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Abstract: A widely adopted semiparametric model for analyzing panel
count data is a proportional mean model, which may be deemed inappro-
priate when the proportionality assumption is violated. Motivated by the
popular accelerated failure time model that relaxes such assumption, we
investigate accelerated mean models for semiparametric regression analysis
of panel count data. For estimation of bundled parameters, we develop a
sieve least squares estimation procedure, which is robust in the sense that
no distributional assumption is required for the underlying recurrent event
process. Overcoming the theoretical challenges from bundled parameters,
we establish the consistency and convergence rate of the proposed esti-
mators, and derive the asymptotic normality of both the finite-dimensional
estimator and the functionals of the infinite-dimensional estimator. Simula-
tion studies demonstrate promising performances of the proposed approach,
and an application to a skin cancer chemoprevention trial yields some new
findings.
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1. Introduction

Statistical inference on recurrent event processes has been gaining an increasing
amount of research interests during the past few decades for its far-reaching
applicability to various fields, such as econometrics, medicine, and epidemiol-
ogy. In longitudinal follow-up studies with recurrent events, panel count data
often occur when participants are observed at discrete time points where the
numbers of recurrent events incurred between two observation points are avail-
able but the exact times these events happened remain unknown. A typical
example is the skin cancer chemoprevention trial conducted by the University
of Wisconsin Comprehensive Cancer Center, which included 291 patients that
were randomly assigned to either placebo or 0.5 g/m?/day PO difluoromethy-
lornithine (DFMO) treatment [1, 6, 16]. In the study, patients returned to the
hospital roughly every six months for follow-up assessments, where the number
of basal cell carcinoma and squamous cell carcinoma accumulated between two
observation time points were recorded for analysis. The exact times when each
tumor cell developed are unavailable since it is unrealistic to place patients under
continuous computed tomography (CT) scans. The analysis of recurrent event
processes with panel count data plays an important role in modern medicine,
however, such unique characteristics bring additional challenges to statistical
modeling. Luckily, numerous advanced methodologies emerged in recent years
that significantly enhanced performance and predictability, including paramet-
ric modeling [3, 15, 27], nonparametric approaches [2, 10, 13, 19, 25, 30, 35, 36],
and semiparametric modeling [5, 11, 20, 21, 26, 31].

In particular, many researches focused on the proportional mean/rate model
in developing various classes of inference procedures, including estimating equa-
tion approaches [5, 11, 12, 14, 17, 26, 29], semiparametric likelihood approaches
[20, 31], likelihood and estimating equation approaches [13, 21]. However, ap-
proaches based on the proportional mean/rate model become futile under some
commonly encountered situations where the proportionality assumption is vio-
lated. Thus, to address more general situations, we consider an accelerated mean
model, which is a natural extension of the well-known accelerated failure time
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(AFT) model to recurrent event processes [9, 18]. The accelerated mean model
possesses a unique feature which allows covariates to accelerate or decelerate
the length of time elapsed to each recurrence [18, 32]. Recently, [33] studied a
general class of semiparametric scale-change models for recurrent event data. To
the best of our knowledge, the accelerated mean model with panel count data
remained unexplored until a recent study by [6], who proposed a novel con-
ditional likelihood and estimating equation method for model parameters and
established the consistency of estimators. Meanwhile, they pointed out that the
asymptotic distribution of the estimators for accelerated mean model parame-
ters remains an open problem. The main challenge in deriving the asymptotics
of the semiparametric accelerated mean model concerns the mean function with
regression coefficients embedded as its argument resulting in “bundled” param-
eters, which requires more tactical development in empirical process theory.

The major contributions of this paper are fourfold. First, we develop a sieve
least squares estimation approach for estimating unknown functional and scale
parameters bundled in a semiparametric accelerated mean model. Second, we
overcome the theoretical challenges from bundled parameters, derive the pro-
posed estimators having the overall convergence rate slower than n~'/2 but the
regression estimator achieving the standard n~!/2-convergence rate, and also
establish the asymptotic normality of both the finite-dimensional estimator and
functionals of the infinite-dimensional estimator. Compared with [8], our new
contribution is that we first established the asymptotic normality for function-
als of the proposed estimator with complex panel count data and then derived
the asymptotic normality for the finite-dimensional estimator and functionals
of the infinite-dimensional estimator. However, [8] only provided the asymp-
totic normality for the finite-dimensional estimator in general semiparametric
sieve M-estimation with bundled parameters. Third, in contrast to most exist-
ing methods, the proposed estimation approach and the asymptotic results of
the resulting estimator are robust in the sense that no distributional assump-
tion is required for the underlying recurrent event process. Fourth, we apply the
proposed method to a skin cancer chemoprevention trial and have some new
findings.

The remainder of this paper is organized as follows. In Section 2, we introduce
the accelerated mean model for panel count data and describe the enhanced
least squares estimation procedure. The consistency, the convergence rate, and
the asymptotic normality of the estimator are established in Section 3. We
include some simulation studies in Section 4, and in Section 5, we apply the
proposed approach to the skin cancer chemoprevention trial data. Finally, some
discussions and potential future research directions are included in Section 6.
All technical proofs are given in Appendix.

2. Methodology

Consider a longitudinal follow-up study containing n subjects. Let N(t) denote
the number of recurrent events occurred up to time ¢t for 0 < ¢ < 7, where 7
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is the length of the study. Suppose each subject is observed at K discrete time
points denoted by T = (T1,...,Tk), and let N = (N(T1),...,N(Tk)). Let
X be a p-dimensional covariate vector associated with recurrent events. Then
for the i'" subject, the observation is represented by O; = {K;, T;,N;, X;}
with E = (TilaTi27 ce aTiKi) and & = (Ni(nl)aNi(Tﬁ)a tee 7]\/YZ(T;KJ), for
i = 1,...,n. For recurrent event process N(-), we consider a semiparametric
accelerated mean model:

E(N:(H)|X;) = At P, (2.1)

where A(-) is an unspecified non-negative and non-decreasing baseline mean
function with A(0) = 0, and B is a p-dimensional parameter representing co-
variate effects. To estimate A(-) and B, we propose to use the following loss

function:
2,(B,A) ZZ{ (Tijexfﬁ)}z'

1=1 j=1
In particular, we adopt the monotone I-spline function to approximate A(:).
Set b = sup, . gtexp(x” B). Take {t; : i = 1,--- ,m, + 2d} as a sequence of
knots that partitions [0, b] into m,, + 1 subintervals with

O=t1 = =tg<tgp1 < - <tm,+d <bm,td+1 =" =tm, 424 = b.

Let {I;(s),l =1, -+ ,q,} be the I-spline basis functions [22] with ¢, = m, + d.
According to [7], a reasonable approach to selecting d and m,, is treating them
as turning parameters and using the BIC or cross-validation methods. For the
simplicity of calculations, we choose the cubic I-spline function with d = 4 and
m, = O(n'/7) by [19] and our simulation experiences. Set the functional space
linearly spanned by the I-spline basis functions as follows

dn
Gn = {A(s) = &GIi(s): &> 0forl=1,--- ,qn}.
=1

Let 8 = (B, A) and 6y denote the true value of 8. Let R be a compact set of RP.
Then we define the estimator of 8 to be the value that minimizes £,(0) with

respect to @ € R X G, denoted by 8,, = (B, A,) with A, (s) = I(s)T€,. This
proposed estimator can be computed by L-BFGS-B algorithm [4].

3. Asymptotic results
We utilize the empirical process theory [28] to derive the asymptotic properties

of the proposed estimator. First, we introduce more notation. Define the loss
function for each individual based on observed data O as

L(B,A; O) Z{N A(Ty exp (XT8))}7,
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and rewrite £,(8,A) =P,L(8, A; O). Let

Hye={g:]g"V(s) — g V@) < cols —t| forall 0<s,t<b, g(0)=0,

g(+) is nonnegative and nondecreasing function on [0, b]}

denote the function space of the baseline mean function A. Set the accelerated
time of T} to be T7(B) = T} exp(X7TB), and set 15; = T; (Bo) = Tj exp(X7T By).
Let B, and B denote the collection of Borel sets in R” and R, respectively. We
define the measure

m(BxC’):/ iP(K:MX:x)ZP(TJjGB\K:k,X:x)dFX(x)
C k=1 j=1

for any B € B and C € B, where Fx is the distribution function of X. Fur-
thermore, set ps(B) = p1(B x X) for any B € B, where X C RP is a bounded
set representing the domain of X. For any Ay, Ay € H,., we define the metric:

1/2

K
2
dy (A1, Ag) = [|A1 = Aall gy =P | D {Al(TS}) - A2(T5j)}
j=1
For any 601,05 € ©, we define the metric dy(01,62) as

9 9 1/2
da(61,02) = [[1B1 = Bl + 141 = Aol | -

To establish the asymptotic properties of the proposed estimator, we assume:

(C1) Let the true parameter By € R°, where R° is the interior of R.

(C2) The true baseline function Ag € #, satisfies that Ag(b) < M; for a con-
stant My > 0 with r > 3.

(C3) If there exists a constant vector 1 and a deterministic function g such that
n'X = 9(Ty),j =1,..., K with probability 1, then n = 0 and g = 0.

(C4) The number of subintervals in [0, ] satisfies m, = O(n”) for 0 < v <
1/2. Furthermore, maxgi1<i<m,+d+1 |ti — ti—1| = O(n™"), and there is a
constant My > 0 such that

MAXd+1<i<m, +d+1 |ti — ti—1]

- < Ms.
Ming1<i<m, +d+1 [t —ti—1]

(C5) There is a constant M3 > 0 such that P(K < M3) = 1.

(C6) E(eMiN®)) is uniformly bounded for t € [0, 7] and a constant My > 0.

(C7) ps is absolutely continuous with respect to Lebesgue measure with a
derivative fi2, and fio has a uniform positive lower bound.

(C8) There is a constant M5 > 0 such that 1/Ms < A{(s) < M for all s € [V, b
with the positive constant b’ satisfying Ag(b') > 0, where A{ is the first
order derivative of Ag.

(C9) P(NZ{Ts; € v',0]}) = 1.
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(C10) There is a constant 0 < Mg < 1 such that
a’Var[X|Ula > Mga” E[XX”T|U]a

a.s. for all a € RP, where (U, X) has distribution p; /1 (RT x X'). Further-
more, E[XX7] is nonsingular.

Remark 1. Conditions (C1) and (C2) are common in the analysis of the semi-
parametric model. Similar to Condition (C.2) of [34], Condition (C3) ensures
the identifiability of the proposed model. By [19, 20], Condition (C4) is reg-
ular for monotone spline estimation. Condition (C5) implies that the number
of observation times is bounded, which is regular in medical follow-up studies.
According to [31], Condition (C6) holds when the counting process is uniformly
bounded or from a Poisson-type process, which is common in practice. Condi-
tion (C7) holds when the metric ps has a strictly positive intensity. Condition
(C8) is regular according to [31], meaning that the true baseline mean function
is absolutely continuous with a bounded intensity function. Condition (C9) indi-
cates that all the accelerated observation times at By fall into a fixed interval in
which the baseline mean function is bounded away from zero. Conditions (C10)

is a technical assumption, which is satisfied in many applications (see Condition
(C13) of [31]).

Theorem 3.1 (Consistency). Suppose that Conditions (C1)—(C6) hold. Then
dg(an, 00) = Op(]-)'

Theorem 3.2 (Convergence Rate). Suppose that Conditions (C1)—(C10) hold.
Taking v = 1/(1 + 2r), we have da(0,,,80) = O,(n~"/(1F21).

Although the overall convergence rate of 0., is slower than n'/ 2. our proposed

estimator for By is still asymptotically normal at the rate of n'/2. We use Theo-
rem 3.1 in [36] to establish the asymptotical distributions of Bn and functionals
of A, respectively. Let H = {(hy, ko) : [|hyi]]s < 1,||hallee < 1,hy € R by €
H,}. For all (hy,hy) € H, define

dL(B + nhi, A + nhs; O)

After some algebraic calculations, we have

m(8.4:0) [y, o
K
= [{A(17(8) = NT)HA (15 (8) T3 ()X b + ha (7 (B)) } ).
Let

G(B,A)[hi, ho] = Pm(B, A; O)[hy, ho]

and
G”(B? A)[hla hQ} = an(ﬂ’ A7 O)[h17 hQ]

Then we have the following theorem.
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Theorem 3.3 (Asymptotic Normality). Suppose that Conditions (C1)—(C10)
hold.

(i) For all (hy,hy) € H, we have

V(1 (B — Bo)[hi, ha] + oa(Ay — Aog)hy, hal) 5 N(0,00[hy, ha?),
where oolhy, ho)? = E[m(B,A; O)[hy, hs]?], and o1(Bn — Bo)[hy, hs] and

~

o2(Ay, — Ag)[hy, ho] are defined in (B.4).
(i) Furthermore, we have

V(B — Bo) L N(0,AT'B(AHT),  and
Vnoa(Ry — Ao)[R(hz), ha] % N(0, o0[R(h2), ha]?),

for all ho € H,., where A and B are defined in (B.6), and R(h2) is defined
in (B.7).

In the above theorem, part (i) presents the joint asymptotic normality of the
regression coefficient estimate and the functionals of the baseline mean function
estimate, while part (ii) provides the asymptotic normality of the regression co-
efficient estimate and the asymptotic normality of the functionals of the baseline
mean function estimate, respectively. These results are useful for conducting hy-
pothesis testing and constructing confidence intervals of regression coefficients.

The proofs of Theorems 3.1-3.3 are sketched in Appendix.

4. Simulation study

We conducted extensive simulation studies to evaluate the finite-sample per-
formance of the proposed estimators. Consider covariates X; = (X14, X2:)7,
with X3, from Bernoulli(0.5) and X5; from Uniform(0,1). Let the true 8y =
(1,—0.5)T". For each of the four cases of the counting process N(-) below, we
considered Ag(t) =t and 3+/%.

Case 1: N(-) followed a standard a Poisson process satisfying model (1).
That is, N;(T;1) was generated from the Poisson distribution with mean

AO(ElexiTﬁo), and AN;(T;;) was generated from the Poisson distribution
with mean Ao(TijeXiTBO) — A()(Ti(j_l)eXiTﬁO)7 forj=2,...,K;.

Case 2: N(+) followed a mixed Poisson process satisfying model (1). That is,
N;(T};1) was generated from the Poisson distribution with mean ;Ao (71 eXiTﬂO)
and AN;(T;;) was generated from the Poisson distribution with mean

’yon(Tl]t?XTﬂo) - WiAo(n(j,1)€X?30)7 for ] = 27 N ,Ki,

where 7; ~ Gamma(4,1/4).

Case 3: N(-) followed a negative binomial process satisfying model (1). That
is, N;(T;1) was generated from the negative binomial distribution with param-
cters Ag(Tj1eXiP0) and 1/2, and AN;(T};) was generated from the negative
binomial distribution with parameters Ao(TijeXiT'BO) - AO(Ti(j_l)exiTﬁO) and
1/2, for j=2,..., K;.
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Case 4: N(-) followed a mixed negative binomial process satisfying model
(1). That is, N;(T;1) was generated from the negative binomial distribution with
parameters v; Ao (T3 eXiTﬁO) and 1/2, and AN;(T;;) was generated from the nega-
tive binomial distribution with parameters v; (Ao (T}, eXiBoy_ A, (Ti(j_l)eXiTﬁo )
and 1/2, for j = 2,..., K;, where v; ~ Gamma(4,1/4).

In Cases 1 and 3, the number of observation times K; was from a uniform dis-
tribution with equal probability 1/6 on {1,--- ,6}. In Cases 2 and 4, the number
of observation times K; was from a uniform distribution with equal probability
1/8 on {1,---,8} for ; > 1, and was from a uniform distribution with equal
probability 1/6 on {1,--- ,6} for v; < 1. For given K;, we set observation times
(Tin,. .., 15 k,) as the order statistics from Uniform(0, 7) with 7 = 6. For the
upper bound of the domain of A, we suggest selecting a large b within a rational
range. We chose b = 200 such that b > 7§ = supx 7exp(XT 8g) ~ 16.31.

For the computation details, we implemented the L-BFGS-B algorithm with
initial values 8 = 0 and & = (1,1,1,1,1,1,1,1). For the selection of location
of knots, we considered the two most common methods by dividing the time
interval equally and using the percentiles of the observation times, respectively.
The details for the two methods are given as follows.

Method 1: We first calculated T3, (8) = max; T}y, (B) and set the knots

tayis - stddm, E’ be Tl’?‘lax(ﬁ)/(mn + 1)) T 7(mnTr;ax(/§))/(mn + 1)> which
divided [0, T}, (8)] equally. Using the L-BFGS-B algorithm with initial value
(B,&), we obtained an initial estimate (Bn,én) Then we selected the knots

based on B3,. That is, we calculated T'* (,Bn) = max; Ty, (,én) and set the

knots tay1, - tarm, to be Ty (Bn)/(mn 4+ 1), (T (Bn))/ (M + 1).

Method 2: We first set the knots i1, ,tgrm, to be the 1/(my,+1),---,
my/(my, + 1) percentiles of {T[;(B) i =1,---n,j = 1,---, K;}. Using the
L-BFGS-B algorithm with initial value (E, E), we obtained an initial estimate
(Bn7£n) Then we selected the knots based on Bn That is, we set the knots
tas1, - starm, tobethe 1/(my+1),- -+ my,/(my+1) percentiles of {77 (Bn) :
i=1,-nj=1,--- K}

The estimator (,@n, én) was finally obtained by the L-BFGS-B algorithm with
initial value (Bn, én)

For each of the four cases, we applied the proposed sieve I-spline estimation
with knots selected by Methods 1 and 2. The Monte Carlo simulation was re-
peated 500 times for sample sizes n = 100, 200, 300. For the simulation results
on A, we reported the mean, the 2.5% and 97.5% pointwise percentiles of the
functional estimate A,, based on 500 replications. For the simulation results on
B, we reported the estimated bias (BIAS) given by the average of the estimates
minus the true value, the sample standard deviation of the estimates (SSE),
the estimated standard errors of the estimates (ESE), and the estimated 95%
coverage probabilities (CP) obtained from 500 replications, where the standard
error of the estimate was estimated by 100 bootstrap samples.

Figure 1 shows the simulation results for the estimated function A(-) on [0, 7]
under Case 1 for each sample size. One can see that the results with knots se-
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TABLE 1
Stmulation results of B for Case 1.
Ao(t) =t Ao(t) = 31
Method 1 Method 2 Method 1 Method 2

Sample Size: n =100
Bias  (0.007,—0.021) (0.019,—0.005) (0.017,—0.022) (0.020,—0.011)
SSE (0.177,0.193) (0.179,0.188) (0.231,0.332) (0.221,0.325)
ESE (0.144,0.187) (0.142,0.179) (0.223,0.334) (0.242,0.344)
CP (0.948,0.950) (0.942,0.946) (0.922,0.926) (0.948,0.948)
Sample Size: n = 200
Bias  (0.007,—0.010) (0.014,—0.005) (0.001,0.006) (0.014,0.011)
SSE  (0.101,0.129)  (0.100,0.127)  (0.156,0.225)  (0.153,0.221)
) )
) )

ESE (0.099,0.127) (0.097,0.121) (0.152,0.229 (0.156,0.226

CP (0.936,0.940) (0.936,0.930) (0.942,0.956 (0.954,0.944
Sample Size: n = 300

Bias  (0.002,—0.006)  (0.005,—0.004) (—0.002,0.008) (0.002,0.013

SSE (0.084,0.102) (0.085,0.095) (0.115,0.181) (0.114,0.176

ESE (0.083,0.104) (0.080,0.099) (0.123,0.185) (0.125,0.184

CP (0.934,0.944) (0.932,0.952) (0.948,0.956) (0.954,0.952

—

TABLE 2
Simulation results of B for Case 2.
Ao(t) =t Ao(t) = 3Vt
Method 1 Method 2 Method 1 Method 2

Sample Size: n = 100
Bias ~ (0.031,—0.026) _ (0.057,—0.007) (0.030,0.021) (0.080,—0.076)

SSE (0.343,0.374) (0.328,0.363) (0.367,0.599) (0.465,0.628)
ESE (0.315,0.347) (0.330,0.349) (0.348,0.568) (0.408,0.636)
CP (0.902,0.932) (0.930,0.938) (0.924,0.940) (0.946,0.942)
Sample Size: n = 200
Bias (0.003,—0.006) (0.017,0.006) (0.022,0.019) (0.023,0.005)
SSE (0.160,0.235) (0.155,0.226) (0.266,0.404) (0.256,0.418)
ESE (0.152,0.241) (0.152,0.234) (0.242,0.408) (0.268,0.432)
CP (0.936,0.950) (0.942,0.948) (0.916,0.938) (0.952,0.960)

Sample Size: n = 300
Bias (—0.019,—0.006) (—0.005,0.004) (—0.021,—0.002) (—0.012,0.011)

SSE  (0.119,0.197) (0.119,0.189) (0.193,0.329) (0.191,0.323)
ESE  (0.122,0.194) (0.124,0.190) (0.194,0.338) (0.204,0.349)
CP (0.950,0.938) (0.962,0.954) (0.940,0.938) (0.954,0.956)

lected by Methods 1 and 2 are similar, all estimates of mean functions are very
close to the true function, and the deviations in the tail regions reduce with
sample size, suggesting that the proposed approach is appropriate. Moreover,
the variability of the functional estimator decreases as the sample size increases,
which means that our estimates are consistent. The figures in Cases 2—4 are sim-
ilar and thus not presented here. Tables 1-4 summarize the simulation results
for the estimates of regression parameters under each case. Across all simulation
scenarios, we observed a small average bias and CP close to the theoretical level
of 95%. Moreover, ESE and SSE are within proximity of each other, and both
metrics decrease with increasing sample size. In summary, the proposed estima-
tion procedures perform well for all situations considered, which demonstrate
the robustness.
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TABLE 3
Simulation results of B for Case 3.
Ao(t) =t Ao(t) = 3/t
Method 1 Method 2 Method 1 Method 2

Sample Size: n = 100
Bias (0.030,—0.016) (0.036,—0.003)  (0.024,—0.026)  (0.025,—0.056)

SSE  (0.252,0.270) (0.232,0.256)  (0.367,0.472)  (0.359,0.506)
ESE  (0.206,0.276) (0.214,0.269)  (0.321,0.485)  (0.361,0.525)
CP (0.922,0.944) (0.946,0.944)  (0.906,0.948)  (0.940,0.946)

Sample Size: n = 200
Bias (0.004,—0.009) (0.014,0.002) (0.006,—0.001)  (0.018,—0.001)

SSE  (0.148,0.176) (0.144,0.168)  (0.219,0.309)  (0.216,0.320)
ESE  (0.142,0.183) (0.142,0.175)  (0.218,0.330)  (0.233,0.340)
CP (0.938,0.948) (0.932,0.952)  (0.944,0.946)  (0.956,0.956)

Sample Size: n = 300
Bias  (—0.001,—0.014)  (0.005,—0.009) (0.006,—0.022)  (0.011,—0.017)

SSE (0.114,0.152) (0.118,0.145) (0.175,0.263) (0.175,0.262)
ESE (0.118,0.152) (0.116,0.145) (0.177,0.274) (0.184,0.278)
CP (0.934,0.948) (0.934,0.950) (0.928,0.954) (0.950,0.956)
TABLE 4
Simulation results of B for Case 4.
Ko =1 Ro(t) = 3V7
Method 1 Method 2 Method 1 Method 2
Sample Size: n = 100
Bias (0.055,—0.023) (0.077,—0.009) (0.074,0.024) (0.085,—0.066)
SSE (0.359,0.433) (0.368,0.412) (0.406,0.642) (0.399,0.770)
ESE (0.345,0.399) (0.366,0.406) (0.374,0.619) (0.442,0.701)
CP (0.928,0.934) (0.936,0.954) (0.932,0.940) (0.958,0.938)
Sample Size: n = 200
Bias (0.016,—0.010) (0.022,0.001) (0.004,—0.005) (0.011,—0.013)
SSE (0.205,0.289) (0.178,0.278) (0.259,0.419) (0.258,0.430)
ESE (0.172,0.269) (0.174,0.266) (0.257,0.444) (0.285,0.475)
CP (0.948,0.936) (0.962,0.942) (0.930,0.952) (0.958,0.970)

Sample Size: n = 300
Bias (—0.010,—0.014) (—0.002,—0.005) (—0.009,—0.001) (—0.001,0.003)

SSE  (0.131,0.222) (0.134,0.221) (0.207,0.345) (0.200,0.345)
ESE  (0.137,0.215) (0.139,0.212) (0.210,0.361) (0.223,0.376)
CP (0.938,0.940) (0.940,0.946) (0.946,0.936) (0.966,0.964)

For comparison, we implemented the method in Chiou et al. (2018) using
“panelReg” with method “AMM?” in the R package “spef”. Since their method
in in [6] was time-consuming, we only run 200 replications on a server with Intel
Xeon Gold 6148 CPU @ 2.40GHz. Figures 2 and 3 show the pointwise mean
squared errors (MSEs) of the estimated nonparametric function for Cases 1-4
with Ag(t) = t. In these figures, the MSEs decrease as the sample size increases,
and the MSEs of the I-spline estimates are smaller than those in [6] when the
sample size is large, say n = 200 or 300. That means all the estimates converge to
the true vales as the sample size increases, and the proposed I-spline estimates
converge faster than those in [6]. Table 5 reports the averages of biases, the
MSE:s of 3,,, and the averages of the consuming time (in minutes) based on the
200 replications. We can see that all the biases are small, and we spend much
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TABLE 5
Simulation results for the comparison of the proposed method with Chiou et al. (2018)’s
method (CXYH).

Ao(t) =t Ao(t) = 3/t
CXYH Method 1 Method 2 CXYH Method 1 Method 2

Case 1 and Sample Size: n = 100
Bias (—0.036,0.027) (0.014,—0.012) (0.031,0.007) (—0.033,-0.003) (0.018,0.015)  (0.010,0.014)
MSE (0.034,0.048)  (0.054,0.039)  (0.056,0.038)  (0.052,0.082)  (0.049,0.105)  (0.049,0.105)
Time 1.543 0.168 0.189 0.873 0.130 0.084

Case 1 and Sample Size: n = 200
Bias (—0.029,0.030) (0.006,0.004) (0.012,0.004) (-0.032,0.017) (0.002,0.021)  (0.014,0.012)
MSE (0.034,0.050)  (0.011,0.015)  (0.011,0.014)  (0.056,0.063)  (0.021,0.046)  (0.024,0.049)
Time 5.441 0.355 0.435 2.529 0.259 0.200

Case 1 and Sample Size: n = 300
Bias (—0.019,—0.007) (0.002,—0.013) (0.006,—0.010) (—0.013,0.010) (-0.019,0.002) (—0.017,0.005)
MSE (0.025,0.021)  (0.007,0.011)  (0.007,0.010)  (0.014,0.033)  (0.013,0.032)  (0.013,0.032)
Time 6.777 0.583 0.581 6.015 0.518 0.473

Case 2 and Sample Size: n = 100
Bias (—0.010,0.053) (0.033,0.001) (0.041,0.019) (—0.004,0.024) (0.054,0.026) (0.071,—0.018)
MSE (0.041,0.109)  (0.079,0.121)  (0.042,0.113)  (0.070,0.220)  (0.144,0.380)  (0.228,0.435)
Time 1.815 0.194 0.142 0.915 0.079 0.100

Case 2 and Sample Size: n = 200
Bias (—0.001,0.020) (—0.002,—0.009) (0.019,0.006) (—0.014,0.049) (-0.003,0.022) (0.004,0.013)
MSE (0.020,0.064)  (0.023,0.055)  (0.023,0.054) (0.038,0.105)  (0.062,0.159)  (0.058,0.173)
Time 5.406 0.385 0.275 2.832 0.258 0.210

Case 2 and Sample Size: n = 300
Bias (—0.008,0.022) (—0.001,—0.014) (0.014,—0.003) (—0.028,0.022) (—0.024,—0.007) (—0.012,0.010)
MSE (0.028,0.055)  (0.012,0.034) (0.011,0.031)  (0.030,0.075)  (0.038,0.116)  (0.038,0.108)
Time 11.225 0.875 0.937 8.985 0.390 0.815

Case 3 and Sample Size: n = 100
Bias (—0.030,0.015) (0.046,—0.016) (0.047,0.002) (—0.043,-0.009) (0.042,0.010) (0.038,0.001)
MSE (0.050,0.074)  (0.096,0.081) (0.080,0.072) (0.103,0.164)  (0.169,0.214)  (0.161,0.204)
Time 1.591 0.198 0.183 1.335 0.116 0.138

Case 3 and Sample Size: n = 200
Bias (—0.016,0.036) (0.017,—0.015) (0.017,—0.006) (—0.023,0.001) (0.011,0.002)  (0.025,0.003)
MSE (0.019,0.042)  (0.025,0.033)  (0.021,0.029)  (0.071,0.084)  (0.044,0.093)  (0.044,0.093)
Time 8.183 0.361 0.299 2.946 0.265 0.169

Case 3 and Sample Size: n = 300
Bias (—0.037,0.035) (0.006,—0.007) (0.010,—0.006) (—0.028,—0.009) (0.009,—0.024) (0.014,—0.029)
MSE (0.048,0.033)  (0.015,0.022)  (0.016,0.020)  (0.029,0.049)  (0.029,0.060)  (0.029,0.064)
Time 11.810 0.552 0.637 8.442 0.341 0.564

Case 4 and Sample Size: n = 100
Bias (—0.023,0.038) (0.040,—0.008) (0.055,—0.001) (0.005,0.003)  (0.080,—0.048) (0.085,—0.066)
MSE (0.056,0.106)  (0.062,0.186)  (0.068,0.178)  (0.103,0.256)  (0.330,0.510)  (0.449,0.501)
Time 1.977 0.245 0.123 1.385 0.080 0.098

Case 4 and Sample Size: n = 200
Bias (—0.009,0.042) (—0.006,—0.013) (0.012,—0.003) (0.037,0.017) (0.036,—0.012) (0.044,—0.026)
MSE (0.039,0.067)  (0.035,0.074) (0.034,0.067)  (0.056,0.151)  (0.090,0.214)  (0.084,0.210)
Time 7.202 0.414 0.253 4.172 0.184 0.216

Case 4 and Sample Size: n = 300
Bias (—0.025,0.006) (—0.012,0.006) (0.004,0.014) (—0.033,0.018) (—0.010,—0.001) (—0.001,—0.006)
MSE (0.028,0.061)  (0.018,0.062)  (0.018,0.055)  (0.047,0.100)  (0.050,0.135)  (0.051,0.133)
Time 16.794 0.775 0.553 7.978 0.375 0.441
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more time for the method in [6] than our methods. Furthermore, the MSEs of
By, in our methods are smaller than those in [6] when Ag(¢) = ¢ and the sample
size is large.

5. Application

We applied the proposed approach to analyzing the data from a skin cancer
trial conducted by the University of Wisconsin Comprehensive Cancer Center
[1, 16]. This double-blind and placebo-controlled clinical trial aimed to investi-
gate the treatment effect of 0.5 g/m2/day PO difluoromethylornithine (DFMO)
on the occurrence rates of combined two types of non-melanoma skin cancers
(NMSC): basal cell carcinoma (BCC) and squamous cell carcinoma (SCC). Trial
participants were selected from a population of patients with a history of non-
melanoma skin cancers. During the initial screening, existing tumors were com-
pletely eradicated. Subsequently, patients were scheduled follow-up assessments
every six months, where the number of new tumors grown between each obser-
vation would be recorded. In reality, the true observation times of each patient
could differ drastically due to a variety of reasons.

The dataset is available as skinTumor from the R package “spef”, which
includes 290 patients, with 147 assigned to receive placebo and 143 treated with
DFMO. We applied the proposed approach to analyzing the treatment effect
on the recurrence rate of non-melanoma tumors, with tumor relapse between
observations as the recurrent event process of interest and observation times
the number of days elapsed from the previous clinical visit to the next. We set
7 = 1879, which is the longest follow-up time. Four covariates were included in
the analysis: the treatment indicator (1 for DFMO, 0 for placebo), the number
of prior tumor, gender (1 for male, 0 for female), and age.

To investigate the proportional mean assumption, we first used the nonpara-
metric least squares estimation procedure to analyze the occurrence rates of
skin cancers for patients with DFMO and placebo, respectively. Let

E(N(t)) = A(t).

Then the estimator of the true mean function was obtained by minimizing the
following loss function

n K;
a(A) =YD {NU(Ty) — A(T)).

i=1 j=1

We also approximated A(t) by the monotone cubic I-spline function with d =
my, = 4, and the knots tgy1,- -+ ,tgrm, were the 1/(my +1),--  my,/(my, +1)
percentiles of {T}; :i=1,---n,j =1,---, K;}. Figure 4 shows the estimates for
the occurrence means of BCC, SCC, and NMSC for patients with DFMO and
placebo, respectively, and indicates that the proportional mean assumption is
not satisfied. Thus, we considered the accelerated mean model to analyze the
data.
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and SCC under the accelerated mean model.

TABLE 6
Estimation results of regression coefficients in the skin cancer data.
BCC SCC NMSC
Risk Factor Estimate ESE p-value Estimate ESE  p-value Estimate ESE  p-value
DFMO —0.167 0.430 0.699 —0.445 0.344 0.196 —0.391 0.205 0.056
Prior Tumor  0.945 0.280 0.001*** 0.268 0.062 < 0.001*** 0.293 0.069 < 0.001***
Gender 0.146 0.242 0.548 —0.007 0.376 0.986 0.094 0.192 0.627
Age —0.355 0.158 0.025* 0.398 0.153  0.009** 0.230 0.138 0.096
DFMO —0.135 0.305 0.659 —0.565 0.395 0.153 —0.398 0.169 0.018*
Prior Tumor  0.930 0.254 0.003** 0.270 0.061 < 0.001***  0.306 0.026 < 0.001***
Age —0.336 0.150 0.025* 0.380 0.129 0.003***  0.260 0.116 0.025*

Level of significance: * 0.05 **0.01 **#%0.005
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Suppose three recurrent event processes from NMSC, BCC and SCC fol-
low the accelerated mean model (2.1). We implemented the L-BFGS-B algo-
rithm with initial values 8 = 0 and € = (1,1,1,1,1,1,1,1) as well as constant
b = 10000 for the interval [0,b]. We considered the cubic spline functions with
the knots tg41, tate, tat+s, and t444 being the 20%, 40%, 60% and 80% quartiles
of {T;‘;(B) ci1=1,---n,j=1,--- K;}. Figure 5 displays the estimated baseline
mean functions based on the data with and without gender. The black solid
line, red dashed line, and blue dotted line represent estimates for NMSC, BCC
and SCC, respectively. Table 6 summarizes the coefficient estimates and the
corresponding p-values. Under the fitted accelerated mean model, the covariate
vector X affects the frequency of recurrences over time by expanding or con-
tracting the time scale on which the events occur by a multiplicative factor of
eXp(Bg X) relative to that of a zero-valued covariate vector [18]. For example,
for fixed values of Prior Tumor and Age, DFMO reduced the frequency of tumor
recurrences over time by contracting the time scale on which the events occur
by a multiplicative factor of exp(—0.398) relative to that of covariate vector (0,
Prior Tumor, Age). In particular, we have the following findings:

(i) The recurrent event processes arising from BCC, SCC and NMSC were
significantly associated with the number of prior skin tumors, while gender
did not have any significant relationship on three recurrent event processes.
These results are consistent with those obtained by [6, 16].
(ii) The DFMO significantly reduced the recurrence of NMSC.
(iii) Three recurrent event processes were significantly associated with age. The
recurrent rates of SCC and NMSC increased with age, while the recurrent
rate of BCC decreased with age.

6. Concluding remarks

An accelerated mean model provides an important alternative when the propor-
tionality assumption in a proportional mean model is violated. For analyzing
recurrent event processes with panel count data, we proposed to use semipara-
metric accelerated mean models and developed a novel sieve least squares esti-
mation procedure for model parameters. We overcome the theoretical challenges
from bundled parameters and established the asymptotic properties of the pro-
posed estimators using empirical process theory. Results from simulation studies
and applications to the skin cancer dataset confirmed that the proposed method
performs reasonably well. In particular, it seems that we are the first to derive
the limiting distributions of both finite-dimensional estimator and functionals
of infinite-dimensional estimator for an accelerated mean model based on panel
count data.

Compared with [6], our method has advantages in the following three as-
pects. First, we establish the asymptotic properties for the accelerated mean
model with panel count data in Theorem 3.1-3.3. Our idea can be extend to
dealing with the model considered by [6]. Under their model, the conditional
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log-likelihood function is given by

= Z {(Ni(Tij) = Ni(Tyj-1))

i=1 j=1

A(T eXP(XT/B)) (Ti(jfl) eXp(XTB))
ATk, exp(XT'B)) ’

x log

where T;p = 0, and A can be approximated by a spline function. Then we can
treat it as a semiparametric sieve M-estimation with bundled parameters. De-
fine (ﬁn, A,) be the estimator obtained by maximizing ¢, (8, A) with respect to
R % Gy, Similar to the proofs of theorems in our paper, we can show that the es-
timator (,Bn, ”) converges to the true value (8o, Ag) in probability at an overall
convergence rate n —r/(1427) and further establish the asymptotic normality for
,Bn and functionals of A,,. Second, the proposed least squares estimation pro-
cedure relaxed the Poisson assumption for the recurrent event process required
in [6]. Third, our sieve I-spline estimator has a faster convergence rate than the
step function estimator in [6] and our estimation procedure is easy to implement
and takes a shorter time. The simulation results in Table 5 and Figures 2 and 3
coincide with the theoretical conclusions.

A further research is to study recurrent event processes with informative
observation times and terminal events. For these general situations, we can con-
sider two modeling approaches. One is to directly characterize their relationships
by treating observation times and terminal events as covariates; another is to
use shared frailty variables for modeling correlated recurrent event processes,
observation times, and terminal events. We can explore sieve least squares or
estimating equation methods for model parameters. The new challenges arising
from bundled parameters will definitely require more innovative research efforts.

Appendix A: Lemmas

Lemma 1. Suppose that Conditions (C7)—(C9) hold. Then for any A € H, with
di(A, Ao) <, we have ||A — Aolloo < 1?3, where || - ||oo denotes the infinity
norm of a function.

Proof. The proof of this lemma is similar to the proof of Lemma 7.1 of [31] and
is omitted here. |

Lemma 2. Suppose that Condition (C4) holds. For
gn,n = {A tA e gnvdl(Aa AO) < 77}7

set Njj(g,Gnms || - lloc) to be the e-bracketing number of G, , under the norm
|| - |loc- Then we have log Nj(€, Gnm, || - |loo) S @nlog (n/c).

Proof. By the calculation of [23], there exists an /2-net

{Aizi=1,---,[(2n/e)* 1}
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with a constant ¢ such that for all A € G, ,,, we can find a A; satisfying ||A; —
Alloo <€/2.Set AL = A; —¢/2and AV = A; +¢/2 fori=1,---,[(2n/e)%].
Then for all A € G, ,, we can find a (AF,;AY) from the set

{(AiLvAzU) ti= 1’ T |—(277/5)an-|}
such that A7 < A < AY. Noting that ||[AY — AF||c =&, we have Nj(e,Gn.y, || -
l|so) < (2n/€)°. 1t follows that log Ny (e, Gy || - [loc) S gnlog (n/e). O

Lemma 3. Suppose that Conditions (C1), (C2) and (C4)—(C9) hold. Define
the class

L, ={L(B,\;0) — L(Bo, Ao; O) : d2(0,00) < 1,8 € R,A € Gy}

Then for sufficiently small €, the e-bracketing number with || - ||p,p for L, sat-
isfies
log Ny (e, Ly, || - [Ip,B) < anlog(n/e),

where ||-||p, is the Bernstein norm defined as || f||p.g = {2P(elf1—1—|f])}'/2.

Proof. This lemma can be showed by Lemmas 1 and 2 with the conditions. O

Appendix B: Proofs
B.1. Proof of Theorem 3.1

Proof. By direct calculations, we obtain
K
* * 2
PL(B,A;0) = PL(Bo, Ao; 0) = P | > {A(T;(8) — Mo(T)} |- (B.D)
j=1

Then we have PL(B,A;0) — PL(Bo, Ag; O) > 0, and it equals 0 if and only
it A(TF(B)) = Ao(15;) for j = 1,---, K with probability 1. It follows that
TjexTﬂ = g(TjexTﬂO)7 where g = A~! o Ay is an increasing and differentiable
function. Taking the derivative with respect to 7} at both sides, we obtain
XT(B - Bo) = log ¢'(75;)- Condition (C3) implies that 8 = By and A = Ao.
That is, PL(B,A; O) —PL(Bo, Ap; O) = 0 if and only if (B, A) = (Bo, Ag). Since
PL(B, A; O) is continuous with respect to (8, A), for any small constant § > 0,
there exists an € > 0 such that

inf PL(B,A; O) > PL(By, Ay; O) + ¢,
da2((B,A),(Bo,N0))>8 (8 ) (Bo, Ao; O)

which yields that

Then we turn to consider the term PL(B,, An; O) — PL(Bo, Ag; O). Under
Conditions (C1), (C2) and (C4), Lemma Al of [19] implies that there is a
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function A’ € G, such that ||Ag — Af||cc = O(n _”’") = o(1). By the definition
of (B, Ay,), we have P, L(B,, An; O) — P, L(Bo, A% ; O) < 0. Moreover, by (B.1),
we have PL(Bo, A%; O) — PL(Bo, Ao; O) < ||[Ao — A%||%, = o(1). This implies
that

0 <PL(Bn, An; O) — PL(Bo, Ao; O)
SPL(Bn, An; O) — P L(Bn, Av; O) + P, L(Bo, AL; O) — PL(Bo, A%; O) + o(1).

Since the I-spline basis functions are the summation of some B-spline basis
functions [22], and the B-spline function space is compact [23], we have G,
is compact. Note that L(8,A;O) is continuous with respect to (8,A), and
PL(B,A;0) > PL(Bo, Ao; O) under Condition (C5). Following the one-sided
Gilvenko-Cantelli theorem [30], we obtain lim,, . (P, — P)L(Bn,ﬂn; 0)>0
Furthermore, £, is Donsker by Conditions (C1), (C2), (C6) and (C7). By the
Taylor expansion, under Conditions (C1), (C2) and (C5), for any 8 = (8, A) with
d2(8,8,) < 1, we can obtain P [zj;l [A(TH(8)) — AO(ng)}Q} < d2(6,6,) +
n* < n*.Thus, Pf? < n? for all f € £,. This implies that supse., pp(f) <
supfeﬁn{PfQ}l/2 — 0 as 7 — 0 for the seminorm pp(f) = {P(f—Pf)?}'/2. By
Corollary 2.3.12 of [28], (P, — P){L(Bo, A}; O) — L(Bo, Ao; O) } = 0,(1). Since
(P, — P)L(Bo, Ao; O) = 0,(1), it follows that (P, — P)L(Bo, A%; O) = o0,(1).
Hence, we obtain

0 < PL(Bn, An; O) — PL(Bo, Ag; O) < 0,(1).

Therefore, for all & > 0, we have P{8,, : PL(B, An;O) > PL(Boy,Nog; O)+e} —
0 as n — oo.

Noting that {6, : da(8,,80) > 8} C {6y, : PL(Bn, Ay; O) > PL(Boy, Ag; O) +
e}, we have P{0, : dz(6,,0,) > 6} — 0 for all § > 0. Thus, dz(6,,,6,) =
op(1). O

B.2. Proof of Theorem 3.2

Proof. We use Theorem 3.2.5 of [28] to prove this theorem.
For 8 = (B, A) in the neighborhood of 6y, by the Taylor expansion,

P Z{A AO(ng)}Ql

LJ=1

K
=P Z{A/ TO] TOJXT(ﬁ ,30)}2] +d?(A,A0)

.:1

Q

K
+2P | S { (15T, XT (8 — o) (A <T5j>—Ao<T5j>>}] + o(d3(6,00)).

j=1

(B.2)
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By the Cauchy-Schwarz inequality and Condition (C10), we obtain

K
P | D0 {A(T5)T5,X7 (8 — Bo)(A(T) —Ao<Ta;->>}] |

P
=By [N (@0)UXT (8 — Bo) (A(U) — Bo(0))]|
= [E[E[N@)UXT (8 - Bo)U](AW) — Bo())]|
<B} [B[N(@)UXT (8 - po)lU] | BE [(AU) - Ao(0))?] (B.3)
=di(A, M) B [N (U)?U%(8 — o) E[XIUJE[X|U]" (8 - o)

(

<(1 - M) i (A, M) B [N (U)U(8 — Bo)" E[XXT|U] (8~ o))

S {1515, X7 (B - ,eo>}2] ) ,

Jj=1

<(1 — .Zw-(;)§

< 5 (di(A,AO) +P

where Fj is the expectation under u;. By (B.2) and (B.3), and Conditions
(C8)—(C10), we have

P

ST {ATB) - A0<Taz->}2]

Zd (A, o) + E [{XT (8~ Bo)}’] +o(d3(6.60))
RAT(A, Ao) + B = Boll3 + 0(d3(6, 60)) = d5(6,80) + o(d3(6, 60)).

It follows that PL(B,A; O) — PL(Bo, Ao; O) = d3(6,0,).
Note that for any n > 0,
Ly ={L(B,A;0) — L(Bo, Mo; O) : d2((B, A), (Bo, M) <n, B € R, A € Hy}.

Then we turn to find a function ¢, (n) such that E||[n'/?(B, — P)||z, < én(n),
where [[n'/2(P,, — P)|z, = SUpfer, [n'/2(P,, — P)f|. Lemma 3 implies that
log Njj(e, Ly, || - ||p,B) S gnlog(n/c). Note that for all 8 € R and A € H,,

N

IL(B,A; O) — L(Bo, Ag; O Z T;) + DIA(T} (B)) — Mo(T5))]

holds with probability 1. Thus, ||f||P,B <n?for all f € £,. By Lemma 3.4.3 of
[28], we have

Ji (ﬂaﬁ 7||'||P,B)
B0y — Pz, < Ty, Lo || |1p.8) {1 4 :

n2nl/2

where Jy(n, Lo, || - |lp5) == {1 + log Ny(e, Lo, || - ||p.5)}/%de < an/*n. Tt
follows that E|[n'/?(P, — P)[|z, S éa(n), where ¢,(n) = g+ gun~'/? and



Accelerated mean models with panel count data 1337

&n(n)/n decreases with n. For a sequence r,, = O(n?), since ¢, = O(n”) with
0 < v < 1/2, we have r2¢(1/r,) = O(n®t% + n2%+t¥=2), Then a < (1 — v)/2
ensures r2¢(1/r,) < n'/?, and so we choose r, = O(n!=*)/2). Finally, we find
v such that P, (L(Bn, An; O) — L(Bo, Ao; O)) < O, (r;2). Since PL(Bo, A}; O) —
PL(Bo, Ao; O) < ||Ag — A%||2, and by the definition of (B,,A,), we have

P, (L(,Bn7 ATL; O) - L(IB()? Ao; O))
:PnL(BTL7A7L; O) - P?LL(/BOaAZ; ) +P L(BO) ns ) PL(ﬁOa m )
+PL(Bo, Ay,; O) — PL(Bo, Ao; O) + PL(Bo, Ao; O) — P, L(Bo, Ao; O)

§n7VT+E<IP)TL _ ,P) (L(ﬂo,A;; O) — L(,Bo,Ao; O)> + O( 721”)

n—ur+a

where 0 < € < 1/2 — rv. Furthermore, note that under Conditions (C1), (C2),
(C5) and (C6),

n*lITJrE

A e G, |A — Aplloo = O(n_”’”)}

is Donsker. Moreover, for the seminorm pp(f) = {P(f — Pf)?}'/2, we have
supser pp(f) < S.upfeﬁ{PfQ}l/2 — 0, as n — oo for all f € L. By Corollary
2.3.12 of [28],

’Iliw‘+€(]P)n*'P) (L(/BOaA;v O) - L(ﬂOvAO; 0)) _ Op(nfur+571/2) _ Op(n72ur)'

n—u'r+a

It follows that P, (L(Bn,f\n; 0) — L(Bo, Ao; O)) < Op(n2¥"). Then v > 1/(1+
2r) ensures Pn(L(,én,/A\n;O) — L(ﬂO,AO;O)) O, (r;;%). Thus, taking v =
1/(1 + 2r), we obtain d(8,,,80) = O,(n~"/(1+27)), O

<
<

B.3. Proof of Theorem 3.3

Proof. (i) Following Theorem 1 of [36], it suffices to verify the following condi-
tions (A1)—(A5) to prove this theorem.

(A1) Vn(Gr — G)(ﬂn, n)hi, ho] = /n(Gr — G)(Bo, Ao)[hi, ho] = o0p(1).

(A2) /G (Bn, Ayl ho] = 0,(1) and G(Bo, Ao)[hu, ho] = 0.

(A3) The function G(B, A)[hy, ho] is Fréchet-differentiable at (8g, Ag) with a
continuous derivative G'g, a, [h1, ha).

(A4) G(Bn, An)[hi, ho] — G(Bo, Ao)[h1, ho] — G(gy,a0)(Br — Bo, An — Ag)[hy,
ho] = Op(n_1/2)~

(A5) /n(Gn—G)(Bo, Mo)[h1, ha] converges in distribution to a tight Gaussian
process.

For (A1), we define

M(n)[hy, he] = {m(ﬁvA; O)[hy, hy] — m(Bo, Ao; O)[hy, hy] : d2(6,600) <7,
(N, Ap) <7, B ERA € G
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for fixed (hy,hs) € #. Similar to Lemma 3, we get the upper bound of the
bracketing entropy of M(n)[hy, ha], and conclude that M (n)[hy, hz] is Donsker.
Note that P(f?) < n? for f € M(n)[hy, hs], By Corollary 2.3.12 of [28], for
sufficiently small 7, we have

sup (Pr,—P)[m(B, A; O)[hy, ho]—m(Bo, Ao; O)[hy, ha]]
d2((B,A),(Bo,No))<n,di (A,AG)<n
zop(n_l/Q).
Since d1 (A, Ag) = Op(n~"/(1+21)) by Lemma 8 of [24], we obtain dy (A/,, A}) =
Op(n=(r=D/(+21)y = o (1). This yields that

m(Bn, An; O)[hy, ha] — m(Bo, Ao; O)[hy, ha] € M(n)[hy, hal,

and (A1) holds.
For (A2), note that G(Bo, Ag)[h1, he] = 0 under our model. For any h; € R
and hs, € G,, by the definition of ,[§n and A,,, we have

i P, L(Bn + chy, Ay, + ehay; O) — P, L(Bn, Ay O)
1m

e—0 3

:07

which implies that \/ﬁGn(Bn, An)[hl, han] = 0. For any hge € H,., there exists an
hon € Gy, such that ||ha — hanl|lec = O(n™""). Thus, to verify \/ﬁGn(Bn,An)[hl,
ha] = 0,(1), we need to prove /nGy(Bn, Ay)[0, he — ha,] = 0,(1). Note that

G (B M) [0, hy = Dz,
[ x
:Pn {[\n<TJ*(Bn)> - AO(TJJ)}{(h2 - h2n)(Tj*(Bn))}]

Jj=1

M=

+]Pn

{Ao(T5;) = N(T) }{ (ha — hzn)(Tj‘*(ﬂAn))}]

1

<.
Il

= Iln + Ign.

For I1,, we have

T

7)|I1n| <P {An(TJ*(Bn)) - AO(ng)}{(h2 - h2n)(Tg*(Bn))}

j=1

Sd(énaOO)HhQ - h2n||oo-

For I, since P [Zle {Ao(Tg;) = N(T) }{ (hs — hgn)(T;‘(Bn))}} — 0 and O;
are independent and identically distributed, we obtain

1
PE, < ~P
n

K
Z {AO(TO*j) - N(Tj)}2] [ — h2n”io = 0(7‘71)-
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Thus, v/nGp(Bn, An)[hy, ha] = 0,(1), and (A2) holds.
For (A3), since G(B, A)[hy, hs] is a smooth function with respect to (8, A),
we have the Fréchet derivative

G(ﬁo,Ag)(,én — Bo, A, — Ao)[hy, ho]

_ dG(Bo+ (B — Bo), Ao+ n(Ayn — Ao); O)[hy, ho]
dn

=01(Bn — Bo) [y, ha] + o2(Ay — Ag)[hy, hal,

n=0

where
Ul(Bn Bo )[h17h2]
[ K
=P | 30 { (A (T5)T5,X T + h2<TJj>>Aa<TJj>To*ij}] (B — Bo),
{21 (B.4)
Uz(An A )[h17h2]
=P |2 {(A&(Ta‘j)Ta‘jXThl + ha(T5,)) (A (T5;) — M(Tg;))}] .

Then (A3) holds.
For (A4), since A,, € G,, C H, with r > 3, using the Taylor expansion, we
have

G(Bn. M) [hy, ho

| 7=1

G(Bn, A
L A
=P Z { n(To7) = Mo(T55)) (AL (T5;)T5; X hy + ha(T55)) }]

—

[k
+P Z{ TO] TOJXT(IB ﬂo)(A;(ﬂTj)ngxThl + h2(ng))}] "‘Op(n_l/g)'

fo.

Setting

[ K
Gin =P Z { A’ Toj TO]X h; + hQ(TOJ))A, (TOJ)TOJXT}] (Bn — Bo),

j=1

j=1

[ K
Gan =P Z { TO_/ TijThl + h2(T0J)) (An(ng) - AO(TSJ)) }] y

by (B.4), we obtain

Gin — 01(Bn — Bo) [y, ha] < di(Ay, AD)|Bn — Boll2 = 0p(n~1/?),
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and
Gan — 02(My — Ao)[hy, ho) S di (A, AD)dy (A, Ag) = op(n=1?).
Since G(Bo, Ao)[h1, he] = 0, it follows that

G (B, Ay by, ho] — G(Bo, Ao)[hi, ha] — G /307A0)(/3 — Bo, An — Ao)[hy, By
=G1n — 01 (Bn - IBO)[h17 hQ} + Gaop — O'Q(An — Ao)[hl, hg] = op(nfl/Q)_

Then we have (A4).

Note that Rz C RP is bounded and H, is a Donsker class. Furthermore,
m(Bo, Ao; O)[hy, ho] is bounded Lipschitz function with respect to h; and ho.
Thus,

{m(ﬂon; O)[hl, hg] . h1 € H'y‘ and h2 € Rg}

is a Donsker class, and (A5) holds.

By Theorem 1 of [36], (A1)—(Ab) yield that

_\/ﬁé(ﬂo,/\o)(/én - B07 An - AO)[hh h2]

=vn(Gn — G)(Bo, Ao)[hy, ha] + 0,(1) = VnGy(Bo, Ao)[hi, ha] + 0,(1)
converges in distribution to N (0, oo[hy, ha]?). It follows that

Vi (01(Bn — Bo)l, ha] + 02(hn — Ao)[hs, Fa]
= VnG(gy,n0)(Bn — Bo, A — Ao)[hy, ho]

converges in distribution to N (0, og[hy, ho]?).
(ii) First, we consider (hf,h3) € H such that og(A, — Ag)[h%, k3] = 0. That

is

(B.5)

[ &
P Z { Ao (Ty; TO]XThT + hz(Toj))(An(ng) - AO(ng))}]

|J=1

:1

K
=P |3 { (8T T B <xTh’fK7T5j>+hz<T5j>)<ﬁn<T6}>—A0<To*j>>}] =0

k

It follows that h3(75;) = —Ag(15;)15; E(X|K, ng)Th*l‘. Then we have
Vo1 (B — Bo)[hi, hs] = —v/nGr(Bo, Ao)[hi, k3] + 0, (1),

where
01(Bn— o), 1]
K
= niTP | Y { AT X)) (X - BXIK, T5j>)®2}] (B~ PBo),
j=1

— Gn(Bo, Ao)[hT, h3)]

= hTTPn [Z{ AO(TOJ))A/ (TO_])TO] (X E(X|K TO]))}] .
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Since the above equation holds for all hi € R with ||hi|j2 < 1, setting

S

I

&5
e

{86 (T3 (@) (X - BXIK, T5) |

r 221 (B.6)

K
B=FE {3 ((N(1) = AT (T5)T5, (X - EXIK T5)) ¢ |-
j=1

we obtain v/7(Bn — 8) % N(0, A"LB(A~1)T).
Then we turn to consider (hi*, h5*) such that o1 (8, —Bo)[hi*, h5*] = 0. That
is

P

e

{ (AGCT3) T X 0y + by (T5)) A (T5) T, X |

<
Il
—

M=

=P | 3 { A0 (T3, (TP X2y + by (T )N (T )T, X | | = 0.

<.
Il
—

Thus, we have hi* = R(h}*), where

-1

K K
R(ho) = = E | Y _{AG(T5;)(To)° X%} E | > {A(Tg) T Xho(T5,) }
j=1 j=1
(B.7)
for all hy € H,.. It follows that

Vnoa (A, — Ao)[R(h2), ha] = —v/nGy(Bo, Ao)[R(h2), ha] + 0,(1),

and we have /noa(A, — Ag)[R(ha), ha] % N(0, o0[R(h2), ho]?). O
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