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Abstract Joint use of observations from multiple Global
Navigation Satellite Systems (GNSS) is advantageous in high
accuracy positioning. However, systematic errors in the ob-
servations can significantly impact on the positioning accu-
racy if such errors cannot be properly mitigated. The errors
can distort least squares estimations and also affect the re-
sults of variance component estimation that is frequently
used to determine the stochastic model when observations
from multiple GNSS are used. We present an approach that
is based on the concept of semiparametric estimation for
mitigating the effects of the systematic errors. Experimen-
tal results based on both simulated and real GNSS datasets
show that the approach is effective, especially when applied
before carrying out variance component estimation.

Keywords Multi-GNSS positioning · Systematic errors ·
Semiparametric estimation ·Variance component estimation

1 Introduction

Integration of data from multiple GNSS (Global Naviga-
tion Satellite Systems, including GPS, Beidou, GLONASS
and Galileo) offers great advantages, such as more visible
satellites, enhanced system integrity and better geometric
strength (Hofmann-Wellenhof et al, 2008; Yang et al, 2011;
Leick et al, 2015). Much research efforts have been put into
the various problems involved in positioning based on data
from multiple GNSS (e.g., Wang et al, 2001; Shi et al, 2013;
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Teunissen et al, 2014; Li et al, 2015), including refining
weighting schemes considering the heteroscedastic data qual-
ities of the different satellite systems (e.g., Wang et al, 2001;
Cai et al, 2014). However, relatively less attention has been
given in such system integration to impacts of systematic
errors that can come from, e.g., unmodeled atmospheric re-
fraction, multipath effect and hardware delay (e.g., Schüler,
2005; Hoque and Jakowski, 2007; Wanninger, 2012; Dong
et al, 2016). In addition, inter-system differences may ex-
ist. For instance, Beidou signals may be more susceptible to
multipath effect compared to GPS due to its mixed constel-
lation structure (Ye et al, 2014). Shi et al (2013) observed
that biases in GPS-only solutions are normally smaller than
those in Beidou-only solutions, and in some cases, solu-
tions based on data from multiple GNSS are even more bi-
ased than solutions based on data from GPS only. Com-
pared to code division multiple access GNSS, frequency di-
vision multiple access GLONASS observations are affected
more by the hardware delays that cause inter-frequency bi-
ases (Wanninger, 2012). Even for systems with overlapping
frequencies, e.g., GPS and Galileo, their inter-system biases
cannot be neglected when receivers of different types are in-
volved (Paziewski and Wielgosz, 2015). Another example
is the integration of pseudolite and GPS (Meng et al, 2004).
It has been reported that the positioning accuracy is signif-
icantly degraded when pseudolite observations with strong
multipath signals are included. The conventional parametric
estimation and variance component estimation (VCE) based
on least squares (LS) principle require that the observations
are free from systematic errors. Therefore when systematic
errors are present, the quality of the solutions will be deteri-
orated (e.g., Xu, 1991).

Four approaches have been employed to mitigate sys-
tematic errors in GNSS data processing,
(1) Differencing and linear combinations of observables (e.g.,

Hofmann-Wellenhof et al, 2008; Leick et al, 2015). The
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approach cancels out the effects of common errors (e.g.
clock errors), and reduces the effects of correlated or
frequency sensitive errors (e.g., tropospheric and iono-
spheric errors);

(2) Applying corrections based on empirical models and pre-
cise products (e.g., Satirapod et al, 2003; Meng et al,
2004; Kouba, 2015; Dong et al, 2016);

(3) Parameterization in the functional model (e.g., Paziewski
and Wielgosz, 2015; Tian et al, 2015). For example, when
GNSS receivers of different types are involved, addi-
tional parameters can be used to estimate the biases. Pe-
nalization parameters can be added when different GNSS
are not compatible (Yang et al, 2011); and

(4) Stochastic modeling (Wang et al, 2001; Schüler, 2005).
Once the major parts of systematic errors have been re-
moved, the remaining parts are modeled stochastically.

In practice, approaches (3) and (4) are often used after ap-
plying approaches (1) and (2).

The above mentioned methods all have their limitations
in mitigating the systematic errors. In (1), errors such as the
higher-order ionospheric effects cannot be mitigated using
linear combinations of observables (Hoque and Jakowski,
2007). The differencing approach becomes ineffective in re-
moving the orbit errors and atmospheric refraction when the
baselines are long, and the multipath errors even in short
baselines (Schüler, 2005; Dong et al, 2016). For (2), apart
from the problem of time delay in producing precise prod-
ucts (e.g., Kouba, 2015), most of the systematic errors can-
not be modeled accurately (see also Sect. 2). In (3), param-
eterization is not always effective in estimating and mitigat-
ing the systematic errors due to problems of estimability and
mismodeling. For (4), knowledge about the remaining sys-
tematic errors is usually insufficient to stochastically model
them well.

We propose in this contribution a semiparametric esti-
mation (SPE) approach to mitigate systematic errors in mul-
tiple GNSS positioning. Both simulated and real multiple
GNSS datasets are used to validate the approach. The results
show that the approach is effective, especially when applied
before carrying out variance component estimation.

2 Impacts of systematic errors on multi-GNSS
positioning

The linearized observation equation with systematic errors
in the observations can be written as

L = AX+S+εεε, E(εεε) = 0, D(εεε) = σ
2P−1 (1)

where L ∈Rm, A ∈Rm×t , X ∈Rt , S ∈Rm, εεε ∈Rm, σ2, and
P ∈Rm×m are the observations, design matrix, unknown pa-
rameters, systematic errors, observation errors, variance fac-
tor and weight matrix respectively; m and t are the number

of observations and the number of unknown parameters re-
spectively, with m > t; E(·) and D(·) denote the expectation
and dispersion operators respectively. When S = 0, Eq. (1)
becomes the conventional parametric estimation model and
can be resolved based on LS principle

ε̂εε
TPε̂εε = min (2)

where ε̂εε is the estimate of εεε , i.e., the vector of residuals. The
LS solution can be expressed as

X̂LS = QX̂LS
ATPL, Q−1

X̂LS
= N = ATPA (3a)

ε̂εεLS = GL, G = I−AN−1ATP (3b)

where X̂LS is the estimated parameters with cofactor matrix
QX̂LS

; ε̂εεLS is the LS residuals; and I is an identity matrix. If
S 6= 0, the LS solution has the following biases

bX̂LS
= N−1ATPS (4a)

bε̂εεLS
= GS (4b)

where b{·} represents the biases. Thus when systematic er-
rors exist, the LS is biased and the estimated residuals are
not random with zero mean.

Systematic errors can also impact on variance compo-
nent estimation (VCE) that is based on the residuals (e.g.,
Xu et al, 2006). Considering that there are h types of obser-
vations in (1), i.e.,

L
m×1

= { Li
mi×1
}, i ∈ {1,2, . . . ,h} (5a)

D(εεε i) = σ
2
i P−1

i , Cov(εεε i,εεε j) = 0, (i 6= j) (5b)

where Li is the i-th subset with mi observations in it; Pi is
the weight matrix of Li; σ2

i is the variance component cor-
responding to Li; Cov(·) stands for the covariance operator.
Here the observations from different subsets are assumed to
be uncorrelated, leading to a block-diagonal weight matrix
P. The following Helmert VCE has been commonly used for
weight determination in such cases (e.g., Koch and Kusche,
2002; Xu et al, 2006; Cai et al, 2014),

θ̂θθ =ΦΦΦ
−1

ΩΩΩ , θθθ = {σ2
i }, i ∈ {1,2, . . . ,h} (6a)

ΦΦΦ(i, i) = mi−2 tr(N−1Ni)+ tr(N−1NiN−1Ni) (6b)

ΦΦΦ(i, j) = tr(N−1NiN−1N j), (i 6= j) (6c)

N =
h

∑
i=1

Ni, Ni = AT
i PiAi (6d)

ΩΩΩ(i) = ε̂εε
T
i Piε̂εε i (6e)

where θθθ denotes the vector of variance components to be es-
timated; and tr(·) is the matrix trace operator. VCE is carried
out iteratively until the estimated variance factors converge.
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When systematic errors are present in the observations, in-
serting (4b) into (6e) and (6a), one gets

bΩ (i) = STGT
i PiGiS (7a)

b
θ̂
=ΦΦΦ

−1bΩ (7b)

where bΩ and b
θ̂

represent the biases in the estimated ΩΩΩ and
θ̂θθ , respectively; and Gi denotes the rows in G (see 3b) cor-
responding to the i-th subset of the observations. It is clear
from the results that when systematic errors exist in the ob-
servations, ΩΩΩ is biased, resulting in biased variance compo-
nents.

3 Semiparametric estimation (SPE)

3.1 SPE model

Eq. (1) has been commonly used as the functional model in
SPE (see e.g., Fischer and Hegland, 1999; Jia, 2000; Ding
et al, 2016). The model cannot be resolved by using the con-
ventional LS approach due to the inclusion of unknowns S.
Instead, it can either be regularized to obtain a sub-optimal
solution (see e.g., Green and Silverman, 1994), or add real-
istic prior information from a Bayesian viewpoint to gener-
ate an optimal solution (e.g., Fischer and Hegland, 1999;
Koch and Kusche, 2002). The latter approach is not pre-
ferred when the true values of S are significantly different
from zero (Xu and Rummel, 1994; Xu et al, 2006; Xu, 2009),
although this is not considered a significant issue in GNSS
relative positioning as the remaining systematic errors are in
general close to zero after data pre-processing (e.g., differ-
encing and applying corrections). For simplicity, we reduce
the estimation to a generalized LS (GLS) problem (Menke,
2015), by using the prior information as pseudo observations
(S is considered deterministic)

CS+εεεc = 0, E(εεεc)= 0, D(εεεc)=σ
2P−1

c ,Cov(εεε,εεεc)= 0 (8)

where C∈Ru×m, εεεc ∈Ru and Pc ∈Ru×u are respectively the
design matrix, observation errors and weight matrix of the
pseudo observations, with u > t. The systematic errors are
also usually assumed to be smooth. The smoothness can be
controlled by applying a discrete differentiation technique,
e.g., making the second differences of S small (Green and
Silverman, 1994, p. 76). Combining the prior information
of both smoothness and magnitude of S gives

C =

[
Fd
I

]
, where Fd

(m−2)×m
= tridiag(−0.5,1,−0.5) (9a)

Pc =

[
αPd 0

0 σ2

σ2
s

I

]
(9b)

where Fd is a second difference operator; α is a positive
scalar called smoothing parameter; Pd is a pre-given sym-
metric positive definite matrix, we empirically design it as
Pd(i, i) = P(i+1, i+1), i ∈ {1,2, . . . ,m−2}; and σs repre-
sents the magnitude values of S. Systematic errors of satel-
lites with high elevations may be negligibly small and the
corresponding parameters can be removed from the model
by adjusting their σs to very small values. The magnitude
prior information of S in (9) is sometimes necessary since
uniquely solving (1) requires (Fischer and Hegland, 1999)

rank(CTPcCA) = t (10)

In addition, the SPE model can become ill-posed due to
over-parameterization and highly-correlated parameters. Us-
ing the magnitude pseudo observations is also more straight-
forward in preventing the ill-posedness compared with tech-
niques such as truncated singular value decomposition and
ridge regression (e.g., Xu, 1992, 1998; Hu, 2005). Accord-
ing to the GLS principle (Menke, 2015)

ε̂εε
TPε̂εε + ε̂εε

T
c Pcε̂εεc = min (11)

the GLS solution can be expressed as (Fischer and Hegland,
1999)

X̂ = (ATP(I−N−1
s P)A)−1ATP(I−N−1

s P)L (12a)

Ŝ = N−1
s P(L−AX̂), Ns = P+CTPcC (12b)

QX̂X̂ = N−1 +N−1ATPQŜŜPAN−1 (12c)

QŜŜ = (Ns−PAN−1ATP)−1 (12d)

In order to know the condition when SPE can improve the
estimation accuracy, we compare mean square error (MSE)
performances of the LS and GLS as follows, considering (3),
(4) and (12c),

MSE(X̂LS) = σ
2 tr(QX̂LS

)+bT
X̂LS

bX̂LS

= σ
2 tr(N−1)+ tr(N−1ATPSSTPAN−1) (13a)

MSE(X̂) = σ
2 tr(QX̂X̂)

= σ
2 tr(N−1 +N−1ATPQŜŜPAN−1) (13b)

if MSE(X̂LS)−MSE(X̂)> 0, i.e.,

tr(N−1ATP(SST−σ
2QŜŜ)PAN−1)> 0 (13c)

we obtain

STS > σ
2tr(QŜŜ) (13d)

It reveals that, the rationale behind the linear model expan-
sion exists when significant systematic errors present in the
data.
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3.2 Determination of smoothing parameters

For the purpose of choosing the smoothing parameter α , nu-
merical methods such as L-curve (Hansen, 1992) and gener-
alized cross-validation (GCV) (Golub et al, 1979; Xu, 2009)
are widely used. The L-curve method chooses the corner of
an L-shaped curve consisting of norms of residuals and sig-
nals. It has been reported that the method produced an over-
smoothed solution (Xu, 1998; Kusche and Klees, 2002). The
GCV method uses a criterion that minimizes the norm of
residuals of uncorrelated data (Green and Silverman, 1994,
p. 71),

GCV(α) =
ε̂εε

TPε̂εε

[tr(Gs)/m]2
=

LTGT
s PGsL

[tr(Gs)/m]2
(14a)

where

Gs = I− (I−N−1
s P)A(ATPrA)−1ATPr−N−1

s P (14b)

Pr = P(I−N−1
s P) (14c)

However, the determination of the smoothing parameter us-
ing the GCV or L-curve method, is time-consuming (Satira-
pod et al, 2003; Kusche and Klees, 2002).

The smoothing parameter α can also be interpreted as a
weight-ratio (Kusche and Klees, 2002) and estimated through
the VCE. We propose the following simplified procedure
for enhancing the computation efficiency in determining the
smoothing parameter based on the LS residuals (the conven-
tional LS solution is derived beforehand):

(a) Estimate the approximate variances based on the LS resid-
uals (see Appendix A for details, and we empirically
configure Pd as Pd(i, i)=P(i+1, i+1), i∈{1,2, . . . ,m−
2}),

ε̂εεd = FdŜ≈ FdFLε̂εεLS, ε̂εε ≈ FHε̂εεLS (15a)

σ̂
2
d = γd

ε̂εε
T
d ε̂εεd

m−2
≈ γd

ε̂εε
T
LSFT

LFT
d FdFLε̂εεLS

m−2
(15b)

σ̂
2 = γ

ε̂εε
T
ε̂εε

m−1
≈ γ

ε̂εε
T
LSFT

HFHε̂εεLS

m−1
(15c)

where FL ∈ Rm×m and FH ∈ R(m−1)×m are the low-pass
and high-pass filter operation matrices given in (A.3)
and (A.6), respectively; γ and γd are positive scalars that
represent the errors in σ̂d and σ̂ caused by the simplifi-
cation, respectively.

(b) Finally, assuming γ ≈ γd, the approximate smoothing
parameter can be calculated,

α̂ =
σ̂2

σ̂2
d
≈ m−2

m−1
ε̂εε

T
LSFT

HFHε̂εεLS

ε̂εε
T
LSFT

LFT
d FdFLε̂εεLS

(16)

3.3 Hypothesis test for systematic errors

Hypothesis test can be carried out to examine the signif-
icance of the systematic errors, using techniques such as
model validations (Teunissen, 1998; Leick et al, 2015) and
Durbin-Watson method (Jia et al, 2002). If no significant
systematic error is detected, the corresponding nonparamet-
ric term s can be eliminated, or equivalently, fix s to zero. To
simplify the computation, the following procedure is adopted
to detect systematic errors in the observations from individ-
ual satellites based on the LS residuals (outliers have been
screened). The null and alternative hypotheses are,

H0 : E(σ̂2
a ) = E(σ̂2

r ) against H1 : E(σ̂2
a )< E(σ̂2

r ) (17)

where σ̂2
a = 1

2(m−1) ∑
m−1
i=1 (vi+1− vi)

2, and σ̂2
r = 1

m ∑
m
i=1 v2

i .
The ratio between them satisfies the following distribution
when there are enough samples (e.g., m > 20) (Zar, 2009),

σ̂2
a

σ̂2
r
∼ N(1,

1
m+1

) (18)

A Z-test statistic can thus be calculated,

z =
√

m+1(1− σ̂2
a

σ̂2
r
)∼ N(0,1) (19)

We choose to use a rejection region z > z0.99 (a critical value
of standard normal distribution with significance level 0.01).
This relatively high significance level is chosen as it helps to
reduce the risk of introducing too many unknown parame-
ters when modeling the systematic errors.

4 Processing multiple GNSS data with SPE

A multiple GNSS double-difference (DD) carrier phase ob-
servation can be expressed as (e.g., Wang et al, 2001)

Li j(k) = ρ
i j(k)+λ

iNi j +(λ i−λ
j)N j + ε

i j(k) (20)

where Li j(k) is the DD carrier phase (scaled to meters) of
satellite pair i- j at epoch k; j indicates the reference satellite;
ρ is the geometric distance; λ is the wavelength; N is the
phase ambiguity, including DD ambiguity Ni j, and single-
difference (SD) ambiguity N j that cannot be canceled out
in multi-frequency case. Approximate SD ambiguities are
usually calculated from pseudoranges and more accurate SD
are estimated when fixing the DD ambiguities; and ε is the
observation error.

A term representing possible systematic errors can be
added to the DD observation equation in (20). Since the sys-
tematic errors may be absorbed partially by the float am-
biguities (Wang et al, 2001; Xu, 2006), it is necessary to
remove the systematic errors before fixing the ambiguities.
The DD observation equation becomes

Li j(k) = ρ
i j(k)+λ

iNi j +(λ i−λ
j)N j +si j(k)+ε

i j(k) (21)
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where s is the parameter representing the systematic errors
that may depend on the satellites, site and time.

GNSS data processing requires vector semiparametric
models (Fessler, 1991; Jia, 2000) sine the observations con-
tain a set of satellites. Assuming that nsat satellites are tracked
simultaneously for m epochs, and denoting nre f as the num-
ber of reference satellites (a reference satellite is selected
for each satellite system involved) and n as the number of
smoothing parameters (n = nsat−nre f ), m×n additional pa-
rameters need to be estimated. Criterion in (11) can be ex-
tended into

∑
m
k=1 ε̂εε

T
k

1×n
Pkε̂εεk +

ˆ̄ST
1×mn

C̄TP̄cC̄ ˆ̄S = min

S̄
mn×1

= { Sk
n×1
}, k ∈ {1,2, . . . ,m}

C̄ = C
u×m
⊗ ᾱ

1
2

n×n

P̄c = block-diag(Pc,1,Pc,2, · · · ,Pc,m)

ᾱ = diag(α1,α2, · · · ,αn)

(22)

where m and n are respectively the number of observation
epochs and the number of smoothing parameters as men-
tioned above; u, C and Pc,k are respectively the number, de-
sign matrix and weight matrix of the pseudo observations
defined in (8); k is the epoch index; and ⊗ is the Kronecker
operator.

5 Experimental results

Two experiments (one with simulated and one with real mul-
tiple GNSS data) are carried out to investigate the perfor-
mance of the proposed SPE approach when combined with
VCE in processing the GNSS data. For simplicity, the com-
bined use of SPE and VCE will be referred to hereafter as
SVE (Semiparameter and Variance Estimation). For com-
parison, conventional LS estimation and VCE based on re-
sults from the conventional LS are also carried out. In the
conventional LS estimation, the inter-system weight-ratios
are set equal to 1. The SPE is carried out before the VCE.
A smoothing parameter is added for each satellite pair and
adjusted individually based on Eq. (16). SVE is applied in
both float and ambiguity fixed solutions.

The results are evaluated with the aforementioned Z-
test and the following baseline quality indicators (Blewitt,
1989),

Length error =
(
δ

2
N +δ

2
E +δ

2
U
) 1

2 (23a)

Repeatability(δ ) =

(
∑

ns
i=1 δ 2

i /σ2
δi

∑
ns
i=1 1/σ2

δi

) 1
2

(23b)

where δ stands for baseline errors with respect to the truths,
with subscripts N, E and U denoting the corresponding north,
east and up coordinate components; i indicates the session

number (ns in total); and σδ is the standard deviation (STD)
of δ .

LAMBDA method (Teunissen, 1995) is used in all the
above three methods for ambiguity resolution with R-ratio
as the validation indicator (Euler and Schaffrin, 1991). More
recent progress in the ambiguity resolution can be found in
(e.g., Chang et al, 2005; Xu et al, 2012). The computer time
is recorded to assess the computation efficiency and to show
the advantages of the proposed simplified SPE approach.
Different SVEs are carried out, including those based on
the traditional iterative and search methods discussed above,
i.e., the VCE and GCV (with and without magnitude prior
information where the latter is referred to as GCV-free). The
Golden Section technique (Press et al, 2007) is applied in
the search process of the GCV (in the range from 10−15

to 1015). Note that the GCV-free SVE is used only in the
fixed-ambiguity solution as (10) is violated when the design
matrix A is based on (21), and Eq. (9) only contains the
smoothness of S (i.e., C = Fd and Pc = αPd). Initial values
of the smoothing parameters in the SVE are computed by
the approximate formula (16) to accelerate the convergence.

5.1 Experiment with simulated data

Sinusoidal systematic errors (in cycles) are simulated using
Eq. (24) and added to the raw GNSS observations over a
zero-baseline. The session length is three hours with a data
sampling interval of 90 s (a relatively large interval being
used to reduce the computation load). The dataset contains
L1/B1/G1 observations from 9/9/7 satellites of G/C/R (here-
after G, C and R stand for GPS, Beidou and GLONASS re-
spectively). The systematic errors simulated have different
periods (1.5 h for G12, 2.5 h for both G22 and C02) but the
same amplitudes (0.05 cycles),

G12 : 0.05sin(
tow

1.5×3600
2π)

G22 : 0.05sin(
tow

2.5×3600
2π)

C02 : 0.05sin(
tow

2.5×3600
2π)+0.1

(24)

where tow is time of week in seconds. A constant offset of
0.1 cycles is also added to C02. When applying the SPE,
we set the standard deviations of the standard deviations
of the pseudo observations to 0.2 cycles (a relatively loose
constraint to avoid possible distortion of the results), i.e.,
σs = 0.2×wavelength in (9).

Fig. 1 shows the length errors of the baseline from the
different estimators. It can be seen that the simulated sys-
tematic errors have introduced nearly up to 7 mm length er-
ror to the zero-baseline. The VCE method then reduces this
discrepancy to 3 mm through raising GLONASS’s weight
from 1.0 to 2.9 (see Table 1), while this improvement is
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achieved at the cost of roughly down-weighting the obser-
vations from all the other satellites, both GPS and Beidou,
including those without systematic errors. Compared with
the results of VCE that based on raw data (see Table 1), ap-
parently the weight ratios are seriously falsified as the Z-test
statistics are all increased. The SVE approach has signifi-
cantly reduced the length error to about 0.5 mm (over 90%
improvement compared with LS, and over 80% compared
with VCE), and improved the R-ratio from 16.4 to 58.5, in-
dicating a much more reliable solution. The weight ratios
obtained by SVE are closer to those obtained based on the
raw data without systematic errors. Fig. 2 shows the residu-
als from the different solutions. It is clear that LS and VCE
do not cope with the systematic errors well. The SVE mod-
els much better the systematic errors and the residuals be-
come more random, all the residuals have finally passed the
Z-test (see Table 1). According to the Z-test results, SVE
works better with low-frequency systematic errors than high-
frequency errors. The LS residuals may appear very incon-
sistent at times, particularly in Fig. 2c where an offset clearly
exists between them.

In order to understand the performances when using dif-
ferent SVEs, we compare the results of different session
lengths (from 0.5 h to 3.0 h, increasing 0.5 h gradually). As
shown in Fig. 3, the baseline accuracy obtained by the sim-
plified approach are similar to those obtained based on VCE
and GCV, and they are superior to those using the GCV-free
method. The advantage of adding prior information on the
magnitude of the systematic errors is more evident in ses-
sions of shorter lengths (with weaker model strength), where
the results based on GCV-free approach are dramatically
deteriorated. The computation efficiency of the simplified
procedure is also proved to be advantageous. The time con-
sumption of the GCV-based SVEs raises exponentially as
the session length increases. The VCE-based SVE reduces
the mean calculation time from about 9 h to less than 3 h
(see Table 2) while the simplified approach further shortens
it by almost 30 times to about 0.1 h (i.e., almost 100 times
faster than the GCV-based procedures).

These results indicate that, compared with conventional
search and iterative algorithms, the simplified approach can
achieve comparable baseline solutions with a considerably
higher efficiency.

5.2 Experiments with real datasets

The multi-GNSS dataset consists of GPS/Beidou single fre-
quency (L1/B1) observations covering three consecutive days
(day 320 to 322 in year 2014). It is from a baseline of about
10 m on the roof of Wenfa Building at The Central South
University, China. The points are referred to as CSUA and
CSUB respectively. A reflective environment was created
by placing tinfoil paper on the north wall near site CSUA

and therefore the multipath signals are considered strong
(Fig. 4). The observations were divided equally into 24 ses-
sions, and each session was sampled at 90 s to reduce the
computation load. Observations below elevation angle of 10◦

were not used. The baseline components are estimated based
on all the GPS data and used as the truths in evaluating the
performances of the methods. In SPE, the systematic errors
are empirically constrained to be within 0.15 cycles. (three
times as large as the normal amplitude of DD phase residu-
als in short baselines, i.e. 0.05 cycles).

Fig. 5 shows the sky plots and signal strengths. It can be
seen that the satellite signals (especially GPS) from the north
direction were blocked significantly and have much lower
signal strength. Beidou system contributes more to both the
number of the satellites and the signal quality (Fig. 5b).

Fig. 6 illustrates the time series of L1/B1 C/A code mul-
tipath combination (e.g., Shi et al, 2013) from data of dif-
ferent types of satellites. As the multipath signals increase
with descending elevations, the Median Earth Orbit (MEO)
G31 (Fig. 6a) with a bell-shaped elevation pattern has larger
multipath effect at the two ends. The effect becomes smaller
at the two peak elevations of the camelback-shaped Inclined
Geosynchronous Orbit (IGSO) C10 (Fig. 6b). The elevation
of the Geosynchronous Orbit (GEO) C05 (Fig. 6c) varies
slowly in a sinusoidal pattern and its multipath effects were
more stable compared with those of the MEO and IGSO.
Signals from GEO presented a higher continuity as it stayed
on the southern sky, those from MEO and IGSO were par-
tially shadowed by the northern wall (Fig. 4) when they trav-
eled to the back side (during the hours of about 14–17 for
G31, and about 15–19 for C10 respectively). More frequent
and larger multipath errors can be seen near about 60◦ ele-
vation when the satellites were nearly blocked.

Fig. 7 shows the length errors of the baseline from the
different processing methods. It can be seen that compared
with LS, the VCE approach has produced lower baseline er-
rors in 14 out of 24 of the observation sessions. As shown in
Table 3, the length repeatability is improved by 19.4% by the
VCE approach as Beidou’s mean weight is increased by 4.1
times. The SVE solution has further improved the length re-
peatability by 35.6% when adjusting Beidou’s mean weight
to 1.8. For both VCE and SVE, significant improvements
can be seen in the north and vertical directions, while the re-
peatability of the east component is lowered slightly by the
SVE approach. The R-ratios are improved by using the SVE
approach in the ambiguity resolution.

The VCE-based SVE approach has produced similar base-
line solutions as those of the simplified approach, with the
differences between the baseline components being smaller
than 0.1 mm. The results are superior than those produced
by GCV-based SVE. Results from GCV-free SVE are not
presented here due to its unsatisfactory performance (see
Sect. 5.1). A great advantage of the proposed simplified ap-
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proach is in its high computation efficiency. The average
computation time (see Table 2 for the configuration of the
PC used) used for a baseline solution (session length is 3
hours) is 0.1 h, over 20 times faster than the VCE-based
SVE, and over 100 times faster than the GCV-based SVE.

We select the 5-th session to show some further details of
the results. The number of satellites in view is relatively less
in this session and there appear apparently some systematic
errors in the GNSS observations. The DD residuals from the
LS and the SVE solutions as well as the systematic errors es-
timated from the SVE solution are shown in Fig. 8, and some
statistics of the residuals are given in Fig. 9. The residuals
from standard LS and VCE approaches are not presented
here as they cannot resist the systematic errors so that the
results are not very satisfactory. From the residuals shown
in Fig. 8a, it is apparent that there exist some significant
systematic errors varying over time. For example, residuals
from G31-G22 and C10-C03 satellite pairs fluctuated obvi-
ously over time, and those from C05-C03 are fairly constant.
After the SVE approach is applied, systematic errors in the
LS residuals have been accurately estimated (Fig. 8b) and
removed. Therefore residuals from the SVE solution appear
much more random (Fig. 8c) with both the biases and the
STDs being significantly reduced (see Fig. 9). The results
clearly indicate that the proposed SPE approach is effective
in mitigating the systematic errors and that the application of
the approach can significantly improve the results of VCE.

Three typical satellites of different orbits are selected to
assess the performances of SVE and LS. The residuals from
the experiments are given in Fig. 10, the corresponding Z-
test statistics and the smoothing parameters (both from float
and fixed ambiguity solutions) from the SVE are given in
Table 4. It can be seen that by extracting the systematic
errors, the mean of the residuals becomes much closer to
zero and the histogram of the residuals is more concentrated
around the center. Similar improvements can be seen in the
results of the Z-test where the test statistics decrease signifi-
cantly and the residuals of most of the satellite-pairs pass the
test. In addition, systematic errors with larger magnitudes
are generally penalized with smaller smoothing parameters
(when use the z statistic as an indicator in the analysis, the
numbers of the observations should be similar). The smooth-
ing parameters of the float-ambiguity solution are similar to
those from the fixed-ambiguity solution except those set to
large values because their residuals from the float solution
pass the Z-test. For some satellite pairs (e.g., G31-G22 in
Fig. 10a), the high frequency systematic errors still remain
although the magnitudes are small. There are apparent in-
consistencies between the estimated systematic errors and
the LS-derived residuals (e.g. C05-C03 in Fig. 10c). This in-
dicates that (see also Fig. 2c), it is sometimes not appropriate
to determine the systematic errors based on the residuals.

6 Discussions and Conclusions

A semiparametric estimation (SPE) based approach has been
proposed for processing observations from multiple GNSS.
Results from a zero-baseline (GPS/Beidou/GLONASS) ex-
periment have shown that systematic errors can be accu-
rately estimated based on the proposed approach. The ap-
proach when combined with VCE can significantly improve
the accuracy of variance component estimation and the ac-
curacy of the baseline (over 80% improvement compared to
results of VCE and over 90% improvement over the results
of LS). Experiments using a real dataset gathered from a
GPS/Beidou baseline of about 10 m in a multipath dominant
environment have shown a 35.6% improvement in accuracy
when SPE was applied. The determination of the smoothing
parameters used in the SPE based on search algorithms like
generalized cross-validation (GCV) is computationally in-
tensive. A method based on LS residuals has been proposed
for this purpose and has been proved practical and effective.

There are issues about the proposed SPE approach that
are worth of further study. For example, it will be interesting
to apply the proposed SPE approach to dynamic applications
where more challenging issues such as the changing obser-
vation environments may be encountered. Robust SPE may
also be developed to cope with gross errors.
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Appendix A : Estimation of the signal and variance

Considering the following data series,

y(i)+ e(i) = s(i), i ∈ {1,2, . . . ,m} (A.1)

where s is an m data-point signal that varies slowly in time; e is a white
noise series with variance σ2.

(1) Applying a low-pass filter operation, typically using the following
slide window average technique, the signal can be extracted,

ŝ(i) =
1

2w+1

i+w

∑
j=i−w

y( j) (A.2)

where w is the window size at the ith data point. Therefore an
(m×m) low-pass filter operation matrix can be obtained as (w0 is
a given window size),

FL(i, j) = (2w+1)−1, (i−w 6 j 6 i+w) (A.3a)

w =


i−1, (1≤ i≤ w0)

m− i, (m−w0 +1≤ i≤ m)

w0, otherwise
(A.3b)
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(2) Using a high-pass filter operation to remove the signal, e.g., the
first difference,

ê(i) =
y(i+1)− y(i)√

2
, i ∈ {1,2, · · · ,m−1} (A.4)

then the variance is estimated via the following mean square suc-
cessive difference (Zar, 2009), which is insensitive to the signal,

σ̂
2 =

1
(m−1)

m−1

∑
i=1

ê(i)2 (A.5)

The (m−1)×m corresponding difference operation matrix is

FH = bidiag(− 1√
2
,

1√
2
) (A.6)
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Fig. 1 Baseline length errors from different estimators (observation session length: 3 h)
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Fig. 2 Residuals of (a) G12-G18, (b) G22-G18 and (c) C02-C07 estimated by the different estimators, and systematic errors simulated and estimated by
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Table 1 Solutions of zero baseline with simulated systematic errors from different estimators (session length: 3 h)

LS VCE VCE (raw data) SVE

Baseline bias (X/Y/Z) [mm] -4.6/3.2/3.6 -1.8/1.8/1.6 -0.1/0.4/-0.1 -0.4/0.0/0.3
Weight-ratio (G/C/R) 1.0/1.0/1.0 1.0/0.4/2.9 1.0/0.5/0.6 1.0/0.4/0.7
R-Ratio 16.4 16.4 >1000.0 58.5
Z-test (z): G12-G18 10.0 10.0 1.6∗ -0.4∗

Z-test (z): G22-G18 9.8 9.8 -0.3∗ -2.2∗

Z-test (z): C02-C07 10.8 10.8 -0.1∗ -1.0∗

∗ Residuals that passed the Z-test (significance level 0.01)
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Fig. 3 Baseline length errors from different semiparametric estimators and different observation session lengths

Table 2 Solutions of the simulated zero-baseline and systematic errors from different semiparametric estimators (session lengths: 0.5,1.0,· · · ,3.0 h)

Mean value SVE SVE SVE SVE
(VCE) (GCV) (GCV-free)

Length error [mm] 0.8 0.8 0.8 2.9
R-Ratio 36.3 36.2 23.3 9.4
Time used# [h] 0.1 2.9 9.6 9.2

#Configuration of PC: 64-bit Windows 7 with IntelXeon E5-1660v3 CPU of 3.0 GHz and memory of 16 GB

Fig. 4 Observation sites at CSUA (upper right diagram) and CSUB (lower right diagram); Tinfoil paper was placed on the north wall near site CSUA to
enhance the signal reflection
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Fig. 5 Sky plots and C/N0 signal strengths of (a) GPS satellites and (b) Beidou satellites at site CSUA on DOY 320, 2014

Table 3 Solutions of real GNSS dataset from different estimators (3 h×24 sessions)

LS VCE SVE SVE SVE
(VCE) (GCV)

Repeatability (North component) [mm] 9.6 7.1 5.5 5.5 5.7
Repeatability (East component) [mm] 1.2 0.9 1.4 1.4 1.4
Repeatability (Up component) [mm] 8.9 7.9 6.3 6.4 6.9
Repeatability (Baseline length) [mm] 12.9 10.4 8.3 8.3 8.8
Improvements over LS (Baseline length) [%] - 19.4 35.6 35.6 31.5
Mean weight-ratio (Beidou/GPS) 1.0 4.1 1.8 1.6 1.0
Mean R-Ratio 12.1 12.1 20.1 20.1 17.4
Mean time used# 2.2 s 2.3 s 0.1 h 2.2 h 10.5 h

#Configuration of PC: 64-bit Windows 7 with IntelXeon E5-1660v3 CPU of 3.0 GHz and memory of 16 GB
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Fig. 9 (a) Means and (b) STDs of DD L1/B1 residuals of the 5-th session
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Fig. 10 DD L1/B1 residuals of the 5-th session, satellite pairs (a) G31-G22, (b) C10-C03 and (c) C05-C03 before and after extraction of the systematic
errors; Here the ‘res.’, ‘sys.’ and ‘est.’ represent ‘residuals’, ‘systematic errors’ and ‘estimated’, respectively

Table 4 Z-test results of residuals and SPE-derived smoothing parameters (the 5-th session)

Satellite pairs # of epochs Z-test (z)
α̂ (float solution) α̂

LS SVE

G12-G22 40 6.1 2.5 218.2 215.7
G14-G22 48 6.1 1.0∗ 373.8 374.2
G18-G22 99 7.2 3.0 215.1 214.7
G25-G22 88 7.9 2.6 179.8 179.3
G29-G22 40 4.9 1.0∗ 319.2 322.1
G31-G22 91 8.6 4.1 278.1 278.6
C01-C03 119 6.3 -0.3∗ 1015 437.9
C02-C03 119 8.9 -0.1∗ 1015 343.8
C04-C03 119 8.9 0.5∗ 1015 269.7
C05-C03 119 10.1 0.3∗ 1015 341.2
C06-C03 119 9.0 2.0∗ 230.5 230.2
C07-C03 103 9.5 1.0∗ 357.2 357.9
C09-C03 119 9.9 0.4∗ 397.1 396.7
C10-C03 119 10.1 -0.4∗ 335.8 335.8

∗ Residuals that passed the Z-test (significance level 0.01)
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