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The accuracy of earthwork calculations that competeain volume is critical to digital
terrain analysis (DTA). The uncertainties in volugaculations (VCs) based on a DEM are
primarily related to three factors: 1) model er(ME), which is caused by an adopted
algorithm for a VC model, 2) discrete error (DE)ieh is usually caused by DEM resolution
and terrain complexity, and 3) propagation errd£)(Rvhich is caused by thvariables' error.
Based on these factothe uncertainty modelling and analysis of VCs basea regular grid
DEM are investigated in this paper. Especially, howquantify the uncertainty of VCs is
proposed by a confidence interval based on trumeatrror (TE). In the experiments, the
trapezoidal double rule (TDR) and Simpson’s douhike (SDR) were used to calculate
volume, where the TE is the major ME, and six sated regular grid DEMs with different
terrain complexity and resolution (i.e. DE) werengeated by a Gauss synthetic surface to
easily obtain the theoretical true value and elatenthe interference of data errors. For PE,
Monte-Carlo simulation techniques and spatial aat@tation were used to represent DEM
uncertainty. This study can enrich uncertainty nllode and analysis-related theories of
geographic information science.

Keywords: Volume calculation; DTA; Uncertaintynodelling; Truncation error; propagation;
Terrain complexity; DEM

1 Introduction

For many disciplines, uncertainty has been recaghés an important part of basic theory.
Goodchild (1992) identified GIScience as a set widamental scientific issues that are
stimulated by or surround the use of digital corepaito handle, process, analyse, store or
access geographic information. Data serve as thercaf information of an objective entity;
approximately 70% of phenomena in the real wortd @osition-related and can be described
by spatial data (Shi 2009). Thus, the need forigpdata has increased in a rapidly changing
world due to the widespread development and apmitaf GISs(the major research and
application tool of GlScience) (Li et al. 2012). mever, the quality of geospatial data cannot
be guaranteed because information gathering andegsong suffer from various
man-machine limitations (Goodchild and Jeansoul®98). These Ilimitations create
uncertainty in spatial data and these uncertaimtiag produce unforeseeable spatial analysis
errors. Therefore, studying the uncertainty of igpafata is very important.

In past two decades, the study of the uncertaih$patial data has achieved fruitful results,
especially the study of the uncertainty of a digl@vation model (DEM) for digital terrain
analysis (DTA) (LI, et al. 2005). As the focus bétstudy of spatial data uncertainty, the study
of the uncertainty of a DEM is primarily concengdtin two aspects: a) the uncertainty
modelling and analysis of DEM data sources (Car205, James et al. 2007, Wheaton et al.
2010) and b) the uncertainty modelling and analg$i®EM interpolation (Shi et al. 2005,
Shi and Tian 2006). Although some studies of theedainty of DEM applications have also
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been undertaken by several scholars (e.g., Zhouwian2002, Zhou and Liu 2004, Zhou et al.
2006), these studies remain in a preliminary stagd, many research methods remain in an
exploration stage (Wu et al. 2010). Aforementioneehningful studies of the uncertainty of
DEM applications not only have helped us accumutaieerience, but also have provided us
with great inspiration.

With the development of photogrammetry technologie®cent years (Sefercik et al. 2012,
Wigmore 2014), the generation of a high-resolut@BM has become more convenient.
Therefore, a considerable number of volume calmrgvyC) models based on a DEM have
been proposed (Arbogast et al. 2002, Lane et &@3,20sutsui et al. 2007,). These models
have significance for improving the accuracy andespof earthwork VCs. However, the
quantitative modelling and analysis of the uncattabf VCs based on a DEM needs to be
given more attention (Kerle, 2002). Therefore, iddal theory and methods of uncertainty
modelling and analyses in VC models based on a DM to be developed. Furthermore,
the investigation of the uncertainties of VCs basada DEM has important theoretical and
practical significance.

In this paper, the uncertainty modelling and analg$ VCs based on a regular grid DEM
was investigated. With considering DEM data sounoeertainties, the main sources of
uncertainties of VCs based on a DEM are primaehated to three aspects: a) model error
(ME), which is defined as the difference betweenttie model and the approximate chosen,
and here is usually caused by the adopted algorfithni®C models; b) discrete errors (DES),
which are usually caused by DEM resolution andatercomplexity; and c) propagation error
(PE), which is cause by the variables' error. Is gaper, trapezoidal double rule (TDR) and
Simpson’s double rule (SDR) are selected as therithgns for calculating earthwork
volumes from a regular grid DEM in that they are thost classical volume integral methods
in numerical analysis. Moreover, the basic ideaxjeriment for the PE is to add random
error to the simulated DEM. The contributions ofstipaper can be summarized as the
following three aspects:

(@) Uncertainty models of VC based on a regular gridMDEre established by
uncertainty quantification. Especially, confidenaetervals of VCs based on
truncation error (TE), TDR and SDR are proposedquantify the uncertainty so that
can develop the theory of DTA in GIScience;

(b) The formula of PE combined with a series of ermmppagation law is deduced and
modelled for VC based on TDR and SDR. And, to sateilDEM error, Monte-Carlo
method and spatial autocorrelation are used,;

(c) This paper forms a guiding conclusion for VCs base@d DEM.

2 VCs and uncertainty modelling

In this section, we introduce the model of TDR &12R, and the estimation of the range of
the TE (i.e., uncertainty) for TDR and SDR.
2.1 Thetheoretical model for VCs based on TDR and SDR

According to double integral theory, volume (retiefigure 1) can be calculated by:
” f (x, y)dxdy 1)
R

whereR = {(x, y)] a<x<b, c<y<d} for the constants, b, c, andd, is a rectangular region
in the plane (refer to figure 1).

As the terrain surface function is usually unknosv too complex, a numerical integration
method is often used to approximately calculatedihgble integral in equation (1).
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Figure 1:~‘L’S'chematic of VC
2.2 Practical model for VCs based on TDR and SDR
2.2.1The approximate calculation method: TDR

n-1 m-1

[ ]2 Yyt Mg + B = sz oA D ARL AR L DF B (2)

i=1 j=1
wheren andmare number of partltlon of intervad,[b] and [c, d] respectively Erpr is the TE
(i.e., uncertainty) of TDR; it can be expressedd®ws (a detailed derivation is shown in
Appendix 1)
b-a)(d- 9% f 9% f

B =~ () + K S E ) ©
where (§,7)and (£,7) are any point irR.
2.2.2Approximate calculation method: SDR

17 200 Dty M+ B =1 8.0+, 24+ 1)

+ 4Zn: z(2i,)+ z(l,1)]

+2[mz_12(1 2j+ 1)+ 22121‘2(% 1,2+ 1
+4§Zn;z(2| 2J+1)+2z(| 2j+ 1)] X
+4[iz(1 2j)+ zzm;Z} z(2+1,2)
+4Z;zn;z(2| 2])+ZZ(| 2i)]

+[z(1, J)+ZZ 22i+ 1, J)+ 42 2(2i,J)
+2(1, )]} + Epr

where Mpr and Mgpr are measurement values calculated by TDR and Si3Pectively.
Espristhe TE (i.e., uncertainty) of SDR (detailed derigatin Appendix 2).
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where (7,7) and(7, /1) are any point iR.
According to equation (3) and equation (5), poett(s, y;, f(xi, 1)) is the key to using these

equations to calculate the double integral. Feegular grid DEM, the point set is expressed
as(,j,z(i,))i=1,2,3..,1;)=1, 2, 3,..,J). Here,l is the rows of the grid point of a regular
grid DEM, andJ is the columns of the grid point of a regular goEM. Thus, the step size
andk (refer to Figure 2) can be defined as:

h:—(b_a) and k:—(d ~9)

| -1 J-1

Here, the value of variabkeand variablé is shown in Figure 2.

y direction

f _ _ o*f . . (5)
4(/7,u)+k“6y4(f7,ﬂ)]

(6)

d

UOTIOIIP X

N
k

Figure 2. 2D representation of regular grid DEMe(tmordinate is an image coordinate)

For TDR the value oh andm can be directly replaced byandJ. For SDR, the value of
andm should be calculated by the following formulas:

n:[(b—a)/Zl'] and m:[(d—Q/ZH (7)
X; andy; can be calculated by the following formulas:
X =a+(i-1)h and y, =c+(j-1k (8)

Here,i=1,2,3.,1;j=1,2,3,..,J.

2.3 Estimation of the confidenceintervalsfor MEs of TDR and SDR

Model error is defined as the difference betwees titue model and the approximate
chosen (e.g. TDR or SDR). According to equationaf® equation (5), the value of the TE is
affected by four factors: the step sizeandk and the partial derivative of thxedirection and
they direction. The step sizésandk is generally known but due t¢,7), (¢.7), (7,7 and
. i), all cannot be clearly quantified and the partiativative is often difficult to obtain.
Thus, a difference method is employed to calcullagepartial derivative. According to the
mathematical principles of the simple numericafeddntiation, we calculate the first-order
partial derivative for each grid node. Based onr#sailts of the first-order partial derivatives,
a second-order partial derivative is calculatedréyapplying the numerical differentiation
method. The fourth-order partial derivative alsa ba calculated by the same method. When
the maximum of a partial derivative is known, th& Tange of TDR and SDR can be
estimated by equation (3) and equation (5).
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< (b_ai(zd_ 9 (h2|MaXl|+k2|Max2)_AMTETDR

B = 2720 "[ Hlamred] (n u)}
R e

b-a)(d-
< ‘%‘ [ h*|Max,|+K’| Max4|] =AMTE .,

where |¢| is an absolute value symbol; |MlakMax|, |[Max| and |Max are the maximum
0°f = _ o'f _ _ o*f . .
-— , —(7, and —-@A, Q)| »
(E )| FYa (£ ,/7)‘ 5 T ‘ oy (7. 1)
AMTEpr and AMTESDR mean absolute-maximum truncation error (AMTE) esponding
to TDR and SDR respectively.

Then, measurement uncertainty (uncertainty gfieatiion) of VCs based on TDR and
SDR can be calculated by “measured value” + “uracety”’, so we have:

(Mipr £AMTE ;z) and (Mgt AMTE,) (11)
Hence, only considering the MEs of TDR and SDR,%@®nfidence intervals of VCs based

on the uncertainty of TE, the methods of TDR andRSian be determined by Formula (11).
Absolute error (AE) is employed to estimate theusacy of VC for DEM.

Epr = ‘T - MTDR‘ and E€spr~ ‘T - MSDFJ (12)

whereT means true valuejpr andespr are measurement values calculated by TDR and SDR
respectively; and |¢| is an absolute value symbol.

absolute values of respectively;

2.4 VCserror propagation based on TDR and SDR

In this paper, the error propagation law is usedvaluate the influence of the DEM grid
point coordinate errow(y) and elevation errozf on the calculation accuracy.
2.4.1Error propagation based on TDR

Suppose th&x;, y;), f(x, yj+1), f(xi+1,y;), f(x+1, y;+1) correspond to the elevation values of
four grid points in the formula (2) on a DEM griditrespectively. First set:
hk hk hk h

_[___

4 4 4 (13)

=[f0Y) FO0Ya) FOahy)  F(Xa )]
Then the volume of a DEM grid cell can be expressed
Ve =KX (14)
whereVpr is a volume of a DEM grid unit based on TORIs a covariance matrix of vector
X, andX is a variable vector.
According to the error propagation law of lineandtion:

My = KD KT (15)
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wherem,? is a variance o¥rpr; K' is the transpose vector Kf Dxxis a covariance matrix of
variables and can be expressed as:

DXX

2
Jfl

O-fZ f1

a-f3 f1

Ty,

2
0'f2

a-f3f2

Tif,
Jf2f3

2
st

Oif,
O,

Oit,

(16)

2
_Uf4f1 O, Oi4, Ui,

wherefy, f, fs, faaref(x, y;), f(x, yi+1), f(i+1, ¥p), f(Xi+1, Yi+1), respectively, o7 , o7, ot oF,

are variances of(x, ), f(xi, Yi+1), f(Xi+2, Vi), (X1, Yi+1), respectively; o, is a covariance

betweerf(x;, y;) andf(x, yj+1), o, is a covariance betweéfx; y;) andf(x.4, ¥;), and so on.
Substitute formula (16) into formula (15), we have:

h2 2
2 __ 2 2
m, = 16 [Jfl+Ufzf1+Jf3f1+Uf4f4+af1f2+af2+af;z+af12 (17)
2 2
+O, YO FO +O YO FO, O +0O7 ]
Formula (17) can be simplified as:
,_ h°k?
m,=——Sump,, ) (18)

16
where SumDxx) is the sum of all elements Dxx. Formula (18) is a calculation result for a
DEM grid unit based on TDR. For the volume of tHeole DEM, its variance is:

5 h2k2 J-11-1
rn:!em: 16 Zzsum@ij ) (19)
j=1i=1

where themer? is the variance of the whole DEM volumie;] are the total number of DEM
grid points inX andY directions, respectivelyp; is a covariance matrix of four variables in a
DEM grid at thath row and thgth column; and suny;) is the sum of all elements y; .
2.4.2Error propagation based on SDR

According to formula (4), the volume of a 3x3 windof DEM gird Vspris:
hk
Vsor =3(f(><o, Yo) +21(%, Vo)t T(% o)+ 2 T W+ 4 (%, )

210G y)* F00, Y)+ 21 (X, )t (%, %)
Similarly, we can obtain:

hk?
nf:_(o-fz-l-zo—ff + 0, t20, 40, + 27fd‘ + O-ff+27f£+af§+
I 81 1 21 3'1 4'1 51 1 1 1 1

(20)

20f1f2+40?2 +%—f3f2+lb-f4fz+&—f5f2+ @—fé‘2+ D—f§2+ @—f§2+ a—ffgz-l-
a-flf3 +20-f2f3+ 0-1‘23 +20-f4f3+‘b-f5fs+ bfé‘3+ af § 3+ bf 13 3+0-f b 3+
20-1‘11‘4 +40-f2f4 +20-f3f4 + 40-34 +87f5f4+ ‘b-fgf bf i 4+ 4Tf § 4+ z-f b 4+
40—f1f5 +wf2f5 + lb—f3f5+ 87f4f5+ 1®-f25+ &—f & 5+ @—f § 5+ 8—f £ 5+ é-f f9 5+
20—f1f6+40—f2f6+%-f3f6+£b—f4f6+ 8Tf5{6+ @?64. D—f§6+ @—fga-l- a—ff96+
0f1f7 +20-f2f7 + 0-f3f7 +2Uf4f7 +4Jf5f7 +2Uf5f7+ 0-f27 + %f8f7+0-fg7+
20-f1f8+40-f2f8+mf3f8+£b-f4f8+ 87fg‘8+ 4Tf,§8+ z-f§8+ @.1?8 + a-f§8+

O—flfg +20—f2f9+ O—f3f9 +20—f4f9+ m—fgg-l- bf é 9+ O-f ; 9+ b-f g 9+0-f2 9)

(21)
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wheref;~fg aref(xo, Yo), f(X1, Yo), f(x2, Yo), f(Xo, Y1) » f(xa, Y1) , f(x2, y1) , (X0, ¥2) , f(Xa, ¥2) , f(x2,
y2), respectively; Jfl ~Jfg are variances di~f, respectively; o, is a covariance between

f(Xo, Yo) andf(x., yo), o, is a covariance betwed(xo, yo) andf(xz, yo), and so on. Formula

(21) is a VC for a 3x3 window based on SDR. Fontbleime of the whole DEM, its variance
Is:

M= () (22)

where themdem2 is the variance of the whole DEM volumejs the number of 3x3 window
for a DEM; nf is the variance of thigh 3x3 window volume.

3 Experiments and analysis

In this section, we describe the experiments thate conducted for this study. These
experiments were performed to clarify the relatiopsbetween VC accuracy and ME, DE
and PE. Then, we discuss and analyse the restilie @xperiments.

3.1 Experiment of TE and DE based on simulated DEM

A real-world DEM surface function is often unknowmhich prevents the theoretical true
value of earthwork volume to be determined. Morepveal-world DEM data have data
source errors, which adds an uncertainty of estmgdahe accuracy of VC for DEMs. Hence,
in this experiment, simulated DEMs with differemsolution and terrain complexity were
generated by an artificially designated mathembsoaface. The main advantages of using
mathematical (simulated) surface are that the #imad true value of the earthwork volume
can be obtained to easily estimate the accuracyehmihate the interference of data source
errors. Based on previous studies (Zhou and Liut28680u et al. 2006, Shi and Tian 2006), a
Gauss synthetic surface function was used to generastimulated DEM at a different
resolution and terrain complexity. The Gauss syitttseirface function is given by

‘MV” KGR E{O{m](v](ﬁy” LT GRS 23)

whereA, B andC are parameters that determine surface reliefMuadidN are the parameters
that control the spatial extent of the surface @001).

First, we use MATLAB 2013 to generate severaludated DEMs based on equation (23).
For equation (23), two major steps are employegketterate a simulated DEM: a) constructing
the network of elevation nodes; b) simulating DEMrfaces with different levels of
complexity (Shi et al. 2005). In section 2.1, tledwork of elevation nodes was defined by, (
Zi, ) (=1,2,3.,1;j=1, 2,3,..,J). Thus, iftx=1i,y=j andz = (i, j), the network of
elevation nodes can be easily constructed. The BENaces at different levels of complexity
can be simulated by changing the five parameti8, C, M, andN in equation (23). In this
study, we leta = ¢ = -500 andb = d = 500; thus, the intervab[ b] and the intervald, d] are
[-500, 500], and we establidh = N = 250. The values &, B, C are listed in Table 1. Figure 3
shows the surfaces of the six simulated DEMs, whagresent six different terrain types.
Assume that the sampling resolution is defined by interval sampling; e.g., because
(b-a)/100 = (500-(-500))/100=10, the sampling resoluii® 10.

Table 1. Values of\, B andC

surface A B C
G1 3 10 1/3
G2 30 100 3
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Figure 3. Surfaces of simulated DEMs with differkavels of terrain complexity

Then, we use TDR and SDR to conduct VC experimieased on the six simulated DEMSs.
In our experiments, the fluctuation ranges of tlkeahd absolute error (the absolute value of
the difference between the calculation value angl tieoretical true value, AE) were
quantified. For each simulated DEM with one levielesrain complexity, the TE and AE was
counted at ten types of resolution. Based on thentiged values of TE and AE, by
comparison and analysis, the relationship betweEks Bhd VC accuracy and the relationship
between DEs and VC accuracy can be reflected. Tisertainty of VCs based on a regular
grid DEM can be modelled and analysed. These expeats are performed in MATLAB
2013. As the terrain surface function of simulab#eM is known, the theoretical true value of
the earthwork volume can be calculated by the fanctintegral2” in MATLAB 2013. In the
experiments, to simulate VC in the real world, gnge value is calculated by formula (2) or (4)
for TDR and SDR respectively; TE, namely modellargpr, is calculated by formula (3) or (5)
for TDR and SDR respectively; confidence intervéile. measurement uncertainty) are



1 calculated by formula (11); and AE is calculatedfosmula (12). All the above mentioned
2 methods are based on numerical calculation thspesifically designed to deal with realistic
3 computing (e.g. discrete data) in the real world.
4 The experimental results are shown in Tables 23and
5
6 Table 2. Experimental results of simulated DEM @&6- Sampling resolution (SR), absolute error
7  based on TDR (AkR), truncation error based on TDR (#Bk), absolute error based on SDR @R
8 and truncation error based on SDR 34
DEM SR AETDR TETDR AESDR TESDF
10 0.6786 6974.6631 0.000279 14.078801
5 0.1695 1752.1390 0.000005 3.312620
4 0.1085 1121.8847 0.000017 2.148854
2.5 0.0423 438.5755 0.000024 0.859674
Gl 2 0.0271 280.7383 0.000025 0.554935
1 0.0068 70.1976 0.000025 0.141207
0.5 0.0017 17.5505 0.000025 0.035620
0.4 0.0011 11.2324 0.000025 0.022838
0.25 0.0004 4.3877 0.000025 0.008945
0.2 0.0002 2.8081 0.000025 0.005730
9
DEM SR AETDR TETDR AESDF TESDF
10 11.0596 69655.0083 0.002739 140.450901
5 2.7635 17498.4326 0.000054 33.061853
4 1.7684 11204.4176 0.000170 21.448207
2.5 0.6906 4380.2223 0.000239 8.581492
G2 2 0.4419 2803.8831 0.000246 5.539678
1 0.1103 701.1220 0.000251 1.409687
0.5 0.0274 175.2918 0.000252 0.355606
0.4 0.0174 112.1877 0.000252 0.227998
0.25 0.0067 43.8236 0.000252 0.089302
0.2 0.0042 28.0472 0.000252 0.057205
10
DEM SR AETDR TETDR AESDR TESDF
10 22.1193 139310.0166 0.005478 280.901802
5 5.5269 34996.8652 0.000108 66.123705
4 3.5368 22408.8352 0.000340 42.896415
2.5 1.3812 8760.4446 0.000478 17.162984
G3 2 0.8838 5607.7662 0.000493 11.079357
1 0.2206 1402.2440 0.000503 2.819374
0.5 0.0548 350.5835 0.000503 0.711211
0.4 0.0349 224.3754 0.000503 0.455996
0.25 0.0133 87.6473 0.000503 0.178605
0.2 0.0083 56.0943 0.000504 0.114410
11
DEM SR AETDR TETDR AESDF TESDF
10 33.1789 208965.0249 0.008217 421.352704
5 8.2904 52495.2977 0.000162 99.185558
4 5.3053 33613.2528 0.000511 64.344622
2.5 2.0718 13140.6669 0.000717 25.744476
G4 2 1.3257 8411.6493 0.000739 16.619035
1 0.3308 2103.3661 0.000753 4.229061

0.5 0.0821 525.8753 0.000755 1.066817
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10
11
12
13
14
15
16
17
18

19

0.4 0.0523 336.5630 0.000754 0.683993
0.25 0.0200 131.4709 0.000754 0.267907

0.2 0.0125 84.1415 0.000756 0.171615
DEM SR AEor TEror AE<or TEoor
10 44.2386 278620.0333  0.010956 561.803605
5 11.0538 69993.7303 0.000216 132.247410
4 7.0737 44817.6704 0.000681 85.792830
2.5 2.7624 17520.8891 0.000956 34.325967
G5 2 1.7675 11215.5325 0.000986 22.158714
1 0.4411 2804.4881 0.001005 5.638748
0.5 0.1095 701.1670 0.001006 1.422423
0.4 0.0697 448.7507 0.001006 0.911991
0.25 0.0266 175.2945 0.001007 0.357210
0.2 0.0167 112.1887 0.001007 0.228820
DEM SR AETDR TETDR AESDR TESDF
10 60.0948 350748.8441  0.015019 711.356416
5 15.0311 88112.0125 0.000169 167.046544
4 9.6209 56419.7620 0.000797 108.330098
25 3.7591 22054.8964 0.001170 43.319487
G6 2 2.4063 14117.6624 0.001210 27.959410
1 0.6025 3530.0906 0.001236 7.112758
0.5 0.1516 882.5786 0.001238 1.794002
0.4 0.0974 564.8533 0.001237 1.150199
0.25 0.0388 220.6473 0.001237 0.450494
0.2 0.0253 141.2145 0.001236 0.288572

3.2 Experiment of error propagation in VC

The basic idea of the PE calculation experiment iadd random error to the DEM based on
Monte-Carlo simulation method and spatial charésties (WECHSLER 1999; WECHSLER and Kroll
2006} First, add random error that obeys a normal ibistion N~(0,0) to the simulated DEM in
elevation valueszf or plane coordinates«(y); second, use the neighbourhood correlation to
process the random elevation error according to Wechsler (1999)'s study with spatial
autocorrelation. Exactly, the geostatistical sofev&S+ is used to fit the error autocorrelation
model to determine the error and covariance ofghé pointz or (x, y). Finally, the AE and
standard deviation (SD) of the volume are calcdlaier adding random error by Formula (19)
and (22).

According to the above experimental procedure,efrer propagation experiment results are
shown in Tables 3~4 and Figure 6.

Table 3. Experimental results of plaxey) error propagation. Coordinate SD (CSD), volume SD

based on TDR (VSBR), volume SD based on SDR (V&R) and sampling resolution (SR)
SR
DEM csb 20 10 5
X y VSDrpr VSDspr  VSDrpr VSDspr  VSDrpr VSDspr

0.01 0.01 1.4366 1.2002 0.6482 0.5386 0.3290 0.2782
Gl 0.05 0.05 5.8471 4.3787 3.1615 2.6270 1.5945 1.3482
0.1 0.1 19.3893 9.2078 6.4823 5.3683 3.2902 2.7118

10



A WON P

©O© 00 N O O

10
11
12
13
14
15
16

0.6 0.6 71.8667 55.2100 38.1888 31.6203 19.5400 5218.
0.01 o0.01 19.3893 16.1984 6.4823 5.3865 3.2902 192.78
0.05 0.05 59.1658 4.3787 30.8046 2.6270 15.7180 482.3

G2 0.1 0.1 120.5802 92.4636  64.8350 53.6833 32.1425 .1788
0.6 0.6 720.7777 553.7209 366.077  285.7849 193.32(163.4545
0.01 o0.01 27.4206 22.9080 13.1500 10.9270 6.7022 6668.
G3 0.05 0.05 117.3174 88.0720 60.3120 47.4633 31.79126.8798
0.1 0.1 267.2634  223.2796 129.3389 107.0923  64.110(%4.2058
0.6 0.6 1440.50121106.6321 315.4574 261.1981 386.4658 326.7616
0.01 o0.01 43.3558 36.2207 18.5969 15.4532 9.4783 0148.
G4 0.05 0.05 176.1841 132.2640  90.2493 71.0228 47.8630310.4688
0.1 0.1 360.0621 276.1036 194.2845 160.8671  96.19481.3334
0.6 0.6 2160.2244 1659.5430 1100.2888 858.9613 6509. 490.1015
0.01 o0.01 58.1680 48.5952 26.3000 21.8541 13.4043 1.3335
G5 0.05 0.05 2335614 174.9061 126.1304 104.8086 83.75 53.9088
0.1 0.1 534.5267  446.5591 259.0091 214.4591  128.22008.4116
0.6 0.6 2883.1106 2783.1382 1538.7436 1597.6655 .57Z3 820.2141
0.01 o0.01 72.5482 60.6089 32.2108 26.7657 16.4169 3.8807
G6 0.05 0.05 293.8503 4.3787 158.3471 2.6270 74.9325 .3482

0.1 0.1 601.8956  461.5468 325.6274 269.6188 166.991136.1204
0.6 0.6 3622.8065 2214.8838 1929.5524 1274.0766 .0998 654.0144

Table 4. Experimental results of elevatiandrror propagation. Volume SD based on TDR
(VSDqpr), volume SD based on SDR (V&) and sampling resolution (SR).

SR
DEM ESD 20 10 5
VSDrpr VSDspr VSDrpr VSDspr VSDrpr VSDspr
0.01 60.8342 50.1169 28.5340 21.5711 15.0834 12.178
Gl~ 0.05 263.5458  196.3453  150.7932 123.8077  76.2298 .9082
G6 0.1 593.6502  439.8610  326.9756 271.7772  154.1529 7.6383

0.6 3271.6401 2402.6416  1935.8628  1609.0600 938.801775.9418

3.3 Results and Discussion
3.3.1Results and Discussion of TE and DE

Table 2 lists the integral results by the TDR basedhe six simulated DEMs with different
levels of terrain complexity at different resolutfo Table 2 and figure 4 indicate that an
increase in the resolution causes a gradual remtuati the AE for different types of terrain.
This indicates that an improvement in resolutiagn#icantly improves the VC accuracy of
TDR for different types of terrain. For the sameNDEesolution, the AE for a steep area is
higher than the AE for a flat area. When the DEMgotetion is not the same, the AE for a
steep area may remain higher than the AE for aafle, e.g., comparing the DEM G6 to
DEM G1, the AE of G6 at a resolution of 0.2 is heglthan the AE of G1 at a resolution of 1.

11
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Table 2 also lists the experimental results obthimg the SDR based on the six simulated
DEMs with different levels of terrain complexity different resolutions. When the sampling
resolution changes from 10 to 5, the reduction cdt&Espr is more than 90% under any
different terrain complexity from G1~G5. This fimgj indicates that an improvement in
sampling resolution causes a significant improvamenthe VC accuracy of SDR for
different types of terrain. As shown in figure $thaugh the polylines between a sampling
resolution of 5 and a sampling resolution of 0.2nsesmooth, the polylines between a
sampling resolution of 5 and a sampling resolutdrd.2 exhibit fluctuations with a slight

12
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upward trend. These results illustrate that a higheM resolution does not always produce
better calculation results and that a fluctuatiarsts; e.g., in our experiment, the optimal

resolution for VCs is five for the condition of DEMG2. For this phenomenon, an

insufficiently small step size may cause over patamization problem, which causes surface
distortion of a DEM a decrease in the accuracyefviolume integral.

The comparison of the experimental results by TDR 8DR indicates that the maximum
AE and maximum TE for TDR are approximately 60.1d &860748, respectively. The
maximum AE and maximum TE for SDR are approxima@®@15 and 711, respectively. The
minimum AE and minimum TE for TDR are approximat@ly)0025 and 2.8, respectively.
The minimum AE and minimum TE is approximately QLB% and 0.0057, respectively. For
the same conditions, the VC accuracy of TDR is géMass than the VC accuracy of SDR;
namely, the AEs of SDR are always less than the &EBDR for the same conditions. The
trapezoidal rule has a degree of precision of orentible the plane to fit the DEM surface for
an integral. Simpson’s rule has a degree of pi@tisf three to enable the quadratic surface to
fit the DEM surface for an integral, which may cauthe previously mentioned over
parameterization problem.

Comparing in Table 2, an improvement in resoluttanises a distinct downward trend in
the TEs of TDR and SDR and a decreased rate ohdedlhis finding is due to the decrease
in the step sizeh andk. According to equations (2) and (4), when the tamsterm (i.e.,
(b-a)(d-c)) does not change and the change in the maximlmeyaf the partial derivatives is
minimal, both step sizes @ndk) and partial derivatives determine the changéén®E. We
also note that the value of the TE for TDR is tamé for some resolutions and the change in
the TE for TDR is substantially larger than therdin SDR. A comparison of the formulas
of TE of TDR (i.e., equation (2)) with SDR (i.e.quation (4)) indicates that (1)
(b-a)(d-c)/12 > p-a)(d-c)/180; (2) the second-order partial derivatives the fourth-order
partial derivatives; and (3) desph&(or k) ? h?(or K% (i.e., if h=1, h*=h"% if h>1, h*<h* and
if h<1,h?>>h%, these parameters are offset by the correspordgigr-order derivatives.

If AE is divided by integral value (i.e., AE/IV),ch can be regarded as relative error, we
discover that the relative errors are generallywenall and usually account for less thar? 10
and less than 1%of the total volume for TDR and SDR, respectivélighough relative errors
are generally very small, AEs cannot be disregaidegaractice. Improving the accuracy of
the VCs is the overarching goal of this study. Alibph we hope to be able to reduce
uncertainty by investigating it, sometimes uncettairesearch cannot be used to reduce
uncertainty, e.g. a) just like playing dice, we ¢m@in the knowledge on its probability, but we
cannot use it to improve hit rate on anyone nunabeiots (pips) from 1 to 6; and b) random
error in observation cannot be eliminated by anyhods etc. But, discovering a law for
improving VCs is still significant. Actually, undainty research can be used to inform
practitioners about best practices to minimize wagay

Comparing the value of TE with absolute value, wetednine that all AE values are within
the range of the TE, which verifies the validitytbé ME estimation. For SDR or TDR, the
degree of uncertainty (i.e., variant range) of Tiieall substantially larger than the degree of
uncertainty of the AE values. This finding is ditried to two main reasons: (1) the constant
terms & b, ¢, d, h andk), in both equations (2) and (4) are too large,, duga)(d-c) = 1C;
and (2) the maximum values of the partial derivegicannot be accurately estimated with the
variant resolution.
3.3.2Results and Discussion of PE

By comparing figure 6a)~(f), we can find out that:

1) With random errors generated for DEM, whether TDRS®DR, the AE of VCs
doesn't increase with the increasing of terrain plaxity. The reason is that the
added random error obeys a normal distribution witithematical expectation 0.

13



According to the equations (2) and (4), at the twmhéntegral operation the random
errors can cancel each other, resulting in AE ofs\&ound zero. With the ESD
increasing, the magnitude of the fluctuation inse=a The reason for this fluctuation
is that the error added to the original error-ftdeM is randomly generated without
considering the spatial structure;

2) With DEM resolution improved, whether TDR or SDRy different terrain
complexity, the range of AE decreases. For exantpkerange of the blue dot line
from figure 6 &)~(f) is smaller than the green dot line, and the rasfge red dot
line is smaller than the blue dot line.
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4 (correspondingd)~(f)) volume calculations using TDR and SDR at différgampling resolution

5 (SR).

6 Table 3 lists experimental results of coordinatergpropagation based on TDR and SDR.
7  The comparison of the experimental results by TD& @DR indicates that:

8 1) In VC, an improvement of terrain complexity caus@simprovement of the VSD,
9 and an improvement of DEM resolution reduces th®VBhese results are caused
10 by two reasons: first, with the terrain complexitcreasing, the elevation error
11 caused by planex(y) error increases, so the VSD in table 3 increasesond, the
12 size of the VSD depends on the size of the DEM luéism and the covariance
13 between the DEM grid points according to formul@)(@nd formula (22);

14 2) For the same coordinate error, the VSD caused &éytbpagation of TDR is larger
15 than that of SDR. Because the accuracy of VC base@iDR method is lower than
16 that of SDR method,;

17 3) Whether TDR or SDR, the AE of VC is inconsistenthathe change of VSD in the
18 case of DEM with coordinate error. Because the Skelative error and there is a
19 fundamental difference between the relative and AE.

20 Table 4 lists experimental results of elevatioroepropagation based on the TDR and
21  SDR. The comparison of the experimental result$DR and SDR indicates that:

22 1) In VC, whether TDR or SDR, an improvement of DEMsakition causes an
23 improvement of the VSD, but an improvement of terraomplexity does not
24 influence the VSD. The DEM with low terrain compigxhas the same VSD as the
25 DEM with high terrain complexity. According to forta (19) and formula (22), the
26 VSD is only affected by DEM resolution and elevatmovariance of grid points;

27 2) For the same elevation error, an improvement of Diebblution reduces the AE of

17
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VC for both TDR and SDR. With the terrain complgxitcreasing, the AE based on
TDR gradually becomes larger, and the range oftian is large. The AE based on
SDR becomes larger with slight fluctuation, but thege of variation is small. When
the elevation error is small, the VSD of TDR isglr than SDR; and when the
elevation error becomes larger, the AE of SDR ialenthan TDR. That is because
the accuracy of VC based on TDR method is lowen ttieat of SDR method.

However, the stability of VC based on SDR is Idsantthat of TDR, and SDR is
more sensitive to elevation error.

4 Conclusions and future work

In this study, the uncertainty modelling and anialyg VCs based on a regular grid DEM
was investigated using a comparative analysis @tctianges in TE and AE for the simulated
DEM with different levels of resolution and compigx According to the analysis of the
experiment results, we obtain the following conidas:

(a) For the situation without DEM errors, the DEM ragan and terrain complexity affect
the accuracy of the VCs based on the regular ggéiDHowever, the accuracy of the
VCs is more sensitive to the level of terrain coaxgly;

(b) Although the sensitivity of a DEM resolution is aglely lower than the terrain
complexity, an increase in the resolution of theM)Ehe accuracy of the VC based on
regular grid DEM still be improved significantly.od/ever, we must note that that for
SDR, it is not the higher the resolution, the bettee accuracy. That is, under the
condition of terrain complexity G1 and resolution the minimum AE is obtained.
Please note that improving the resolution of a DElgly not be able to improve the
accuracy of the VCs;

(c) The accuracy of the VCs based on SDR is unstabée tduthe fluctuation. If an
ultrahigh resolution DEM is constructed in the fatua stable TDR may be a suitable
choice for calculating the volume based on a regyia DEM. When the accuracy can
satisfy the requirements, TDR can simplify the giltions and reduce runtime;

(d) For the same conditions (e.g., resolution and iterramplexity), the accuracy of the
SDR shows fluctuation, the accuracy of the TDR is egpeel as monotonic but the
convergence of SDR is faster than the TDR, theakegf uncertainty of SDR is smaller
and the accuracy of SDR is better than the accwhtlye TDR. Thus, SDR is the better
choice for calculating volume without considerihg tun time;

(e) With considering of the plane coordinate ¥) error, results of error propagation show
that both VSD and AE are related to the terrain glexity and DEM resolution;

() With considering of the elevation)(error, under the same conditions, results ofrerro
propagation show that both VSD and AE are onlyteel@o the simulatederror but not
related to terrain complexity;

(g) As far as the method for improving the VC accuragyconcerned, it includes, 1)
acquiring the higher DEM resolution; 2) selectin@F5 to calculate volume and
selecting the proper resolution at the same time.

In this study, error-free simulated surfaces hasenbemployed in the experiment. In future
studies, if the simulated surfaces which includgfiaal setting error, are used to the
experiment, and even real DEM data can be obtathedjncertainty model of VC based on a
regular grid DEM will be more deeply studied.
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Appendix 1. Detailed derivation of trapezoidal double rule

Writing the double integral in equation (1) as

b ed
[ 10 yyaxdy= ] ( f(x dy> (A1)
R
We use the composite trapezoidal rule to approximat
d
[-fox dy (A2)

Treatingx as a constant.
Lety; = c +jk, for eactj = 0, 1,...m. Then,

" y)dy= S ST H(x )+ (X ya)]-
c 24

For somey in (c, d). Thus
b cd k| m 2 d-o K% 92
[t oo yayar=s| 3 100y dde S [0yt 2 12 gy (ad)
a e 2 i=0a i=0a 12 aay
The composite trapezoidal rule is employed in thegrals in this equation. Lgt=a + ih, for each =0, 1,...,n.
For each =0, 1,...m, we have

(d-oK az
12

f( xu) (A3)

b-a) it 9°
[0 yj)olx——Z[f(x.,y)+ (0 -0 6 L) (A5)
For some; in (a, b). The resulting approximation has the form of etq1ua(2).
The error ternkrpg is given by
__(b-at k& C(d- g R%0% f
Bror ==, {Za 2GR Z (fm,ym)} oy (eHIx (A6)

If 02f /ax2 is continuous, the Intermediate Value Theorem aarepeatedly applied to show that the evaluation

of the partial derivatives with respectt@an be replaced by a common value and that

_ (b—a)hzk 62 (d-9K 9 202
=- )X A7
Eron =y g MM €)= 57 o) (A7)
For some (¢,7) in R.If c‘)zf/ax2 is also continuous, the Weighted Mean Value Thedraplies that
62
J g Ox k= (b- a £.17) (A8)
For some (£,7) in R. Becausen= (d—c)/k, the error term has the form
(b-a)t K, 6 f (b-3(d-§ .0 £.7)
E =" A9
ToR o 322 (f )|~ e Y (A9)
Erprcan be simplified to equation (3).
Appendix 2. Detailed derivation of Simpson’s dould rule
Writing the double integral as the double intedegjuation (1)) as
[ f o ydy=[( fx Dy o (A10)
R
We use the Composite Simpson’s rule to approximate
[ fxy)ay (A11)

Treatingx as a constant.
Lety; =c +jk, for eachj = 0, 1,..., 2n. Then,
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[7f(x ydy= {f(xwzz f(x y, )+4Z f(% Yoy f(xm)}

_(d-QK o' f
180 oy

(A12)

(X, 1)
For some in(c, d). Thus,

J:(jff(x,y)dy)dx-a{j F(x % )dxr 42 f(x y, Jd* 42 H(% ¥y )d*j (X y )d}
(A13)

aj=l al=l

(d-ok %0*f
- — (%, @)dx
180 J;Oy“( H)
Composite Simpson'’s rule is now employed in thegnals in this equation. Let = a + ih, for eachi = 0,
1,... . Foreach=0,1,..., 2n, we have
(b-a)H o* f

2 100y 010 )+ 23 105, )+ &) 105 ) g FCTRE 006 ) (1)
For somet; in (a, b). Equation (4) can be obtamed by replacmg wabgrequatlon (A13) with equation (A14)
jjf(x yydxdy= [ f(x y)dwlF—{[ %, y>+2_2 (x ¥

+4Z f (%1 Yo)+ (%, ¥o)]

m-1 n1

+2[Zf(><0 yz,)+2121;f(xz Yo )

+4§2f(x2. 1,y21)+2 06 ¥, )
+4[Zf(xo Y- 1)+221;f<x2..y2, )
+4iif(x2. Y 1)+2 (s V5]

0%, y2m)+ZZ f0%, y2m)+4Z F(%e1s Yon)

+ 1 (%0, Yom)I} + Esor (A15)
The error ternkgpg is given by
E.,. = k(2403)|’f[a ({O,yo) ZZ ({zj,yzj) Z % (Ezj Y- 1)
(d-o)k* (pd*f a —
-C b
Voull =g, oy (RHdx

If 3% / ox* are continuous, the Intermediate Value Theorembearepeatedly applied to show that the evaluation
of the partial derivatives with respectt@an be replaced by a common value and that

—k(b-a) H 54 (d= 9 R 0" { xu)
= d Al7
Boon =— ¢4 1O (n ) e o O (AL7)
For somé77, ) in R. If 9*f /ax"is also continuous, the Weighted Mean Value Thedrepfies that
b 4
ja ; (A18)
a 0Y
For some (7,/1) in R Becauser= (d-c)/2k, the error term has the form
_ —k(b-aH a“ o (b-3(d 3k 02 f . .
= —= 7 (b- , Al9
Esor 540 [6m ( 7)) b 180 (b-9 oy (17, 1) (A19)

EsprCan be simplified to equation (5).
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surface A B C
Gl 3 10 1/3
G2 30 100 3
G3 60 200 6
G4 90 300 9
G5 120 400 12
G6 150 500 24




DEM AErpr TEmr AEspr TEspr
10 0.6786 6974.6631 0.000279 14.078801
5 0.1695 1752.139 0.000005 3.31262
4 0.1085 1121.8847 0.000017 2.148854
25 0.0423 438.5755 0.000024 0.859674
Gl 2 0.0271 280.7383 0.000025 0.554935
1 0.0068 70.1976 0.000025 0.141207
0.5 0.0017 17.5505 0.000025 0.03562
04 0.0011 11.2324 0.000025 0.022838
0.25 0.0004 4.3877 0.000025 0.008945
0.2 0.0002 2.8081 0.000025 0.00573
DEM SR AErpr TEpr AEgr TEgpr
10 11.0596 69655.01 0.002739 140.4509
5 2.7635 17498.43 0.000054 33.06185
4 17684 11204.42 0.00017 21.44821
25 0.6906 4380.222 0.000239 8.581492
G2 2 0.4419 2803.883 0.000246 5.539678
1 0.1103  701.122 0.000251 1.409687
0.5 0.0274 1752918 0.000252 0.355606
04 0.0174 112.1877 0.000252 0.227998
0.25 0.0067 43.8236 0.000252 0.089302
0.2 0.0042  28.0472 0.000252 0.057205
DEM SR AErpr TEpr AEgr TEgpr
10 221193 139310 0.005478 280.9018
5 55269 34996.87 0.000108 66.12371
4 35368 22408.84 0.00034 42.89642
25 1.3812 8760.445 0.000478 17.16298
G3 2 0.8838 5607.766 0.000493 11.07936
1 0.2206  1402.244 0.000503 2.819374
0.5 0.0548 350.5835 0.000503 0.711211
04 0.0349 224.3754 0.000503 0.455996
0.25 0.0133 87.6473 0.000503 0.178605
0.2 0.0083 56.0943 0.000504 0.11441
DEM SR AEpr TEpr AEgr TEgpr
10 33.1789 208965 0.008217 421.3527
5 8.2904 524953 0.000162 99.18556
4 53053 33613.25 0.000511 64.34462
25 20718 13140.67 0.000717 25.74448
G4 2 1.3257 8411.649 0.000739 16.61904
1 0.3308 2103.366 0.000753 4.229061
0.5 0.0821 525.8753 0.000755 1.066817
04 0.0523  336.563 0.000754 0.683993
0.25 0.02 131.4709 0.000754 0.267907
0.2 0.0125 84.1415 0.000756 0.171615
DEM SR AEpr TEpr AEgr TEgpr




10 442386 278620 0.010956 561.8036
5 11.0538 69993.73 0.000216 132.2474
4 7.0737 44817.67 0.000681 85.79283
25 27624 17520.89 0.000956 34.32597
G5 2 1.7675 1121553 0.000986 22.15871
1 0.4411 2804.488 0.001005 5.638748
0.5 0.1095 701.167 0.001006 1.422423
0.4 0.0697 448.7507 0.001006 0.911991

0.25 0.0266 175.2945 0.001007 0.35721

0.2 0.0167 112.1887 0.001007 0.22882

DEM SR AEmpr TErpr AEgpr TEspr

10 60.0948 350748.8 0.015019 711.3564
5 15.0311 88112.01 0.000169 167.0465
4 9.6209 56419.76 0.000797 108.3301
25 3.7591 220549 0.00117 43.31949
G6 2 24063 14117.66 0.00121 27.95941
1 0.6025 3530.091 0.001236 7.112758
0.5 0.1516 8825786 0.001238 1.794002
0.4 0.0974 564.8533 0.001237 1.150199
0.25 0.0388 220.6473 0.001237 0.450494
0.2 0.0253 141.2145 0.001236 0.288572




SR

CsD
DEM 20 10 5
X y VSDipr  VSDgpr  VSDpr  VSDspr  VSDipr V' SDgpr
0.01 0.01 1.4366 1.2002 0.6482 0.5386 0.329 0.2782
Gl 0.05 0.05 5.8471 4.3787 3.1615 2.627 1.5945 1.3482
0.1 0.1 19.3893  9.2078 6.4823 5.3683 3.2902 2.7118
0.6 0.6 71.8667 55.21 38.1888  31.6203 19.54 16.5213
0.01 0.01 19.3893 16.1984  6.4823 5.3865 3.2902 2.7819
a2 0.05 0.05 59.1658  4.3787  30.8046 2.627 15.718 1.3482
0.1 0.1 1205802 924636  64.835  53.6833 321425 27.1768
0.6 0.6 720.7777 553.7209 366.077 285.7849 193.32  163.4545
0.01 0.01 274206  22.908 13.15 10.927 6.7022 5.6668
a3 0.05 0.05 117.3174  88.072 60.312  47.4633 317912  26.8798
0.1 0.1 267.2634 2232796 129.3389 107.0923  64.11 54.2058
0.6 0.6 1440.5012 1106.6321 315.4574 261.1981 386.4658 326.7616
0.01 0.01 433558 36.2207 185969 154532  9.4783 8.014
G4 0.05 0.05 176.1841 132.264 90.2493  71.0228  47.863  40.4688
0.1 0.1 360.0621 276.1036 194.2845 160.8671 96.1942  81.3334
0.6 0.6 2160.2244 1659.543 1100.2888 858.9613 579.6502 490.1015
0.01 0.01 58.168  48.5952 26.3 21.8541 134043 11.3335
G5 0.05 0.05 2335614 1749061 126.1304 104.8086 63.7587  53.9088
0.1 0.1 5345267 446.5591 259.0091 2144591 12822 108.4116
0.6 0.6 2883.1106 2783.1382 1538.7436 1597.6655 773.5125 820.2141
0.01 0.01 725482 60.6089 322108 26.7657 16.4169  13.8807
G6 0.05 0.05 293.8503 4.3787 158.3471  2.627 74.9325 1.3482
0.1 0.1 601.8956 461.5468 325.6274 269.6188 160.9916 136.1204

0.6 0.6 3622.8065 2214.8838 1929.5524 1274.0766 970.0793 654.0144




DEM

ESD

SR

20 10

5

VSDmpr  VSDspr  VSDrpr  VSDspr

VSDmpr  VSDspr

G1~ G6

0.01
0.05
01
0.6

60.8342  50.1169 28.534 21.5711
263.5458 196.3453 150.7932 123.8077
593.6502 439.861 326.9756 271.7772

3271.6401 2402.6416 1935.8628 1609.06

150834 12.1784
76.2298  61.9079
154.1529 127.6383
930.8013 775.9418




Terrain surface

«z=f(x, y)
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The main highlights of this paper can be summarized by the following three aspects:

(@ Uncertainty models (truncation errors) of volume cal culation are established;

(b) The formula of propagation error is deduced and modelled for volume
calculation;

(c) This paper forms a guiding conclusion for volume calcul ation based on a DEM;





