
> anlw) =1— > pi.
kG’Cmin kE]Cmin
Observe that
o‘zk(uo) = O;émm(uO) for k € K;min. (150)

(Refer to the proof of Proposition 3(c) of [16] and Lemma 3.2 of [20] for similar cases.) Therefore,
we have

- 1
Omin (o) = |JCmin| (1 o Z pk) 2 0p-
keKmin

The conclusion in (c) follows from the part (b) immediately. O

Lemma 15 Let A > 0 be any given time and € > 0 be any (small) number. Then, there
exists a sufficiently large time T' such that for sufficiently large n, the following holds for all
integer 0 < j <nA/T and u € [0,T],

™ (u)] < e. (151)
Consequently, we have
&"(t) - 0 uwo.c. of t >0, as n — 0. (152)

Proof. Choose any time length 7" such that 7' > €/o,, where o), is specified in Lemma 14. This
time length T is long enough so that the fluid limit &(¢) will reach zero, from any initial point
[2(0)] <e.

We prove the property for j = 0 first. Note that by way of the construction, we have
a™?(0) = &™*(0) = 0, and hence, from Lemma 14(a,c), we have, as n — oo (here, along the full
sequence ),

a™O(u) =0 u.o.c. (153)

The above implies the conclusion in (151) for j = 0, for sufficiently large n.

Next, we extend to verify the property in (151) for j = 1,...,nA/T. Suppose to the contrary,
there exists a subsequence N of A/ such that, for any n € N, the property in (151) does not
hold for some integers 1 < j < nd/T. Consequently, for any n € N7, there exists a smallest
integer, denoted as jj,, in the interval [1,nA/T] such that the property in (151) does not hold.
To reach a contradiction, it suffices to construct an infinite subsequence Ny C N7, such that the
desired property in (151) hold for j = j, for sufficiently large n € Na.

From the proof of the property in (151) for j = 0 and the contradictory assumption above,
we know that the property (151) holds for j =0, ..., 5, — 1, n € N7. Specifically, for j = j, — 1,
we have

|a™In=1(0)| <, for all (sufficiently large) n € V.

Therefore, the sequence {&™/"~1(0),n € N7} has a convergent subsequence. Then, by Lemma
14(a,c) again, there exists a further subsequence A5 C N such that

&I () = a(u), wo.c., as n — oo along N, (154)
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with |@(0)] < € and a(u) = 0 for u > T(> €/0,). Recall from the definition that a™/(u) =
a™In=1(T + u). Hence, from (154), we have

Fvin (u) — 0, u.o.c., as n — oo along Mo,

which implies the property in (151) for j = j, for sufficiently large n € N5.
Following the definitions of 4"(t) and a™/(u), the first conclusion of the lemma translates
to the following immediately: For any A > 0 and € > 0, we have for sufficiently large n,

|a"(t)] <€, te]l0,A]
This implies the convergence in (152). O

Proof (of Theorem 5). Applying Lemma 15 and the functional central limit theorem for Y”(t)
(refer to (17)) to the expression in (145), we have the following weak convergence,

PUAL) = Dy (M) = hi B(t).

Given this convergence, it is direct to verify the conclusion in (b). And then, the conclusion in
(a) follows from Proposition 1. Finally, for the conclusion in (c), it can be verified directly that
the parameters (p", h™) specified in (80) meets the convergence requirements in (27,77) with the
limits (6%, h*) following the relationship in (67). The other conclusions in (c¢) can be seen from
the discussions leading to the lower bound in (68).

A.4 Proof of Theorem 6: SC Policy
Write ;! (¢) (given in (91)) under the diffusion scaling as, for any t > 0,
an 1 n N 1 n n n( pn/yn
Br(t) == Eﬁk(antJ) = Pp(t) - E%(L"%J) SE(BR(T™( Zh SP (B (Y™ (1)) (155)
i€

Let 7' > 0 be a (given) constant, and denote for any integer j > 0 and any u > 0,

B () i= BR(UT + u)/m) = - BR(ng T + ).

It can be expressed as,

T

) = G0+ [SRnGT +w)) - 9R(LniT))] - % |ndT +nu) — [T |

[ (UnGT +w)) ~ (g T)D)] - [ ) = S )], (156)
1€
where
W) = [SEBRCT (T 4+ nu)))) — SEBLOC (LT )]

[ BROC T 4+ ) = BT (T )|

Lemma 16 Let A > 0 be any given time length, and consider any sequence of indices {j, }nen
satisfying 0 < j, < nA/T. Then, the following holds (almost surely),

nz’j”(u) — 0, w.o.c. of u>0. (157)
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Proof. Write

e (u) = [SE(E" + ™) = Si(E")] — pes”, with

= BP(Y"(GaT)), 8" = BR(T(uT + u)) — BR(Y"(aT)),
where (Bp(t), TR(t)) = 2(Bp(nt), Y2(|nt])) (as in (13,14)). Estimate

1 1. 1. 1.
Lt = BTG < L TMGRT) < T A) T
Hence, for sufficiently large n, we have t" < nt* with ¢* := A~!A 4 1. Moreover, we have the
following estimate,

§" < YT +u) — Y"(GuT) < |X"(GnT +u) — Y T) — A | + A1 — A1,

where the first inequality is due to the equation in (7) and the convergence follows from Lemma
13. Hence, letting 7 > 0 be an arbitrarily given time length, we have for sufficiently large n,
s"<s*:=\"lr4+1forallu<r.

Given the above estimates of t" and s", we have for sufficiently large n, for all v € [0, 7],

meln(u) < sup  sup [S"(E+s) — S™(E) — ks,
0<t<nt* 0<s<s*

Then, applying Lemma 13, we have the convergence in (157). O

Lemma 17 Let A > 0 be any given time length. Consider any sequence of indices {j, }nen
satisfying 0 < j, < nA/T, and suppose {3"7"(0)},en is a bounded (vector) sequence. Then,
for any subsequence of N, there exists a further subsequence N such that the followings hold:
(a) (Fluid limit) B™Jn(u) converge to a “fuid limit” B(u) as n — oo along N7,

BZ,jn (u) = Br(u) := Br(0) + ®x(u) — pru, w.o.c. of u>0,

where @ (u) is a Lipschitz continuous function in u, with a Lipschitz constant 1 and ®,(0) = 0.
Consequently, ®;(u) and B, (u) are differentiable for almost all u > 0.

(b) Denote Buin (1) = mingex B (u). For any regular time v > 0 (at which 3(u) is differentiable),
if Bmin(u) < 0, then ‘

ming pr

Bmin(u> > Op = K

(c) B(u) =0 for all u > |B(0)| /0.

Proof. According to Lemma 16, the term in the last squared bracket in (156) converge to 0.
Then, the rest of the proof for the conclusion (a) simply repeats the one for Lemma 14(a).

The proof for the conclusion (b) involves two slight modifications of the corresponding one
for Lemma 14(b). First, the equality in (148) is now argued by using the SC policy specified in
(90,92). Second, the equation (149) is modified as follows,

> [BE (w) = B (uo)]

keCmin
1
= —(1= > p)nGT +u)] = [n(T +uo))]]
kelCmin

1

- Y [B(nGT +w)]) = $E(Ln(T +uo))))]
kefmin

— ) = (o)) = Y R (7 (w) = n I (ug))

keCmin ek

The conclusion in (c) also follows from part (b) immediately. O

47



Lemma 18 Let A > 0 be any given time and € > 0 be any (small) number. Then, there
exists a sufficiently large time 7 such that for sufficiently large n, the following holds for all
integer 0 < j <nA/T and u € [0,T],

8™ ()| < e.
Consequently, we have
B™(t) = 0 wo.c. of t >0, as n — oo. (158)

The proof of this lemma is a repetition of the one for Lemma 15, where the role of Lemma 14
will be replaced by Lemma 17 just established. Hence, the detailed proof is omitted.

Proof (of Theorem 6). Write

BR() = SBR() = )~ rlnt] - %bz(wm
—:L SR(BR(Y™ () = Y hpSPBRY™1))) | -

€KX

From Lemma 18, we have B,Z(t) — 0 (u.0.c.) as n — co. Note that the terms involving ¢} and
S™ in the above all vanish as n — oo too. Therefore, letting n — oo in the above yields

O (t) — prt, uw.o.c. of t >0, as n — oo.
Using the this convergence, we can repeat the argument from (133) to (139) to show the following,
BIMt) — Bi(t) =t, wo.c. of t >0, asn — oo. (159)
Recall that
TP(A") —t and S™(t) = S(t). (160)
Now, applying the convergences in (158,159,160) to the definition in (155), we have

PUAL) = Dy (M) )+ ) S (161)
€K

Similar to the proof of Theorem 1, given the above convergence, it is direct to verify the con-
clusion in (a,b).

For the conclusion in (c), it can be verified directly that the parameters (p", h™) specified
in (100) meet the convergence requirements in (27,96) with the limit (6, h) = (6%, h*) following
the relationship in (86). The optimality property in (101) follows from the discussions leading
to the lower bound in (87). The equality (102) follows from (161,35).

From (102) and the Skorohod mapping (Lemma 10), we have

Qi) = Qr(0) + prXic(t) + sup (—Qu(0) — ppXx(s))™

0<s<t

Note that the time 7, given in (104), is the first time that the “free” process (—Xj(s)) increases
to the maximum initial queue length (weighted by py) among all classes. Hence, it can be verified
that at time 7,

sup (—Qk(0) — pruXic(s)) " = —Qr(0) — pr X (7),

0<s<Tt

and therefore, Q1 (7) = 0 for all k. Now, we “restart” the system Q(t) from the time 7 and write
Qk(T +1) = Qi(7) + pr(Xi (7 + 1) — Xic(7)) + (Yi(r +1) = Yi(7)),
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or
CQu(r ) = (R ) — X)) + - (Filr + ) — Vi),
Pk Pk
Clearly, the triples (pika(T +), X (1 + ) = Xk (7)), Z%k(Yk(T + ) = Yi(7)), k € K, constitutes
a one-dimensional Skorohod mapping. Since these Skorohod mappings (for all k) are driven by
the same “free” process (Xi (7 +-) — X (7)), all the queue lengths pikQAk(T + ) are equal. That
is, the conclusion in (103) holds.
The expected stationary queue lengths in (105) also follows from the discussions leading to
the lower bound in (87).

A.5 Proof of Theorem 7: Stability and Stationarity under RR, AC, SC, JSQ
and BR Policies

We apply the fluid model approach to prove Theorem 7. Lemma 19 below relates the n-th
(diffusion-scaled) system ="(t¢) to the fluid model characterized by the following relationships:

i) = ) + 0 (= e ) ) g (5100 - B0 1 )

n

=20+ 6 (N =8 ) e (=520 0 E ) 0 >0,

(162)

®}(t) is non-decreasing with ¢7(0) = 0, and Lipschitz with constant 1, (163)
Z(t) is non-decreasing with b7(0) = 0, and Lipschitz with constant 1, (164)
Ui (t) = nug(t — b(t)) is non-decreasing with ;' (0) = 0, (165)
(166)

/ P()dgE(s) = 0,
0

and the fluid analogy of the chasing process, @@g(t), satisfies the followings under the respective
policies,

Gt ACO, ) = () + ndp (e tn T gm0 T
AR A ﬁnr(LO) ) (167)
G SC0, 1) = 31(0) + n&zw(t i WTEO) D= pixn(e—n T
+ | (B2 (t) ) = b (b} 6?750)) , (168)
YR(t; JSQ/BR) = 0. - (169)

Note the “hat” and “bar” designations in the above processes, such as ¢} (t) and BZ(t), are in
line with the scalings of their stochastic counterparts, such as the diffusion-scaled process Q7 (t)
and the fluid-scaled process B} (t).

Lemma 19 Suppose the RR(0), AC(6,h), SC(0,h), JSQ or BR policy is in force, and consider
the n-th (diffusion-scaled) system characterized by the Markov process Z"(t), for any fixed
n. Let {m;;i = 1,2,---} be a sequence of numbers such that m; — oo as i — oo; and let
{z' € X;i=1,2,---} be a sequence of initial states such that || < m; for all i.

(a) Then, for any subsequence of positive integers, there exists a further subsequence, denoted

by Z, such that the following (a.s.) convergence holds as i — oo along Z,

2" (0a') = = (@(0). 00,770, 97(0)) - ((0),3(0),5°0),5°(0)) . (170)

1
m;
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and

(@it o), B i), ¥ i), 7))

= (@"(1), 6" (), 5"(©),9"(1), 0" (1)) . woc. of t >0, (171)

where the limit is Lipschitz continuous and is a solution to the fluid model in (162-169), with
initial condition

" (0)] + @™ (0)] + [8"(0)] + [4"(0)] < L. (172)

(b) (Uniform stability) Moreover, there exists a time ¢y > 0, independent of the index n, such
that for sufficiently large n, any fluid limit derived in part (a) (which is a solution to (162-
169,172)) have

() =0 and P"(t) =0, t>to. (173)

Proof. Part (a), for AC(6,h), SC(0,h), JSQ and BR policies. As the initial state is bounded
by 1 (|2%(0;2%)|/m; = |2¢|/m; < 1), it follows that there exists a subsequence Z such that the

convergence of initial state in (170) with a limit satisfying (172). Hence, we have, as i — oo
along Z,

1 - anr0), 1 .
— E™(mgt) = \*(t —t . — S (myt t—t
o, B mit) = A=A = =), S (mat)) = e (t = £ A

0:(0)

), wo.c.oft>0, (174)

by applying the functional strong law-of-large-numbers (e.g., Theorem 5.10 in [15]) and carefully
taking care of the initial residuals (e.g., Lemma 4.2 of [17], Section A.1 of [66]). Then, following
the procedure from (130) to (138) in the proof of Proposition 1, with the parameter m; playing
the role of scaling factor, it is direct to establish the convergence of the first four components in
(171), with the limit satisfying (162-166). Similarly, using the same approach for Lemmas 14(a)
and 17(a), we establish the convergence of W™ (m;t)/m; with the limit satisfying (167) and (168)
under AC(0,h) and SC(6, h) policies respectively. (Recall that the RR policy can be viewed as
a special case of the AC and SC policies.)

Part (b), for AC(0,h) and SC(0,h) policies. Observe from (115) that V,*(0) = vp,. If
Vi*(0) > 0, then there must be an initial class-k jobs being served (Q}(0) > 0), and this initial
service completes at the time V;*(0) (or vy ;). Thus, we have By (t) =t for ¢ < V;*(0), which
implies b7 (t) = ¢ for t < 97(0)/n. And the term in (162), b(t) A (97(0)/n), then can be
replaced by t A (0;2(0)/n). Consequently, after a time longer than all (scaled) residuals, say, for
t>1/n> (Ju™(0)| + |9™(0)|)/n, the relationships in (162,167,168) are reduced to

i) = ) + np v - ) (1) - ) (175)
9 = 07 +ndp e~ T e - Ty g )

where for AC(6,h),
£ = B (0) < BEAT,
and for SC(6,h),

L= upop(0) — Z 07 (0) < g + Z i bte-
iek (S
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Moreover, at time t = %, the state can be bounded as,

)+ )
< 3 |+ nitov ;- ) o (51 - )

kek

+ 3 [0 +naor - T 4 - ) 1)

kel
< PO+ 0 ] O+ Y IV A+ A
ke ke

< ki, (177)

for some constant x; > 0 that is independent of n.

Next, using the approach for proving Lemma 14(b) for AC policy (or Lemma 17(b) for SC
policy), we can find a time length ¢ > 0 that is independent of n and satisfies 0 < 0, =
miny pjt /K (for sufficiently large n), such that

R 1
() =0, fort> =+
n

(Here, the function 1,@”(% + t)/n plays the role of &(t) in Lemma 14, or 5(¢) in Lemma 17. In
addition, in that lemma the limit is derived by taking n — oo while here we scale the (fixed)
n-th system by m; and let m; — 00.) Let 7 = 1+ k1/0. Given the bound in (177), we have
7> 1+14"(1)/o. Hence, the above implies

n(t) =0, fort> ", (178)
n
and similar to (177), at time ¢t = 7/n, we have
T o T
|qn(g)| + Wn(g)\ < Ra. (179)

Now, using the property in (178) and taking derivative at both sides of (176), we have for
t>1/n,

S

1"(0)

e (150)

Consider any time ¢t > 7/n and §;(t) > 0. From (165,166), we have dg;(t)/dt = 0 and hence

Z_JZ(t) = 1; that is, in the fluid limit, the server k is busy if there is a positive queue length. Given
the latter and by taking derivative on (175), we have

=npp N —nu, = 0};. (181)

Recall that the right-hand-side of the above has a limit §; < 0. Hence, from (179,181), we can
find a time ¢’ that is independent of n, such that

gr(t)=0, fort> v
n

Consequently, the conclusion (a) holds with tg := 1+ ¢'.
Part (b), for JSQ and BR policy. We deal with the BR policy (with 2 < ¢ < K and
T = pk/ i, as in Proposition 2) only, as the JSQ policy is a special case.
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First, it can be verified that under the BR policy, the results in (175,177) are still valid for
t>1/n (with P (t) = 0).

Denote G, (t) := maxgex ¢ (t). Let KL, = argmax; @ (t) be the set of the servers with
the maximum fluid level and let K, be the cardinal of (the number of elements in) the set

Kt ax at time ¢ > 0. Define ¢™. (¢), K%, and K! . similarly. Similar to (150), the following
result is widely known: for any k € K! .. and ¢ € K! . |
Qi (t) = dax(t) and G7'(t) = din(t)- (182)

Also recall the following result from Proposition 3(b) of [16]. If maxyex, i (t) < mingex, 4 (t)
for some strict nonempty subsets K1 C K and Ko = K\ K (that is, the set K consists of queues
that are strictly shorter than those not in it at time ¢), then

d - i 1
S Sapan - - Oy s (2 o) an fort> L) (183)
o dt n e n

where o is chosen as any positive number satisfying o < [1— (ux, /1ic)€] — pxc, /i (for BR policy
with ¢ servers randomly selected upon each job arrival), and the function ¢ (A"(t — a"(0)/n)),
an item in (175), is the amount of fluid flowing into the server k by time t. As there are finite
number of non-empty strict subsets of K, the constant o can be chosen independent of the sets
K1 and Cs.

Consider any (regular) time ¢ > 1/n and ¢J,.(t) > 0 (i.e., |¢"(t)|] > 0). There are two
possible cases. First, if !, is a strict subset of K, then by letting Ko = K¢ .., we have from
the property in (183),

d i (0) m
P YA Y < 2B
O e VD D
ket .. ket ax

Observe that ¢ (t) > 0 for k € Kt,,., which implies

br(t) =1, forkeKkl,,. (184)
Therefore, summing up (175) over k € K! . and taking derivative yield,
AT d nyn u"(0 k yn
> a0 = X a(gaere-") )< ¥ o) osy)
n ns
keleI]aX kEKfnax keKﬁl’laX
= > - = Y Okt o(1) < —rs,
KeKhua 1 KeKh '

for some constant 3 > 0 that is independent of the index n (which is sufficiently large) and the
set Kt (Here, o(1) stands for a quantity that converges to 0 as n — 0c.) Given the property

max*

in (182), the above implies

. 1 . K
imax(t) = i (t) < —=2=.
In the other case, if K., = K (and K!,, = K), then by summing up (175) for all k € K

max
and taking derivative, we have

(0 = 0 + 1O (e - ) 0 Y (1) - ),

n n
kek
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and then

GR(t) =nA" =0 e = O + o(1) < —ka,
kek

for some constant k4 > 0 that is independent of the (sufficiently large) index n. Consequently,
we have

X 1 )3 KR4

q;ILlaX(t) = ?ql%(t) < _?'
~ In summary, we can find a constant x5 > 0 such that whenever gy, (t) > 0, we have
drax(t) < —ks for t > 1/n, for sufficiently large n. This implies the conclusion in (173) given

the bound in (177). O

Proof of Theorem 7 (outline). The stability of the fluid model corresponding to the n-th
system é”(t), just established in Lemma 19(b), directly implies the positive recurrence of the
Markov process é”(t), as well as the existence and uniqueness of its stationary distribution,
according to Theorem 4.2 of Dai [17]. The finiteness of the (p — 1)-th moment of the queue

length and the convergence in (120) follow from Theorem 4.1(ii) of Dai and Meyn [19]. O

A.6 Preparation for Proof of Theorems 8 and 9

Before proceeding, we introduce two variations of the diffusion limit theorems that will play an
auxiliary role in the proofs of Theorems 8 and 9. The first one allows more flexible initial states
in the sequence of systems {="(¢)}.

Proposition 20 Suppose the sequence of initial states {é”(O); n € N} is tight. Let {tf;n €
N} be any sequence of times such that ¢§ — 0 and ntj — oo as n — oo. Then, for any
subsequence of N, there exists a further subsequence, denoted by A7, such that the following
weak convergence holds when n — oo along A7:

=00t 1) = (QeE + 0,07 (8 + 0, V(8 + 0, 9"t + 1)) = (Q(1),0,0,0),

where the limit Q(t) follows the specifications in Theorem 3(a) (resp. Theorem 5(a), Theorem
6(a), Proposition 2(a)) under the RR(f) policy (resp. AC(6,h), SC(0,h), JSQ/BR policy).
Furthermore, we have for any M > 0,

limsup P{s|Z"(0)| < M} < P{|Q(0)| < M}, (186)

n—ro0,n€N1
where k is a constant that depends only on network parameters.
To describe the second variation of the diffusion limit theorem, we introduce a linear Sko-

rohod problem which is obtained by removing the randomness in the diffusion limit given in
(32-34): for each k € K,

Gr(t) = 4(0) + Ot + g (t) = 0, (187)

| aordin(s)as =o. (188)
0

Uk (t) is non-decreasing with gz (0) = 0. (189)

The processes Gx(t) and i (t) satisfying the above constitute a one-dimensional reflecting map-
ping (Lemma 10). Clearly, as 6 < 0 (for any admissible policy), it is stable:

Gu(t) =0, fort> qigz). (190)

In the second variation, we add an extra scaling to the diffusion-scaled systems, and relate
the sequence of systems with “mixed” scalings to the linear Skorohod problem just described.
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Proposition 21 Let {m,;n € N'} be any sequence that increases to infinity (i.e., m, — oo
as n — 00), and assume that the sequence of initial states {Z"(0)/m,,n € N} is tight. Let
{t§;n € N'} be any sequence of times such that ¢jj — 0 and ntjj — oo as n — co. Then, for any
subsequence of N, there exists a further subsequence, denoted by A7, such that the following
weak convergence holds when n — oo along N7:

(X"t 1)) — X" (matf) = O,
o (0 e + 0, V(a5 + ), 8 a8 1)) = .
(@ to+t>Y<mn<t8+t>>—fm<mnt8>):»@(t),@(t)), (191)

where the limit (G(t),9(t)) follows the specifications in (187-189) under the RR(6), AC(0,h),
SC(0,h), or JSQ/BR (with 6 = 6x/K) policy. Furthermore, we have for any M > 0,

limsup P{r[Z"(0)/ma| < M} < P{|(0)] < M}, (192)

n~>oo,n€./\f1

where k is a constant that depends only on network parameters.

Proposition 20 can be proved following the idea outlined by Bramson (page 115 of [9],
also see [43,52]). In Ye and Yao [66], we also extend the diffusion limit theorem, for a more
complex resource-sharing network, to allow for a tight initial sequence of Markovian states as
in Proposition 20 here, and provide a detailed proof following Bramson’s idea. That proof
can be adapted to prove the proposition here, and hence we omit the details. The proof of
Proposition 21 is a straightforward modification of the arguments that establish the diffusion
limit in Proposition 20 (cf. the proof of Proposition 3(b) of [66]), and hence is also omitted.

The stability properties described in (173,190) (for the limits in Lemma 19 and Proposition
21 respectively) can be turned into a kind of pathwise stability of the respective systems, which
will lead to a stronger moment stability.

Lemma 22 There exists a time tg such that the following conclusions hold.
(a) Let {m;;i = 1,2,---} be a sequence of number such that m; — oo as i — oo; and let
{2 € X;i=1,2,---} be a sequence of initial states such that |z*| < m; for all i. Then, for any
sufficiently large n € N, the following holds (with probability one), as i — oo,

_ n el I ool .0.C. > .
. (Q (mgt;x*), U (mlt,m)) —0 wo.c. of t >ty

(b) Let {my;n € N} be a sequence of numbers such m, — oo as n — oo; and assume that
the sequence of initial states {="(0)} satisfies |=™(0)| < my. Then, the following holds (with
probability one): as n — oo (along the full sequence N),

— (Qn(mnt), ‘i’n(mnt)> —+0 uwo.c. of t > tg.

Two conclusions in the above lemma can be established by applying the stability properties
(173) and (190) to the limits in (171) and (191), respectively. The proof repeats the one for
Lemma 10(a,b) of [66] and is omitted.

A.7 Proof of Theorem 8: Interchange of Limits under RR, AC, SC and JSQ
Policies

In the next two lemmas, we establish a pathwise bound and a moment bound for the Markov
states of the sequence of systems. The moment bound (bounded p-th moment) will play two
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bridging roles. First, it ensures the uniform integrability required for converting the pathwise
stability property in Lemma 22 to some moment stability property in Lemma 26 below. Second,
it restricts the variability of the system when we follow the approach in Budhiraja and Lee [11]
(a refinement of the one in Dai and Meyn [19]) to bound a return time — a key step to establish
a required tightness property leading the interchange of limits. (The proof related to this second
role will be omitted as it almost repeats the corresponding one for Proposition 12 of [66]. Refer
to that proof for details.)

Lemma 23 (Pathwise bound) Suppose RR(6), AC(0,h), SC(6,h) or JSQ policy is in force.
There exists a constant x« > 0 such that for any index n and any time t > 0, the following
bounds hold,

) < m<1+r¢f"<o>|+ sup E”<s>|), (193)
0<s<t

@0 < w1421+ sup B+ 3 sup 18]+ (194)
O<s=t ke ©

Proof. For RR, AC and SC policies. Consider AC(6,h) policy first. Fix an index n and a
time t > 0 arbitrarily. We first establish the following bound concerning the routing process:
for some constant k1 (independent of ¢ and k),

BB (@) ~ B O)] < s (14100 + sup B~ \sl). (195)

Pick any server k. Let 7 be the maximum time, before time ¢, such that the surplus of
routing deviation is less than 0,

T =sup{s: U(s) <0, 0 <s<t};

if the set at the right-hand-side is empty, we let 7 = 0. Consider the case with 7 < ¢ (and ignore
the trivial case with 7 = ¢). Observe that for any time s € (7,t|, we have W} (s) > 0. Since
the sum ;. x Y7 (s) = 0 (from (113)), the smallest value of W}, (s), k' € K, must be negative
and be attained with some k" other than class-k. Hence, according to the AC policy defined in
Section 6.1, no job will be assigned to class-k queue during the time interval (7,t], which implies

OY(E™ () = PR(E™ (1)), fort' € (7,t].
Then, we have for any ¢’ € (7,t],
QR(E™ () — pRE"(t)) < PR (E™(7)) — prE"(T))
= Wi(r) = WE(0) + Ay (E™(1) — A"7),
where the equality follows from (111). Note that from the definition of 7, we have ¥} (7—) < 0
and thus ¥} (7) < 1if 7 > 0. (Recall the assumption of continuous interarrival times. Without
loss of generality, we can assume that any job’s arrival does not coincide with any other arrival

or service completion event. Thus, there is at most one arrival at time 7.) Therefore, if 7 > 0,
the above gives

QR (E"(t") —prE"(t) < 14 [Tr(0)| + sup |hp(E"(s) — A"s)], for ' € (7,¢]. (196)

0<s<t!

Clearly, the above estimate still holds if 7 = 0. Now, as the above estimate is valid for any k
and particularly for ¢ = ¢, we have

—BRE"(t) —ppE" (1) = Y [®R(E™(t) - ppE"(1)]
K #k k' €K

(K —1)+[T"(0)| + > sup [hfs(E"(s) — A"s)|. (197)
k/€K0<s<t/

IN
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The bounds in (196,197) implies (195) with properly chosen constant ;.
Now, from (111,195), we have

U™ ()] < ko <1 W (O)] + sup [B"(s) - )\”s|> . (198)

As (QZ (t),Y;*(t)) constitutes a one-dimensional Skorohod mapping (refer to (20,21,9,10) or (22-
24)), we have (cf. Lemma 10 and inequality (128)),

Qr(t) = Qr(0)+Xi(t)+ sup [-Qp(0) — Xi(s)]"

0<s<t

< 200(0)+2 sup | X[ (s)]:
0<s<t

Using the expression in (21) and the estimate in (195) in the above yield the following bound,

1
Qr(t) < k3 <1 + Qr(0) + [¥"(0)[ + sup |E"(s) — A"s|+ sup [Sp(s) — pus|+ t) - (199)
0<s<t 0<s<t n

Finally, by applying diffusion scaling to the two bounds in (198,199) and choosing the constant
k properly, we establish the bounds in (193,194) under AC(6, h) policy.

The proof for SC(#, h) simply repeats the above, with the item hy(E™(t) —A"t) in the chasing
process of the AC policy being replaced by

SR (1) == (SE(BE(1) = meBii () = Y Wit (ST(BY (1)) — wi B} (1)),
1€

and keeping in mind that B} (t") — Bp(t') <t"” —t' for all 0 <’ <t”. The proof for the RR(f)
policy is immediate since it is special case of the AC(6,h) or SC(0, h) policy.

For JSQ policy. Fixed an index n and a time ¢ > 0 arbitrarily, and consider any (fixed) sample
path. Observe that the queue length process Q”( ) is a piecewise constant RCLL function of
time s > 0. Denote the time of successive job arrivals as t; = Y™(i) for convenience. As the
interarrival times follow a continuous distribution with mean 1/A™ > 0, we can assume without
loss of generality: (1) 0 =ty < t; <t2 <tz <--- and t; — oo (recall, t; = u™(1) is the initial
residual arrival time), (2) the time ¢; (i > 2) does not coincide with any service completion time
as well. Hence, at time ¢; (i > 2), there is an arrival, and if it is routed to, say, server k, then
this arrival triggers an increase in queue k, QZ(tz) = QZ(tl—) + 1/n, while no change in other
queues.

Denote the (diffusion scaled) maximum queue length process and its maximum during time
interval [0, ] as

A&ax(s) - I;la’%( Qk:( ) q* = slg[%)i] Qmax(s) (200)

Observe that the maximum value ¢* must be attained at a job arrival time (and for a time
period thereafter). Let t,, be the first time at which the maximum queue length attains the
value ¢* within time interval [0, ¢]:

m =min{i : Q" (t;) = ¢*, t; < t}.

max

If t,, = to or t1, the bound in (194) is satisfied immediately. Hence, without loss of generality,
assume t,, > 0 (or m > 2). Let k* be the index of longest queue at time t,,, and we have

Qf-(tm) = Qe ltm=) + - =" (201)
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Observe that all queue lengths are at most (¢* — 1/n) just before time ¢,,, and that class-k*
queue length is among the shortest ones just before t,,. Therefore, we have

Qultm) = Qultm=) = = =, K£K. (202)
Similar to (200), denote the minimum queue length as
Jinin(5) = min Qji(s).

Let t; be the minimum time such that no queue is empty during [ts, t,,):

¢ =min{i: QU (s) > 0 for s € [t;, t]}.
Then, all servers are busy during [ts, t,,]: for all k € K,

Yi(s) = Yi'(te), s € [tetm)]. (203)

Now, from the property in (203) and the dynamics in (22,25), we have

D Qk(tm) = Y Qk(te) + (E"(tm) — E"(t0))

kek kek
= > (SE(BR(tm)) = SE(BE(t0)) + 6% (tm — L) (204)

From (201,202), the left-hand-side of the above is,

A * * 1
S Qiltn) =" + (K~ 1)(g" — ). (205)
kel
If ty = to, then the equality in (204) is reduced to
% K—-1 An n AN/ PN n
Kg ——— = |QE(0)[ + E™(tm) — Z Sk (Bi (tm)) + Okt
kek

Keeping in mind that |Q"(t)] < K¢*, the above implies (194). On the other hand, if t; > to,
from the definition of ¢;,, we must have

~ A 1
Qmin(te—) = 0 and Qf;,(te) = o (206)

which implies that a job must arrive at time ¢, and join the unique empty queue. Hence, at

time ty, at least one of the queues is equal to 1/n while all other queues are at most ¢* (under
diffusion scaling). Consequently, we have

ST QR < -+ (K~ 1) (207)

kek

Putting (207,205) into (204) yields

~—

g <

s[=

+ (E™(tm) — E™(t) = Y _ (SR (Bi(tm)) — SE(BE(t0))) + 6% (tm — 1), (208)

which implies (194) as well.
Recall ¥"(t; JSQ) = 0. Thus, the bound about the chasing process in (193) is trivial and
can be omitted for the JSQ policy. O

Under the p-moment bound of the primitives in (117), the pathwise bound just established
is converted to a moment bound of the system state in the next lemma. The proof is same
as the one for Lemma 9(a) of [66]; the additional routing component, ¥”(¢), makes nearly no
difference to the proof given the bound in (193). The detailed proof is omitted.
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Lemma 24 (Bounded p-th moment) Suppose RR(0), AC(0,h), SC(0,h) or JSQ policy is
in force, and the p-th moment condition in (117) holds. Then, the following holds for some
constant ,

E sup [Q"(s)[" +E sup [¥"(s)[P < w(|Z"(0)" + 1+ t7); (209)
0<s<t 0<s<t

and consequently (redefining x), for any 0 < g < p,

E sup |Q%(s)|7+E sup [¥"(s)|? < &(|E™(0)|? 4 1 4 t9).
0<s<t 0<s<t

With the bounded p-th moment of the system state in the above lemma, the pathwise stability
properties in Lemma 22 can be turned into corresponding moment stability properties in the next
lemma. The latter serves as intermediate steps to establish the uniform p-th moment stability
(Proposition 26) that holds the key to establishing the tightness of the stationary distributions
associated with the sequence of systems {Z"(t),n € N'}.

Lemma 25 Suppose RR(6), AC(0,h), SC(0,h) or JSQ policy is in force, and the p-th moment
condition in (117) holds. Then, there exists a time tg such that the following conclusions hold.
(a) Assume {m;} and {z'} as in Lemma 22(a). Then, the followings hold for sufficiently large
n?

1 A - 1 . A
{|—Q"(mit; z")|P} and {|—¥" (m;t;z")|’} are uniformly integrable (w.r.t. ), for any ¢ > 0,
m; mg

and

1 R .
lim E— (| Q" (mit; a'
Jm B (@7 (mati )

P N .
+ ‘\Il"(m,;t; x")

p) =0, for any t > t. (210)

(b) Assume {m,} and {£"(0)} as in Lemma 22(b). Then, the followings hold,

1 4 1 .
{|—Q"(mnt)|P} and {|—¥"(my,t)[P} is uniformly integrable (w.r.t. n), for any ¢ > 0,
mp m

n

and

lim Eni% (‘Q”(mnt)‘p + ‘\i/"(mnt)’p) =0, fort>t. (211)

The proof of the uniform integrability properties in the above lemma is same as the one for
Lemma 9(b,c) of [66] and is omitted. Then, these uniform integrability properties justify the
interchange of the expectation and the limit in (210) and (211) respectively, and therefore the
conclusions in (210) and (211) follow from Lemma 22 immediately.

Next, by putting the results in (210) and (211) together, we can show the uniform p-th
moment stability property whose proof is same as the one for Proposition 11 of [66] and hence
omitted.

Proposition 26  (Uniform p-th moment stability) Suppose RR(0), AC(0,h), SC(0,h) or
JSQ policy is in force, and the p-th moment condition in (117) holds. Then, there exists a time
to and a sufficiently large index ng such that the following holds for all ¢ > to,
. 1 A P N P
lim sup Ew (‘Q"(|Jr|t; x)‘ + “P”(Mt; a:)’ ) =0. (212)
x

|z|—00 p>ng ‘
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Now, we are able to establish the tightness and a uniform p-th moment bound of the sequence
of steady states {Z"(c0),n € N}, by making use of moment bound and moment stability results
in Properties 24 and 26 and following the approach developed in [11,19]. Refer to [66] as well,
and the detailed proof is omitted. Finally, given such tightness and moment bound properties of
the steady states, the proof of our interchange of limits in Theorem 8 (for RR, AC, SC and JSQ
policies) is identical to the proof of Theorem 4 in [66] (Proposition 20, a variation of diffusion
limit theorem, is used here), which is a modification of the standard argument leading to the
interchange of limits from the tightness in [11,24, 25, 36].

A.8 Proof of Theorem 9: Interchange-of-Limits under BR Policy

As a preparation, we first introduce a new fluid model and its uniform attraction property. This
fluid model is associated with the whole sequence of systems {Z"(¢),n € N}, which is derived
as the limit (or cluster point) of a sequence of systems under the hydrodynamic scaling (cf. the
uniform continuity in Lemma 29). Intuitively, it can also be obtained from a critically loaded
system (i.e., p = 1 in the system described in (5-10) and under BR routing), by removing the
randomness of arrival and service processes while taking into account the initial residuals. It is
described by the following set of conditions:

@k (t) = qr(0) + dr (A(t — t Au(0))) — px (br(t) — bi(t) A Tx(0))

0))
0))

= G(0) + o (A(t =t Au(0))) — e (t — bi(t) A Tx(0)) + Fr(t) > 0, (213)
ér(t) is non-decreasing with ¢ (0) = 0, and Lipschitz with constant 1, (214)
bi(t) is non-decreasing with by (0) = 0, and Lipschitz with constant 1, (215)
g7 (t) = up(t — by (t)) is non-decreasing with g (0) = 0, (216)
/ dx(s)dyr(s)ds = 0. (217)

0

In addition, if maxgex, Gr(t) < mingei, Gr(t) for some strict nonempty subset £; C K and
Ko = K\ Ky (that is, the set KC; consists of queues that are strictly shorter than those not in it
at time t), then

d - _ HKC i
’ggl ZOok(A(E =t AT(0) > ( e T a¢> A, for t > u(0), (218)

where o, is any positive number independent of (K1, K2) and satisfying o < [1 — (i, /px)¢] —
1icy / -

The above inequality indicates that the shorter queues in the (critically loaded) fluid model
described above will receive flows more than the capacity of associated servers, which also implies
that the longer queues get less. Consequently, all short and long queues converge to the same
length. This observation leads to the uniform attraction property in the following proposition,
which is a key to establishing a bound for the queue length (in Lemma 30).

Proposition 27 (Theorem 4 of [16]) (a) There exists a constant x,, > 0 that only depends
on the network parameters such that for any solution to the fluid model in (213-218) satisfying
13(0)| + |@(0)| + |#(0)| < 1, the following bound holds,

()] < K, t>0. (219)

(b) (Uniform attraction) There exists a time Ty such that the following holds for any solution
to the fluid model in (213-218) satisfying |7(0)| + |u(0)| + |9(0)| < 1:

where ¢* is a constant.
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The above proposition (part (b) in particular) is a variation of Theorem 4 of [16]. The new
feature here, the additional residuals @(0) and ©(0), can be dealt with in the same way as in the
proof of Lemma 19(b) so that the effect of these residuals can be mitigated after the time ¢ = 1.
Hence, the proof is omitted.

Next, we will introduce the regular events and derive a probabilistic bound for these events.

With the initial residuals u} and v ; removed from E™(t) and S}(t), the (undelayed) arrival
and service processes are denoted: E®™(t) and S®™(t) = (S (t))kek, t > 0, where

E%™(t) = max {z : Zu? < t} , and Sp"(t) = max {z : ZUZ’Z < t} . (221)
(=2 =2

Here and below, the superscript “o0” denotes the undelayed version of a (possibly) delayed renewal
process.
Define the variables:

i—1
WP (E) := max {u? : Zu? <t,1=2,3,--- } , (222)
=2

i1
v " (t) = max {v}gz : Zv,ﬁg <t i=23,--- } , (223)

(=2

The first variable is the maximal interarrival time of jobs realized before time ¢ for the n-th
system; the second variable is analogous, for the service times. Note that the initial residuals
uf and vy | are excluded.

Let t* and u* be any positive times, and {m,,n € N'} be a sequence of real numbers with
my, > 1. Define the regular events as:

Ot u* my) = QU my) N QN mp) N QL (8, 1, ma) 0 QB w* ma) N Q% (8, my) (224)

where
n (4% _ 1 n,max /2 * 1
Qu(t",mn) = {nmnu (n"mpt”) < n(P*W}’ (225)
n ok _ n,max ) <
A0t ) = () { b ™ Pmat?) < o | (226)

Bt ut my) = { sup  sup \L(Eon(mn(t +u)) — B2 (mut)) — \"u| < O;ﬂ(}Z?)

0<t<nt* 0<u<u* Mn 1
e - 1
St ut my) = { sup  sup |— (SO (mp(t 4+ uw)) — S (myt)) — pu| < }(,228)
0<t<nt* 0<u<u* Mn logn
1 = A n
Q% (t* = —(|E" t SO t)|) < . 229
(0 ma) = { swp (B (0] + 137 0mat)) < (229)

The ranges that bound the sample paths are carefully specified such that the probabilities of
these events must approach one at a certain rate as indicated in the following lemma (Lemma
3.1 of [67]).

Lemma 28 Suppose the p*-th moment condition in (121) holds, and let t* and u* be any
positive times. Then, the following estimate holds for sufficiently large n (depending on t* and
u*),

(log n)?" +1

P (1" u* mp)) 2 1= =2,

for all m, > 1.
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We remark that in the above regular events and the hydrodynamic scaling to be defined imme-
diately, the parameters {m,,n € N'} are included so that the system under a “mixed” scaling,
é"(mnt) /My, can be analyzed directly. These parameters also serve to contain the sequence of
initial states {Z7(0)} when we allow |2"(0)| to increase infinitely in the hydrodynamic analysis
below.

Now, we introduce the hydrodynamics representation for our model, and establish a uniform
continuity property (Lemma 29) in which the fluid model described in (213-218) is derived as
the limit point for the hydrodynamic processes restricted to the regular events.

The hydrodynamics here is a modification of the original one by Bramson [9], and is dedicated
to studying the system under a “mixed” scaling, é”(mnt) /my,. Denote

1 . 1 5 1 -
y"[=y"(w, A, my)] := max (IQ”(O)H sup — | X" (mut)|, —[="(0)], 1) {(230)
mp 0<t<A Mp mnp

for any time interval [0, A] (for the process 2™(mpt)/my), with A > 0, and any sequence of
numbers {m,, > 1;n € N'}. Let T > 0 be a fixed time of a certain magnitude (to be specified
later). Divide the time interval [0,m,A] (for the process Z"(t)) into a total of [nA/y"T]
segments with equal length y"m,, T /n, where [-| denotes the integer ceiling. The j-th segment,
j=0,..,[nA/y"T] — 1, covers the time interval [jy"m,T/n, (j + 1)y"m,T/n] (of Z"(t)). Note
that the last interval (with j = [nA/y™T| — 1) covers a negligible piece of time beyond the
right end of [0, A] if nA/y"T is not an integer. For simplicity, below we shall treat nA/y"T
as an integer so as to omit the ceiling notation. Then, for any ¢ € [0,A], we can write ¢ =
y"mp(jT + u)/n for some j = 0,--- ,nA/y"T and u € [0,7]. Therefore, for u € [0,7] and
Jj <nA/y"T, we write

1 . 1~ 3y"m,T 4+ y"muyu
t) = "
1 ) .
- ny"m Q" (ny"mn(JT + u)) := Q™7 (u). (231)
n

Hence, this hydrodynamic scaling can be regarded as a special fluid scaling with the scaling
parameter ny™m, and a shifted start time. The processes, =™/ (u), U™’ (u) and V"™’ (u), are
defined in the same manner. The arrival, routing, busy time and service processes are written
as,

_ 1
E™I = E" "mn, (3T — E" "mniT)], 232
(u) ny”mn[ (ny"mn (JT + u)) (ny"mnjT)] (232)
TN,] 1 :nrj :TL,j
o7 = 7 "mny(E — PP "m,E , 233
1) = e Oy (B ) = B g, ™) (233)
D1,J 1 n n . n n .
By (u) == ————[By (ny"mu(§T + u)) — By (ny"mnjT)], (234)
ny"m,
Sp(u) 1= —— Sy (ny"mn(By,” +w)) = S (ny"mnS;.”), (235)
ny"msy,
where
=n,j Zn.j 1 e e
(E77,8,7) = oy~ (E™(ny"mnjT), By (ny"mnjT)). (236)

It can be verified that for the routing and service components in the system equation in (25),
we have

BB w) = o (9 (B (T GT + ) - BB (T ), (23
S B W) = o (Sp(BRCEIGT +u) - S BRCEIT)). (239
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Lemma 29 (Uniform continuity) Let M, A (and A* := A+1), T and T™ be any given positive
numbers, and suppose |Z"(0)| V1 < m,, for all n. (A and T are the parameters in the definition
of the hydrodynamic processes above, and A* and T™ will be used to specify the regular event.)
(a) For any € > 0, there exists n* such that for any n > n*, the following holds for any
we QA T*, my) and 0 < j < nA/y"T: if

Q™ (0)] + [T™(0)] + [V™ (0)] < M, (239)

then, we can find a fluid model (g(t), @(0),(0)) satisfying (213-218) and |g(0)|+|a(0)|+|o(0)| <
M such that

sup_|Q™ (u) — q(u)| + U™ (0) — a(0)| + [V™7(0) — v(0)] < e. (240)

0<u<T
(b) Moreover, the time T can be chosen sufficiently long (depending on network parameters
only) such that the following holds for any w € Q"(A*,T*,m,) and 1 < j < nA/y"™T (excluding

Jj=0):

_ _ 1
n?] n?]
U™ (0) and V™ (0) < D
Consequently, for any € > 0, there exists n* such that the following holds for any n > n*,
IZ7(0)| V1< my,we Q" A*, T* my,), and 1 < j < nA/y"T, if

Q™7 (0)] < M, (241)

then, we can find a fluid model (g(t),u(0) = 0,7(0) = 0) satisfying (213-218) and |g(0)| < M
such that
sup Q"7 (u) — q(u)] <e
0<u<T

In [67], a similar result for multiclass queueing networks is established. In that paper, a
tedious process is used to decompose the system equations into the corresponding fluid model
plus the associated random components, and to show the random components vanish uniformly.
Then, a general uniform continuity property (also established there) is invoked to conclude the
required result. In contrast, we will prove the above lemma directly, through a contradictory
argument involving the conventional fluid limit. This approach is more transferable to similar
studies.

Proof. Suppose the conclusion does not hold. That is, there exists an ¢y > 0 and a subsequence
of index A7 C N such that for any n € NVq, we can find a sample w™ € Q"(A*, T* m,,) and an
integer j,, € [0,nA/y"T] for which the condition in (239) holds but the bound in (240) does not:
that is,

Q™7 (0)] + U™ (0)] + V™9 (0)] < M, (242)
and, for any fluid model (g(¢),@(0),9(0)) satisfying (213-218) and |g(0)| + |z(0)| + |v(0)| < M,

sup_|Q"9" (u) — q(u)| + [U™7"(0) — a(0)| + [V"™7(0) — 0(0)| = eo. (243)
0<u<T
(Note that the processes Q™" (u), U™ (u) and V™I (u) specified just now are sample paths
associated with wy,.)
Applying the conventional approach for proving fluid limit theorem (refer to for example
[13,17], among many others), however, we can find a further subsequence Ny C N7 such that as
n — oo along Ny, we have

S Q™7 (u) = q(w)| + U™ (0) — a(0)] + [V™7(0) — v(0)] — 0, (244)
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for some fluid model (g(t), u(0),v(0)) satisfying (213-218) with |g(0)|+|u(0)|+|v(0)] < M, which
contradicts to (243).

It is left to claim the limit (g(¢),@(0),©(0)) in the above convergence. Using the hydrody-
namic scaling described in (231-238), the system equations in (6-10) (indexed by n properly)
can be rewritten as,

Q,ﬂ( ) = Q7 (0) + &Y (B (1) = S (B (1) > 0, (245)
/ 102920y (246)
. —nd t
0 = e B0 = Mk/o Lot 217
/ QY (s)dVy (s) = 0, (248)
0
V" (t) is non-decreasing in ¢ > 0, and ¥,/ (0) = 0. (249)

From the condition (242), we can find a subsequence Ny C N; such that
(@™7(0), U™7(0), V™I (0)) — (4(0), w(0), v(0)), (250)

with |g(0)] 4 |a@(0)] + [9(0)] < M.

Observe that E™7(s) is a (scaled) delayed renewal process, and its undelayed version E%™(s)
can be defined in a way similar to (221). It can be verified directly the two versions satisfy the
following,

— . ]. S>Un,j(0)} — . _ .
Eri(s) = 2V O | gomi(s — g p T (0)). 251
(5) = LZUROL 4 poni(s — s £ 0" (0) (251)
Recall from the proof of Lemma 3.4 of [67] (the bound in (B.16) in particular) that under the
condition |=™(0)| < m,, and w, € Q"(A*,T*,m,), the following convergence holds as n — oo
(along the full sequence N),

sup  sup |E%™ (s —sAU™(0)) — \N"(s —s A U™ (0))| — 0.
0Sj<y7:7'7AT s€[0,T7]

(As a side note, the initial condition, |Z"(0)| < m,, imposes certain bound on the parameter
y" used in defining the hydrodynamic processes. Such a bound is required when we employ the
property of the regular event to claim the above convergence. Refer to [67] for technical details.)
Given the relationship in (251), the above convergence gives the following immediately,

sup |E™m(s) — A(s — s Aw(0))| — 0, asn — oo along Na. (252)
s€[0,T]
Similarly, we have
sup |52’j”(s) — (s — s ANog(0))] — 0, as n — oo along Ns. (253)
s€[0,T7]

Given (250,252,253), we are now able to apply the conventional approach (as in the proof of
Lemma 19) to derive the fluid limit for @} (¢) as depicted in (244). O

The uniform attraction and the uniform continuity (in Lemmas 27 and 29) established above
are concerned with properties of the system sequence in O(n)-long period under the original
scaling (here, ignore the additional scalling factors y™ and m,, for simplicity). Assembling these
properties across O(n?)-long period (or, constant period under the diffusion scaling), we can
bound the queue length over regular events in the following lemma.
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Lemma 30 Consider any time interval [0, A], with A > 0, and suppose |Z"(0)| V 1 < m,, for
all n. Let € > 0 be any given (small) number. Then, there exists a sufficiently large T" such that
for sufficiently large n, the following results hold for any w € Q"(A*, T, m,,) (here A* = A+ 1
and T = 2T') and positive integers j = 1,--+ ,nA/y"T:

(a) (Uniform attraction)

o 1 ..
Q7 (u) — ?Q%J (u)] <e foralluel0,T], keK. (254)

(b) (Complementarity) If Q%J(u’) > 2Ke for some u’ € [0, 7], then
Y (u) — Y7 (0) =0, for all u € [0,7). (255)
(c) (Boundedness)
|Q™I (u)] <k, forallue[0,T], (256)

where k is a positive constant that depends only on system parameters (independent of n and
w). In addition, the bound in (256) also applies to j = 0.

The above lemma is indeed a version of Lemma 3.5 of [67], but in the context of the parallel
server model here. The proof in that paper is transferable with minor modifications (e.g.,
carefully handling certain complementarity property). As the model under study is simpler in
the network structure, the proof can be substantially simplified, which is included as follows.

Proof. Let T be any real value satisfying;:
T > kT, (257)

where the time Tp is given in Lemma 27(b). Note that T is large enough so that in the fluid
model in Theorem 27 (under the heavy traffic condition), the state g(¢) will reach the fixed-

point state (satisfying ¢1(t) = --- = g (t)), starting from an initial state (g(0), @(0),0(0)) that
is bounded by x. Here k is a constant that depends on network parameters only:

K = 2Ky + 5, (258)

where k,, is given in Lemma 27. The rationale for the choice of k£ will become evident shortly.

We prove the lemma in two steps.

Step 1. Prove (a,b) for j =1 and (c) for j =0, 1.

Note that |2™0(0)] = |2"(0)/y"m,| < 1 according to the definitions in (230,231). By
Lemma 29, we have for sufficiently large n, and w € Q"(A*, T, m,,), there exists a fluid model
(g(w),w(0),(0)) satisfying (213-218) which may depend on n, £(0), m,, and w, such that,

g(0)] +[a(0)] + [5(0)] < 1. and (259)
sp (1Q"(w) = a(w)| +07°0) = w0) + [7°0) o)) <5 (260)

Since T' > kT (> 1), applying the uniform attraction property in Lemma 27 to the above fluid
model g(u) yields:

@i(u)=---=qg(u)=¢", forallu>T, and (261)
|G(u)] < Ky, for all u> 0. (262)

Note that Q™%(T + u) = Q™! (u). Then, it follows from (260,261) that the conclusion (a) holds
with j =1 for sufficiently large n and for all w € Q"(A*, T, m,,).
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By (259,262) again, we have for all u € [0,7*] (= [0,2T)),
- B ¢ ¢
Q)] <[]+ £ < m + 5.

and for all u € [0, 7],

Q™ ()| = QT + )| < K + % (£ k). (263)
That is, the bounding property in (c), for both 7 = 0 and j = 1, is satisfied.

When Q' (u/) > 2Ke for some «' € [0, T], we have from (254) (for j = 1),

~An,l/ g
Qpt(u) > Q’CK(U) —e>e,
which, along with (260,261), implies
* An,l ! € €
El . > _
q > Qk (U) 2 - 27

and thus
Qv (u) > ¢* — g >0, foralluel0,T], k€ K.
Therefore, following the complementarity relationship in (248), we have,
Ykn’l(u) does not increase in u € [0, 7], for all k € K.
In summary, if Q%l(u’ ) > Ke for some u' € [0,T], then,
Y,g’l(u) does not increase in u € [0,77;

that is, the conclusion (b) holds for j = 1.

Step 2. We now extend the above to j =2,...,nA/y"T.

Suppose again to the contrary, there exists a subsequence N7 C N such that, for any
n € N1, at least one of the results in (a,b,c) does not hold for some integer j € [2,nA/y"T] and
some sample-path w € Q"(A*, T*,m,). Let j, be the smallest positive integer in the interval
[2,nA/y"T] such that at least one of the properties in (a,b,c) does not hold with the associated

=n

="(0), my, and w. To reach a contradiction, in the rest of the proof we will show that the
desired properties in (a,b,c) hold for j = j, for sufficiently large n € N7, and indeed for any
w e QA T, my).

Following the earlier argument, under the (contradictory) assumption above, the results in
(a,b,c) hold for j = 1,...,7, — 1 and any w € Q"(A*, T*,m,,), for each n € N;. Specifically, for
Jj=7jn—1(>1), we have

|Q™n1(0)| < &, for all n € Nj.

By Lemma 29(b), we have for any sufficiently large n € N7 and any w € Q"(A*, T*,m,,), there
exists a fluid model (g(u),u(0) = 0,0(0) = 0) satisfying (213-218) (which may depend on n,
="(0), m,, and w) such that

sup Q" (w) = glu)] < 3, (264)
u€[0,77*]

with |g(0)| < k. (Here, we know that |[U™»~1(0)| + |[V™»=1(0)] — 0 as n — 0, and can set
u(0) = v(0) = 0 by Lemma 29(b).) Since T' > kT, applying the uniform attraction property in
Lemma 27 to the above limit yields the following again:

qi(u) =+ =qrx(u) =q", forall u>T. (265)
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Note that Q™1 (T +u) = Q™ (u). Hence, the bound in (264), along with (265), implies that
the conclusion (a) holds with j = j, and w € Q*(A*, T*,m,,), for sufficiently large n € Nj.
Following the same procedure for proving the conclusion (b) for j = 1, we can show that the
complementarity property in conclusion (b) holds for j = j,.
Now, consider any sufficiently large n € N7, such that the results in (a,b) hold for j =
1,-++, jn (but it needs not holds for j = 0) and for all w € Q"(A*,T* m,). This implies that
when restricted to w € Q"(A*, T, m,,), the processes,

np My T mpy"T

(a(8),(2), (1)) 1= —— (Qfmat), QR

o ) + K mat) - KR (
n

), Vi (mat)),

satisfy the specifications in Lemma 12(b) in the time interval [y"T/n, (jny™T + y™T)/n], which
merges all intervals [jy"T/n,(j + 1)y"T/n] for j = 1,---,j,. Hence, we have for any ¢ €
" T/n, (jny™T +y"T)/k] (C [0, A%]),

Q- (mnt) — 2Ke

y"rmy
1 Ao My T - I T
< o n Xn(m,-) — X7 _9Ke ) (t
< 0 (o (@ 4 ) - KT ) 2k 0
1 A 2yt N N 2yt T
< 2 swp | (Q%(my >+X,%<mns>—x;é<w>>—2f“
se[L2L g 1Y Min n n

< 2(l€w+%+2—|—2K6),

where in the second inequality we have also applied the conclusion in (263) (i.e., Q}%(mny”T /n)/y"my,
= |Q™(0)] < Ky + €/2) and the definition in (230). Keeping in mind that QI (u) =
Q”((jny”mnT + y"myu)/n)/y"my, the above implies that (c) holds with j = j,, for sufficiently
large n € Nj. O

The rest of the proof for Theorem 9 follows the same procedure in [67], starting from Lemma
3.6 of that paper. It is also the procedure in the proof of Theorem 8 (for RR, AC, SC and JSQ
policies), from Lemma 24 onward in Section A.5. We omit the detailed proof and outline the
procedure as follows.

First, we employ the pathwise bound of the queue length process for sample path in the
regular event (Lemma 30(c)) and the probabilistic bound of the regular event (Lemma 28), to
establish the bounded p-th moment of queue length:

P

L 6n(mns)

Mn

E sup
0<s<t

< KL +tP), (266)

for sufficiently large n and for some constant « > 0. Note, in Lemma 24, we have established a
similar inequality in (209) for the RR, AC, SC and JSQ policies without requiring the stronger
p*-th moment condition in (121), since the queue length process (and the associated chasing
process as well) under these policies can be bounded by the “free” primitive processes (Lemma
23).

Second, using the p-th moment bound of queue length in (266), we turn the pathwise stability
results in Lemma 22 to a uniform p-th moment stability:

1 |4 P
lim sup E—— ‘Q”(|az|t,:n)‘ =0, t>tp, (267)
||—00 n>nyg ‘£U|p
for some time ¢y and some (large) index ng. This is parallel to Proposition 26.
Finally, given the above moment bound and stability of the queue length process, we are able
to establish the tightness of the stationary distributions of the pre-limit queue length processes

and thus the interchange of limits, the main result in Theorem 9. Refer to the comments
following Proposition 26 (for RR, AC, SC and JSQ policies) as well.
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