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Abstract

Higher-order topological insulators (HOTIs) are insulators which have novel topo-

logical boundary states on the hinges and corners. Herein we generalize them to the

photonic HOTIs beyond the conventional scalar coupling by considering the dipolar

breathing Kagome lattice. The photonic Kagome lattice supports the out-of-plane

and in-plane modes due to the tensorial dipole-dipole interaction. The topological

properties of both modes are protected by the generalized chiral symmetry. We show

that the topological modes of the out-of-plane mode are similar to the scalar models.

Interestingly, in addition to the in-plane corner states in the lower gap protected by

the general chiral symmetry, the in-plane mode hosts multiple gapless symmetric and

anti-symmetric hinge modes along or transversal to the zigzag and armchair bound-

aries, which have no counterparts in the scalar models. Our findings demonstrate that

the photonic HOTIs have richer physics compared to the scalar counterparts, offer-
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ing opportunities for engineering novel electromagnetic applications with topological

constraint.
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1 Introduction

Over the past decade, there have been tremendous parallel advances in the fields of both

electronic topological insulators (TIs)1–3 and engineered bosonic systems of classical waves

such as photons4,5 and acoustics.6,7 A topological insulator has a band gap in its interior

while possing topologically protected conducting states in one dimension lower than the bulk,

which are protected by either internal1–3 or crystalline symmetries.8 From the perspective

of electromagnetic application, the robust boundary modes of photonic topological systems

offer great opportunities for optical delay lines,9 lasers10 and quantum optics interfaces.11

In general, the topology of TIs is characterized by the topological invariant of the Bloch

bands, leading to quantized dipolar polarizations.12 It was recently recognized that there

exists higher-order topological insulators (HOTIs) protected by crystalline symmetries,13–17

manifesting lower order moments bound to the boundaries at least two dimensions lower than

the bulk. For instance, several higher-order electronic topological materials with zero dimen-

sional (0D) were predicted,18–21 and analogue quadrupole insulators corner states were re-

ported in microwave,22 integrated photonics23 and phononic metamaterials.24 Furthermore,

the other Wannier-type HOTIs with vanishing Chern number25–28 have been demonstrated

in artificial atomic lattices,29 acoustic metamaterials30–32 and 2D photonic crystals.33–35

Significant effort has been devoted to the design and realization of HOTIs in diverse

physical systems, leading to excellent results and new discoveries. However, existing works

of bosonic HOTIs mainly focus on systems with scalar coupling and the findings are similar
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to their electronic counterparts. In the present work, we investigate the topological modes of

second-order photonic TIs with a focus on the vectorial nature of the electromagnetic wave,

which was yet not fully addressed in the recent works on higher-order photonic topological

modes of transverse magnetic polarization.33–35 To be specific, we study the corner states

and 1D hinge modes of the photonic breathing Kagome lattice with dipole-dipole interac-

tion. The Kagome lattice is a Wannier-type second-order TI in class AI whose topological

index (bulk polarization) is protected by the C3v point group symmetry.26,27 We notice that

the eigen-modes of the dipolar Kagome lattice are decomposed into the out-of-plane and

in-plane modes, which furnish different representations of the symmetry group of the effec-

tive polarizability matrix. By calculating the eigenmodes of the bulk bands, we show that

the symmetry reduction lifts the Dirac degeneracies at higher symmetry points, leading to

complete band gaps in both the out-of-plane and in-plane modes. We discuss the existence

of the in-gap vectorial corner and hinge states of both modes in the topological phases after

band inversion. We find that the topological properties of the out-of-plane mode are sim-

ilar to the prior works. However, it is interesting that, for the in-plane mode which hosts

two complete band gaps, there are several unprecedented transversal and longitudinal hinge

modes on both the zigzag and armchair boundaries in different gaps, which are absent in

the scalar models. Our results demonstrate that the photonic HOTIs have richer physics

compared to the corresponding scalar models, holding opportunities for engineering novel

topological states for electromagnetic waves.

2 Theoretical Model

We study the breathing Kagome lattices consisting of spherical subwavelength particles uti-

lizing the eigen-response theory36,37 which is a semianalytical technique based on the coupled

dipole method.38,39 The geometry of the breathing Kagome lattice is shown in Figure 1a. The

lattice is a 2D triangle lattice consisting of three particles per unit cell with unequal intra-cell
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Figure 1: The geometrical structures of (a) the periodic breathing Kagome lattice and (b)
the finite triangular disk of the breathing Kagome lattice. The dashed purple and red lines
denote the zigzag and armchair boundaries, respectively.

spacing a and inter-cell spacing b. Compared with the standard Kagome lattice, a > b(a < b)

corresponds to the expanded (shrunken) unit cell. The lattice primitive vectors are taken

to be a1 = d
(

1
2
x̂ +

√
3
2
ŷ
)

and a2 = d
(

1
2
x̂−

√
3
2
ŷ
)

, where d = a + b is the lattice constant.

The reciprocal primitive lattice vectors are b1 = 4π√
3d

(√
3
2
x̂− 1

2
ŷ
)

and b2 = 4π√
3d

(√
3
2
x̂ + 1

2
ŷ
)

.

By introducing staggered hopping amplitudes, the rotational C6 symmetry of the standard

Kagome lattice reduces to C3. Note that the breathing Kagome lattice is a 2D generalization

of the 1D Su-Schrieffer-Heeger (SSH) lattice. Previous works have shown that there are three

degenerate zero dimension corner states at the zero energy.26,27 In long wave approximation,

the particles are modeled as point dipoles and the lattice sites are assumed to interact with

each other by dipole-dipole interaction. The topological phases of dipole-dipole interactions

have been studied in several 1D and 2D systems.36,37,40–44 As mentioned earlier, the eigen-

modes for the dipolar Kagome lattice under consideration will decouple to the out-of-plane

and in-plane modes, leading to more complex physics than the scalar models.

By using the eigen-response theory, we can analyze the spectral response of dispersive

electromagnetic systems with loss and retardation.36,37 In the dipolar approximation, the

subwavelength particles are modeled as point electric dipoles with the dipole moment given
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by pn = αn(ω)En. Here αn(ω) and En denote the polarizability and electric field at site n.

For a cluster of dipolar particles, the total electric field is determined by the incident wave

and the radiations from all the particles. Hence, the local electric field at the position of a

specific dipole inside the lattice is given by the external incident field and the fields produced

by all the other dipoles. In the eigen-response theory, we solve the following non-Hermitian

eigenvalue problem based on the self-consistent coupled dipole-dipole interactions31,38,39

M(ω)p = λ(ω)p, (1)

where p(ω) = [p1, · · · ,pN ]T denotes the dipole moment distribution of a finite system with

total N particles, and M(ω, k) is the effective polarizability matrix

Mmn =


α(ω)−1 m = n;

− (k20/ε0)Gmn m 6= n,

(2)

where Gmn is the dyadic Green function which mediates the interaction between dipoles m

and n,

Gmn =
eikR

4πR

[(
1 +

ikR− 1

k2R2

)
I +

3− 3ikR− k2R2

k2R2
n⊗ n

]
(3)

with I is the 3×3 identity matrix, R = |rm−rn| denotes the distance between two particles,

n = (rm − rn)/|rm − rn| the unit vector along the line joining two particles. For spherical

particles of radius r0, the polarizability is given by

α(ω) =
α0

1− ik30α0/ (6πε0)
, (4)

where α0(ω) = 3ε0V (ε(ω)− 1) / (ε(ω) + 2) I, the second term in denominator represents

the radiation correction, V = 4πr30/3 is the particle’s volume and ε(ω) is the permittivity of

the constituent material. In the present work, we consider the particles made from the low-

loss (hexagonal) SiC materials. However, our results can be directly applied to plasmonic
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metasurfaces in the visible frequency in spite of the stronger absorption. The permittivity

of SiC is modeled by the Lorentz model45

ε(ω) = ε∞

(
1 +

ω2
L − ω2

T

ω2
T − ω2 − iωγ

)
(5)

where ε∞ = 6.7 is the high frequency limit of the dielectric constant, ωL = 790 cm−1 is

the transverse optical phonon frequency, ωL = 966 cm−1 is the longitudinal optical phonon

frequency and γ = 2 cm−1 relates to the nonradiative damping rate in the material. Com-

pared with the localized surface plasmon resonance in the visible frequencies supporting by

metalic nanoparticles, SiC nanoparticles supports strongly localized phonon polariton res-

onances in the infrared frequency due to the excitation of longitudinal optical phonons.45

Here, we choose the radius of the spherical particles to be r = 100 nm with the electric dipole

resonance at about 928.5 cm−1.

All the spectrum information of a dipolar lattice is contained in the effective polarizability

matrix M. In fact, M plays the same role of the tight binding Hamiltonian in condensed

matter physics where the diagonal term is analogous to the on-site energy for the nth particle,

while the off-diagonal terms are the hopping terms between arbitrary two sites based on

dipole-dipole interaction. In the eigen-response theory, we are interesting to the imaginary

part of the eigen-value Im [λ(ω, k)−1] which is proportional to the local density of states of

the system.

For a periodic Kagome lattice, we insert the Bloch wave ansatz ppq = eik·Xpqp with

p = (p1,p2,p3)
T and Xpq = pa1 + qa2 to eq 1 to obtain the Bloch eigenvalue problem:

M(k, ω)p = λ(k, ω)p (6)
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where M(ω, k) is given by

Mmn =


α−1 − (k20/ε0)

∑
(p,q)6=(0,0)

Gmne
ik·Xpq , m = n;

− (k20/ε0)
∑
p,q

Gmne
ik·Xpq , m 6= n,

(7)

where m,n = 1, 2, 3, k is the Bloch wave vector, Gmn = G(rm, rn +Xpq) with the integer

pair (p, q) denoting the unit cells in the lattice sum.

To get more physical insights, we consider the nearest neighboring coupling approxima-

tion by which the corresponding M0(k, ω) matrix is given by

M0 = α−1 +Mhopping (8)

where

Mhopping = −k
2
0

ε0


0 m12 m13

m21 0 m23

m31 m32 0

 (9)

with

m12 = G12(a) + G12(b)e
−i(kx+

√
3ky)a/2, (10a)

m13 = G13(a) + G13(b)e
−ikxa, (10b)

m21 = G12(a) + G12(b)e
i(kx+

√
3ky)a/2, (10c)

m23 = G23(a) + G23(b)e
−i(kx−

√
3ky)a/2, (10d)

m31 = G13(a) + G13(b)e
ikxa, (10e)

m32 = G23(a) + G23(b)e
i(kx−

√
3ky)a/2. (10f)

Here, the intra-cell hopping Gmn(a) and inter-cell hopping Gmn(b) denote the coupling

G(rm, rn) between nearest sites m and n with a(b) = |rm − rn|. It is important to note
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that the hopping terms are three dimensional complex matrix, representing the tensorial

valued coupling in compared with scalar hopping of systems such as the electronic and elas-

tic systems.

In the breathing Kagome lattice the zero frequency corner modes are protected by

the generalized chiral symmetry,30 which is defined by the unitary representation Γ3 =

diag(1, ei2π/3, e−i2π/3). Here, Γ3 is a direct generalization of the chiral symmetry operator Γ

in the SSH model, where ΓH0Γ
−1 = −H0 with H0 = (t1 + t2 cos ka)σx + t2 sin kaσy denoting

the SSH Hamiltonian, Γ = σz the chiral operator, and σi (i = x, y, z) the Pauli matrix.

To include the internal degrees of freedom for the electromagnetic waves, we introduce the

generalized chiral symmetry operator

γ3 = Γ3 ⊗ I. (11)

Under the generalized chiral symmetry γ3, the M0 matrix transforms in the following way

γ3M0γ
−1
3 = M1, (12a)

γ3M1γ
−1
3 = M2, (12b)

where M1 and M2 are isomorphic to M0, satisfying the constraint

M0 +M1 +M2 = 0. (13)

Because the chiral symmetry is a consequence of the lattice geometry which is respected by

both the out-of-plane and the in-plane modes, it guaranteed the existence of vectorial corner

states satisfied with
9∑
i=1

α−1i = 0. As in the scalar model, the corner states pinned to the

zero energy α−1i = 0 satisfied with this constraint automatically, which are confirmed by the

following calculations for both the out-of-plane and in-plane modes.
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Figure 2: Out-of-plane band structures for (a–c) the bulk breathing Kagome lattices with
different hoppings and (d–f) ribbons composed of 1× 15 unit cells terminated at the zigzag
and armchair boundaries in topologically trivial and nontrivial modes.
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3 Out-of-Plane Mode

We first investigate the out-of-plane mode of the breathing Kagome lattice. Because the

dipole moment of the out-of-plane mode has only one component along z direction p = pẑ,

it is expected that the feature of the out-of-plane mode are similar to that of the scalar

models.27,30

Figure 3: Dipole momentum distributions at M point for the out-plane bands in the metallic
phase from the first band to the highest band.

The out-of-plane bulk band structures of the breathing Kagome lattices are shown in Fig-

ure 2a–c, where the imaginary parts of the eigen-polarizability Im [λ(ω, k)−1] are presented.

To compare with the effect of symmetry reduction due to the staggered hopping, we first

consider the band structure of the standard Kagome lattice with (a = b). As shown in Fig-

ure 2a, there is a nearly flat band46 in the lower frequency region and two strongly dispersive

bands at higher frequencies are observed. The flat band touches with one of the dispersive

bands at Γ point while the upper two bands touch with each other with a Dirac-type degen-

eracy at K point, which indicates a metallic state. A distinct feature of the dipolar Kagome

system is that the flat band locates at the highest frequency region which is in contrast to

the scalar systems,27,30 where the flat band locates at the lowest frequency. These bands

originates from the coupling between individual dipolar modes of the particles comprising

the trimer constituting the unit cell. The dipole moments in a unit cell for different bands

at M point are shown in Figure 3. It is found from Figure 2 that, for the flat band, one of
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the dipolar modes interferes destructively in real space due to the lattice symmetry, and is

trapped inside the hexagon formed by nearby trimmers. While, the degeneracy is formed

between the low frequency in-phase dipolar mode and the high frequency anti-phase dipolar

mode on the three particles of the unit cell. By tuning the inter- and intra-cell spacings a

and b, the C6 rotation symmetry is broken to C3, resulting in a repulsion of the bands at K

point, and opening a complete band gap. The symmetry reduction leads to the hybridization

and avoided crossing of the formerly degenerated in-phase and anti-phase bands, giving rise

to the band inversion. On the other hand, the degeneracy between the lower bands at Γ

point are protected and the central band tends to emerge into the lowest one, as can be

found in Figure 2b for the case a = 2b. Calculations for the case with swapped a and b

(not shown) confirms the identical gapped band structure. This result is similar to the SSH

model, indicating a topological transition at a = b which corresponds to the band inversion

for the two dispersive bands.

Although Chern number vanishes in the Kagome lattice,25 topological edge modes are

excepted to appear in the bulk band gap in the topological phase protected.26,30 The bulk

topology is determined by its polarization, defined as the Brillouin zone average of the Berry

connection

P =
1

2π

∫∫
BZ

Tr [A(kx, ky)] d
2k (14)

with Berry connection A = 〈p|i∂k|p〉, where p is the Bloch wave function of the filled

bands. Physically, the polarization denotes the center of charge of the Wannier function rn =

〈wn0|r|wn0〉, where |wn0〉 is the Wannier function for the n-th band.12 It can be evaluated at

any point in each of the topologically trivial or nontrivial phases because it takes a constant

value unless the band inversion occurs.27 Consider the near field limit, eq 6 for the out-

plane mode is given by the real scalar valued hopping Gmn(r) → −1/(4πk20r
3), (r = a, b).

With this, the intra- and inter-cell hoppings become κ = 1/a3, γ = 1/b3. By which,

the nearest neighborring Mhopping turns out to be Hermitian matrix with elements m12 =

κ + γe−i(kx+
√
3ky)d/2,m13 = κ + γe−ikxd,m23 = κ + γei(−kx+

√
3ky)d/2. We note that, in this
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case, Mhopping recovers the tight binding Hamiltonian for scalar waves.27,30 The out-plane

mode can be exactly solved at the limit κ = 0. As in Ref. 27, the ground state wave function

is found to be p =
(

1, ei(kx+
√
3ky)d/2, eikxd

)T
, with which the Berry connection is calculated

as Ax = 1/2 and Ay = 1/2
√

3. It follows that px = 1/2, p+ = 0, p− = 1/2, and P3 = 1/2.

Therefore, the Wannier center exists at the center (px, py) =
(
1/2,
√

3/6
)
a of the small

triangle. On the contrary, the Wannier center is on the lattice site (0, 0), corresponding to

the wave function p = (1, 1, 1)T /
√

3 of the trivial phase γ = 0. Consequently, the mismatch

between the Wannier center and the lattice site produces the zero-frequency corner states in

the topological phase.

Figure 4: Dipole moments of the edge states on the (a) zigzag and (b) armchair boundaries
of the Kagome ribbons in the topological phase.

To confirm the existence of hinge modes, we calculate the band structures of ribbons of

the Kagome lattice. In numerical calculations, we set Bloch periodicity across the ribbons.

Along the finite direction, we truncate the lattices along the zigzag or armchair boundaries,

which are depicted by the dashed lines in Figure 1a. We have examined both situations of

topologically trivial (a < b) and topologically nontrivial lattices (a > b), and found that only

in the topological phase the bulk band gap hosts dispersive hinge which strongly localise

on the truncated boundaries of the ribbons. The results are shown in Figure 2d–f, where

linear ribbons consisting of 1 × 15 unit cells are calculated. From Figure 2d, the hinge

states are absent in the topological trivial case, while Figures 2e and 2f demonstrate the

existence of hinge modes in the bulk band gap for each boundary. The corresponding dipole
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distributions for the hinge states depicted in Figure 4 show that the lower frequency and

upper frequency edge states are bounded at the zigzag and armchair cuts, respectively. We

note that the zero frequency is sandwiched between the two branched edge states. It is also

worthy mention that the edge states here don’t bridge the bulk bands, which is in contrast

to Chern insulators.

Figure 5: The eigen-polarizability of the out-of-plane modes for finite 21-layer disks of the
breathing Kagome lattice with a/b, (b = 3r0) from 0.6 to 3 with a step 0.2.

Next we investigate the spectral response of finite triangular disks made of the breathing

Kagome lattice. We define the size L of the disk by the number of unit cell along one edge.

Hence, there are 2L particles at each edge and 3L(L+ 1)/2 particles in total. The numerical

results for a disk of L = 21 with different a/b ranging from 0.6 to 3 are shown in Figure 5.

It is shown that the band inversion occurs at a = b, indicating the closure of the complete

band gap. As expect, three nearly degenerate states are found nearby the zero frequency,

which are the corner states. Most interestingly, there are 3(N − 1) discrete gapless states
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appearing above the zero frequency in the bulk band gap, which correspond to the hinge

mode on the finite sized armchair boundary,47 as shown in Figure 2f. Both the corner states

and the hinge states are only observed the topological non-trivial lattice with a > b, they are

absent when a < b, indicating the topological nature. The distribution of dipole moments

for the zero frequency states are depicted in Figure 6a–c. These states well localized at the

three corners are linearly combination of the three independent eigen-states with 1/3 charge

as previous work,27 except the fact that the dipole moments of the particles can be parallel

or anti-parallel with each other. Figure 6d presents the dipole moment distribution of one

of the hinge states inside the bulk gap. It is shown that the response is dominated by the

hinges where dipole moments at the sites of neighboring unit cells parallels with each other

while antiparallel with the dipoles inside the same unit cell.

Figure 6: The dipole moment distributions of (a,b,c) the corner states and (d) the hinge
state of the triangular disk for the out-of-plane mode in the topological phase.
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Figure 7: Out-of-plane band structures for (a–c) the bulk breathing Kagome lattices and
(d–f) ribbons composed of 1× 15 unit cells in the topologically trivial and nontrivial phases.
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4 In-Plane Mode

We now study the in-plane mode of the breathing Kagome lattice which is absent in the

previous studies. Figure 7a–c presents the bulk band structures for the in-plane mode under

study. Because the in-plane dipole moment has two degrees of freedom, there are six bands

spanning in the interest frequency region for each structure. As shown in Figure 7a, the

standard Kagome lattice (a = b) has no complete band gaps. It is found that frequency

degeneracies due to band crossing are found at the higher symmetric points K, M and Γ. At

K, the central four bands touch linearly at two different frequencies, while the highest two

bands are degenerate at M point. Furthermore, the middle two bands and the lower three

bands touched at Γ point. The dipole moment distributions at M point for different bands

from bottom to top are presented in Figure 8. It is found that the lowest and highest bands

have highest symmetries with equal amplitudes; they are rotating and breathing modes,

respectively. And the middle four bands consist of one stronger and two weaker dipoles.

Specifically, the two weak dipoles point to the center and the other vertex of the triangles

for the second and third bands, while the stronger dipole moment is along with y axis. As

a comparison, the weaker dipoles points to the upper and lower triangles with anti-parallel

components, and the stronger dipole moment point to x axis for the other two bands. Upon

symmetry reduction, the degeneracies at K and M points are lifted while the degeneracy at Γ

point remains unchanged. It can be seen from Figure 7b for a = 1.2b. If the hopping stagger

is further increased, as shown in Figure 7c for a = 2b, the bands form three disconnected

groups among which two complete band gaps emerge. We note that the zero frequency lies

in the lower gap. As in the out-of-plane mode, identical bulk band structures are found when

the staggered hoppings are interchanged (not shown). Consequently, a = b corresponds to

the band inversion point for both bands, indicating a topological transition.

We now consider the Wannier centers for the in-plane mode. For in-plane dipole-dipole

coupling, the near-field limit of the Green dyadic Gmn(R)→ 1/(4πk2R3) (−1 + 3n⊗ n). By

16



which, the real tensor valued hopping matrix Mhopping is given by

m12 = κ12 + γ12e
−i(kx/2+

√
3ky/2)d, (15a)

m13 = κ13 + γ13e
−ikxd, (15b)

m23 = κ23 + γ23e
i(−kx/2+

√
3ky/2)d, (15c)

where we have defined

κ12 =
1

a3

 −1/4 3
√

3/4

3
√

3/4 5/4

 , (16a)

κ13 =
1

a3

2 0

0 −1

 , (16b)

κ23 =
1

a3

 −1/4 −3
√

3/4

−3
√

3/4 5/4

 . (16c)

The inter-cell γmn are obtained by replacing a with b in the above expressions. With the

above matrix valued hopping, it is very difficult to analytically evaluate the Wannier center.

However,the Wannier center for the topologically trivial case can be found to locate at

the lattice center (0, 0) trivially since both M and the eigen-vectors don’t depend on k in

the limit γmn → 0. For the topological phase, numerical calculation shows the Wannier

center locates at the triangle center
(
1/2,
√

3/6
)
a as previously. So that the mismatch of

the Wannier centers indicates the difference between the topological trivial and non-trivial

phases, giving rise to the topological states for the in-plane mode.

We now consider the hinge states on the boundaries of Kagome ribbons. It is expected

that the in-plane hinge modes are more complicated than the out-of-plane mode because

of the complex bulk band structures, as show in Figure 7a–c. The band structure for the

topologically trivial ribbon is shown in Figure 7d, where two complete band gaps are observed
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Figure 8: Dipole momentum distributions of the bulk bands at M point for the in-plane
topological mode (a/b=2) from the first band to the highest band.

clearly. Figures 7e and f present the band structures for ribbons with zigzag and armchair

cuts in the topological phase, respectively. By comparing with the topological trivial phase,

we find that the zigzag boundary has two hinge modes residing inside the lower gap, which

touch with each other at Γ point. The dipole moment distributions shown in Figure 9

demonstrates that both modes are well localized on the ribbon’s boundaries, and the dipole

moment directions are aligned and vertical with the ribbons, respectively. For the armchair

boundary shown in Figure 7f, it is very interesting that both bulk band gaps host hinge

modes, which is different from the zigzag boundary where two hinge modes are found in the

lower gap. To be specific, there are two dispersive hinge modes in the lower gap and one hinge

mode in the upper gap for the zigzag boundary. In Figure 9b, we plot the dipole moments

for the three hinge states from bottom to top. It is shown that the edge state in the upper

gap is a longitudinal mode with antisymmetric dipole moments inside the unit cell. For the

two lower hinge states, the dipole moments are perpendicular to the ribbon, and represent

the symmetric and antisymmetric modes, respectively. Because the antisymmetric mode has

lower energy, the frequency of the antisymmetric mode is lower than the symmetric one.
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Figure 9: Dipole moments of the edge states of the in-plane mode on (a) the zigzag and (b)
the armchair boundaries of the Kagome ribbons in the topological phase.

Figure 10: Dependence of the imaginary part of the eigen-polarizability of the in-plane mode
on the distance aspect ratio a/b. Here, ATH, STH and L modes denote the anti-symmetric
transverse mode, the symmetric transverse mode and the longitudinal mode, respectively.
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As in the out-of-plane mode, we also calculate the responses of the finite triangular disks

for different parameters. The effective eigen-polarizabilities of the finite triangular disks

are presented in Figure 10. It is found that six nearly degenerate states retain near the

zero mode frequency in the lower gap of the topological nontrivial phase (a/b > 1). The

corresponding dipole moment distributions shown in Figure 11a–f are linearly combinations

of states localized at the corners. We want to point out that the direction of the dipole

moment on each of the vertexes is either perpendicular or aligned with the corresponding

line connecting the vertex and the center of the disk. These corner states are linearly

combinations of the associated dipoles on the corner sites. Besides the corner states, there

are three dispersive bands resided in both the bulk band gaps of the topological phase.

Two hinge modes are found in the lower gap in which the zero modes are sandwiched.

While, a single hinge mode is found in the upper gap, which is in agreement with the result

shown in Figure 7f. Specifically, there are 3(L− 1) states below the zero frequency and 2L

states above the zero frequency. Form Figures 11g,h, the dipoles of the two modes are the

anti-symmetric and symmetric modes perpendicular to the boundaries. Finally, there are

3(L− 1) longitudinal states in the upper band gap, whose dipole moments are aligned with

the directions of the boundary [See Figure 11i].

5 Conclusion

In summary, we have investigated the second-order vectorial topological modes on the pho-

tonic breathing Kagome lattice with dipole-dipole interactions. We show that symmetry

breaking lifts the degeneracies at higher frequency points, leading to complete band gaps

for both the out-of-plane and in-plane modes. In both modes, vectorial corner states are

found near zero frequencies in the band gaps. For the out-of-plane mode, two gapless hinge

modes are observed on the zigzag and armchair boundaries, respectively. For the in-plane

mode, we show that there are two hinge states which are aligned and perpendicular to the
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Figure 11: Dipole distributions of the (a–f) corner states, (g,h) the antisymmetric and
symmetric transversal hinge modes, and (i) the longitudinal hinge mode supported by the
Kagome triangle in the topological phase.
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zigzag boundary in the lower gap. Meanwhile, three hinge states, one longitudinal and two

transversal modes with symmetric and anti-symmetric dipoles are found on the armchair

boundary, which are absent in the scalar model. Our work reveals the intriguing difference

between the electromagnetic fields and other scalar models, which can also be applied to the

other non-Hermitian systems such as plasmonic metasurfaces in the optical frequencies.

Acknowledgement

We thank Kai Fung Lee, Wang Tat Yau, Wai Chun Wong and Lau Ting Wai for helpful

discussions. This work is supported by Collaborative Research Fund from the Hong Kong

Research Grant Council (grant No. C6013-18G) and the National Natural Science Foundation

of China under Grant No. 61875225.

References

(1) Hasan, M. Z.; Kane, C. L. Colloquium: Topological insulators. Rev. Mod. Phys. 2010,

82, 3045–3067.

(2) Qi, X.-L.; Zhang, S.-C. Topological insulators and superconductors. Rev. Mod. Phys.

2011, 83, 1057–1110.

(3) Chiu, C.-K.; Teo, J. C. Y.; Schnyder, A. P.; Ryu, S. Classification of topological quan-

tum matter with symmetries. Rev. Mod. Phys. 2016, 88, 035005.
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