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Abstract

Vibration control of composite structures with distributed masses under random loadings is a significant issue.
Adjustability of dynamic characteristics including response spectrum peaks and valleys is important for structural vibra-
tion control. The vibration control design in space contains structure and conformation designs which combination
results in periodic composite structures. In the present paper, spatial periodicity control design is proposed. Stochastic
response adjustable performance of a visco-elastomer sandwich plate with harmonic distribution of geometrical and
physical parameters and distributed supported masses under random base motion loading is studied. Both facial layer
thickness and core layer modulus of the sandwich plate are considered as harmonic distribution in length and width
directions as well as periodically distributed masses. Partial differential equations of coupling motions of the sandwich
plate system are derived and converted into ordinary differential equations for multi-mode coupling vibration.
Generalized stiffness, damping, and mass coefficients are functions of the harmonic distribution parameters. An analysis
solution with frequency response function and response spectral density expressions of the sandwich plate system is
obtained. Numerical results are given to show the response adjustable performance through the harmonic geometrical
and physical parameters and distributed masses. The results have a potential application to stochastic vibration control
or dynamic optimization design of smart composite structure systems.
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Introduction system in which vibration-sensitive instruments are
supported on a planar structure.® Vibration suppres-
sion effectiveness of a sandwich structure with non-
adjustable viscoelastic core is limited under various
loadings. Then controllable smart materials such as

Structural vibration control, especially stochastic vibra-
tion control is an important research subject in engi-
neering.'” For example, the vibration control of a
system in which vibration-sensitive instruments are
supported on base structure has been presented.’
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magneto-rheological (MR) liquid have been used as the
core of a sandwich structure to provide adjustable
dynamic properties,” '* which can rapidly change in
rheological properties under applied magnetic fields in
millisecond.'>'® However, the MR liquid has certain
instability such as magnetic particle settlement.
Therefore, MR visco-clastomer (MRVE) has been
developed to replace the MR liquid as the core of sand-
wich structures for effective vibration control.'® 2

In past decades, many researches were reported on
dynamic characteristics and application to control
devices of controllable MR liquid'>'® and MRVE.** %0
One-dimensional sandwich beam with MRVE core has
been studied on periodic vibration and adjustable
dynamic rigidity,'”*° frequency response characteris-
tics,'** stochastic vibration response,* dynamic stabi-
lity, 2" and potential application.*’ Furthermore,
some researches on two-dimensional sandwich plate
with MRVE core have been presented including vibra-
tion characteristics,** ** sound transmission proper-
ties,** stochastic vibration response,*’ optimum
location of partial core,*** and dynamic stability.”*>'
However, in those researches, the MRVE core of sand-
wich beam and plate was only considered as having
fully uniform or locally uniform mechanical properties.
Therefore, to fully use MRVE controllability in space,
the sandwich beam and plate with non-uniform or peri-
odic dynamic properties of MRVE core need to be
studied further. In this case, structural physical para-
meters are spatially non-uniform or periodic and thus,
its vibration control differs from those researches.

In terms of conformation, periodic structures with
spatially periodic distribution parameters have special
dynamic characteristics, which have been studied on
characteristic frequencies,” ®° modal localization and
buckling,®' ** quasi-periodic distribution parameter
effects®7* and control application’*® based on trans-
fer matrix method, spatial harmonic expansion method,
and finite element method, etc.®””* However, the peri-
odicity design has not been applied, but can be applied
to improve composite structure dynamics. Therefore,
periodic sandwich structure with MRVE core needs to
be studied for dynamic optimization or vibration con-
trol. The periodic composite structure has MRVE
dynamic properties adjustable by only applied magnetic
fields while the structural design is unchanged, that can
be as an active spatial periodicity control. Other geome-
trical periodicity design can be as passive spatial con-
trol. The active-passive spatial periodicity control is
proposed in the present study. For the periodic compo-
site structure, much more modes will be considered in
analysis due to conventional vibration modes coupled
with periodic distribution parameters. Its vibration
equations are partial differential equations with space-
varying parameters and random excitations, to which
direct numerical solution is unsuitable for stochastic
response statistics under various spatial parameters.
Then analysis solution to the equations is an alternative.
A periodic sandwich beam with MRVE core under

random loading has been studied, and results show its
dynamic properties can be adjustable largely by periodic
distribution parameters.”® However, periodic sandwich
plate with controllable visco-elastomer (VE) core (such
as MRVE core) has not been studied and thus, needs to
be studied further for dynamic optimization or vibra-
tion control of general two-dimensional structures.

In this paper, a class of controllable VEs such as
MRVE is considered as the core of a sandwich plate.
The VE sandwich plate with distributed supported
masses is used for modeling a structural system in
which vibration-sensitive instruments are supported on
a planar structure. The VE sandwich plate is designed
as spatially periodic for dynamic optimization or vibra-
tion control. The stochastic response characteristics of
the sandwich plate with controllable VE core and dis-
tributed masses under random loading are studied, in
which geometrical and physical parameters have har-
monic distribution. First, both facial layer thickness
and core layer modulus of the sandwich plate are con-
sidered as harmonic distribution in length and width
directions. The masses are considered as periodic distri-
bution on the plate. Second, partial differential equa-
tions for transverse and longitudinal coupling motions
of the sandwich plate system are derived. Third, the
equations are converted into coupling ordinary differ-
ential equations according to the Galerkin method.
Fourth, an analysis solution with frequency response
function and response spectral density expressions of
the sandwich plate system is obtained based on random
dynamics theory. Finally, numerical results are given to
show the effects of the harmonic geometrical and physi-
cal parameters and distributed masses on stochastic
response characteristics of the plate.

Vibration equations of sandwich plate with
harmonic distribution parameters under
random loading

A sandwich plate with controllable VE (or adjustable
dynamics) core and supported concentrated masses is
shown in Figure 1, where facial layer thickness and
core layer modulus are spatial harmonic functions (in

z(w)

/ y(v)

Figure |. Sandwich plate with visco-elastomer core (VEC) and
distributed masses.
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coordinates x and y directions) and masses are distribu-
ted periodically. Length and width of the plate are a
(direction x) and b (direction y), respectively. Two facial
layers have identical Young’s modulus E;, mass density
p1 and thickness /;. Middle core layer has mass density
p> and thickness /4,. The distributed masses are fixed on
the plate. The ith distributed mass has mass m; X ab,
while its size is very small compared with the plate length
and width and thus is neglected. The sandwich plate is
subjected to transverse base motion loading. The base
has displacement w which is a random loading.

The VE core has adjustable dynamic properties (e.g.
MRVE has damping and stiffness adjustable by applied
magnetic fields). The Young’s modulus of the core layer
is much smaller than that of the facial layers and thus is
neglected. The shearing deformation is larger than that
of the facial layers and needs to be considered. Based
on viscoelastic dynamic stress-stain relation, shear stres-
ses Ty and 7,,. of the core are expressed by the corre-
sponding shear strain 7, and ). as

Y9,

Toxz — G2a’y2xz + G2c ’);2;4 (1)
872 )z

Toyz = G2aYpy: + Goc 5 ; (2)

where ¢ is time variable, modulus parameters G», and
G, are adjustable, for example, by applied magnetic
fields. They vary harmonically with coordinates x and
v, and are expressed as

2k 4 2k
Gru(x,y) = eq T ba CosTﬂxcosb—ﬂy

)

2kb wy

Gz(;(X,y) = e, + b cos b (4)

COoS

2k, mx
a

where ¢, and e.; are non-harmonic parts of the shear
modulus parameters G,, and G»,, respectively, b, and
b.; are wave amplitudes of harmonic parts of the shear
modulus parameters, k, and k, are wave numbers of
harmonic parts of the shear modulus parameters. Thus,
the shear modulus of the core is adjustable as actively
spatial periodic design. The facial layer thickness is also
designed to be varying harmonically with coordinates x
and y, and is expressed as

ZkQTI'y

h(x,y) = cim + by, cos cos 5 (5)

2k11'rx
a

where c¢y,,, 18 non-harmonic part of the thickness, by, is
wave amplitude of harmonic part of the thickness, k;
and k, are wave numbers of harmonic part of the thick-
ness. Thus, the facial layer thickness is periodic as pas-
sively spatial design and needs to be optimized.

For the sandwich plate, it is assumed that (1) the
facial layer materials are isotropic while the core

material is transversely isotropic, for example, under
applied magnetic fields along z-axis; (2) normal stresses
of the core layer are small and neglected; (3) normal
stresses of the facial layers in z-axis direction are small
and neglected; (4) transverse displacements of the sand-
wich plate are considered as invariant along the thick-
ness; (5) a cross section of each facial layer is
perpendicular to its axis line, and each cross section of
the core layer is a plane in deformation; (6) longitudi-
nal and rotational inertias of the plate are small and
neglected; (7) interfaces between the facial layers and
core layer are continuous all the time.*”?>%¢

Based on the above assumptions, transverse plate dis-
placement relative to base is w = w(x,y,t). Horizontal dis-
placements of upper and lower facial layers along x-axis
and y-axis are expressed, respectively as

ow

ur(x,y,z1, 1) = ujo(x, y, 1) — z I (6)
X
aw

vi(x,y,z1, 1) = vio(x, y, 1) — 23 5 (7)
Y
ow

uz(x,y,z3, 1) = uzo(x,y, 1) — 23— (8)
0x
ow

v3(x, ¥, 23, 1) = v3o(x, p, 1) — Z3a—y )

where w1, V19, U39, and vy are mid-layer displacements
of the upper and lower facial layers, respectively, z;
and z3 are local transverse coordinates of the two facial
layers. By using the displacements on upper and lower
interfaces of the sandwich plate, shear strains of the
core can be obtained as

ha aw uip — Uzo
L=t 4 2070 10
Yox: hy 0x hy ( )
ha aw V10 — V30
=2 4 10 0 11
YZ}_ /’l2 ay hZ ( )

where h, = h; + h,. Substituting strains (10) and (11)
into expressions (1) and (2) yields the shear stresses of
the core

hu aw Uuip — Uzp
xz = G al\ 7 4. +t —
= 2 (/12 0x hy

12
O TR Y R
X\moxor  h \ ot ot
h, o -
T2yz = G2a (h—ag + el V30)
2 oy hy (13)

Gy [ta w1 (0 dv
hy dyot hy ot at



634

Measurement and Control 55(7-8)

Horizontal normal strains and shear strains of the
upper and lower facial layers can be obtained using
geometrical relations with displacements (6)—(9). The
corresponding normal stresses and shear stresses are
respectively

_ El 81410 3W + 8\)10 32W
=2 | \Vax  “'ox2 Ty a2

Oi1x =
(14)
S El o Pw\ (g Pw
A dy L2 A\ ox " ax2
(15)
E] 8141() 31110 82w
, + —— 16
T =50+ u)( ox  axay (16)
_ B J(hun  Pw (v B
T2 Ve P P\ oy ~ 5092
(17)
o El o Fw\ (B B
A a2 Pl ~ a2
(18)
E; duzg BN Pw
= fr (%0, 0, 19
T o0+ M)( o Foay) )

where w is Poisson’s ratio of the facial layers. By using
equilibrium conditions in x and y directions with equations
(14)<(19) and boundary conditions, the other shear stresses
of the upper and lower facial layers are obtained as

E1 821410 /11 112 Z%
Tixz = — B ) zi—= )t T3\ A
1 —p? | ox 2 dx 8 2
V1o h Pw h% z% E,
w i—— |+ 4-2 -
dyox 2 2ox\8 2 2(1 + w)

2 2 3 2
Biulo Zl—h—l N 9 vio Zl_ﬁ N Fw [(h _ 2
9y? 2 dyox 2 320x \ 4

(20)
it Ch
lez = -
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8 2
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dyox 2 8x28y
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L N ke U (.
20 + ) | ox2
oo,
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929y (4 Z‘>

22
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2
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ph, = 2phy +

E1 82u30 hl 33W h% Z%
=__" + 2 )+ 123
A - MZ{ a2\ 2) a3 2
" 830 - ﬁ N Pw h_%_é
dyox 2 2ox\ 8 2
2 2
_ E1 8u30 Z3+@ +8V30 Z3+ﬁ
2(1+ w) | 9y? 2 dyox 2

N Fw h2 2
arox\ 4 3

E] 821)30 2 + h_l L v 33W /’1_27_%
-2 0?2 2 8y 8 2
2 3
" 3 Z + h_] + rw o z3
dyox 2 ax2dy
El 82\130 /’11
- |—= |+ =
2(1 + w) | ox2 2
2 3.0 /2
+8u30 Z3+ﬁ +3n hi z%
9y0x 2 ax2y\ 4
(23)
Based on continuity conditions of the shear stresses
on the interfaces between the facial layers and core

layer of the sandwich plate, the differential equations
for the longitudinal displacements are obtained as

E1h1 u 9%y Eh ([ du 8%y
+ u + — + —
1—u? \ox? dyox 2(1 + w) \9y*  9podx

haaw+ 2u s hy FPw N 2 ou
2a hy 0x hy 2 hy dxot hy ot

(24)
Elhl v 8*u Eihy (v du
+ u + —_ + —
1—p2\9y? 9y0x 2(1 + w) \0x2  9yox

(22)

T3yz =

2
= Gy, h"aw + Ev + G @a_w + 3@
hz 3}/ hy hy ayat hy ot
(25)
where u = Uijg = —U3zp and v= Vio = —V30- The

dynamic equation of the sandwich plate element with
distributed masses in z direction is

Z3: Jh;/Z (arm N 87,«y2> d,
=) w2 \ X dy

— [ph, + Z mabd(x — x;)3(y — yk)] (26)

k=1
9w 82w
— + =0
<3t2 1> >
where 3(-) is the Dirac delta function, n, is total number
of masses, (xi, yx) are coordinates of the kth mass,
ph, and h, = 2h; + h,. Substituting

shear stresses (12), (13), and (20)—(23) into equation
(26) yields the differential equation for the transverse

displacement of the sandwich plate
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h, + abd(x — x )8y — yk) | —- 6D h —
ph Z myabd(x — x;)3(y yA):| a2 1 1<a282 W 9 2ab ayax)
w »w Pw Fw h, oW 2 hy %W 2 du
+D h3< + )}+ —{}ﬁ( + >] - e T L 2 g+ Ha T L 2
Vox { a3 dy2ox K 3y ax2dy G2a ahy, 3% Iy u G ahy %3t hy ot
K " (ow | 2u 2 (8w 2 ou 31
- {G h2< i h_a) ! GZ‘E<M e at>] Gy
a he (ow  2v " 3w 2 9y
+ )+ + = — 25 — 251
" {Gz”h <8y ha) G2y <8y8t e az)} opyn (20 L Lopdy 1t o
2 b29y? 2a? 9x? 2ab 3ydx
W
= = |phe Y miabd(x — x0)B( — i) | he o | 2 he 8% 2 9
k=1 f = G| 7 V| G| T
bhy ay hy bhy ayot hy ot
(27) (32)
where D, = E,/6(1 — u?). The partial differential equa-
tions (24), (25), and (27) describe coupled transverse P
and longitudinal motions of the VE sandwich plate with W|x —x12=0, Wr-512=0, — |? -+12=0,
distributed masses under base loading, where coeffi- 5 B . x
. . . . W du av
cients are harmonic functions of coordinates x and y. -~ |1,: w1 =0, (= +p— ’x — 12 =0,
Boundary conditions for various constrained sandwich y 9x 9y

plates have been given. The boundary conditions for
simply supported rectangular plate are

9w
09 a 2 ’x—+a/2 0

*w ou av
— |y = + = 0, — + — x=+ = 0,
3)/2 }}' *b/2 (ax w 3_)1) | *a/2

i_k % | =0
3 poas )l ==b2

Introduce non-dimensional (ND) coordinates and
displacements as follows

w|x—+a/2 0 W|}—+b/2

(28)

. S y - Xk _ _ Yk __ U
X= =, V=7, Xk = — Yk = 7/, U= —,
a b’ a b Wy
_ v woo_ Wwo
V=, W= —, Wy = —
Wy Wy Wy

(29)

where w, is amplitude of the base motion wy. The differ-
ential equations (27), (24), (25), and the boundary con-
ditions (28) become

or?

{ph, + Z mid(x — $)B( — yk)]
3 /a3 2 a3
TR LY AL
ox |a* \ox> b2 0j*ox
3 /03 2 a3
o[BIy o
oy |b* \ 9y a?ox2oy ox
W (0w 2ai W (@w  2adi
a _ 4+ + a 4+ —
|:G2(7 a*hy (856 ha ) G2 21y a*hy (avat hq 81)}

9 W (ow  2by (P 2bov
- = G2a 4 - + + G2C 4 — + —
oy bZhy \ 9y ha b*hy \oyor ~ h, ot

82%
(30)

= - {ph, + Z md(X — X)d(y — }’k)} YR

k=1

(33)

Stochastic response analysis of periodic
sandwich plate
Based on the homogeneous boundary conditions (33),

the ND vibration displacements of the sandwich plate
can be expanded as

N Ny
ii = Z ri() sin[(2i — 1)wx] cos[(2j — D] (34)
=1j=
N N,
V= si(t) cos[(2i — 1)wx] sin[(2j — 1)wy] (35)
i=1j=1
N N

W= Z Z g;j(t) cos[(2i — 1)wx] cos[(2j — 1)myp] (36)
=1

where ri(t), s;(f), and g;(t) are functions of time, N,
and N, are integers. According to the Galerkin method,
substituting displacements (34)—(36) into equations
(30)—(32), multiplying the equations by
cos[(2i — 1)wx] cos[(2j — Dmy], sin[(2i — 1)mwX] cos|(2j—

D)wy], and cos[(2i — 1)wx]sin[(2j — 1)wy], respectively,
and integrating them with respect to X and y yield ordinary
differential equations for g, r;;, and s;. Note that the longi-
tudinal velocity terms are relatively small. By eliminating
functions r; and s;;, the ordinary differential equations for
g; can be obtained and rewritten in the matrix form

Q dQ

M~2 + CZS +KQ = F())

dr? dt (37)



636 Measurement and Control 55(7-8)
where generalized excitation vector F(r) = — Fed?ivg/ En En -+ E
2 . . . .
dr=, generfflhzed dlsplagement Ve§tor Q, .generdhzed Ey Exn - Eay,
mass matrix M, generalized damping matrix C, gener- E = ,
alized stiffness matrix K, and vector F. are
T
Q=[QQ;..Qy 1. Exv,i Enp - Enn,
_ T Enn  Epip 0 Epn
Q =l @ - aqwl - i i
‘jn, 21 ‘jn, 22 o ‘jn, 2N,
M11 M12 . M11\/2 Ei” —
My My - My,
M = 5 Ejn,Nll E/’n,Nl2 c El'ﬂ.NlNl
Ju  Ji o diy,
My Myzz - My, Ju Jn o Joy,
Mpu1nn My - My, J= )
M1 My - Mo,
M;, = Invt In2 0 I,
[ Jin, 11 Jjn, 22 J,/ﬂ, LN,
M, v M N2 -+ M, NN, Tt o o T,
~ A N J =
C=C+ CRS: CRS = ELrv + JLA‘V) o
K =K + Kgrs, Krs = EL,; + JLy L ij N1 ']jn, N2 ij NN,
L, = A, 'B,(B;, — A4A,'B,)™" [ Acit Agz 0 Agiy
-1 -1 A A e A
(Vb _ AbAa Va) _ Aa Va A — a,21 @, 22 a,2N,
(3 b
_ -l “1p y-1
L. = A, B.B, — AyA,'B,)
(Dy — AyA;'D,) — A'D, LAanat Awn o Awan,
g e _ Aajnnt Aajn12 A jn, 1N
Ly = (By — ApA, 'Bo) " (A3A; Vo — V) o o am
a a
1 1 1 Aa,jn,2l Aa,jn,22 e Aa,jn, 2N,
Lsd = (Bb - AbAa Ba) (AbAa Da - Db) Aoz,jn =
Ci Cpp -+ G,
A . A Agjn N1 Aajnn2 - Aajnnn,
) Cy Cn - Cu,
C= i Boii Ba1z o0 Baw,
Byoi Ba2o - Baow,
R R R B, =
Cnv,i Cyp2 -+ Cwyw, : : " : ’
jn, 11 jn, 12 0 Cjn, IN, Ba, N»l Ba’ N2 ottt BDZ, NaNa
~ jn, 21 jn, 22 tet jn, 2N, Ba,jn, 11 Ba,jn, 12 et Ba,jn, 1N,
C. =
n : Ba,jn,Zl Ba,jn, 22 e Ba,jn, 2N,
’ B jn =
Cunt Cunz o G,
Ky Kp - Ky, DB%./‘”a Ni lD Ba,jn N2 ]) Ba,jn, niv,
> > > a, 11 a, 12 a, N
. Ky Kn - Koy, >
K= , Dy2i Do -+ Do,
Doz = . . . . 2
Kv,i Kyp - Kww
2 2 24V2
. © © Do, vt Danz -+ Damnw,
jn, 11 jn, 12 e jn, 1N} Da,jn, 1 Da,jn, 12 . Da,jn, IV,
.| K2 Kpz2 o Kiow, Do jnoi Dajn -+ Dajnon
Kj" - Da,.iﬂ =

I<j)‘l,N11 I<jn,N12 e I<jn,N|N1

Do jnnit Dajunz Do jnnn
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Vet Va2 Vo 1n,
Va,21 Va,22 Va,ZNz
Va = . . . . 2
Va,Nzl Va,N22 Va,NzNz
Vot Vajn12 Ve, jn, 18,
)
Va,(/’n, 21 Va,jn, 22 Va,(/’n, 2N
Va,jn =
Voz,jn,Nll Va,jn,N]Z Va,jn,N|N|
a=ab

(38)

Elements in the above matrices and vectors are deter-
mined by spatial integrals of coefficients in equations
(30)—(32).

Equation (37) represents a stochastically excited
multi-degree-of-freedom system derived from the
sandwich plate with harmonic parameters and dis-
tributed masses under base loading. The system has
the generalized mass, damping and stiffness depen-
dent on harmonic distribution parameters ki, k»,
kg, kp, b1, bs1, and b.. Vibration response of the
plate system can be estimated by using power spec-
tral density function. Frequency response function
and response spectral density matrices of the system
(37) are obtained as

H(w) = (K + joC — &*M)~! (39)

So(®) = H(w)FcFLH T (w)S;;

Wwo

(40)

where w is vibration frequency, j = v/—1, superscript
* denotes complex conjugate, Sy (w) is power spec-
tral density of the base loading. By equations (36)
and (40), spectral density function of the ND trans-
verse displacement response of the plate is expressed

as

Si(w, %,7) = ®T (%, 7)So(0)P(X,5)  (41)
where
O(x,5) = [@ D) @'
‘I)./‘ = [(Plj Poj - <PN|j]T (42)

@;; = cos[(2i — 1)mx] cos[(2j — 1)my]

Response statistics of the sandwich plate system
subjected to random loading can be estimated
using the spectral density function. For instance,
the mean square displacement response of the
plate is

+ oo

MW@MZJ Se.xpdo  (43)

—0

where E[-] denotes expectation operation of a stochastic
process, which is equal to average over time domain
for an ergodic stationary process. Based on the spectral
density function (41), response characteristics of the
sandwich plate adjustable by harmonic geometrical and
physical parameters can be explored.

Numerical results and discussion

To show the response adjustable performance, consider
a VE sandwich plate with harmonic parameters and
distributed masses under base loading, which model a
system with vibration-sensitive instruments supported
on floor under random environmental disturbances.>*’
It has basic parameter values as follows: ¢ = 4m,

b=2m, p1 = 3000 kg/m?, p>» = 1200kg/m?,
E1 =10 GPa, M= 03, €41 = 4MPa, bal = Beal,
€c1 = 0.006 MPa's, bcl = Becla Cim = 0.05 m, blr =

aciy hy=02m, n, = 1, x; = y; = 0, m; = 240kg/m?,
a=0.3,8=0.5 w,=1, and the loading is considered
as white noise with power spectral density of 1.0 X 10°
unless otherwise specified. Numbers N; and N, in
expansion (36) are determined based on the conver-
gence of displacement responses. Numerical results on
stochastic responses and response spectral densities on
the plate midpoint are shown in Figures 2-16.

Figure 2 shows that the root-mean-square (RMS) ND
displacement (w) responses of the sandwich plate (b = 2,
2.5m) (distribution parameters by, =0, b,; =0, b,y = 0,
n, = 1) vary with the power spectral density of the ND
base loading. The RMS displacement responses of the
plate obtained by numerical simulation are also given,
which validate the results obtained by the proposed analy-
sis method. The numerical simulation is conducted as fol-
lows: samples of the random loading are firstly generated
based on the power spectral density; stochastic responses

gol ¢  simulation
= — b=2.0
(] . .
£ 60f ° simulation . 6.8
8 — b=2.5
2
5 40
o
=z .
w .
S 20+
o .

0.0x10° 0.5x10° 1.0x10° 1.5x10° 2.0x10°

Power spectral density

Figure 2. RMS ND displacement responses of the sandwich
plate versus power spectral density of base loading.
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Figure 3. LND displacement response spectra of the sandwich
plate for different plate widths b.

of the system (37) and plate (36) are calculated by using
the Wilson-Theta algorithm; and then the response statis-
tics are estimated.

Influence of sandwich plate width

The influence of the sandwich plate width on the ND
displacement response spectra is considered (@ = 0, 8 = 0).
Figure 3 shows the logarithmic ND (LND) displacement
response spectra of the plate for different plate widths b.
Many peaks and valleys can be seen, which indicate possi-
ble resonances and anti-resonances. As the plate width
increases from 1.0 to 3.0m, the first and second resonant
frequencies decrease from 20.3 to 6.2 Hz and from 50.6 to
20.7 Hz, respectively. However, the first and second reso-
nant response amplitudes increase from 3.75 to 729.7 and
from 0.41 to 49.5 (non-logarithmic), respectively, as well as
the anti-resonant response amplitudes. Thus, the width and
length of the sandwich plate have large effects on the
response characteristics and need to be determined suitably.

Influence of harmonic facial layer thickness

The influence of harmonic distribution of the facial
layer thickness on the ND displacement response spec-
tra of the sandwich plate is explored based on numeri-
cal results in Figures 4-8 (8 = 0). Figure 4 shows the
LND displacement spectra of the sandwich plate for
different thickness wave numbers k; (in x direction)
(k2 = 0.5, @ = 0.3). The sandwich plate with harmonic
thickness in multi-mode coupling vibration has multiple
response resonances. The spectral peaks of the first, sec-
ond, and third resonances of the harmonic plate are
smaller than those of the non-harmonic plate (b, = 0),
respectively (e.g. the non-logarithmic spectral amplitude
of the first resonance is 124.9 for the non-harmonic
plate, while the spectral amplitude of the first resonance
is 86.2, 90.6, 103.5 for the harmonic plate with wave
number k; = 0.5, 0.8, 1.6, respectively). Meanwhile, the
wave number k; has certain effects on the resonant

ND displacement spectra
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Figure 4. LND displacement response spectra of the
sandwich plate for different thickness wave numbers k;.
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Figure 5. LND displacement response spectra of the
sandwich plate for different thickness wave numbers k;.

frequencies, for example, the third resonant frequency
of the harmonic sandwich plate is 58.9, 55.1, and
524Hz for wave number k;=0.5 038, 1.6,
respectively.

Figure 5 shows further the effects of the thickness
wave number k; on the LND displacement response spec-
tra of the sandwich plate. It is seen that the spectral peak
of the first resonance has a minimum value (non-logarith-
mic 78.9) when the thickness wave number k| ~ 0.6. The
spectral valley of the first anti-resonance has a minimum
value when the thickness wave number k; =~ 0.5. Thus, the
thickness wave number k; has large effects on the vibration
response of the harmonic sandwich plate. The response has
various adjustable performances in different vibration fre-
quency bands by suitably choosing the wave number.

Figure 6 shows the LND displacement spectra of the
sandwich plate for different thickness wave numbers k»
(in y direction) (k; = 0.5, « = 0.3). It is seen that the
wave number k, similar to k; has large effects on the
resonant response amplitudes and frequencies. For
instance, the non-logarithmic spectral amplitude of the
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Figure 6. LND displacement response spectra of the sandwich
plate for different thickness wave numbers k,.
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Figure 7. LND displacement response spectra of the sandwich
plate for different non-periodic parts of the thicknesses ¢,

second resonance is 8.99 for the non-harmonic plate
and 4.46, 5.48, 6.43 for the harmonic plate with wave
number k, = 0.5, 0.8, 1.2, respectively. The spectral
peaks of the first, second, and third resonances of the
harmonic sandwich plate are smaller than those of the
non-harmonic sandwich plate.

Figure 7 shows the LND displacement response spectra
of the sandwich plate for different non-harmonic parts of
the thickness ¢y,,, (k1 = 2.8, k, = 0.8). As the non-harmonic
part ¢y, increases, the spectral peaks and valleys of the
first, second, and third resonances and anti-resonances
decrease, while the first, second, and third resonance fre-
quencies increase due to the plate stiffness increasing.

Figure 8 shows the LND displacement response spectra
of the sandwich plate for different parameters « (ratio of
harmonic part to non-harmonic part of the thickness)
B =0, k1 =04, k, =0.3). It is seen that the spectral
peaks and valleys of the first, second, and third resonances
and anti-resonances decrease, while the first, second and
third resonant frequencies increase as the parameter a
increases (e.g. the non-logarithmic spectral amplitude of
the first resonance is 65.4, 48.3, 32.4, and the first resonant

ND displacement spectra
o
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Figure 8. LND displacement response spectra of the sandwich
plate for different parameters «.
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Figure 9. LND displacement response spectra of the sandwich
plate for different modulus wave numbers k.

frequency is 10.6, 12.3, and 14.1 Hz for the parameter
a = 0.3, 0.6, 0.9, respectively). The ratio of harmonic part
to non-harmonic part of the thickness has large effects on
the vibration response. Thus, the response has remarkable
adjustable performance including resonant peaks and
anti-resonant valleys by suitably choosing the wave ampli-
tude or ratio of harmonic part to non-harmonic part.

Influence of harmonic core layer modulus

The influence of harmonic distribution of the core layer
modulus on the ND displacement response spectra of the
sandwich plate is explored based on numerical results in
Figures 9-12 (a = 0). Figure 9 shows the LND displace-
ment spectra of the sandwich plate for different wave num-
bers of the modulus k,, (in x direction) (k, = 0.5, B = 0.5).
It is seen that the spectral peak of the first resonance of the
harmonic plate is smaller than that of the non-harmonic
plate (8 = 0) (the non-logarithmic spectral amplitude of
the first resonance is 124.9 for the non-harmonic plate,
while the spectral amplitude of the first resonance is 67.2,
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Figure 10. LND displacement response spectra of the
sandwich plate for different modulus wave numbers k.
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Figure 11. LND displacement response spectra of the
sandwich plate for different core layer thicknesses h,.

80.4, 88.4 for the harmonic plate with wave number k, =
0.3, 0.6, 1.2, respectively). The wave number k, has certain
effects on the resonant frequencies, for example, the third
resonant frequency is 52.4, 51.6, and 50.2Hz for wave
number k, = 0.3, 0.6, 1.2, respectively. The spectral peak
or valley of the resonant or anti-resonant response has a
minimum value for an optimum value of the wave number
k,. Similar results can be obtained by Figure 10 which
shows the LND displacement spectra of the sandwich
plate for different wave numbers of the modulus %, (in y
direction) (k, = 0.5, B = 0.5). Thus, the wave numbers k,,
and k; of the modulus have large effects on the vibration
response of the harmonic sandwich plate. The response
has various adjustable performances in different vibration
frequency bands by suitably choosing the wave numbers.
Figure 11 shows the LND displacement response
spectra of the harmonic sandwich plate for different
core layer thicknesses %, (k, = 3.6, k, = 1.2, B =0.5).
As the thickness /, increases, the spectral peaks of the
first, second, and third resonances decrease, and the
second and third resonance frequencies decrease.
Figure 12 shows the LND displacement response
spectra of the sandwich plate for different parameters 8

Figure 12. LND displacement response spectra of the
sandwich plate for different parameters 3.

ND displacement spectra
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Figure 13. LND displacement response spectra of the
sandwich plate for different wave amplitude ratios « and 3.

(ratio of harmonic part to non-harmonic part of the mod-
ulus) (@ = 0, k, = 0.6, k;, = 0.4). It is seen that the spectral
peaks and valleys of the first, second and third resonances
and anti-resonances decrease, while the first, second, and
third resonant frequencies increase as the parameter 3
increases (e.g. the non-logarithmic spectral amplitude of
the first resonance is 115.9, 66.6, 49.1, and the first reso-
nant frequency is 9.2, 9.8, and 10.2 Hz for the parameter
B = 0.1, 0.5, 0.9, respectively). The ratio of harmonic part
to non-harmonic part of the modulus has large effects on
the vibration response. Thus, the response has remarkable
adjustable performance including resonant peaks and anti-
resonant valleys by suitably choosing the wave amplitude
or ratio of harmonic part to non-harmonic part.

Influence of both harmonic thickness and modulus

The influence of harmonic distribution of both the
thickness and modulus on the ND displacement
response spectra of the sandwich plate is further illu-
strated by numerical results in Figures 13 and 14
(=03, B=0.5. Figure 13 shows the LND
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Figure 14. LND displacement response spectra of the
sandwich plate for different wave numbers k|, kj, k, and kp.

displacement spectra of the sandwich plate for different
wave amplitude ratios @ and B (k; =k, =k, =k, =
0.5). The harmonic distribution of both the thickness
and modulus (@ = 0.3, 8 = 0.5) can reduce the spectral
peaks and valleys of the first, second, and third reso-
nances and anti-resonances more than the harmonic
distribution of only the thickness (¢ = 0.3, 8 =0) or
only the modulus (¢ =0, B=0.5 (e.g. the non-
logarithmic spectral amplitude of the first resonance is
86.2, 77.6, 52.8 for only the harmonic modulus 8 = 0.5,
only the harmonic thickness & = 0.3, and both the har-
monic thickness and modulus a = 0.3, B8 = 0.5, respec-
tively). Figure 14 shows the LND displacement spectra
of the sandwich plate for different wave numbers ki, k»,
k., and k. The suitable wave numbers of harmonic
thickness and modulus can further improve the vibra-
tion response characteristics of the sandwich plate.

Influence of periodically distributed masses

The influence of distribution of supported masses on
the displacement response spectra of the harmonic
sandwich plate is also considered in five cases. Case A is
only one mass (240 kg/m?) on the plate with ND coordi-
nates (0, 0). Case B is three equal masses (80 kg/m?) on
the plate with ND coordinates (—0.25, 0), (0, 0), (0.25,
0), respectively. Case C is three equal mass (80 kg/m?)
on the plate with ND coordinates (0, —0.25), (0, 0), (0,
0.25), respectively. Case D is five equal masses (48 kg/m?)
on the plate with ND coordinates (—0.25, —0.25),
(—0.25, 0.25), (0, 0), (0.25, —0.25), (0.25, 0.25), respec-
tively. Case E is five equal mass (48 kg/m?) on the plate
with ND coordinates (—0.25, 0), (0, —0.25), (0, 0), (0,
0.25), (0.25, 0), respectively. Numerical results on the ND
displacement response spectra under different mass distri-
butions are shown in Figures 15 and 16 (k; =k, = k, =
ky,=10.5,a=03,8=0.5).

Figure 15 shows the LND displacement spectra of
the sandwich plate for distribution cases A, B, and D.
It is seen that the mass decentralization (different

Figure 15. LND displacement response spectra of the
sandwich plate with distributed masses for cases A, B and D.
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Figure 16. LND displacement response spectra of the
sandwich plate with distributed masses for cases B, C, D, and E.

numbers of masses, but equal total mass) has large
effects on the response spectrum including resonant
peaks and anti-resonant valleys as well as resonant fre-
quencies (e.g. the non-logarithmic spectral amplitude of
the first resonance is 52.8, 24.7, 15.0, and the first reso-
nant frequency is 10.5, 12.5, and 13.7 Hz for cases A,
B, D, respectively). The mass decentralization can
reduce the spectral peaks and valleys and then improve
the vibration response characteristics of the harmonic
sandwich plate.

Figure 16 shows the LND displacement spectra of
the sandwich plate for distribution cases B, C, D, and
E. It is seen that the suitable mass placement (equal
number of masses, but different placements, e.g. B and
C, D and E) can largely reduce the spectral peaks
and valleys and then improve the vibration response
characteristics. Thus, the response has remarkable
adjustable performance including resonant peaks and
anti-resonant valleys by suitable periodic distribution of
masses supported on the harmonic sandwich plate.



642

Measurement and Control 55(7-8)

Conclusions

The response adjustable performance of a visco-
elastomer sandwich plate with harmonic geometrical
and physical parameters and periodically distributed
masses under random base motion loading has been
studied for spatial periodicity control. The spatial har-
monic distribution of facial layer thickness and core
layer modulus of the sandwich plate is considered as
well as the periodic distribution of the supported
masses. The partial differential equations for transverse
and longitudinal coupling motions of the sandwich
plate with distributed masses under base loading are
derived. The equations are further converted into multi-
mode coupling vibration equations with stiffness,
damping, and mass coefficients dependent on harmonic
distribution parameters. The analysis solution to the
equations is proposed, and the frequency response func-
tion and response spectral density expressions of the
sandwich plate system are obtained, which are used for
response adjustable performance analysis or dynamic
optimization analysis of the periodic composite struc-
ture system.

Numerical results have demonstrated that: (1) the
vibration response characteristics of the sandwich plate
can be adjusted by plate width and length; (2) the vibra-
tion response characteristics of the sandwich plate can
be improved largely by the harmonic distribution of
geometrical and physical parameters, for example, the
response amplitudes of resonances and anti-resonances
can be remarkably reduced by suitably choosing wave
numbers and wave amplitudes of the thickness and
modulus; (3) the periodic mass distribution (decentrali-
zation and optimized placement) can largely improve
the vibration response characteristics of the sandwich
plate, including resonant and anti-resonant amplitudes.
The results on response adjustable performance have a
potential application to the stochastic vibration control
or dynamic optimization design of smart composite
structures with distributed masses through harmonic
distribution of geometrical and physical parameters.
However, an active temporal control strategy with the
spatial periodicity strategy for the vibration control of
visco-elastomer composite structures needs to be devel-
oped further.
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